Complex Langevin Method (CLM)
Type IIB superstring theory

Reference

The emergence of spacetime in IIB string theory
A study of the complex Langevin method applied on the IKKT model and variants

STRATOS PAPADOUDIS

Physics Department
School of Applied Mathematics and Physical Sciences
National Technical University of Athens

2023/10/18 11:30 EEST

STRATOS PAPADOUDIS ET AL. The emergence of spacetime in IIB string theory



Complex Langevin Method (CLM)
Type 1B superstring theory
References

In collaboration with

KONSTANTINOS N. ANAGNOSTOPOULOS

Physics Department, School of Applied Mathematical and Physical Sciences, National Technical University of Athens

TAKEHIRO AZUMA

Institute for Fundamental Sciences, Setsunan University

KOHTA HATAKEYAMA

Theory Center, Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization

MITSUAKI HIRASAWA

Sezione di Milano-Bicocca, Istituto Nazionale di Fisica Nucleare

Yura ITO

National Institute of Technology, Tokuyama College

JUN NISHIMURA

Theory Center, Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization

Department of Particle and Nuclear Physics, School of High Energy Accelerator Science, Graduate University for Advanced Studies

AsaTo TSUCHIYA

Department of Physics, Shizuoka University

STRATOS PAPADOUDIS ET AL. The emergence of spacetime in IIB string theory



Complex Langevin Method (CLM)
Type 1B superstring theory
References

Introduction

Standard Model of Elementary Particles
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® String theory offers a solution:
® Provides a unified description of all
interactions.
® Different string theories are connected
via dualites

® String theory has its own problems

® The timespace dimensions are 10
contrary to 4.

® Still probing prohibitevely high energy
physics.
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Baseline

Assume a functional O : V' — R on a measurable real vector space V' and a probability
measure w : B(V) — R, on the Borel sets B(V).!

Expectation value:
() = / Odw

Sample configurations in V' and measure O in real time 7', with probability w to
approximate the integral as:

1Usually induced from a measure p : F — Ry on a o—algebra F of a sample space 2
via a random variable (measurable function) 2 — V.
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Problems

Sign problem

A set function w : B(V) — C is ill-defined as a measure.?

Overlap problem

However, the phase-quenched one |w| : B(V) — R, can be(come) a measure:

(0o = / Odlu|

Re—weighting suggests calculating two well-defined integrals:

(O exprargw)g

(exprarg w)g

(0) =

2C is neither well-ordered nor bounded from below like R .
3Rw : B(V) — R is not, as it is still unbounded from below.
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Solutions

Monte Carlo simulations rely on probability weight w for fast convergence.
If w is complex, two mainstream approaches are popular in the bibliography:

® Make arg w static via deforming the integration contours, (Lefshetz Thimbles)?

® Map the theory to a (thermalized) stochastic process, with which effective
configuration space sampling may be possible. (Complex Langevin)®

4 Alexandru, Basar, Bedaque, Ridgway, and Warrington 2016

5Aarts, James, Seiler, and Stamatescu 2011; Aarts, Seiler, and Stamatescu 2010; Klauder 1984; Parisi
1983
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R Langevin

Assume stochastic process ¢ : T' x V. — R is generated by stochastic differential equation
d¢ = vdt + adn,
via standard Wiener (gaussian noise) process n: T x V — R, with drift
—v = Vlogw = Vlog |w| ,

constant noise variance o2, and initial configuration ¢g.

This process has well defined probability density given by a corresponding Fokker—Planck
equation, equivalent to a corresponding time observable functional O time evolution

dirp = —LTp and i(O) = L(0), L

i =V-(V_+wv ).

The Fokker—Planck hamiltonian £ spectrum needs to be bounded from below by 0.
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Langevin

Assume stochastic process ¢ : T' x V. — R is generated by stochastic differential equation
d¢ = vdt + adn,
via standard Wiener (gaussian noise) process n: T x V — R, with drift
—v=V = Vlog |w| + :V ,

constant noise variance o2, and initial configuration ¢g.

This process is ill-defined, because the complex drift v imposes a complex differential do,
while ¢ is a real stochastic process.
o t

d
P== andEO =L(0),L_ =V-(V_+uv_).

The Fokker—Planck hamiltonian £ becomes complex too.
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Langevin complexified

Assume stochastic process ¢ : T' x V. — C is generated by stochastic differential equation
dp = vdt 4 adn,
via standard Wiener (gaussian noise) process n: T' X V' — R, with drift complexified
—v = Vliogw

constant noise variance o2, and initial configuration ¢g.

This process is well-defined. Part of CLM conjecture states that complexified observables
evolve according to the original Fokker—Planck hamiltonian

d _ —LTp and i<O> = L(0), L

p= - =V (V_+v_).

The complexification of the degrees of freedom affects V.
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Complex Langevin Method (CLM)

Complex Langevin validity

Complex Langevin (strong validity conditions)
Vw : B(V) — C theory and VO : V. — R observable:
® 30O : V — C admits a holomporphic analytic continuation by complexfication of

degrees of freedom,

® The distribution of |v| : V. — R falls off at — 00 superexponentially.’

v

Complex Langevin (strong) theorem
VO : V — R satisfying validity conditions, at equilibrium:

complex langevin

stochastic quantization
Od = / Odp = (0O)

O =

6Nagata, Jun Nishimura, and Shimasaki 2016a
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Langevin discretization

Langevin process with time sampling N — T and A¢,, = ¢,, — ¢p—1, Vn € N:
d¢ = vdt + odn Aoy, = U ATy + o/ AT,

Expectation over the corresponding Fokker—Planck probability p become sums over the
thermalized Langevin process:

/Odp > nen On

Checking drift norm |v| histogram for large norm fall-off.
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Connection with physics

Action S
The weight density w stems from an action functional S : V — K as w o exp(—29).
The drift is then v oc =V S.

The sign problem then becomes a complex action problem, as:

|w| = exp(—RS) and

STRATOS PAPADOUDIS ET AL. The emergence of spacetime in IIB string theory
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The fundamental strings

X0

closed string

open string

+

X2

STRATOS PAPADOUDIS ET AL.

The IKKT matrix model
The Euclidean IKKT model
Lorentzian IKKT model and variants

String theory implies that:

® worldlines X : T' — X become
worldsheets X : T'x Y — X,
® point particles become strings with
extra degrees of freedom,
® particle states become string modes,
® interactions as worldline intersections
become worldsheet topologies.

Supersting theory assumes dim X = 10
timespace dimensions.

The emergence of spacetime in IIB string theory
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Type IIB superstring action and the IKKT matrix model

Type 1IB is an A/ = 2 supersymmetric theory of closed strings with identical chirality.
Type IIB Green-Schwartz action in the Schild gauge ":

92‘9 = 92(Sboson + Sfermion)
1 1 _
= (V= det M{ X X" HX W X Hrxs — S (V= det hpa I s { XY} )Tz
IKKT matrix model:®

— N715 = —Nil (Sboson ol Sfermion)

= itrTxg([AulAy] [AMAV]) + %trTXZJ(QZocFMa/j[AH'wﬁ])

7Schild 1977
8Ishibashi, Kawai, Kitazawa, and Tsuchiya 1997
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Type IIB superstring and IKKT matrix model correspondence

Type IIB string theory IKKT N-size matrix model
0 0
X e xTx¥ A € MyCam™ & traceless hermitian
ah & 1 € MyCU™U traceless hermitian
97° N

{1} []]
(V—deth_)rxs trrxy
IKKT is also equivalent to zero—volume A/ = 1 super Yang—Mills theory.

The model can be defined defined for dim X = 4, dim X = 6, dim X = 10.
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Second quantization of strings

® Long distance D-brane interactions in
type IIB string theory reproduced by
1-loop calculations in IKKT.*

® Light cone IIB string field theory
derived from Schwinger—Dyson equations
for the Wilson loops, identified with
string creation/annihilation operators.®

® Conjectured to be a nonperturbative
definition of the unique superstring
theory behind string dualities:
® reproducible perturbative expansion of
type IIB to all orders,
® timespace coordinates identification
with matrix eigenvalues.

“Ishibashi, Kawai, Kitazawa, and Tsuchiya 1997 @
b Aoki, Iso, Kawai, Kitazawa, Tsuchiya, and Tada
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Compactification of extra dimensions

® These identifications allow the study of
® the dynamical emergence of timespace
® the dynamical compactification of
extra dimensions
® the time evolution of space as an
expansion of the universe

® Requirements
® homogenous and infinite time at
N — ©
® 3-dimensional expanding with
1D timespace at ¢ — oo
® real timespace with Lorentzian metric
signature
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Wick rotation

The IKKT matrix model
The Euclidean IKKT model
Lorentzian IKKT model and variants

Lorentzian Euclidean
Ao 1A10
I (AT
n metric signature change é

Dynamical compactification is realised as a rotational symmetry breaking:

for D < dim.)(, SOdimX — SOD

Model well defined in dim X = 4, 6 and 10 dimensions.

Corresponding models studied under the analytical /approximate Gaussian Expansion

Method.?

9 Aoyama, Jun Nishimura, and Toshiyuki Okubo 2011; J. Nishimura, T. Okubo, and F. Sugino 2005;
Jun Nishimura, Toshiyuki Okubo, and Fumihiko Sugino 2011
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Langevin dynamics

Integrating fermions out of expectation integrals, a bosonic—only effective action stems:
Seffective = Sboson - 1Og pf M

M is the fermion matrix for which (M) = I'uag[Aul1s].

Bosonic drift: |
Uboson|u = _§Ntr[AV|[AU‘AH”

Fermionic drift (singular):

1
Ufermion|u = 5 tr <WM1>
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Solving problems

Complexification in the bosonic degrees of freedom

A, traceless hermitian A, traceless
Running away in the imaginary direction

The action has gauge symmetries, which can bring A4, as close to hermitian as possible.!?
Singular fermion drift

A deformation is added to shift the spectrum of M away from the origin:'!

1
ASfematiam = §Nmfermion trTXZ‘('(/Ja'Ya,B (F)w,@)

10Nagata, Jun Nishimura, and Shimasaki 2016b
11 Anagnostopoulos, Azuma, Ito, Jun Nishimura, Toshiyuki Okubo, and Papadoudis 2020;
Anagnostopoulos, Azuma, Ito, Jun Nishimura, and Papadoudis 2018; Ito and Jun Nishimura 2016
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Spontaneous symmetry breaking

Normally, the ordered eigenvalues provide the length scales for each direction, but after
complexification they become non—holomorphic observables!

Use the diagonal elements 7}, of the moment of inertia instead and manually break the
rotational symmetry SOgim x with a deformation of the form

1 _
AShoson = §N25 ZH mboson|uTuua TMN = trTxE(AuAu)v

where anisotropy is controlled by the mass vector mpogon. 2

_ <Tuu>
=S (T

with limyy,,,. .o olim. o limy-1_,0 p, extrapolated on CLM valid runs.

12 Anagnostopoulos, Azuma, Ito, Jun Nishimura, Toshiyuki Okubo, and Papadoudis 2020;
Anagnostopoulos, Azuma, Ito, Jun Nishimura, and Papadoudis 2018
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Simulation

® Choose an initial configuration A(0).
e Simulate the Complex Langevin stochastic process with adaptive timestep:

AA(T,) = v(A(Tn)) AT, + n(Th) o/ ATy

® Evaluate A7, based on |[v(A(7Tn-1))|.
® At each timestep 7,, gauge—cool the current configuration A(7,) before the next update.
® Evaluate fermion drift Utermion by noisy estimators
oM
0A]

) < 8ATMX>7 x = M ™5 as a solution OfMTMX:MTn

solved with the conjugate—gradient method, with a computation shorthand for M

(M) o = TuaplApulibs]

® Wait for the stochastic process to thermalize adequately.
® Measure 7}, diagonal values and order them by R7},, Vi € Naim x.
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Simulations

At the end of each run, discard it or not based on the histogram of the drift norm |v|.
Estimate (T},.), Vit € Naim x-

® Repeat simulations for several N sizes to extrapolate at N—! — 0.

Repeat batches of simulations for several values of € to get ¢ — 0.

Repeat batches of batches of simulations for several values of Mfermion-
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Simulation recipe

Langevin step Langevin process

thermalization
gauge cooling =19
conjugate gradient =719+ AT
measure moments

order moments

estimate timestep

T=T

drift norm check

N =128

extrapolation

The Eu

IKKT matr model

e=0.1

extrapolation

emergence of spe

idean IKKT model
Lorentzian IKKT model and vz

ime in IIB

Mfermion —7 0

‘ Mfermion = 1.4

| Mfermion = 1.2

|
|
\
. |
|
]
amion = 0.2

extrapolation
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Resources

ARIS!3

6072731 core hours
23277 core hours/week

Fugaku'4

3737446 node hours
35814 node hours/week

Oakbridge'®

306624 node hours
2938 node hours/week

L3https://www.hpc.grnet.gr/
Mhttps: //www.fujitsu.com/global/about /innovation/fugaku/
5https://www.cc.u-tokyo.ac.jp/en/supercomputer/obcx /service/
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Comments

Approximating analytic calculations using the Gaussian Expansion Method have shown:

® SO ¢ —> SO3,'6 for dim X = 6
® SO;9 — SO3,'7 for dim X = 10

Both these results are confirmed via the Complex Langevin Method!

Difficulties with the SO;9 — SO3 result:

e Well, SOz is not SO4!
® Also, all dimensions are of finite extent.

Are these artifacts of the Euclidean model? Lets go study the Lorentzian model!

16 Aoyama, Jun Nishimura, and Toshiyuki Okubo 2011
17 Jun Nishimura, Toshiyuki Okubo, and Fumihiko Sugino 2011
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Euclidean ITKKT

e

Sang-Woo Kim, Jun Nishimura, and Asato Tsuchiya.
Expanding (3+1)-dimensional universe
from a Lorentzian matrix model

for superstring theory in (9+1)-dimensions.
Physical Review Letters, 108(1), 2012.

Euclidean

1
= 1 tr(F5;Fy5)

1
aF 5 tr(FOiFOi)

with F,, =1[A,]A)]

flagship models
exploration domain  ————

a Euclidean-to-Lorentzian search path ~ +#++2+++
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Lorentzian IKKT

e

Sang-Woo Kim, Jun Nishimura, and Asato Tsuchiya.
Expanding (3+1)-dimensional universe
from a Lorentzian matrix model

for superstring theory in (9+1)-dimensions.
Physical Review Letters, 108(1), 2012.

Euclidean

1
= 1 tr(F5;Fy5)

1
— 5 tr(FOiFOi)

with F,, =1[A,]A)]

flagship models
exploration domain  ————

a Euclidean-to-Lorentzian search path ~ +#++2+++
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Lorentzian IKKT theory space

.
Sang-Woo Kim, Jun Nishimura, and Asato Tsuchiya.
Expanding (3+1)-dimensional universe
from a Lorentzian matrix model

for superstring theory in (9+1)-dimensions.
Physical Review Letters, 108(1), 2012.

Euclidean

s 1
= —vexp (e || 7 tr(Fi; Fij)

1
— exp(—zkﬂ')i tr(Foi Fos)

with F,, =1[A,]A)]

flagship models
exploration domain  ————
a Euclidean-to-Lorentzian search path ~ +#++2+++
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Lorentzian IKKT theory space

e
Sang-Woo Kim, Jun Nishimura, and Asato Tsuchiya.
Expanding (3+1)-dimensional universe
from a Lorentzian matrix model

for superstring theory in (9+1)-dimensions.
Physical Review Letters, 108(1), 2012.

Euclidean

flagship models

exploration domain

a Euclidean-to-Lorentzian search path  »========*

STRATOS PAPADOUDIS ET AL.
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® The Lorentzian IKKT model is
equivalent to the Euclidean model by a
contour deformation for s = k = u:

Ay — exp < — gzu) Ay

1
A; — exp ( + ézu) A;
® Wick rotation in target space:
1
Ay —wexp| — Ezu Ay

® M is real but still singular, making the
Mfermion > 0 deformation still necessary!
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Lorentzian IKKT time modelling

time relevant to matrix block

_N-L Nblock
tn = Nyjoq pjock=1 & block

Ontnplock
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Lorentzian—Euclidean IKKT equivalence

Corresponding moment of inertia expectations:

3 1
<TOO>Lorcntzian = <TOO>Euclidcan €xp < - 247T> and <Zrii>Lorcntzian = <Tii>Euc1idcan €xp <Z47T>

where:
T, =N1tr4,A,

The time characteristic slope (phase):

3
<a>Lorentzian = <a>Euclidean eXp | — Zgﬂ'
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Lorentzian IKKT observables

The ordered eigenvalues A; of the spatial moment of inertia 7;; are non-holomorphic.

The condition is strong! CLM is still valid, so long an alternative holomorphic
computation exists.

It exists! Via Vieta’s formula and trace expressions for the characteristic polynomial.
Ordering of the complex(ified) eigenvalues is done via RA;.
Actual observables are block—averaged like time «:

_a _ _ dimX—1 _ _ . _a
Tij () = 0" troioa(Ai () A;(t) and Qij = > A;(£)A(t) with t = n™ ! trpieec o

i=1

and A; denotes the block—submatrices.
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Lorentzian IKKT model and variants

From singular to smoother

Jun Nishimura and Tsuchiya 2019

eigenvalues of Tu(‘) eigenvalues of T,J(t) eigenvalues of Tu(t)
1 m
0.1 / q\
.
0.01 _f b
’ 2
{
0.001 ;
0.0001 0.001
0 02 04 06 08 1 12 14 0.02 0.04 0.06 0.08 0.1 0.120.14 0.16 0.18 0.2 0.22
t t t
eigenvalues of Q(t) eigenvalues of Q(t) eigenvalues of Q(t)
100 100
10 10
1 1
0.1 0.1
0.01 0.01
0.001 0.01 0.001
0 0.2 0.4 0.6 0.8 1 1.2 14 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0 0.05 0.1 0.15 0.2 0.25
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Lorentz-invariant mass term

Introduce a Lorentz-invariant mass term as a regularization:'®

Shass = — ’L%N’}/ exp (152) (exp < — ’L]C?T) tr(ApAp) — tr(AiAi)>

® ~ < 0 respects Lorentzian—Euclidean equivalence with no ezxpanding classical solutions.

® ~ > 0 has interesting classical solutions with expanding space!**

18Steinacker 2018
19Hatakeyama, Matsumoto, Jun Nishimura, Tsuchiya, and Yosprakob 2020
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v phase transition

Jun Nishimura 2022
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Conclusions

o Euclidean IKKT matriX - X = hep, XX %% model exhibits SO19 — SO3 spontaneous
symmetry breaking:
® Consistent with the GEM result.
® Finite spacetime dimensions.
® Lorentzian IKKT matrix model equivalent to Euclidean after all:
® Not, when adding a Lorentz—invariant mass term with v > 0.
® Shows signs of expanding 1 dimensional space (bosonic phase) at v > 2.6 and
Mfermion > 5.0.
® What is next?
® 1 dimensional configurations zero pf M, SO Mfermion nNeeds to decrease further.
® Apply techniques that allow reducing Mmsermion further.
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