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Iepilnyn

216%06 TNG SIMAWHATIKAG eival | Xprion TwV VEVPWVIKWV SIKTOWV wg epyaleio
¢pevvag o€ TPOPANHATA EQAPUOOHEVNG OTATIOTIKNG QUOIKHG. EmumAéov yivetal
o peA€Tn avtioTolxiag Tng ovpmieong dedouévwy XpnoWOTOLWVTAG T VEV-
pwvLiKd SikTLA Kat TNG OHAS0G EMAVAKAVOVIKOTIOINONG TTPAYHATIKOD XWPOU.

Apyxikd, Ta vevpwvikd Siktva xprotponowmOnkav oe pia tpootyyton pdbn-
ong xwpig emiPAeyn ylo Ty povrelomnoinon tng katavoung mbavornrag mov
avanapiotarat ano anewkovioelg Tov didaotarov Ising. Ot anetkovioelg avTég
éxouv SerypatoAngBei pe texvikég Monte Carlo papkopravwv akvoidwy xpnot-
pomolwvtag Tov akyoptpo Metropolis 1§ Tov cluster akyoptOpo tov Wolff. To
vevpwviko SikTLO 0dnyeiTal 08 LlGOPPOTIQ ETOL WOTE VA TTAPAYEL TPOCEYYLOTL-
KEG amelkovioelg amo Tig omoieg Ba VITOAOYLOTOVV TTAPATNPT|OLUEG TOTOTITEG
yia Beppokpaocieg kovtd otny petdPaocn @aons. Ol avapevopeves TIHéG ov-
ykpifnkav pe avtég twv Monte Carlo mpooopoiwoewy kau peketrOnke 1 e&ap-
™on ¢ akpifetag Tovg amo o TARB0G TWV KPLEWY VEVPWVWV.

AxolovBwg, Bepeliwdnke wa avtiotoyia avapesa otny Opdda Enava-
Kavovikomoinong kat ta Aiktva Babidg Ilemolroews. Eva Babv vevpwviko
dikTvo ekmatdevdnke KOVTA oTNV peTdPaon PAon G Kat oxedlaoTnKaY Ta recep-
tive fields. To vevpwvikd SikTvo epappolel £Evav YEVIKEVUEVO UETATKIHATL-
opo Tov Bupulel HETATXNUATIONO ETTAVAKAVOVIKOTIONOT|G TIPAYUATIKOV XWPOU.
H xpiown Beppoxpacia kat ot kpiotpot ekbéteg Tov didtaotatov Ising volo-
yiotnkav yia éva ovotnua peyédovg N = 64 * 64 xpnowomotwvrtag évav spin-
blocking petaoxnuatiopd enavakavovikomnoinong. Ot mapandavw vroAoytopol
elval avtaywviotikoi o€ cUYKpLon pe Ty epappoyn g pebodov Pabuiong me-
TEPACHEVOL UeYEDOVG AOYW TNG XPIIONG HIKPOTEPWY TIAEYUATWY

TéAog, vhoTotiBnke pua Tpocéyylon evioxuTikng pabnong Bactopévn otnv
Variational Monte Carlo péBodo kat otnv eloaywyn kpavtikwy KataoTdoewy
ota Restricted Boltzmann Machines. To vevpwvikd Siktvo xpnotpomnotOn-
KE TOTE Yla TOV TIPOoSLopLopod TG evépyetag Tng Bepedlwdovg katdotaong Tov
povodiaotatov Ising povtédov Staprkovg mediov kat ot TiéG ovykpiOnkav pe
1§ akpifeic ano Siaywvomoinon. Ztnv peébodo Sev epgaviletar To TPOPAnua
TPOCTILOV KAVOVTAG SUVATT TNV AVTIHETWOTILON TPOPANUATWV GTA OTIOLA EUPA-
vifovtav oxeTikég Suokohies, Onwg yia Tapaderypa oty evpect) TwWV ISLOTHTWV
G Oeperiwdovg katdotaong oxvpa arAniemdpwvtwy gepuioviwy. Ta amote-
Aéopata eivat aVTaywvIOTIKA CUYKPIVOREVA [te AANEG TEXVIKEG ATIO TNV OXETIKT
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Abstract

This thesis was mainly driven by the need to identify what Machine Learning
and Statistical Physics can offer to each other.

Initially, Restricted Boltzmann Machines were utilized in an unsupervised
setting to model the probability distribution represented by importance-sampled
configurations of the d = 2 Ising model. Configurations were then drawn
from the equilibrium distribution of the neural network in order to calculate
expectation values of observables near the second order phase transition. The
expectation values compare well with Monte Carlo calculations and show a
dependence on the number of hidden units.

A mapping was then established between the Renormalization Group and
Deep Belief Networks . To gain further insights to their connection, the receptive
fields of a deep neural network trained near the phase transition were visualized.
The critical temperature and the critical exponents of the d = 2 Ising model
were then estimated for a system of size N = 64 * 64 using a spin-blocking
renormalization group transformation .

Finally, a reinforcement learning approach was implemented based on the
variational Monte Carlo method and the introduction of quantum states in
Restricted Boltzmann Machines. The neural network was then used to recognize
the ground state of the d = 1 transverse-field Ising model . The results prove to
be competitive when compared with other techniques from relevant literature.
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1. Restricted Boltzmann Machines

1.1.0 Mnyavés Boltzmann

Ot unyavés Boltzmann|2, 3] eivat pia kKAGOT GTOXACTIKWY VEVPWVIKWY SIKTOWV
pe oyvpég Paoeig otny Zratiotikn Gvoikr). AvTioToLyovv oe £va LoVTENO TO 0-
TIOLO ATMOTEAELTAL ATIO OTOXAOTIKA GTOIKELA-TIOV OVOUALOVTAL KL VEVPWVEG-KaL
avanaplotd pa katavour mbavotnrag. Ot punxavég Boltzmann neprypdgo-
VTAL Ao £€Va 6VVONO TIAPAUETPWY HETABOATG Kat HTTopovV va Xpnotpomnoinfovv
YL TV avayvapLon XapakTNpLOTIKOV (LG &YVWoTHS KATAVOUNG TOavoTnTag.
To vevpwviko dikTvo ekmaldevetal oe £€va oVuvolo amo dedopéva, petapdilo-
VTag pe KatdAAnho tpomo peow piag Stadtkaciag Tig TapapéTpoug HeTaBoAng
oe kdOe emavaAnyn. Ev tékel, pe v Xpron TV vevpwVIKWwV SIKTOOV [ia a-
yvwotn katavour mbavotntag pmopel va avanapactabel oe kKAeloTH pop@r).

Ot Restricted Boltzmann Machines eivat pa etk Tepintwon twv pnxa-
vwv Boltzmann. Anotehodvtat amo £éva GHVOLO 0pATWV KAL XPUYWY VELPDOVWV
Kal avanapiotavtat ypagikd oe 0o emineda. Nevpwveg petadd twv dvo emi-
nédwv ovvdéovtal fe pn katevBuvopevo Tpomo evw Sev emitpénetal cOvVSeoT
dvo vevpwvwv mov Ppickovtal ato idto eninedo. Ol opatol vevpwveg Xpnot-
pomolovvTal wg eicodog yia Ta dedopéva 0To VEVpwVIKO SIKTVO KaTa TNV €K-
pabnon wag katavouns. Tavtoxpova xpnoponoovvtal kat wg ££080g ya tnv
Tapaywyn SELyLATWY Ao TNV KATAVOUN LGOPPOTIAG TOV VEVPWVIKOD SIKTVOV.
OL kpuPoi vevpwve avayvwpilovv e pn YPApUKO TPOTIO XaPAKTNPLOTIKA Kat
eE0PTIOELG IOV VTIAPXOVV OTNV KATAVON KoTa TNV ekmatdevon.

Ot Restricted Boltzmann Machines umopolv €miong vo Tpoc@épouy pia Ao
oe nuteleic mapatnpnoetg. Ta mapdderypa, vapxet n Svvarotnta va Béoet
KATIOLOG TUIHA TWV OpATWV VELPWVWY (00 UE TIG TAPATNPNOELG Kat va Sety-
HATOANTITH|OEL O€ TEPIOWPLEG KATAVOULEG YL VO CUUTIANPWOEL TAL VTTOAELTOHEVA
ototxeia. Eivat ToAD onpavTiko, 0Tt KATTOLOG UTTOPEL VA XPT|OLLOTIOLTEL Lot GU-
otolyia amo Restricted Boltzmann Machines yia va oxnuartioet éva fabv vevpw-
viko6 Siktvo To omoto ovopdletat Deep Belief Network.

Mua pehétn axolovBei yla i Restricted Boltzmann pnyavég [1] factopévn
ota mBavoTika ypa@ikd HOVTEAX Kal OVYKEKpLUEva oTa Tuxaia papkoflovd
nedia. Avtr) n avotnpn pabnuotikl Tpocéyylon emTpénel TV xpron Bewpn-
HaTwv kat akyopiBuwyv yia wa kakd opiopévn meptypan twv Restricted Boltz-
mann Machines.



1.2.0 Ipagund Movtéda nou Toyaia Mapuofiavé Iedia

To mhaioto Twv MOAVOTIKOY YpaPIKWV HOVTEAWY amhoTtotel TNV peAéTn Tuxa-
iwv petaPAntwy ot omoieg meptypagovtat amo vto ouvOnkn W8LoTNTEG avedap-
oiag kat eEAPTNONG He TNV XP1OT YPaPnUATWwY.

H vro ouvBrikn ave§aptnoia avapeoa og S0o ohvola amo Tuxaieg Letapin-
1¢¢ X xar Y opiletar wg avefaptnoia oe dpovg evog emmiéov ouvolov Z yia
Oheg T Tinég twv X, Y, Z. Iooduvapa, oe padnuatikd oppoiiopo:

p(z,y|z) = p(x|2)p(y|z) = p(z|y, z) = p(x|2) and p(y|z, z) = p(y|2)
(1.1)

IxAua 11 Eva pn katevBuvope-
vo ypdgnpa G = (V,E). H
yertovid tov kouPov ur eivar 0
{us, ug, us,ug}.  Ta vIOCHVOAA
{UQ, UlO} Kal {US, Uug, ’ulo} OpiCOUV
KkAikeg pe v {us, ug, u1p} va eivan
peytototikn. Ot kOppot uy Kat uig
Staxwpilovrat amo tovg {ug, ur}.

Eva pn xatevBuvopevo ypdonua G = (V, E) eivau ua Sopry dedopévav
Tov amoTeheital amo éva oVuvolo kOpPwv V kat éva ovvolo amo pn katevdu-
vopeveg akpég E. O pn katevBuvopeveg akpég ouvdéovv Levyn amo kopfovg
Kkat avanapiotovtat ws X; — X ;. Eivau Suvato va opotei pua yerrovia N, mov
anote)eitat amo KOpPovg ouvdeodpevoug pe évav dedopévo kopfo u:

N, ={w eV :{w,u} € E} (1.2)

Mua khika og éva pn katevBuvopevo ypagnua G = (V, E) eivau éva vmo-
oVvoAo Tov V' yua To omoio 6Aot ot guunepthapPavopevot koppot ouvdéovtat
oe Cevyn. Mia Sedopévn khika amokaleital LEYIOTOTIKN AV IKAVOTIOLEL TNV Tt
pamdvw ovvOnkn kal Tavtdxpova dev pmopel va enektadel pe Ty pocdnkn e-
VoG kopBov. Eva povomdtt avdpeoa og 00 kKopfovg uy Kot ,, opifetal wg pa
nenepaopevn akohovbia ano kopPovg {uy, ug,. .., uy € Vi {u;,uit1} €
E,i=1,...,m — 1. Avvnobéoovpe é¢va govoro V C V, 8o kopforu & V
katw & V Saxwpifovtat av OAa Ta HOVOTIATIO ATTO TOV % GTOV W TEPIAApL-
Bdavovv éva koupo aro to V.

Ag vnoBéoovpe éva pn katevBuvopevo ypagenua G = (V, E), ya 1o ono-
io oe kaBe kopPo avtioToryel pa Tuxaia petapAntr X, n omoia maipver TIuES
oe éva xwpo kataotdoewv A, = A. Av n amo Kool GuVEPTNOT KATAVOTG



tkavorotel pta tomikry Markov 1816tnta, To obvolo amo Tig Tuxaieg LeTaPAn-
€6 X = (Xy)uev opifovv éva tuxaio papkopavo medio. H tomkn Markov
010TN T VTOSNAWVEL OTL 1 LTTO GVVOT KN KaTAVOpN oG Tuxaiag uetaPAnTng
eivat ave§dpTTn yla 0heg Tig dAAeg peTaBAnTég o pia avtiotorn yettovid. I-
codvvapa:

P(Tul(Tw)wev\ fu}) = P(@ul(Tw)wen, ), Vu € V and Vo € AVE (13)

Oewpdvtag pa avotnpd Betikn katavopn mbavotntag, eivat duvvatd va
BepehwBel wa wodvvapia avapesa otny tomky Markov 1Stotnta kat dAleg
Markov 1816tnteg.

H o)) Markov id16tnta tkavomoteitat av yia tpia Eévavrnoodvora A, B, S C

V, pe 10 S va Srawpilet toug koppovg ata A, B, ot toxaieg petaPAntés (X ) ae 4
kat (Xp)pep eival vto cuvBrkn avetdptnteg oe 0povg TG (X )ses. loodvva-
po:

P((Ta)acal(®t)iesus) = P((Ta)acal(Ti)ics) (1.4)

H ava 800 Markov 18totnta ikavomoteital av §0o koppot ot onoiot Sev eivat
yertovikoi eivat vto ovvBnkot avegdptnTol e Gpovg VAWV TwV dAAWV peTaPAn-
1év. Ioodovapa av {u, w} ¢ E yua Ve € AV

p(IUaIwKIt)tEV\{u,w}) = P(Iu|(It)teV\{u,w})p(Iw|(It)teV\{u,w}) (15)

Ewai doyiko va avapwtnBei kdmolog av eival Suvatod va mapayovtomotndo-
UV 0L KaTavopég Twv Tuxaiwy papkoPravwv medivwv Adyw Tng otevig cuvdeong
NG TAPAYOVTOTIOINONG TWV OO KOLVOU KATAVOU®Y TIHAVOTHTWY KAl TN Vo
ovvBnkng ave§aptnoiag yia éva ovvolo tuxaiwv petafAntwv.

Theorem 1 (Hammersley-Clifford). Mia avornpé Setins) natavoun p inavomorei
v Markov 1810ty v évar un narevdvvépevo ypapnua G = (V, E) av nou
Uovo av 1 p mapayovromoieitan ovupwve pe 70 G. [4, 5]

T TV Mapayovtomoinon pag katavopnig mbavotntag evog pn katevdu-
VOHEVO ypa@rpatog pe C HeyloToTIKeG KAIKEG, £va GUVOAO Ao N ApvNTIKEG
ovvaptioels {c }oce TpEmeL va ikavoToLei:

Vo, & € AV (20)ece = (Be)eco = Yo (@) = Yo(bma)  (16)

p(x) = % I] vc@ (17)

cecC

Opilovpe v otabepd KavovIKOTOINONG Z WG TNV OCUVAPTNOT| ETUUEPLOUOD:

Z=> 1] ve(=c) (1.8)

z CeC
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Tla pLa avotnpd Betixn xatavopr p, oL ovvaptoels {1 Foce elvat emiong

OeTikéC kat:
1 L Scemyo(@e) — L —F)
p(x) = 7 H Yo(xe) = Z¢ cec = e (1.9)
ceC
H ovvaptnon E eivai n) ovvdptnon evépyelag:
E = Z InvYe(xe) (1.10)

cec

H avotnpa Betin katavopn mbavdtntag p kdbe Tvuxaiov papkoflovod me-
diov eivat tote 1 ovvaptnon Gibbs.

1.2.1 Madnon Xwpic Enifreyn Toyaiwv Mapxofiavwy Iediwy

Ztox06 NG pabnong xwplic eniPheyn eival n povrelomoinon pag dyvwotng ka-
TAVOWNG ¢ oL avamapiotatat ano éva cOvolo un emonuacpéveoy dedopévwv
ekmaidevong. Ag vmoBéoovpie Eva SeSOUEVO YPAPIKO LOVTENO [LE [La CLVAPTN-
o1 eVEPYELG IOV e&apTaTal og £€va OUVONO Ao TapapéTpoug petaBolng 6. H
padnon xwpig enifreyn avtiotoryel oTNY HETAPOAN AVTWVY TWV TAPAUETPWY [UE
0TdX0 TNV avanapdoTtaot TG katavours g. Ioodvvapa embupodue n katavo-
| mBavoTnTag TOV HOVTEAOL p va ival emakpBwg oL [e TNV Katavopn g.
Oa xpnopomowndei o cupforiopds p(x|0) yia va exppacet Ty eEdptnon g
AVTIGTOLXNG KATAVONG OTIG TApap€Tpovg petafolng 6.

Eivat Suvato va extipunBobv ot mapdpetpol evog HovTéNov e TNy ekTipnon
péytotng mbavogaverag. Iia éva dedopévo ovvolo amo avetdptnta Sedopéva
S = {x;} ano wa ayvwotn katavopr ¢ ot mapdapetpol O petaBarlovral pe
0TOX0 TNV HeytoTomoinon TG mbavotnTag Twv S yla TNV KATAVOLT TOV TuXA-
iov papkoPravov mediov.

H mBavogdveia £ : © — R mpoo@épel pia avtiotoiyia ya TI¢ mapa-
HETpoug petaPorng 6 amo £vav xwpo mapapétpwy O oe:

!
L(6]S) = Hp(wl|0) (111)
i=1
H 8¢a eivat va PpeBodv mapduetpot € mov Ba peytotomotodv tny mbavo-
paveta Tov dedopévov cuvorov ekmaidevong. Ioodvvapa, pmopet va peytoTto-
nownOei n AoyaptBukn mbavopdavela:

l l
In£(0]S) =In Hp(:cz|0) = Z In p(x;|0) (112)
i=1 i
YnoBétovtag oTL 1 kaTavopr Tov Tvuxaiov papkoplavod mediov eivart n ka-
tavopn Boltzmann dev eivatl Suvatd va Bpebel wa avalvtikr Ao yia evdia-
pépovTa TpoPANpaTa, Kol TIPETeL va xpnotomotnOel (ia TpooeyyLloTik TEXVL-
K Onwg 1 gradient ascent.



Onwg avagépBnke mponyovpévwg, n udbnon xwpic emiPreyn avriotoryei oe
pa petaBoln Twv mapapéTpwy petaPolng f e atoxo TNV akpLPr) avTioToiylon
TNG KATAVOTG TOV HOVTEAOL P 0TIV KaTavour| mbavdtnTag ¢ mov avanapiota-
Tat amo éva oVvolo arno dedopéva ekmaiSevong S. Ioodvvapa, emBupovye TV
eAa(LOTOTIOINGT TNG ANOTTAONG avapesa oe dOO katavoués. Avto eivat duvatd
e v ehaxiotonownon tng Kullback-Leibler andkAiong, dnhadn tng oxetikng
EVTPOTIAG, 1] OTIOLA YLa £VOL TIEMEPACUEVO XWPO Elval:

KL(gllp) = Y al@)n 225 = 3~ g(@) Ing(@)~ Y a(@) np(a) (113)
TEQN zEQ TEQ

Egooovn q(x) propei va ektipnBei amo to ovvolo Sedopévwv exmaidevong
S 1 Kullback-Leibler anokAton pnopei va ekppactei oe 6poug g AoyaptOput-
kG mbavopdvelag péoa amo Tov opo — o q(x) Inp(x) pe wa e&aptnon
oTi¢ mapapétpovg petaPorng 6. H Kullback-Leibler amoxAion eivat pia Betikn
TOOOTNTA KAl givat UNdevikn yla Ty TepinTworn mov §0o Katavopég eivat akpt-
Bwg idteg. Apa, 1 peylotomoinon g AoyapiBuuknig mbavoeavelag pmopei va
emtevyOel pe v ehayiotomoinomn tng Kullback-Leibler anokAiong.

Ta va PpeBovv mapdpetpot petaf oG mov HeyLoTOTOLOVV TNV AoyaptOuikr
mbavogdvela, pemnet va xprotponomBei évag akydpBpog mpwtng td&ng mov
anokaeitat gradient descent. H gradient descent petafdAAet Tig mapapétpovg
0 10 01 oe k4Be Prpa oOpWVa e TV oXEON:

ot =9 —y EYI0) <ln£(0(t)|5)> —20Y 4 A1) (1.14)

H nocdmtan € R eivat o pubpog pabnong. H mpoatpetiky mooétnta A
elvat o 0pog weight decay, mov wBei ta Papn oe pikpoOTEPES TIHEG. EmumAéoy, 1
npoatpetichy toodtyra vAA Y amoxaeitat 6pog opng kat odnyel oe ypn-
yopoTepn ekmaidevon.

YnoBétovye TNV HovTtehomoinon pag m-OldoTaong KATavong He éva Tu-
xaio papkoPravé medio to omoio amoteAeitat amo evav aplOuod kopPwv peya-
Atepo amo m. Eivat Suvatd va xwpiotobdy ot petapntéc X = (X, )uev 0
opatodg V = (Vi,Va,..., V) xauw xpvgovg H = (Hq, Hs, ..., H,) vev-
pwveg, omov n = |V| —m.

H ntpooBnkn kpupv vevpdvwv eMITPETEL Lo KAAVTEPT| TTEPLYPAPT] TG AY V-

OTNG KATAVOUIG AoV GLOXETIOELS avapeaa oTa dedoEva UTOPOVV VA EKPPa-
otobv péoa arno vro cuvOrKkn katavopés. H katavour mbavotntag Boltzmann
Tov Tuaiov papkoPlavov mediov eival TOTE pia amo Koo katavopn mbavo-
TNTAG VW 0TOVG 0paTolG Kat kpueovg vevpwves (V, H). H nepilBwpra kata-
voun Twv V eivau pia d8poton mévw 6Toug KpuPov§ VEVPWYVES TNG ATTO KOLVOU
Katavopng mbavotnroag:

plu) = 3l ) = 37 e Hm (115)
h

h

Restricted Boltzmann Machines

5



Z = Z e~ Elwh) (1.16)
u,h

0TIV Z 1) GuvApTI o1 EMEPLONOD. Av vtoBéaovyte eva Sedopévo mapadery-
pa exmaidevong u amo €va ovvolo S, n AoyapBuikn mbavoedaveta eivat:

_ _ 1 —E(u,h)
In £(0|u) = Inp(u|0) =1n (Z ;e

(117)
=1In Z e Bwh) _1p Z e~ Bluh)
h u,h
H napaywyog g AoyapBuikng mbavopdvelag eivat:
OInL(6|u) 9 —E(u,h) 9 —E(u,h)
20 =90 In Z e ~ 20 In Z e
h u,h
_ 1 —E(u,h) 8E(’U,7 h’)
_W Z (& T (1.18)
OE(u, h)
—E(u,h)
+ Z e~ E(u h) Z 00
Agdopévov ott i) aro cuvOrkn mbavotnTa eivat:
w.h 1~ E(uh) o~ E(u,h)
plhju) = BB __z¢ T )
NS SO D
H napdywyog g AoyapiBpukng mbavopdavelag oovtat pe:
OlnL(Olu) OE(u,h) OE(u,h)
50 > p(hlu) 50 T > p(u,h) 50 (1.20)

h u,h

Ewat onpavtiko va napatnpndei ot ot 00 6pot avIioTor ody oTI§ avapie-
VOUEVEG TILEG TNG CUVAPTIONG EVEPYELAG YL TNV A0 KOLVOU katavour miba-
VOTNTAG TOV HOVTENOV Kal TNG CLVAPTNONG EVEPYELAG Yia vTTo cuVOTNKn Kata-
VO TWV KPLPWV vevpwvwy e Sedopévo mapadetypa ekmaidevong. Apa, et-
vat avo va LTTOAOYLETODY OL AVAEVOLEVES TIHEG SELYLATOANTITWVTAG £Vl -
VTUTPOOCWTEVTIKO VTOOVVOAO ATIO TIG AVTIOTOXEG KATAVOUEG XPT|OLLOTIOLDVTAG
Monte Carlo papkopravav alvcidwv.

1.2.2 Mapuofiavés Alvoides Atanpitov Xpovov

Ag vrtobécovpe pa akolovBia amo Stakprtég Tuxaies petaphnréc {XF| k €
No} mov maipvouy TG o€ Evay xwpo KataoTdoewy €2 Kat yla TG onoieg V k >



0k Vi, 4,40, ...,ix—1 € Q kavonolobv tnv Markov (Stotnta:

Pl = Pr <X<’f+1> =] X® =i, xO D =44, X0 = 0)
(1.21)
=Pr <X(k“) = j|x® = z>

H axolovbia {X*| k € Ny} tote opilet pa ahvoida Markov. H Markov
WSotnTa SnAdvet ott N Staxprrr Toxaia petapAntr Xiy1 efaptartar povo ano
v Xp, kat Oxt amo 16 Xg—1, . .., X1, Xo apa n papkopravr akvoida Sev éxet
V.

Mia papkoPravr alvaida eivat opoyeviig atov xpovo av ot mbavotnTeg e-
taPaong eivan xpovikd avefaptnreg . Isodvvapa av yia k > 0, pl(-f) = pij.
Mia opoyeviig papkofraviy alvoida meprypagetal ano évav mivaka petdpaong
P = (pij)ijeca-

Av vrtoBéoovpe ot n katavour mbavotnrag TG katdotaong X o) Sivetal

aro éva Stavoopa mavorntag (@ = (19 (7)) seq pe pO (i) = Pr (X(O) =

i ), n katavoun mBavotrag u*) g Tuyaiag petapnmig X ) Siverar amo

™mv:

IJ/(k)T — H(O)Tpk (1.22)
T va petakvnBei  akvoida kata k Prjpata apkei 0 TOANAnAacLlaopog pe
p* oVpQWVa pE TNV Tapandvw egicwor.
Opiletat ua katavopr wooppotiog 7 yia v papkopavr akvoida av:

al =xTP (1.23)

Av 1 papkofraviy akvoida Bpedei oe xpovo k otnv katavour| lwoppomiog
pF = m toTe péver exel yra méavTa, SnAadh yia OAeg TIG UTOAOLTEG KATAOTACELG
woyvet w7 = v ¥n € N. Mia katavoyr 7 eivat Katavopr| oopportiag av
otmBavoTnreg petdPaonc pij, ¢, j € £ tkavomolovy T cuvOKN AemToEPODG

LooppoTIiag.

m(i)piy = m(J)pji, YVi,5 € Q (1.24)

Mia papkoflavr alvoida givar pn vrofipaoipn av kdbe katdotaon eival
TPOOPACIUN HETA Ao €V TUVONO TIEMEPACHEVWY UETAPATEWY:

Vi,j € Q3 k > 0with Pr (X(’“) =j|x© = z) >0 (1.25)

Opiletar wg mepiodog d(i) wag katdoTaong @ 0 LEYLOTOG KOWOG Slaupétng
gcd:

d(i) = ged{k € No|Pr(X® =i|x© =i > 0)} (1.26)

Restricted Boltzmann Machines
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Av d(i) = 1 yua OAeg Tig kataotdoelg i € € toTe 1) papkoPiavi aivoida
elval ameplodikn mov onpaivel ot Umopei va emoTpépet o€ pia Sedopévn Ka-
TAOTAOT 08 AKAVOVIOTA XPOVIKA Pripata.

H oA\ andotaon petaPolng avapesa o §0o katavopés a kal B oe évav
nenepaciévo xwpo mbavotitwy € eivat:

dv (e B) = gla— Bl = 3 3 lo(x) — al (127)

2
e

Mia papkopraviy alvoida mov gival pn vtoPipéotun kat ameptodikr| Kat ylo
TNV omoia vIdpyel pia katavopr woppotiag w1 Ba cvykhivel oty 7l kaBhg
k — oo. ITio ovykepipéva, BewpdvTtag pia avbaipetn apyikn Katavoun i

lim dy (u?P* =T) =0. (1.28)
k—o00

Z1oX06 eival 1) KataokeLn pia papkoPravig akvoidag mov cuykAivel acvp-
TTWTIKA 0TV €MOVUNTY KATAVOWN LooppoTiag Tot woTe va SetypatoAnebei
€va LTTOOVVOAO KATAGTACEWY Ao avTr|. ALTA Ta Setypata XproLHomotovvTaL
Yot TOV UTTOAOYIOHO TWV TAPATNPTOU®Y TTOCOTITWY.

1.2.3 Aerypatodnyia Gibbs

H derypatohnyia Gibbs eivau pua texvikn Monte Carlo papkofravoy alvoidwv
Kat uropei va BewpnBei wg wa ek mepintwon tov akydpduov Metropolis-
Hastings. H (0¢a eivat va emleyel Tuxaia fLia KATAOTAOT A0 YLt TIPOTELVOEVT|
Katavour| Kat va yivet anodektn obppwva pe pa mbavotnta anodoxng eva
IKavoToLeital ) cLVOTKN AeTTOpEPOVG LOOPPOTILAG.

Opilovpe éva Tuxaio papkopravo medio OV TEPLYPAPETAL ATIO EVaL U] Ka-
tevBuvopevo ypagnua G = (V. E), V = {1,..., N} ue éva obvolo amo
Tuxaieg petaPintéc X = (Xl(k)7 e ,X](f)), Xi, i € V mov maipvouv Tipég
o¢ éva memepacpévo cbvolo A kat fua amo kotvov katavoun yia tig X ion pe
m(z) = e ¢@®).

YmoBétoupe ott To TuXaio papkoPiavd medio eEelicoeTal oTov XpoOvo pe
Stakprtd Pripata kat n kardotaon Tov Sivetatamo v X *) = (ka), e X](\f))
ya xpovo k > 0. Avtn i Stakpuriy otov xpovo eE€MEn pmopei va Bewpnde-
{ wg pa papkoPravy alvoida X = {X®|k € No} pe xdpo katactéoewy
Q=AN.

Mia véa katdotaon mpoTeivetat emAéyovtag pa Toxaia petapAnt X;, ¢ €
V pe pa mBavotnra ¢;. Tivetar amodektr| 10Te GVUPWVA [Ee TNV VTTO GLVONKN
katavoun mbavotnTag yia edopévn katdotaon (Ty)yev\; TWV LITOAOLTONE-
vV Toxaiowv petapntdv (Xy )yevy; - H Tomkn diotnta Markov tov Tuxaiov
apkoPlavod mediov ovvendyetat ott m(x;| (T )uev\i) = T(Xs|(Tw)wen; )-
Ot mBavotnreg petaPaocng avapesa oe 00 SLAPOPETIKEG KATAOTAOELS T, Y HE
x # Y opileTal WG Pay:
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q(@)7T(Yil(Tu)uevri), ifFEVVuEV Uiz, =y,

p =
oY 0, else

H mbavotnta mapapovig otny idta katdotaon eivat pee = q(1)m (24| (T4 )ueyi)-
Av n paproPravr) alvoida givar pn voPipdon kat aneptodikr] Oa ovykAivet
0TIV KATAVOUT| LOOPPOTILAG Kal av 1 auvOnkn AenTopepovg looppoTtiag tkavo-
ToLelTaL TOTE 1) 7 eival 1) EMOVUNTI KATAVON LOOPPOTILAG.

Apykd mpémet va SetyBei 0Tt kavomoteitat 1 ovvONKn Aentopepovs oop-
potiag. Tia v mepintwon & = y eivat eppavég. Otav ot T kat Y Stagépovy
0€ TAPATAVW Ao Wi ToXaid LETAPANTA Ppy = Pya = 0. Otav Sagépovv
akpPwg yla pa tuxaio petaPAnti X; éxovue:

ﬂ-(w)pwy = W(m)Q(i)ﬂ-(yi ‘ (xu)ueV\z)

= m(wi, (x (i) "W @uuevii)
= (@i, (Tu)uev\i)q(7) T((Zu)uevi)

= (yu( u)uEV\z)Q() W((xu)uev\i)

m(Y)q(i)7 (23] (u)uevi)
= Tr(y)p:vy

Apa n ouvOnkn Aemtopepovs LOOPPOTIAG LKAVOTIOLEITAL KAl 1) 7T €lvaL 1) Ka-
Tavopr| wooppotiag. Ia va anodeiyBei ott ) papkoPravr) alvaida eival pn vro-
Bipaotun maparnpeitat 6TL ePOCOV 1) T VAL aVOTNPA BETIKT, TOTE OL LTIO CLV-
0Nk katavopég ervat emiong Oetikég kat kaBe mBavr kKATAoTACT TOL TVXALOV
papkoPlavov mediov eival mpooPaoctun. EmmAéov, n papkoPraviy alvoida ewval
aneplodIKy EPOCOV Dy > 0V € A™.

H vteteppiviotiin emAoyn pa katdotaong avtiototxei otov periodic Gibbs
sampler alyopiBuo omov éva @paypa unopei va optotel yio tov puBpod cOykAL-
onge:

1
\pP* — x| < §|u—7r|(1—e*NA)k (1.30)

omov P givat o mivakag petafdoewv, A = sup;cy 8, & = sup{|E(x) —
E)|; i = yVi € V with i # 1}, p eivau pua avBaipetn katavopn kat | p —
7| N oAik1} andoTaon peTaPorng.

1.3.0 Restricted Boltzmann Machines

‘Exovtoag Bepeliwoet ta Tuxaia paproPravd media eival Suvatd va opicovpe ta
Restricted Boltzmann Machines wg tuyaia papkofiavé media mov avtiotor-
xobv oe Siepr| ypapgrparta pe un katevBuvopeveg akpés. Amotelovvrtat a-
0 M opaToLG vevpwveg V = (Vl, R Vm) Kal 1 Kpu@ovg vevpwves H =
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(Hi,...,Hpy). AeSopévov ottotny Simhwpatikr peetdrar o Sididotato Ising
Kat o povodidotato Ising Siaprkovg mediov, dnhadn povtéda dvadikwv ti-
uav, to Restricted Boltzmann Machines maipvovv vadikég tipég. Ot Tvyaieg
uetaPntéc (V, H) tote maipvouv tyés (u, b) € {0,1}™ ™. H amno kowvod
Katavopn mlavotnTag Tov povtéov eivan i) katavour Boltzmann:

1 u
p(uh) = —e Blwh) (131)

H ovvdaptnon evépyetag tov povtérov E(u, h) opiletar we:

n m

E(u, h) = — Z Z wijhiuj — Z bju]' — Z Czhb (1.32)
j=1 i=1

i=1 j=1

Ot mapdpetpot petafolng tov povtéhov yiai € {1,...,n}karj € {1,...,m} Zxnua1.2: EvaRestricted Boltzmann

elvat ta Bdpn kot ta biases b; kat ¢; yia j opatd kat ¢ kpvPod vevpwva. OAeg
oL TTapdpeTpol PeTaBOANG TalpvoLuy Tpaypatikeég Tiég. To ovvolo Twv opatwv
KAl KPUQWY VEVPWVWYV opilel eva opatd kat kpu@o eminedo.

>ta Restricted Boltzmann Machines 8ev emtpénovrat cvuvdéoelg avapeoa
0€ VEVPWVEG IOV VKoLV 070 (810 eminedo. Avtd cuvendyetal pia VIO GLVONKN
ave§aptnoia yia ototyeia oe Sedopévo eminedo, dedopévwy TwV GTOLKEIWY GTO
aAo emninedo. Xe padnuatikd cuuPoliopo:

n

p(hlu) = Hp(hiIU) (1.33)
plulh) = [ p(ujlh) (1.34)
j=1

Apa givat duvatd va SetypatoAngBovv ot TiéG Twv VEvpwvwy evog dedo-
pévov emmédov o€ éva Prpa. Zuvolikd xpetalovtat §o Pripata yia tny Serypa-
ToANYia opatwy kat kpuewv vevpwvwv. H neplBopia katavoun twv vevpavwy

oto opatd eninedo eival:

p(u) = Zp(u’ h) — % Z B*E(u,h)
h

h
1 n
= - E E ... E e2g=1 biuj H el (CH-Z}LI wijuj)
Z
hi  h2 hn i=1
= —e4{vi=177" e 1 1 j=1 W1jUj el (en T Wyt
A4 Z E
hi h

n
— lez;ﬁ:1 bju; H Z eh,i (Ci_i_Z}n:l U’ijUj)
Z

i=1 h;

1 m n
H ebitts H <1 + et wz‘j”j)
j=1 i=1

N

(1.35)

Machine o omoio eivau eva Sipepég
ypagnua pe pn katevbuvopeveg ok-
HEG. OL VEVPWVES Uy, KL By aVTL-
0TOLXOVV OE 0paTa Kal Kpu@d oTol-
xela avtiotorya. O opog "Restrict-
ed" vtodnAwver ot dev emiTpémovtan
ovvdéoelg yla ototyeio Tov iStov e-
mmédov. Ot mapdpetpot biases Sev
Seixvovral, ala og kaBe vevpwvag
avTtioTtolyei kat €va bias



H napamdvw ékppaon ya tnv meplfopla katavopn vmodetkvoel ylatt Ta
Restricted Boltzmann Machines eivat product of experts povtela [6, 7].

‘Eva Restricted Boltzmann Machine anoteheitat amo m opatd kau k+1 kpv-
@a oTolxela kol popel va povtehomow|oet pia ayvwaotr katoavopur pe {0,1}™.
H nocotnta k ekgppdlet Tov apBpo twv otoyeiwv aro {0, 1} mov eivat Sv-
VATO Va EPPAvIETOVV e fa pn pndevikn mbavotnta. Ymdpxet pia e&dptnon
AVAIETTA OTA OPATA KAL KPUYA GTOLXEIO IOV AALTOVVTAL YLt TNV HOVTENOTIOIN-
OT] JLOG KATAVOHNG Kal akopa Kat £vag Ukpdtepog aplipog kpuewv oTolxeiwv
Oa umopovoe va eivat apketog [8].

Ta tov vtohoylopd twv vro ovvOnkn mbavotriTwy evog dedopévou kpu-
@O 1] 0PATOV VELPWVA, UTOPEL VL OPLOTEL WG U_; TO CUVOAO TWV OPATWYV [LE-
TaPAnTav Xwpic TV petafAntr I:

ai(h) = — Z with; — by (1.36)
i=1
Blui,h) == > wihiuy— Y bju;— Y chi (137)
i=1 j=1,j# j=1,j#l i=1

H ovvaptnon evépyelag E(u, h) Sivetat t0te ano v oxéon:

E(u,h) = f(u_;, h) + wa;(h) (1.38)

omov 1 noodtTa ura; (k) vodnAdvel pa cuAloyn dpwv twv ;. H vro
ovvOrkn bavotnta Tov Vi opatod ototxeia yia dedopévo kpugo eminedo h

Restricted Boltzmann Machines
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toovTaL TOTE e [9] :

p(‘/l = la Uu_i, h’)
p(u,l,h)

e~ E(ui=1,u_1,h)

p(Vi =1lh) =p(V; = ljlu_;,h) =

e—B(w—1,u_1,h) 4 o—E(u—o,u_1,h)
e—Blu_i,h)—1-a;(h)
e—B(u—i;h)—lai(h) 4 ¢—B(u_1,h)—0-a(h)
e~ Bu—i,h) | o—ai(h)
e~ Bu_i,h) . g—ai(h) 4 ¢—B(u_i,h)
e~ Bu_i,h)o—ai(h)

T e Bu—h) . (e—a(h) 1 1)

L
J—anh) (1.39)
T ealh) + 1
1
— eal(h)
—y 1
_ 1
1 4 ea(h)
= o(=ai(h))
= U<Zwilhi —+ bl>
i=1
H ovvaptnon o eivat n otypoetdng cvvdptnon:
(z) : (1.40)
= 1.
o\E 1+e2 4

Mmopel va TpokDYeL pia TpOOoLa LOOTNTA YL €Vay KPUPO VELPWOVA UE
dedopévo opatd eminedo. Ta va peivovpe moTtoi aTov apxikd cupPoiiopo yia
Ta ¢ kat J ot dvo eflowoelg Sivovrat mapakdtw:

p(H; = 1|u) = a(Zwijuj + ci> (1.41)

Jj=1

p(V; =1lh) = U<Zwijhi + bj) (1.42)

i=1

Av B¢oovpe oty efiowon (1.20) Tov Tuxaiov papkoPlavod mediov Ty na-



pauetpo ¢ ion pe Ta Papn w;; o mpwTtog 6pog Sivet:

5wt 28R S i,
h h

= Z H p(hi|w)hiu;

h k=1
=33 p(hilu)p(h—i|u)hu,
m (1.43)
1.43
= Zp (hilw)hiu; > p(h—;|u)
h—z
=1
= p(H; = 1u)uy,
= a(Zwijuj + Ci>uj'
j=1

O debtepog 0pog unopei va ypagei wg:

T % => p(u) Zp(hhl:)%

u,h u

(1.44)

Hapatnpeitat ott to efwTepikd dBpotopa kat aTig SHO TEPIMTWOELG EXEL piat
ekOeTIKT) TOAVTAOKOTHTA QATOV gival pa dbpoton mdvw oe 2V kataotdoelg.
Apa n tocdTnTa OV LITOAOYIETAL SeV propel va emAvBel axdpa Kat av To -
owTepko dBpotopa mapayovrtomotndei e avdloyo Tpomo.

H napaywyog tng AoyapBpkng mbavogdvelag yla Ty mepintwon omov N
napdpeTpog petaBolng § oobtal e ta fapn w;; ivat:

0ln L(0|u) _ _Z (hlu) E(u,h) "‘Z 8E (u, h)

awij awu

> p(hu)hiu; — ZP(U) Zp(h\u)hiuj (1.45)
h
= p(H; = lju)u ZP = 1|u)y;

Xpnouomolwvtag Tov kotvo ouppolopo g Piphoypagiag kat vtobéto-
vtag éva o0volo eknaidevong S = {uq, ..., u;},, 1 péon Tiun TG Mapaydyov

Restricted Boltzmann Machines
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™G AoyaptBukng mbavoedvelag eivat:

Oln L( 0|u aE(u,h) OE(u, h)
e e g=\B)
1
=7 Z [gp(h\u) [uih;] — Ephu) [Uihj]}
u€es
= (Uil )pmpwyacw) ~ (Uihi)pn,u)
(1.46)

H xatavoun ¢ eivat n katavour mov avanapiotatat ano to ovvolo dedo-
HEVWV KO TO TTAPATIAV®W ATOTENETHA UTOPEL VA YPAPTEL WG:

Oln L(O|u)
; TU X <uihj>data - <uihj>model (1'47)

Mmnopodpe va B¢covpe Tnv apdpetpo @ ion pe To 0OVOAO TWV LTTOAELTOLE-
vov rapapétpwv petaBolng, Snhadn ta Papn b; kat ¢, kat va AdBovue Tig a-
KOAOVOEG EKPPATELS YLa TIG TTAPAYWYOVG:

OlnL(Olu)
o, ZP (1.48)

Bln£(0|u)

5 = P(Hizi|u) — Zp H; = 1|u) (1.49)

Eivat Suvatéd va ektipnBoiv ot mapamavw dpot pe Monte Carlo papkopa-
vav alvoidwv. Zvvexilet va vrapyxet éva TpoPAnua watoéco. Eva avtimpoow-
TEVTIKO LTIOGVVOAO aro Seiypata Tng katavoung Tov povtédov Ba anattodoe
Vv cuvexOpevn SetypatoAnyia tng papkoPravis alvoidag yla peyddo Staotn-
pa péxpt va @Tdoel oe loopporia. Avto Sev eivat Suvato Aoyw Tov VTTOAOYLOTL-

KOV KOOTOUG Kat Xpeldletal pa emmAéov TpocéyyLon.

1.3.1 Contrastive Divergence

H Contrastive Divergence eival 1 10 KOV} TPOCEYYLOTIKI] TEXVIKI Yla TOV V-
TIOAOYLOHO TWV AVAUEVOUEVWV TIHWV OTNV TTapdywyo NG AoyaptOukng miba-
VO@AVELAG VTIO TNV KATAVOUT| TOV HOVTEAOV [6, 10, 11, 12, 13]. ZvpBoliletat wg
CD-Fk omov k eivat o aptBuog twv Prpdtwy mov ekteheital.

Avtyla v egappoyn Stadoxikav nudtwv Serypatoinyiog Gibbs pe otoxo
va odnynBei to vevpwviko dikTvo o€ LooppoTia, eivat SUVATO Va ELOAYEL KATTOLOG
0TOUG 0paTovG Vevp@veg éva Tapdderypa ekmaidevong u(®) kat va exteléoel
wa ahvoida Gibbs yia k BAuara, anoktdvtag pia avakatackevi uF), Tia éva
peydho aptOuo mpoPAnuatwy, akopa kat eva Prjpa k = 1 eivat apketo. H npo-
O£YYLOT TIOV TIPOKVTITEL Yia TNV Tapaywyo NG AoyaptBukng mbavogdvetog



TIPOG L0t TTAPAUETPO HETAPOANG B, 1) OTIOLAL ElVaL LEPOANTITIKT), Eivat:

CDL0,u) = = Sl )RR | > phfu® OE@ZLh)
(1 50)
Kamotog pmopei va emhé€el va ektedéoet v Contrastive Divergence oe

oAokAnpo 1o ovvoro Sedopévav S yia kdbe Pripa. O PéATioTog TPOTOG eivar N

epappoyn oe £va voohvolo dedopévwv S’ C S, Snhadn oe eva mini-batch,

eld1kd yia peydho aptBpod dedopévwv.
Ze kdBe mepintwon n Contrastive Divergence eivat i TpoGeyyLOTIK TEXVL-

KI] KOt TO TPOKOTITOV Selypa Hmopei va Unv eivat amo Ty KaTavor| .oopportiag

Tov povtédov. H mpoaoéyyion eivat Snhadn pepoAnmriki.

To mapakdtw Bewpnpa [12] 6w epgaviletat oo [1] eivar onpavtiko yia

a kakvtepn katavonon tng Contrastive Divergence:

Theorem 2 (Bengio and Delalleau). Io pix advoida Gibbs 1 omoio ovysdive:

w® = RO = ) = M (1.51)

H napéywyos th6 AoyoapOuuhc mdavopdaveiag ioodtar pe:

o) OE(u® h)
9 ©)y — _ (0 ootu 7, )
g np(u Eh p(hlu™)——5

OE(u™ h
+ Ep(u<k))|u(0) [Zp(hluw))(a@)] (1.52)
h

dInp(u®)
E k 0 - aa
T L ()| (0 [ 20

no 0 TeEMinds pog ovyxdiver oto pundev nadws k — oo.

O puBuds avapugng e papkofravig atvoidag eivat pia pétpnon tov T6co
ypriyopa odnyeitar otnv katavopr woppomiag. Ileptypagetar amo Tig mba-
VOTNTEG UETAPAOTG Kat gival €vag amo Tovg Tapdyovteg-padi pe ta Prjpota
ekTENEOT|G- IOV €MISPA 0TO 0P Tpooeyyioewv. H ta&n peyéBoug twv ma-
papeTpwy petafolng emdpd otov puBud avapu&ng. Avto eval ep@aveg ano
TIG EKPPAOELS Yla TG VTTo oLVOT KN TOaVOTNTEG 08 OPOVG TNG OLypoeldog ov-
VAPTNONG OTIOL VYNAEG TILEG Ylat TIG TIAPAUETPOVG UETABOANG AVTIOTOLKOVY OF
TIEG KOVTA 0To Undev yla Ti§ vio ovvBnkn mbavotntes. H papkofiavry akv-
oida tote egeliooeTal Mo apya oTov Xpdvo.

To napakatw Bewpnua [14, 1] Sivel Eva dvw Qpdypa yla TNV avapevopevn
TIUF TOV OPAAHATOG TIPOGEYYLONG LTIO TNV EUTIELPLKT] KATAVOUT:

Theorem 3 (Fischer and Igel). Eotw p 1 meptdwpia natavous] Twv opatwy ororye-

lwv nou q 1 eumeipind) natavous] mov opileTan amo éva ovvoro SerypdTwvu, . . ., u;.
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Eva dvw Qpaypa yia TV avapevopevn tipn tov opiduatos s C D-k mpooéy-
PLOTG THS TIAPAYWDYOV TIPOG THY TXPAUETPO O, eivon:

B ) | Eput)uo) [aea < lg—p|(1 — em(mFmA)
(1.53)
ue:
A= o, '
mal‘{legﬁ?.&fm} ! le?{?g%n}&} (1.54)
o7ov:
0l B max{ ZI{w”>0}wil + bl ’ Zl{wiz<0}wil + by } (1.55)
i=1 i=1
no:

m

Z I{wl.7‘<0}wlj t+a

j=1

)

& = max{ } (1.56)

To @pdypa éxet fia eE4pTNON GTO CVVOLO TWV OPATWYV KAL AOPATWY GTOL-

m
Z I{wl,j >0}Wij + ¢
j=1

xelwv tov Restricted Boltzmann Machine, otnv andAvtn T Twv napapétpwv
peTaPoAng kat oTnV amdotacn HeTafoAnG avapesa TNV KATAVOT| TOV Ho-
VTEAOL Kal 0TNV apXikl} katavour| tng alvaidag Gibbs. Aev eivar amapaitn-
10 oTL 1 padnon pe xpron g Contrastive Divergence Oa Swoet ekmaidevon
péytotng mbavoeavelag ya Tig TIHéEG Adyw Tov o@dlpatog mpooéyyong. H
pepoAnvia Hopel va o8Ny oeL Kat TIG TAPAUETPOVG 0€ GUYKALOT YLat TLHEG TTOV
dev avtioTotyovv oty péylotn mbavoaveta. Eniong, n mbavogaveta pmopei
va apXioel vo amoKAivVeL LETA Ao KATIOLEG EMAVAANYELS av 0 aplBpog Twv Pr-
patwv k Sev eivat apketd peyarog. Mia owotr pvduion Tov opov weight decay
pmopei va Tpoo@épel pia Avon 6To Tedevtaio TpOPAnHa.

1.4.0 Aixtva Badikg Iemordroews

Ta Restricted Boltzmann Machines prmopoiv va xpnotponowm8ovv yia tnv n-
povpyia BaBewv vevpwvikwv Siktowv. Eivar Suvarn mpooOrikn moAhamhwv Re-
stricted Boltzmann Machines oe oelpd £T0L WOTE va OXNUATIOOVY EVA VELPWVL-
K0 8iktvo Babiag memoBnoewc [15, 13]. ITapopoiwg pe Ta Restricted Boltzmann
Machines dev emtpénovtat ouVOETELG avALeoa 08 VEVPWVEG TOV idlov emiméSov.
Ot akég avapeoa 6Toug vevpwveg Twv 600 TEAELTAIWY KPLEWYV ETITESWV eival
pn katevBuvopeves evw OAeg oL vrtolotmeg eivat katevBuvopeves. Kabe dbo e-
muneda mepypd@ovtal ano éva oVuvolo mapapétpwy petaBorns {w, b, a}l .
‘Eva Siktvo Babiag memolbroews oxnuartifetal apxikd ekmadevovtag éva
Restricted Boltzmann Machine xpnotpomowwvtag tnv Contrastive Divergence.
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Ot Tipég Tov KpuPo emimédov dtav Tonodetobvtan Ta dedopéva exmaidevong
w¢ eilcodog 0To opato eminedo XpnolponoovVTAL YLa TNV eKTAdevon evog de-
vtepov Restricted Boltzmann Machine. Avtn 1 Stadikacia pnopei va emavain-
@Bei 060G Qopeg etval emBuunTo yla Tov oXNUATIONO VEWV eTTESWV.

H Snovpyia Setypdtwy amo éva diktvo Padiag memoldroewg eivat Suvatn
pe Stadoyikég SetypatoAnyieg Gibbs ota 8o tehevtaio kpu@d emimeda pexpt
va @taoovv ot wooppomia. Eva mépaopa Twv Tiwv ota vddowna enineda Tov
povtélov Ba dwoel fia avakataoKev} 6To 0patod eminedo.

Restricted Boltzmann Machines 17

Ixnuo 1.3: ZOykpion evog Restricted
Boltzmann Machine kat evog At-
ktVoov Babidg Ilemofnoews 1o o-
Tol0 amoTeleital amo katevduvoyLe-
VEG Kal {n KatevBuvopeveg akpég.
To Aixtvo Babuig Ilemofroews a-
ToTeEAELTAL A0 TTOANATAG KPLPA €-
nineda, Kal Tapopola pe To Re-
stricted Boltzmann Machine 8ev e-
TUTPETOVTAL OUVOEGELG AVOUETA O
ototyeia Tov idtov emmédov.






2.1.0

2. To Ising MovtéLo

To Aidikoraro Ising Movtédo nau  Metéfaon @aons Acvtépag Takews

AxolovBei fa ovvtopn alha mApNG eloaywyr yla to povtélo Ising otig §vo
SlaoTtdoelg kat Ty LetdPaot eaong devtépag Taews o epgavilet yia dedo-
pévn kpiown Beppokpaocia. Eniong ovpneptdapfdvovtatl Kat ot TPOCOUOLWOELS
Monte Carlo papkofravav alvoidwv odpgpwva pe v oxetkn PiAoypagpia
[16, 17, 18] Kot OXETIKEG ONOCIEVOELG.

Mia mpooopoiwon Monte Carlo exteheital og éva oOOTNHA TOV TIEPLYPAPE-
TOUL ATTO TO KAVOVIKO CUVOAO YL TOV UTIOAOYLOUO TV AVAUEVOUEVWV TILWV [LAG
napatnprong nogotntag O:

1 1 (k)
_ § ’ (k) — E (k) ,—BE
((9) = . 1pk(’) . 1(9 e . (2.1)

H avtiotpogn Beppokpacia 5 = 1/kgT exettov poro evog fdpovg atny Ti-
{1 TNG evépyetag kat opiet pa xapaktnploTikn kAipaka evépyetag. H otabepa
Boltzmann emAéyetatr akoAovBwg va eivar ion pe kg = 1. O ekBétng k opiCet
{la KATAOTAOT] TOV GUOTNHATOG OV OTIold avTIoTOLXel ua ametkdvion {s;}
pe Pabpovg ehevlepiag s;, ¢ = 1,..., N. Mia Sedopévn ametkovion €xet pia
napatnpRoun toodtnra OF) ka pia ecwtepii evépyeta EF). To dBpotopa
elval tdvw o Oheg Tig bavég anewkovioelg {s; }. H otabepd kavovikomoinong
Z 1 omoia KwOKOTOLEL OAN TNV OTATIOTIKT] TANPOPOPia TOV GLUOTHHATOG |-
TPWVTAG OAEG TIG KATAOTACELS LE TO OWOTO PApog TovG ovopdletal cuvdptnon
emepLopoD kat Sivetat amo Tnv oxéon:

K

Z=275)=) """

k=1

(2.2)

KaBe Beppoduvapiikn mapatnpriotn mocoTnTa Popei vo vToOAOYLoTEL Héow
G ovvaptnong empepiopod Z. TNa mapadetypa n ecwtepikn evépyeta U =
(E), n ewdxny Oeppodtnra C kain ehedBepn evépyela F' Sivovtan armo Tig oxéoeis:

_aan
- %

(2.3)

(2.4)

O—e®—0O0——0

oe—0—O—0

—O0—0—O
IxNua 2.1: Eva N = 4 * 4 Ising

HOVTENO O€ €val TETPAYWVIKO TIAEY-
Ha pe TeplodLkéG oLVOPLAKEG OLV-
OnKes. Ot KOKKIVEG YPAUHES avTL-
otolovv oe aAAnAemidpdoelg mAn-
oléotepwy yerrovwv/ H mepintwon
EMAOYTG EVOG OPLAKOD OTILY GUUTIE-
pthapBavetat. Ot pdvpot kKOKAoL a-
VTIOTOLXOVV O€ OTILV UE TIUEG S; =
—1 kat ot Aevkol og OV He TUHEG
s; = +1.
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F = —% InZ (2.5)

AgumoBéoovpe éva medio pe Sedopévn Tipn Y kot pia ovoyn petafintr X
1oL £xet oulevxBei o€ aVTO Kat cupmephapPdvetal wg évag opog — XY ot Xa-
piAtoviaviy. Etvau Suvatd va voloytotei n avapevopevn T g HetaPAnTrg
X wg:

(X)=- (2.6)

oy’
Kat i emdexTikdTnTAL, SNAAdH N andkpion g X oe alayég tov Y we:
_9X)
X = Y (2.7)
To Ising [19] povtého €xet pia Xaphtoviav:

H=- Jijsis; + B ZS’“ (2.8)
(i) i

pe mbaveég Twég omy s; = £1 ot omoieg tomoBetovvTat oe eva d-StdoTato
mAéypa. Ot otaBepég J;; petpovv v oxv TG alnAenidpaong avdpeoa oe
omiv kat Bétovtau ioeg pe J;; = J = 1, opiovrtag éva otdnpopayvntikod po-
vtédo . To efwtepikd payvntiko medio B oobtat pe undév yla to volouro
Tov ke@aAaiov. O oAkdg aptBpodg Twv omv loovtal pe N = H?Zl n; OTOV N;
ewvat 0 aptBpog twv ovvdéoewy kat d 1 SLlaoTaTkOTNTA TOL HOVTEAOV. O VTIO-
Béoovpe alAnAemidpaon mAnoéotepwy yertdvwv (i) kat StaotatikotnTa ion
pe d = 2, peletwvtag to TeTpaywvikd mAéypa. To ovotnua éxel éva chvolo
ano 2V anewovioelc kau eivar adhvato va em\uBel avaluTIKA KAVoOvVTac ONEC
11§ aBpoioelg, omoTe eivat avaykaia Lia OTATIOTIK TPOCEYYLOT.

H avalvtikn eniAvon tov Onsager[20] yia to SiStaotarto Ising, n anhotnta
TOV Kat TO YEYovog oTt eppaviler wa petafaocn @aong devtépag ta&ews ya

dedopévn Beppokpaoia:
1 1
B, = =3 In(1 + v/2) ~ 0.44068679 . . ., (2.9)
C

TO KAVOUV €va 18avikO HOVTENO Yla TOV EAEYXO TEXVIKWV TIPOCOUOLWOEWY.
Eniong eixe peyaln emidpaon otnv HeAETn TG OTATIOTIKNG QUOIKNG Kat 0TV
kPavtikr Bewpia mediov. EmmAéov n avalvtikr Avor tov Onsager mpoo@épel
akpiPeic Tiég yla Tig oxéoelg Paduiong, Yvwotég kat wg Kpiolpol ekBéteg mov
gxouv idLeg TIHEG aoXETwg TNG TomoAoYiag TOV GLOTANATOG 1} THG HOPPNG TNG
aAnhenidpaong.

To unKkog oVOXETIONOV & opileTal WG Eva HETPO TNG TAEYHATIKAG AMOGTA-
ong omov dvo Pabuoi ehevbepiag eivar petpriowa cvoxetiopévol. H avnypévn
Beppoxpacta t opiletal wG 1 ATOGTACT] ATO TO KPioIHo onpeio:

_T_Tc_ﬁc 1

t —
T. g

(2.10)
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Ot kpiotpot ekBeteg Tov Onsager SivovTal amo TIG OXETELG:

correlation length € ~ [t|™"
specific heat C ~ [t|™¢
magnetization M ~ |t|®
magnetic susceptibility x ~ |t|7 (2.11)

magnetization(field)M ~ B~ (t = 0)

correlations (s;s;) ~ |z; — zj‘fdJrzfn’

for|z; —xj| — oo, (t =0)

1 1
1/:1,a:0,6:§77:£,6:15,7]:1 (2.12)

Kat Ba LTOAOYLOTOVV e XProN TNG OUAdAG EMAVAKAVOVIKOTIOINONG TTpay-
HLATLKOD XWPOU.

AxolovBovv kdmotot amapaitntot optopoi. Ot Tapduetpol Ta&ng eivar eva
OMHaVTIKO epyaleio yla TNV avayvwpion petaBacewy ¢aong devtépag tagewg
LECA ATIO TOV XAPAKTNPLOUO Liag ovppetpiag. Xto Ising povtédo n payvntion
M eivar pua mapapetpog taéng n omoia pundeviletar oty dtaktn @aon Adyw g
Z5 ouppetpiag s; — —s; evw éxel otabepn} Tiur oty @aon TAnpng tagews. H
Ly VITLO glvat pia gn avaAuTikn ovvdptnon tng Beppokpaoiag.

Ot kpiotpot ekBéteg opiovy pia kAdon maykooudtntag. Ola ta povtéha
otV it KAAoT TayKoOWOTNTAG TIPENEL va potpdlovtat Tig idleg ouppeTpieg
Kat SlaoTatikOTnTA TOL XWPOL. Exouv tnv idta ovpmepipopd oe peyaAov prkovg
KAipakes agov dev éxel T onpacia 1) (UKPOOKOTIKT Tovg Teptypagr| . H ma-
yKoopoTnTa Kat To availoiwto tng kAipakag (scale invariance) epgaviovtol
KaBWg TO KOG GVGXETIOUOV TOV GVOTHHATOG & — 00. To amokAvwv piKog
OVOXETIOUOV €LVl LOVASIKWG OPLOUEVO, AQOV OAEG OL TOCOTNTESG ATOKALVOLY
g€ OpoLG [LaG TTapApETPOL, TNG avnypévng Beppokpaciag.

To avaAloiwto TG KAipakag cvvendyetat ott aAAnkemdpdoelg Tov po-
vTélov o peydheg kAipakes eEaptwvtal ovo amo Tov AGyo Tov avTioToL o
HIKOVG TTPOG TO AMOKAIVWY (11jk0g oV XeTIopOV. To Urjkog oLaXETIONOV EeTtepva
Kabe xapakTnpLOTIKO UKOG TOL CUGTHHATOG, OTIWG TNV TAEYHATIKE AMOOTAON
kaBwg avgdver n avnypévn Beppokpacia. Ze cuvdvaopd pe v kKAdon mayko-
opotnrag eivat apketd va Ppedei £va povtélo pe avalloiwto KAlptakag, oTig
KATAAANAEG SLAOTATELS KAl Pe TNV amapaitnTn CUMUETpia ya va anhomotnOei
1 peAéTn wag petdPaong @dong devtépag Taews KOVTd 0TO Kpiotuo onueio.

2.1.1 Aeypatodyio pe Kpitrpio Znuavtindtyrag no n Texvinn Re-Weighting

O ekTun TS pag mapatnprong noodtntag O ano M Monte Carlo petprioeig
divetat amo tn oxéon:

= > inz‘_le_BEi

O
" >py e

(2.13)
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OtmBavotnteg Boltzmann p avtiotolyovv 0e KATAOTACELG TTOV SelyaTOAN-
nrovvTat yla Sedopévn Beppokpacia, kat LeTATPETOVY TNV TTapanavw e&icwon:

>, 0i(e PE)~Le=BE:
Om = S e(PE1e-BE; 1 ZOi (2.14)
J i

Av vroBécovpe oty tapanavw eficwon mbavotnteg Boltzmann uag Oep-
pokpaoiag By mov PpiOKETAL IKAVOTIOLTIKA KOVTA €XOVE:

Ei Oie_(ﬁ_ﬁO)Ei

Om >, e BAE, (215)

pe v mbavotnTta va enekteivovpe o éva ebpog TiHwv By £ AS omov
AB — 0 oto Beppoduvapiko opto [21].

H ovvdpTnon emipeplopov pumopet va ypagei e povg Tng mukvoTnTag Ka-
taotdoewv n(E), Snhadr atov apilBuod Twv anelkovioewy e EWTEPIKT EVEP-
yew B

Z=27p)=> n(E)e " (216)
E

T pia dedopévn tn g B oe éva ebpog Beppokpactwv to omoio Ppioke-
TAL LKOVOTIOLTIKG LAKPLA A0 TO KPIGIHo onpeio n mukvotnta mbavotnrag tng
evépyelag eivat ton pe:

Ps(E) = cgn(E)e PE (2.17)

omov cg 1 KatdAANAn otabepd kavovikomnoinong. H nukvotnra mbavotn-
TAG TNG EVEPYELAG LEYLIOTOTIOLELTAL KOVTA 0T e Tiur| TNG evépyetag E(5) pe
gva TAATog avaloyo Tov Tetpay@vov vV omov V eivat 0 6ykog Tov ovoThua-
106. Ioxvet N ~ V yia Ti¢ Stakvpdvoelg Aoyw Twv TOMKOV GUOXETIOEWY TWV
OTIEV HOKPLA A0 TV KPLOLUN TEEPLOYT] Kat Lia TUTIKT Stakvpavon eivat tng tagng
~ v/N. H Svvatoémta enéktaong oe wa petapAnt eivat A3 ~ 1/4/V pe
ABE ~ V'V 016 81akvpdvoelg tov ovoThuatos. Ot peya\dTepeg Stakvpudy-
O€1G OTNV KPIoLn TiepLoyT| EMITPETOVV HeYaADTEPO EVPOG EMEKTACTG

Ta pua Sedopévn Beppokpacia 3 oL oNUAVTIKEG ATTEIKOVIOELG Eival AVTEG yla o 1 2 3

Tig omoieg N mukvoTTa mMBavotntag Ps(E) exet peydhes tipés. O otoxo6 eivat
va SetypatoneBobv ameikovioeig pe o katdAAnAa Bépn Boltzmann péoa ano L
v vhomoinon pag Markov Stadikaoiag: a5 6 1 |ls 9 w0 nu
_ (k) 8 9 10 11 12 13 14 15

wg) = PF (2.18)
12 13 14 15 0 1 2 3
2.1.2 O Alydpiduog Metropolis L
Xpnotponowvtag Tig pabnuatikég évvoleg ya Tig papkoPlavég aivoideg kot ! b o 7 s oo
v derypatoAnyia Gibbs vroBétovpe pua Sedopévn aneikovion k yia Ty onoia s 9 10 1|12 13 w15

12 13 14 15

Ixnua 2.2:  Eva mapdderypa eht-
KOELOWV GLYOPLAKWY oLVONKWY TTOV
XPNOHOTIOLELTAL Yot TNV VAOTIOINOT
Tov alyopiBpov Metropolis.



N mBavotnTa petdBaong oe pia amekovion | Sivetat aro T oxéon WK =
Wk — 1. O mivakag petdpaons W opiletan we:

W = (W(l)(k)) (2.19)

H ovvBrjkn ¢ Aemtopepog toopporiag Sev opilel éva cvvolo povadikwv
Tpdv yia 11§ mbavotnreg petdBaong WO F), O akydpiBuog Metropolis [22] o
OTI0I0G XPT|OLLOTIOLELTAL EVPEWG KAl ElVal DTTOAOYLOTIKA AAOG, TTPOTELVEL Yiat [iat
dedopévn amewkovion k, véeg anewkovioelg | pe mbavornreg petaPaong f(1, k)
Ol OTIOLEG ElVaL KAVOVIKOTIONUEVEG:

Zf(l,k) =1 (2.20)
1

H mBavotnta va yiver Sekti fua véa amnetkovion [ eivat:

! 1 for E! < EF
= (2.21)

P
1 1 k
e PE=EY)  for Bt > EF

wO® — in |1, 28
Py

O \oyog anodoxng opileTat wg 0 AOyog TwV AmodeKTwV ANEKOVIoEWY TIPOG
TIG TIPOTELVOUEVEG KIVIOELG. AUTOG 0 0pLlopdg Sev ovpmepthapPavel Ty anodo-
X1 TNG TPEXOVOAG ATIELKOVIONG

O akyodpBpog Metropolis opilet Tig mbBavotnteg petafaonc:

WOk — f(l,k)w(l)(k) forl+k (2.22)
WHE® = £k k) + Z F(L k) (1 — w®) (2.23)
14k

H ovvOnkn ovppetpiag (1, k) = f(k,1) mpémet va xpnowonowmBei £tot
wote n WOE) /I (R () yo kavomotei Ty ouvOnkn Aemtopepos 1GoppoTtiag

Tevikd vmapyet n Svvatdtnta va xpnotponowndei eva peydaro minbog amo
mBavotnreg petdPaong. Emmhéov umopovv va xpnotpomnotnBovv Stagopetikég
mBavotnteg anodoxns mov opilovv pn cVpHETPIKEG TOAVOTNTES TIPOTEVOUE-
VWV anelkovioewv.[23]

Ot mapatnprotues TooOTNTEG IOV LeTpWVTAL O€ kdbe Pripa Tpocopoiwong
elval n ecwTepikn evépyela:

E=- Z 885, (2.24)
(i)
KOl 1] HatyviTLon:

M = (2.25)

s
i

Ewau peydAng onpaciag va petpeitat ) andAvtn tipn tg payvitions. H Z

OVUHETPLO GUVETIAYETAL OTL ATELKOVIOELG [e KADE OTLY SLAPOPETIKO £XOVV TNV

To Ising Movtélo 23
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idta mBavoTnTa va gppaviotovv. Ewvat Suvatod va kavovikonowmnOei ) evépyeta
ava omw n ava Seapo:

1 1
ter = Ny E) = 2N E) (226) Txua 2.3: Amekovioeg tov Sidi-
[Mapopoiwg 1 payvntion pmopei va kavovikonownOei ava omiv: dotatov Ising povtéhov mov Sery-
1 HatoAnmrovvTal pe Tov akyopdpo
(m) = N (M) (2.27) Wolff yia b = 0.43 kau L = 100.

Ot vmolotneg mapatnpropes ToaoTnTeG TOL Ba vITOAOyLoTOLVY gival i) edL-
K OeppotnTa

= BN (e~ (&)%) = BN((%) - (&)%) (228)

KA 1] Loy VITIKT) €MOEKTIKOTNTAL
X = BN ((m— (m)?)) = BN ({m?) — (m)?) (2.29)

2.1.3 O Cluster AXyopiduog tov Wolff

To mheovéxktnpa xpriong evog cluster akyoptBuov eivau 1) emhoyn petaBoArg
™G TG OAOKANpwV ovoToLX LWV aro omty oe kabe Prjpa. Me avtdv Tov TpdTo
avTIpeTOIlEToL Kt TO Qatvopevo TG Kpiopng emPBpdduvong kata tnv pehétn
petafdoewv aong Sevtépag takews.

Eva Swendsen-Wang cluster amo omiv vAomoteitat pe Tov oxnuatiopod Oe-
OHWV avdpeoa oe yertovikég Béoelg i kat j pe mbavotnra:

Pujy = max(0,1 — exp(—250y, q,)] (2.30)

O cluster akyoptOpog tov Wolff emutpémet Tnv petaPolr Twv TIHOY Hag
Hovo ovoTtolxiag amo onty og kdbe Pripa. O akyopiBpog meptypdpetal amo ta
&g Pripata:

1. EmAéyetal Tuxaia pia 0¢on ¢ kat avTioTolxeitat og fia cvoToLyia ¢ .

2. Ot mAnotéotepot yeitoveg g mAeypatikng 8éong ¢ mpootiBevtal ot ov-
otoiyia ¢ pe mbavotnra pj) -

3. Extedovvtat axolovBeg emavalnyels tov mapandvw Pripatog yua ola ta
ovpneptAapPavopeva omy puéxpt va teppatiotei n Stadikaoia.

4. Y& Oheg Tig MAeypatikég B¢oeig mov amaptifouv TV ovoToLkia ¢ avTioTotyel
pta véa TIUn oy q; # g; 1 omola eTAEYETAL OPOLOHOpPA ATt TO ¢ — 1 ghvo-
A0 TWV VTTOAOLTIOUEVWY TIHWDV, OTIOL ¢ = 2 YL TO HOVTENO TIOV HEAETATAL OE
avtr) TNV SimMAwpatikn.

Yrdpyet pa tenepacpévn mbavotnta pia cvykekpipévn 8éon ¢; va oxnua-
Tioel pa ovorotyia kat ke omwy ¢; # g; eivat mpooPaoipo. Emavarapfavo-
VTOG TO TIAPATTAVW yla €va aptOpd Tipwy peyaAvtepo 1) ico pe to péyedog tov
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OVOTHHATOG, VITAPYEL [La TIEMepacpévn mbavotnta va ovuneptAngBodv oAeg
ot mAeypatikég B¢oetg. Tehkd n Mapkofavr) advoida eivat un vroPipdon.

N va SewyBei 1 oxvg G oLvOrKNg Aemtopepovg oopporiag, Bewpovpte
dvo amnewovioelg {g;} kat {gi} mov Sagépovv axpiPwg kata TV petafoln
tiag ovototxiag c. H ¢ éxet tote mBavotnra:

P. = |ch| Il pey II  ean(=2684.4,) (231)
(ij)€c (i) €c,i#c
H ovotoryia ¢ éxet évav apilBuo ano Béoeig |c|. H nocdtnta |c|/N opilet
v mbavotnta va emiexOei £va oMLy TNG CLOTOLYIAG KATA TO TIPWTO Pripa TOV
aXyopBpov Wolft. H ovotoryia mov Stagépet akpipwe kata pia petaBoAn otnv
anewovion {q; } éxet mbavoTTa:

P, = |N£| H p/<ij> H ewp(—265q;7q;) (232)
(ij)€c (ij)€c.j#c
Eg@ooov n ovotolxia kat oTig V0 TEPIMTTWOELG ATOTENEITAL ATTO TIAVOOL-
OTLTIA OTILV p%m = p(ij)- Ta volowma oMy eKTOG TNG ovoToLiag Kau oTa §vo
ovoTtipata givat ida agov vobéoapie otL ot §0o anetkovioelg amhd Stapépovv
Kata v petaBolr pag ovototxiag omtv c. H ouvOnkn g Aentopepovg toop-
pomiag eivat:

w g b a:h) CW({a} = {g}) P ( =283 4j) 6‘11'an) exp(28E)

wlariah)  W({q} — {a}) exp ( ~28 ) 5q;7 ;> exp(28E")

(2.33)

Mia oAdKAnpn perétn umopei va mpaypatonomBei ya tnv cbykpion twv

Svo alyopiBuwv otny kpiown meptoxr), wotdoo mapaleinetat. O khpPLOG GTOXOG

elvatn xpromn Tov veupwvikol SIkTOOU yLo TOV VTTOAOYLOUO TWV TTAPATNPTOLHWVY
TOCOTNTWV pe LYNAN akpifeta.

2.1.4 looppomia nou Avtoovoyétion

Mia tumikn pocopoiwon Monte Carlo unopel va xwptotei oe dbo tpfipara.
210 apXLKO TUN(A TIPOCOUOUWOEWY EKTOG LOOPPOTILOG KAl OTO THI|HA TIAPAyw-
YNG anekovicewy evtog tooppomiag. To apyiko koppdtt anoteleitat ano a-
TIEIKOVIOELG TIOV TIPETEL VAL amopplpBovv agpov Sev £xouv XPNOILOTNTA OTOV V-
TIOAOYIOHO TWV TapaTnprotpwy TocoTHTwy. Ol amelKoVioeLg oV TapdyovTal
€VTOG LOOPPOTILAG XPOLHOTIOLODVTAL YIaL TIG LETPTOELG KAl TWV VTTOAOYLOUO TWV
AVAHEVOUEVOV TIHWDV.

Ewat Aoyiko va avapwtnBei kdmolog mooa Priata TpoCOHOLOOEWY XPEL-
afovtat puéxpt TNV W0oppoTa. Av Kal VTIEPXOVV TEPITTWOELG OTIOV UTIOPEL Va
S00el pia amdvTnon o YEVIKOG Kavdvag etval 0TL oL anelkovioelg mov Ba amop-
pLpBovv mpémel va StakexBody mpooeyyloTikd cwotd. O vroloylopdg Tov o-
AoKANPWEVOL XPOVOL AVTOCVOXETIOHOV, TIOV ELOAYETAL TTApakdTw, OeV eival
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névtovte Suvatog. H cuumepilnyn aneikovicewy ektog looppomiog ota TeAkd
dedopéva GUVENAYETAL OTL £XOVV YLVEL DTTOAOYLOUOL XPT|OLHOTIOLWVTAG AUTTELKO-
vioeig ov éxovv pndevikn mbavoTnTa va epavioTovy atny tooppotio. H emt-
dpaomn g eloaywyng AavBaopévwy anekovicewv @Oivel kata eva mapdyovta
1/N xaBwg o apBpdc twv fnudtwv npocsopoiwong N avEavet. Emiong unope-
{ va Eemepaotel amo Ta oTaTioTikd o@adpata ov @Avovy kata 1/v/N. Eival
TAVTO ONUAVTIKO Va PN cVUTepIANQODY amelkovioelg EKTOG LGOPPOTIAG Yia va
YvouV owoTeg PeTpnoels. [evikd pmopel va epgaviotovy kat dAla poPAnpata
KATa TNV EVPECT] LOOPPOTILAG, OTIWG TO CVOTNHA va peTafel og pia petaoTadn
KATAOTAOT). ZNHELWVETAL OTL T] EVPEOT) LoOppoTiiag yiveTtal SuokoloTepn kabwg
T0 péyeBog TOV CUGTIUATOG KAl OL XPOVOL AUTOGVOXETIOHOD avEdvouy.

Otav n evpeon woopporiag €xet emrevyBel, n avapevopevn T f pag ma-
PATNPHOLUNG TTOCOTNTOG UTOPEL VO LTTOAOYLOTEL A0 TOV apLOpd TwV HETPTioEWY
IOV £XOLV TIPOKLYEL amto Ta avtioTotya frpata tpooopdiwong. Eivat onpavt-
KO va YiVOUV KATavonToi oL avToovoeTIopol Tov epgavifovtal og pa akvoida
Markov mptv tnv Stefaywyr| pag owotng pétpnong.

Opilovtag wg x; TIG AMEIKOVIOELG IOV TTAPAYOVTAL EVTOG LGOPPOTILAG KAt V-
noBétovtag IV petprioelg amo pia akvoida Markov éxovpe:

fi = filxi),i=1,...,N (2.34)

H aMvoida Markov eivat Staxpitr) otov xpovo kat kdBe xpoviko Pripa a-
vapeoa oe dVo petpnoels fi, fiy1, mov eival ico pe éva Pripa mpooopoiwong,
avTioTolxel 0To 8o Xpoviko SaoTnua.

O eKTIUNTAG TNG AVAHEVOUEVTG TIHNAG f:

f= % > fi (2.35)

H ouvdptnon avtoouox£Tiong Tng mapatnpnowng tocotntog f opiletat
wg:

Ct)=Ci;
= ((fi = (N = ()
(2.36)
= (fif;) = (f) (f)
= (fofs) — f2

omov ¢t = |i — j| xat To choTNHa givat avalloiwTo atov xpdvo. Otav ¢ —

C(t) ~ e:vp( _ ! ) (2.37)

Texp

H noootnta 7egp opiletal wg o exBeTikOG Xpdvog avtoovoxétione. H 1do-
T Ag = 1 tov mivaka petapacewv éxet eva idodidvuopa tny mbavotnta ka-
Tavopng. O exBeTikdg XpOVOG AVTOCVGXETIONG HITOPEL VA EKPPATTEL O OpOVG



™G WoTiung A av vroBécovpue ot 1 f éxet pia pn undevikr mpoPoin otny
dtokataotaot). O ekBeTIKOG XPOVOG AVTOGVOXETLONG LOOVTAL TOTE |LE:
Tezp = — 1IN A1 (2.38)

Ewvat apketd onpoavtikd va avagepBei ot ) Staomopa f oxetiletan pe Tig
AVTOOVOYETIOELG LECA ATIO TNV EKPPAOT):

C(0) = o*(f) (2.39)

H 81aomopd Tov f yia TIG 0UVAPTHOELG AUTOOVOYETIONG KAt 1) LEGT) TIUH:

1NN o
=z 2D Nifi— fif = fif + %)

i=1 j=1 (2.40)

=$iihm%ﬂ

Zto televtaio abpolopa mapatnpeitat ot opot |i — j| = 0 epgavifovtat
yla éva ovvoro ano N gopégkal |i — j| = tpel <t < (N — 1) epgaviovtat
2(N —t) popég:

N—-1
o*(f) = % NC(0)+2> (N - t)é(t)] (2.41)
9 N-1
o2(F) = "]sff) 1+2 (1 - Z’i[)é(t)] (2.42)
. C) ,
e(t) = ) (2.43)

Ewat Suvatn n ovykplon avdpeoa otnv Stacmopd tov ektiunt f mov éxet
VTTOAOYLOTEL TAPATIAVW KAl TNV EKQPAOT] Ylot TV TEPIMTWOT XWPIG CLOXETION:

2
U?J,ncorrelated(?) = a]gff) (244)

O SLa@opeTikdg 0pog opiCeTal WG 0 OAOKANPWHEVOG XPOVOG AVTOGVOXETL-

opLov:

Tint =

N—1 t
1+2 1—— |é&) (2.45)
> (1)) :
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H dtaomopd yia Tnv péon Tipn Twv ovoxeTiopévwy dedopévwy eivat peya-
A\OTepn kata éva TapdyovTa t,: € OXEOT |LE TNV MEPIMTWOT U1 CLOXETIONG:

o=
o
Tint = # (2.46)
Uuncov'related(f)
210 Beppodvvapiko oplo N — oo 1 oxéon 2.45 eivat:
Tine =142 é(t) (2.47)
t=1

H extipnon tov oAokAnpwévou Xpovov auToovoyETiong Oev eivat EVKOAT.
O eKTIUNTNAG T4nt 0TO Beppoduvapiko dplo eivat:

o
Fint =1+2) () (2.48)
t=1
H Siaomopd Tov mapandvw eKTIUNTT amokAiveL:
0'2 (Eint) — OO (249)
Av vroBéoovpe évav exTiunTr pe e&dptnon otov xpovo t:
(o9}
Tint(t) =142 Zé(t’) (2.50)
t=1
UTOPOVULE VOl KAVOVLE Liat EKTIHNOT) TOV OAOKANPWEVOL XPOVOL AUTOOV-

OXeTIOPOV avalnTt@vTag Ty PEATIOTN Tiur yla TV oToia 0 Tint (t) elvan ave-
E&dptnTog Tov t. Mia evaldaxtik péBodog Ppioketal mapakdtw.

2.1.5 AvéAvon Binning uau OLoudnpwpévos Xpovog Avtoovoyetionot

YnoBétovpe oTt oL N [eTpr|OEL§ TNG XPOVOOTELPAG EXOVY XwpLoTel oe Nps bins
onov Nps < N kat kdBe Nps anoteleitat ano Np petprioeis:

N
Ny = .
b= N (2.51)
Ta dedopéva Ta omota gxovv xwptotel oe bins eivat ot péoot:
1 JNs
Ny _ R
=5 Z fird =1,..., Nis (2.52)
i=14(5—1)Nyp

Mia avdnon otov apiBud twv petproewy péoa ot kabe bin Ba avtiotor-
xoboa oe pia peiwon Twv avtoovoxetioewy. TeAikd o aplBpdg Twv petproewy
péoa oe kabe bin Ba frav peyakvtepog amo Tov ekBeTikd xpovo avTOGVOXETL-
ONG Texp Kal pOVO bins mov Ppiokovrtat To éva Simha oto dAlo Ba fitav ovoye-
Tiopéva. Mua akopa peyootepn avfnon oto péyeBog kdbe bin Ba odnyovoe
0€ aKOA HEYANDTEPEG HELWTELG TNG AVTOCVOXETIONG.



Oewpodpe OAa ta Nps bins kat viohoyilovpe TV péon T XpnotponoL-
wvtag TG Ny peTpnoELG:

Nps

—nN, 1 N
i = m;fj b (2.53)

EmnAéov Bewpodpe ott éxovpie acvoxétiota Sedopéva kat To 0QAaApa L0o-
VTaL [Le TNV TUTIKT amokALon:

1 -5 =2
— 2 ‘
U—\/Nbsl(fj - fi") (2.54)
O olokAnpwpévog XpOvog avToovoXETIONG Yia Ty mepintwon Ny — 0o
etvat:
. N
Ting = Hm 7 (2.55)
omou:
52
T%i = < ;évb> (2.56)
7
Kat 0 eKTNTNG TNG Staomopdg eivat
N
N 2 1
T\2 __ T _ T —r\2
(52)" = 5 —7(5) —7]\,712(%—%) (2:57)

Amo pua mpaktikn dmoyn, pa peydn T N, Ba nrav apketr| yua va v-
% N, OTOV 7 gxet Tov KUPLO pONO yia TV

EKTIUNOT) TOV OQAAUATOG Tips APOV Yl TNV TEPITTWON Ny —> 00 OL TIEG s% Oa

noBéoovpe ott N, — 00. O 6pog s

elvat oAb pukpotepes. Eva nemepaopévo péyebog Ny peTprioewv mov avTioToL-
Xel oe mpakTikd acvoxétiota deSopéva eivat pa Ko EKTIUNOT Yo TOV Ting.
JUpQWVA e TO KEVTPIKO oplakod Bewpnua ta dedopéva mov TPOoKVTTOVV Ao
v avaivon binning unopotv va BewpnBovv wg ykaovolava, kat n TocoTnTA

s2 . Evat yvoot avalvtikd. Ta Nys bins Ta omowa £xovv emihexBel wote va
b

f
elvat ave§dpTnta avtiototovv ToTe 010 o@dApa. fia Ty TocdTNTA s%,pmopa

va xpnotponotnOei o aptBpodg Twv dedopévwy mov dev £XoVV CLOYETION :

N

Neffective = (258)

int
O oAokANpwEVOG XPOVOG AVTOCVOXETIOHOD EiVaL OTHAVTIKOG KATA TG TTPO-
oopowwoelg Monte Carlo papxoPlavav alvoidwv. Apxikd, mpemet va emtexBo-
UV Pripata HEYAAVTEPA ATIO Tint YO VO QTACEL TO CUOTNHA OTNYV LOOPPOTIIAL.
EmmnAéov, yvwon tov oAokANpwHEVOL XPOVOL AVTOGVGXETIOUOD ETILTPETEL TOV
VTOAOYLOWO TNG SLAoTIOPAG Yia CLOXeTIOpHEVA Sedopéva:

o*(F) = Tint ]Eff)

(2.59)
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Apa eival Suvato va xprotpononBel avth 1) yvwon yia Tov uToAoYIopo TwV

AT =\/o2(}) (2.60)

Agv gival TavTo EVKOAO VA LTTOAOYLOTEL 0 OAOKANPWUEVOG XPOVOG AVTOOV-

OQPAAULATWY:

OXETIOHOD, KVPiwG O€ TIPOCOUOLWOELG HeYAANG KAIpaKag. Apa, KATOLOG Tipémet
va Baoctotei oty avélvon binning yia tov vtohoytopd opalpdatwv Bewppivtag
eva otalepd aplOud ano Nps bins. Tehikd, kabBwg o aplOuodg Twv petproewv
avavel ta dedopéva ov avrjkovy oe StagopeTikd bin Ba yivouv oTaTIOTIKA
aveEaptnrta kat n avévon oealpdtwy Ba givat cwoTh.

Mepikég @opég iowg eivan Suvatd va yiver pua ektipnon e taéng peyéboug
TOV Ting. Nl TNV TepinTwon evog mAéypatog V = L¢ kovtd otn kpiotun me-
pLoxn, 0 OAOKANPWUEVOG XPOVOG AVTOCVOXETIONG avEdvel wg:

Tepu = L4+ (2.61)

H nocotnta z eival 0 Suvaptkog kpiolog ekBETng kat umopet va voloyt-
otei pe PaOpion memepaopévov peyéBovg. AAAeg TeXVIKEG avaAvong opaipa-
T0G UmopolV va vAomowmnBovy, 6nwg 1) jackknife kat n bootstrap aAAa n avéivon
binning emapkel yla Ta TPoPAHATA IOV PEAETWVTAL OE AVTH TNV SIMAWHATIKT.

Madnon Xwpic EniAeyn tov d = 2 Ising Movtédov

H katavopn} mbavotntag mov avamaplotatal ano anetkovioetg Tpaypatikod
xwpov tov d = 2 Ising povtélov unopei va povrelonownOel xpnoonotwvTag
TNV mponyovevn VAomoinon Twv Boltzmann Machines.

AgvnoBécovpe éva avvoro dedopévwy {u; } ano aneikovioelg omy mov a-
payovtat amo pa papkoPlovr akvoida Monte Carlo tov d = 2 Ising povtélov
yia pia memepaopévn Beppokpacia. Avto To oOvolo Sedopévwy mepLypage-
TAL Ao Lo KATAVOpT TOavoTnTag ¢ Kal 0 6TOX0G Eival 1) EAayLOTOTOLN 0N TG
Kullback-Leibler andkhiong avéapeoa otnv katavopn mbavotntag ¢ kat tnv
Katavopr mlavotntag p Tov HoVTEAOU.

To vevpwvikd SikTvo apylkd ekTaUdeDETAL Kal UETETELTA XPNOOTOLEITAL
ylot TNV TApAywYr) TPOCEYYLOTIKWY amnetkovioewv Tov Ising poviélov péow
SelyHaTOANYIAG A0 TNV KATAVOT LOOPPOTIAG TOV. AUTEG OL ATIELKOVIOELS XPT)-
opomotovvtal akppwg 6mwg Monte Carlo deSopéva kat mapatnprotpeg mo-
00TNTEG UMOPOVY VA VTTOAOYLOTOVV amto avTég. To evdiagpépov eivar oty pe-
Aétn TG Kpiowng mepLoyng kaL otV mapatnpnon tne e§aptnong g akpipetog
TWV AVAUEVOUEVWYV TILWV O OXEOT] He TOV aplOpd TWV KPUOWY VEVPDOVWV.

To vevpwVIKO SiKTVO TEPLYPAPETAL ATIO 1y, OPATOVG VEVPWVEG KAl Tbp, KPL-
@oVG vevpwveg Kat Ta Papn w eivar ot mapapetpol petafolig. ‘Exovpe vmo-
B¢oeL éva emumAéov vevpava yla va ovpmeptAngBovv ta biases evtog Twv fa-
pPWV Kat va VTIApXeL TavToxpovn ekmaidevon. Tia kabe Beppokpacia ekmatde-
veTat éva vevpwviko Siktvo oe 100000 ametkovioelg yla TIG MEPIMTWOELG Ny, =



64, 16, 4 xat yra 500 emoyés. To ovotnpa mov peleteitan eivau To Ising povtédo
yia N = L L = 8%8 = 64 oe tetpaywviko mhéypa. Ta féapn apytkomolodvtal

1
w4 —— (2.62)
np + Ny

H péBodog contrastive divergence exteheital ya 20 Brjpata kat Xpnotpo-

wge:

noteital eva mini batch amo 50 deiypata. O pvBudG nabnong oovtal pe i =
0.01.

[Mapatnpeital amo TOV VTOAOYLOUO TWV TAPATNPHCLUWY TTOCOTHTWY OTL TO
Restricted Boltzmann Machine avanapdyet ansikovioetg mov Sivovy akpipéote-
pa amoteAéopata pakptd amo TNy petdPacn @aong. OI mapatnpriowes mo-
00TNTEG KOVTA OTNV petaPact @aong ewvat akpiPeis yia apdpod kpvewv vev-
pavwv np, = 64 ahla oxt ya Tig aAleg dvo mepimtwoelg ny, = 16,4. H pa-
yvition ewvan ny povn e€aipeon eneldn) to vevpwviko Siktvo ekmaidedetan o€ a-
TIEIKOVIOELG [LE TNV HAYVITLON Va elval TANpwG Kwdtkomonpuévn ota dedopéva.
H akpifeia twv anoteleopdtwy kovta otn petafaocn @aong devtépag takewg
€xel pa eEpTnon oTov aplOpo TWV KPLYWDVY VEVPDOVWY.

To vevpwvikd Siktvo éxet mia TNV SuvatdéTnTa va xpnotponotndei oe cuv-
Svaopo pe dedopéva Monte Carlo wg éva Pactkd epyaleio épgvvag agov &-
tvat Suvatd va Angbolv otabepd anotedéopata oTiG TEPLOXES TATPNG TAENG,
atafiag kat otnv kpiown meploxr. Emiong diver tnv Suvatotnta ovpmnieong tov
OLOTAHATOG [LETA Ao TNV Heiwor Tov apliol TwV KPLPDY VEVPWVWY.
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Dryvpe 2.5: AlaypApaTa THG ECWTEPIKNG EVEPYELAG Kal TNG e1d1KNG BeppdTnTag ava omev yia eva mAéypa peyéBovg N = Lx L = 88 =
64. To Restricted Boltzmann Machine éxet eknaidevBet oe dedopéva amo (i) Tov akyopiBpo Metropolis ka (ii) Tov akydpidpo Wolft.
Ewvat gpgavég oTt yevikd to vevpwvikd Siktvo divel KaADTepa amoTeENETUATA YLot ATOTEAETHATA HAKPLL amo TNV kpiowun Beppokpacta
Be ~ 0.4407 yia Stagopetikovg aptduovs nyn kpvewv ototxeiwv. OTav Ta kpued oToteia eival ioa pe Ta 0PATA OL AVAUEVOLEVEG
TILEG avamapayovy cwota avteg Twv Monte Carlo dedopévwv agod To vevpwvikod Siktvo £xel TNV SuvatdTnTa va HovteAomoL|oeL TV
Katoavour kakbtepa.
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Dryvpe 2.7: Alaypdupata Tng payviTiong < m > Kat TnG HayvnTikng emdekTikotnrag < X > ava 0éon. To Restricted Boltzmann
Machine éxet ekmoudevOer oe dedopéva amo (i) Tov akyopiBpo Metropolis kau (ii) Tov akyopiBuo Wolff. Tlapatnpodpe ott yia tnv
LY VIITLOT) OL AVAUEVOLEVEG TIHEG TTOL LTTOAOYILOVTAL ATTO TIG ATEIKOVIGELG TOV VEVPWVLKOD SIKTVOV elval EVTOG OTATIOTIKOD OQAAHATOG
Yl OAEG TIG TIEPITTWOELG KPUPWY VEVPWVWV.






3.1.0

3. H Oud&da Emavanavoviromoinong ot T Aintvx Ba-

iag Iemodnoewg

Ouada Emavanavovixonoinons Hpaypatinotd Xwpov

H Ouada Enavakavovikonoinong eivat pio onpavTikn TeXvikn otny Oewpntikr
QUOLKY Yl TNV avTIHeTdon TpoPAnuatwy toAlamAng khipakag. Evag peta-
OXNUATIOROG EMAVAKAVOVIKOTIOINONG 0€ éva aOaTnpa opilel éva véo oboTnpa
IOV TEPLYPAPETAL ATO evay KpOTePo aptBud véwv Pabuwv elevBepiag. E-
tvat Suvatod va egdyet KAmoLog XapakTnpLoTKA yia aAAnAemdpdoelg peyding
KAipakag, ovolaotika egaleipovtag Babpovg alAnAenidpaong oe pikpég ano-
OTAOELG.

H emavakavovikomoinon mpaypatikod Xwpov ival pia TTpOTEYYLOTIKN Te-
XVIKT] IOV avTIKaBloTd OV TOL KAVOVIKOD GUGTHHATOG [e Pondntikd omwy,
péow uag emavaAnmrikng Stadtkaoiog. LTOX0G eival To LETATXNUATIOLEVO 6VOTN-
pa va Statnpel Ty mAnpo@opia e peydAn KAILaKa TOL KAVOVIKOU CUOTHUA-
T0G. AUTO etval emTeLEIo Ao pia KAtAAANAN emloyn Twv TAPAPETPWY TIOV
ovlevyovv Ta fondnTikd oMy pe avta Tov Kavovikol cvotriuatos. H emhoyn
avth} Paciletar oty edayiotonoinon g Stapopdg Twv erevbepwy evepyetwy
Twv dvo ovotnudtwy. H texvikn punopel va epappooTtei §ava ota fondntikd
oTILY, SMILOVPYDVTAG EVA ETUTAEOV UETATXNUATIOUEVO GVOTH (AL

Ag Bewpnioovpie éva avvoho ano N Svadikd oy o€ €va TAEYHa, 0Tov KdOe
omw éxet a bavr T £1. Na éva Sedopévo chvolo amo omiv {u; } pe xa-
phtoviavy H ({u;}), n mbavotta pag Sedopévng ameoviong otny Beppo-
Suvapukn wooppomia divetat amo tnv katavopn mbavortntag Boltzmann:

e~ H{ui})
P({ui}) = 7 (3.1)

omov 1 avtioTpon Beppokpacia [ eival ion pe éva. H obvaptnon empept-
opoV Z Sivetal TOTE a0 TN OXEOT):

7 — TT{ui}e*H({Ui}) — Z e~ H({ui}) (.2)
{ui}
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Kat 1 eEAévBepn evépyeLa TOV CLOTHULATOG LEOVTAL LUE:

F*=—logZ = —log (Tr{ui}efH({“i})) (3-3)

Mua yevikevpévn xapuhtoviav] Tov povtédov Ba eixe e§dptnon oe éva chvo-
Ao amo otabepé ovlevéing K = { K} mov meptypagovv alniemdpaoerg a-
vapeoa oe PaBpovg ehevBepiag moAAamhwy Ta&ewv:

H[{u;}] = Z Ku; — ZK”uluJ Z Kijruiujug + ... (3.4)
0,5,k

Eivat Suvato va elodyet kdmotog éva veo avvolo {h;} amo M Bondntikan
aAlwg kpuga omy, pe M < N kot 0o vroBéoovpe ott pia blocking Stadikacia
éxeLEMAEYEL YL TOV LETACYNUATIOUO TOV ApXLKOV OVOTAPATOG. Ta oMty pmopo-
UV Va XWwPLoTOOY € TETPAywva, Kat opileTal £vag Tapayovtag avakApdkwaong
b 0 omotog pewwvet To péyeBog Tov apxtkod MAEypatog kata b oe kdBe StdoTaor).
Kdbe tetpaywvo Ba avtiototyeitat oe éva veo omwv {; }, i Tir} Tov omoiov Ba
elvar +1 xat Oa ano@actoTtel COPPWVA Pe TNV TAELOYNPia TWV TIHOV TWV OTILY
TIov ovpmeptAapPdvovtal oto TeTpdywvo. Evag mapayovtag avakAipdkwong
2 Ba peiwve o oVvolo Twv omy kata 2¢ omov d evat i SlACTATIKOTTA TOV
OVLOTHHATOG.

Ot aAnlemudpaoelg petagd twv vewv petafintov {h;} éxovv wa e&ap-
Tnon ano ti§ AAANAETSPATELS 0TO KAVOVIKO choTtnpa Twv {u; } oMy kol TepL-
ypdgovTat amo pa véa xaphtoviavr pe éva govolo ano { K l } o1aBepéc oviev-
Eng ot omoteg xovv avriotoyiBei wg { K} — {K'}:

HEG({h;}) = ZK hi = Kihih; = > Kphihihe + ... (35)
i\ i,5.k

Me éva PETAOXNUATIONO EMAVAKAVOVIKOTIOMOTG, ealeipovTal Ta apxikd

omwv {u;} xau Snuiovpyeital pa véa TepLypa@n Tov CLOTAUATOG Péoa Ao Ta

vea kpuga omtv {h; }. Mia ovvaptnon Ta({u;}, {h;}), mov eEaptdron amo éva

ovvolo ntapapétpwv {\} umopel va oplotel kat ex@pdlel alnAemidpdoelg pe-

TafD TV KAVOVIKDOV OTILY KAl AUTOV TOV HETACKTUATIOHEVOL OVOTHRATOG. E-
niong opifet a xaphroviavn yua ta {A; } péow tng oxéong:

SHESY) = Py, T D= H () (3.6)

xNua 3.1: Eva N = 4 x4 = 16
oDOTNHO ATTO OTILV TIOV UETACYNHA-
Tiletan oe éva N/ = 2 * 2 ypnowpo-
nowwvtag v Stadikacia blocking.
H tr tov veov h; omv emAéyetou
OOHPWVA [LE TNV TAELOYNPiat TWV TL-
HOV TV cupnepdapfavopévwy ap-
xwwv omtv. Otav ot Tipég ivat ioeg,
1 emAoyn yivetau Tuxaia.
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[Tapopoing n eAedBepn evépyeta opileTtal wg:

F')}\I = —1og (Tr{hj}efo/G({hj})) (37)

Onwg ava@épBnke TPonyouHEVWG, TO GUVOAO TWV TTAPAUETPWY HETABOANG
{A} mpémer va emdeyei oL waTe va ehayioTomotel Ty Stagopd Tng eAévBeprg
evépyelag Twv dvo ovotnudtev AF = F} — F%. Me autd Tov TpOmo emt-
BePatdvove 0Tt TO peTAOKNUATIONEVO oVOTHHA Statnpel TV TAnpogopia oe
HeyaAn kAipaka Tov kavoviko cvotrparog. Hapatnpovpe ot

AF =0 <= Tryp,ye il =1 (3.8)

Eva LeTaoXnHaTIONOG ETAVAKAVOVIKOTIOINONG aokaleitat akpiPrig otav:

Tr{hj}eT*({“i}f{hj}) -1 (3.9)

v enopevn evotnta Ba dodpe mwg eivat Suvatd va avtioTtotBei n ema-
VAKOVOVIKOTIOINGT] TTPAYHATIKOD XWPov e TNy ovpmnieon deSopévwv twv Re-
stricted Boltzmann Machine.

3.2.0 M Avtiotoryio Avapeon otyy Oudda Emavaxavovixomoinons ot te
Badik Nevpwvind Aintva

T va avtiototyBei n opdada emavakavovikonoiong pe to fabid vevpwvikd Siktva
npémet va yivet o katdAAnAn emhoyn ya tov teeot T ({w; }, {h;}).

O tedeots Th ({w; }, {h;}) meprypaget alknlemdpaoeig avdpeoa og omy
TOV KAVOVIKOD Kal TOV LETAOXNUATIOHEVOL ovoTnpatos. H ovvdptnon evép-
yewag E({u;}, {h;}) mov opiletar otnv oxéon 1.32 éxet Tov idlo poro oe éva
Restricted Boltzmann Machine. O teleatnig T ({u;}, {h;}) mpemet va emheyei
wg:

T({ui}; {h;}) = —E({uwi}, {hy}) + H[{ui}] (3.10)

XpnowomnowvTtag v amo kotvov cuvaptnon katavouns pa({wi}, {h;})
Tov Restricted Boltzmann Machine ov opiletat oty 1.31, popodpe va Adpov-
HE EKPPACELG TNG XAUATOVIAVIG YLa TOVG 0pATOVG KAl KPUPOVG VEVPWVEG TOV
Restricted Boltzmann Machine péoa amno tig neptfpleg katavopés:

o~ HEEM [{u;}]
pa({ui}) = pal{uit. {hs}) = Tra, pa({ui}, {h;}) = —
{h;}
(3.11)

e~ HEP (1))
pa({hs}) = Y pa{ui}, {hy}) = Trapa({u}, {hs}) = —
{u;}
(3.12)
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Onw¢ avagépbnie mponyovuévws, o teheotns Th({u;}, {h;}) opilet wa
XapAtoviavy yia ta fondntikd om péoa amo Tny kPpact 3.6. Alap@vTag Kol
T §VO PEAT TNG 3.6 pe TNV ouvdpTnon empeptopov Z tov Restricted Boltzmann
Machine:

e~ HXC({hs}) Try }eTx({uz’}v{hj})fH({ui})
z z
AvTikaBL1oTOVTAG 0TIV TAPATIAV® CLVAPTNON TNV EKPPACT] Lo TOV TEAEDTH|

(3.13)

3.10 £XOVE:
e~ HI%({hi}) e~ E({uit.{hs})
=T S =ndh) 6w

Xpnowonowvtag trnv Xaphtoviavr tov Restricted Boltzmann Machine
Yl TOUG KPLUQOULG VEVPWVEG:

e~ HEC({h)) o HEPM ()]

Z - Z = HY[{h;}] = H{PM[{hy}] (3.5)

To mapamdvw anotéeopa opilel pia looTnTa yia v XapAtoviavi Tov pe-
TAOXNUATIOUEVOD GUOTHHATOG KAl TNV XAUATOVIAVE TWV KPUPDV VELPWVWY
Twv Restricted Boltzmann Machines. Ioodvvapa, ) tepi@wpra katavoprn px({; })
TwV KpLEWV oTLy Tov Restricted Boltzmann Machine eivat pua Boltzmann kata-
vopr mbavotnrag pe pwa Xapktoviaviy HEC [{h;}]. O teheotig Th ({u: }, {h;})
elvat pa Tpooyyton g vio ovvOnkn TMBAVOTNTAG TWV KPLPWYV OTILY Yia de-
Sopéva opatd omuv:

el {uit{hi}) — g=E({ui}, {h; D+H[{u:}]

RBM )
_ B gl € )
= 7HRBM[{’U, }] ( 6)
3.1
_ oal{uh 1)) gy g

Px {’U@}
= pa({h; Y{ui}e H[{u; }]—HZTPM [{u;}]

Otav ikavomoLleital ) cuvOniKN 3.9 yla évay akpiPr LETAOKXNUATIONO EMAVa-
KAVOVIKOTIOINONG , 1] XAUATOVIAVT| TOU KAVOVIKOD OVOTHHATOG eivat ion pe Tnv
XaptAtoviavn Tov Restricted Boltzmann Machine H [{u;}] = HEBM [{u;}].

Try Tihtheh) — oy, PAUQUEARGY) a2 ()
’ " o (fwi})
PAUi}) Hfuy-HRE {0}
{ul})

(3.17)
= HHuwill- HEBM [{u;}]

=1
H{{u;}] = H{PM [{u;}]
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EmmAéov umopodpe vadaPovpe pia ékppaon yiatov tekeot T ({u; }, {h;})
Ko TNV akpPry vo ovvOnkn mbavotnta agod H [{u;}] — HEPM[{u,;}] = 0.
H katavopn petaforav py (u;) propei Tote va avamapdyet TANPwS TNV KaTa-
vour| mov avtiototxei ota dedopéva P({u;}) karn Kullback-Leibler andkAion
eivar ion pe undév D (P({u; })|pa({us})) = 0.

H mapanéavew npocéyyion éxet Oepehiwdei otov undeviopo g Stagpopdg
TwVv eAevlepwv evepyelwv Péoa amo akpiPelq HETATYNUATIOUODG EMAVAKOVO-
VIKOTIOINOTG KAl OTNV TEPLypAPr} CLOTHHATWY pHeoa amo XapAtoviavég. Eva
TpOPANpa ADveTtal pe pnyaviki nadnon péow Kamowwyv Tpooeyyicewy yia Ty
ehaylotonoinon tng Kullback-Leibler amokAiong. Avtég ot mpooeyyioelg On-
{ovpyoLV ua StagopeTikr Stadikaocia yla TOV HETAOYNUATIONO TOV CLOTHKA-
106 Tehkd, eivar onuavTtikd va avagepBet ot akpPrg Lop@nS TNG EVEPYELAG
E({u;},{h;}) dev petafdiiet ta anotedéopata kat kabe eidog Boltzmann Ma-
chine pmopei va xpnotponowmei.

Yhomotovpe eva Deep Belief diktvo pé éva opato eninedo peyédovg n, =
1024 xou tpia kp@d emineda peyébovg ny, = 256,64, 16 mov ekmoudevetal
oe amnelkovioelg Tov didtaotatov Ising mov amotelovvtal amo 40000 Prjpata
npocopoiwong yia Beppokpacia § = 0.43. To vevpwviko diktvo ekmadeveTal
yta 400 emox€g pe puOuod pabnong ! = 0.1, L1 weight decay 0.002, uéyeBog mini
batch 100 kat oppry 0.5.

Ta pua kaAOTepn Tapatrpnon Twv anoteeopdtwy oxedalovtat Ta pege-
TITIE PLEAGS TOL VELPWVIKOD SIKTVOV Péda Ao TNV avadpopLKn oxéon:

r=rOW > 1 (3.18)

omovr! = W1, Apa, amokTdral pua (ETPTOT TOL TPOTIOV [E TOV OTIOLO £Vag
KPLPOG VEVPWVAG EMNPEALEL VEVPWVEG GTO OPATO OTPWUAL.

Mia apopota Stadikaoia pe tnv blocking vhomoteitatl amo to vevpwvikod
Siktvo. Kdbe ototxeio oe éva dedopévo kpued otpwpa ovlevyetat e pia ov-
OTOLYia A0 GTILV TOV OPATOD GTPWHATOG Tapopolo peyéBouvg. To péyebog twv
ovoTto vy avédvetat pe Tov puBpd cupmieong, kata avtioTotio pe TOv TaL-
payovTta avakApdkwong Tne opddag enavakavovikonoinong. H onpavtin
Slagopd givat 0Tt To VEVPWVIKO SIKTVO OPYAVDVETAL AVTOVOHA KATA TNV €K-
naidevon.
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(ii)

(iii)

Dryvpe 3.3: Avanapdotaon twv receptive fields yia to (i) Sevtepo kat (ii) Tpito kpv O emimedo. ZvpmeptapBdvertat kat pa avarapdorta-
O1] yla AVTUTPOCWTEVTIKEG TEPTTWOELG Kaw TwV TpLdv (iii) kpuewv emmédwv. To péyebog twv ovlevypévov vevpwvwv avfavel pe to
néyebog ovpmieong. Avtn eival 1 i 1déa pe Stadoxikég emavaAnyelg evog spin blocking {eTaoXnHATIONOD EMAVAKAVOVIKOTIOINONG.
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3.3.0 Zmiv Blocking oto Aididoraro Ising

To kbplo TpOPANUA e TNV OpASa ETAVAKAVOVIKOTIOINONG TPAYHATIKOD XWPOU
eival 1 VIOBEOT OTL TO HETATKTUATIOHEVO CVUOTNHA EUPAVIfETAL [LE TIG CWOTE
mBavotnreg Boltzmann,

YnoBétovpe éva mAéypa pe péyebog oe pia Staotaon L kaw Monte Carlo a-
TelkoVIoelG yia pa Sedopévn Beppoxpacia T'. H avakAipdkwon Tov cuothpa-
T0G Kata eva tapayovta b Ba Snuovpynoet £va véo mAéypa peyéboug L pe:

=t (3.19)
b

Ol aneIKoVIoELG TOV KAVOVIKOV OLGTAATOS eUPavilovTal (e TIG CWOTEG TiL-
Bavotnreg Boltzmann. Agv Hmopovle O{WE Va LOXVPLOTOVE OTL Ol KATAGTACELG
TIOV AVTIETOLKOVV 0TO Véo mAéypa L’ epgavifovtar pe Tig owotég mbavotnteg
Boltzmann mov avtiototyobv otny idia Oeppoxpacia T’ Tov apxikod cvoThpa-
T06. YnoBétovpe OUWG OTL KATL TETOLO LOXVEL, EL0AYOVTAG OPAApata oTn uédo-
do mov dev pmopovv va eheyxBoiv.

E@ooov €vag HeTaoXNHATIOHOG EMAVAKAVOVIKOTIOINONG TIPEMeL va Statnpei
TA XAPAKTINPLOTIKA TOV CUOTHHATOG O PeYAAT KALHaKA, TO UKOG GLOXETIOUOD
€ Oa énpene va eivat epimov iSto. H peiwon tov aptOpod twv omy kata b? tote
OUVETIAYETAL OTL TO UIKOG CVOXETIOHOV TOV UETACXNMUATIOHEVOL CVOTIULATOG OE
OpoVG TAEYUATIKIG AOGTAONG TIPETEL vaL elvat:

¢ = b (3.20)

N v mepintwon evog b = 2 mapdyovta avakAUAKwonG TO UHKOG GVUOXE-
Tiopod mpémet va eiva £’ = £/2. Apa oL ATEKOVIOELG TOV HETATYNHUATIOHEVOV
OVOTHHATOG TPETIEL VA AVTLOTOLYOVY 08 KATAOTACELG pLag SlapopeTikng Oeppo-
kpaotag T agod To pKog cLoXETIoNOV peTafdANeTal yia SLa@opeTIKES TILEG
Tov 7.

[Tapopoiwg, Tapatnprioies TOoOTNTEG TTOL £X0VV e&apTwvTat amo Trv Oep-
Hokpaoio omwg 1 ecwTePLKN evéPyela ava oy v Ba mpémet va Sivovy Stagope-
TIKEG TIHEG OTAY VTTOAOYI{OVTAL YL TO APXLKO KAl TO HETATXNUATIOUEVO OVOT-
pa. EQocov oL amelkovioelg ToV avakAHAKWIEVOL CVOTHIATOG AVTIOTOLXOVY
0€ KATAOTAOELG TIOV €X0vV Setypatoingbei yia Beppokpacio 7' n eowtepixn e-
VEPYELA ava OTILY Yia avTd To ovotnua Ba eivat u'.

2t kpiown Beppokpacio wWGTOGO Tal UKN GUOXETIOLOD TOV KAVOVIKOD Ka
TOV UETAOYNHATIOUEVOV OVOTHHATOG Eval ioa:

E=andT =T =T, (3.21)

‘O)\eg ot dAAeg evTaTikéG IBLOTNTEG OTIWG 1] HaryvATLon, 1) €18ikn BeppdtnTa,
1 HOYVNTIKY EMOEKTIKOTNTA KAl 1] ECWTEPLKT] EVEPYELA VAL OTILY elval eTtiong
ioec. Xpnotomolwvtag re-weighting texvikég eivat Suvatd va vtoAoylotovy ot
TAPATIAVW TTOCOTNTEG EMEKTEIVOVTAG OF VA EVPOG DEPUOKPATLDV YIaL TO APYLIKO
Kl TO HeTaoxnHatiopévo ovotnua. Eivar onpavtiko va xpnoionowmovv ot
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TIHEG TOV PETAOYNUATIOUEVOL OVOTHHATOG WG TIAPATIPHOLULEG TOOOTNTEG TOV
apxXIKOD CUOTHHATOG Kata To re-weighting. Av dev yvwpilape én to kpiopo
onpeio, n uéBodog pmopei va xpnotponowOei emavaknnrika oe Oeppokpaoieg
voAOYLOEVEG Ot KAOe Pripa WG KPLOLEG LEXPL VA OVYKALVEL

To @avopeva menepacuévou peyEBovg yevikd elodyovy opalpata Kat -
yalbTepa ovoTHHATA EMTPEMOVY KAAVUTEPOVG VTTOAOYLOUOVG. EmimAéov etadyovv
o@alpatadoyw tng Stagpopdg oo péyeBog Tov apxtkol Kat HETATYXNUATIOUEVO
OVOTAHATOG Kat éva choTNHa TToV €Xet To 110 péyeBog oe kabe Stotaon pe to
petaoxnuatiopévo lowg xpetaotei va tpocopolwdei §exwptotd yia tovg vtolo-
ytopovs. Avaloya To HOVTEAO TIOL peAeTATaL 1] LTTODEOT OTL OL ATEIKOVIOELS TOV
LETACXNUATIOUE VOV CUOTIHHATOG AVTIOTOLXOVV OE KATAOTACELS KdmoLag Oepplo-
kpaoiag T” pmopel va eivat pia ToAO oNpavTIKe Ty 0QAAUATOG.

O Kkbplog 6TOX0G EQapUOYNG TNG OULAdAG EMavakavovikomnoinong oto Ising
HOVTENO €lvat 0 VTTOAOYLOUOG TwV Kpiotpuwv ekBeTwv. Mmopel va yivel puia avTt-
ototxio avapeoa otnv Beppokpacio T TOV HETACYNUATIOUEVOL CVOTHUATOS
kot otnv Beppopacia T’ tov apxkov cvatipatog. Opifovrag wg u kat v’ Tig
E0WTEPLKEG EVEPYELAG AV OTIV TWV SVO CLOTNUATWY EXOVLLE:

(3.22)

Mrnopei va emtevyBel pwa avriotoryio avapeoa otig Svo Beppokpacieg T”
kat T wg:

T =u /(1)) (3.23)

Ewvat axpipwg avtr) n) avTiototyia mov eMITPEMEL TOV VTOAOYIOHO TWwV Kpiot-
pwv ekBetwv. H kpiown Oeppokpacia eivat éva otabepd onpeio tov petaoyn-
patiopov kat anokaheital kpiowo otabepo onpeio. Ia Beppokpaocieg T > T,
1 avakhpakwpévn Oeppoxpacia eival peyaldtepn amo tnv Beppokpacio Tov
apxkov cvothuatog, 77 > T. Avtictoa T7 < T yua T < T.. Evag peta-
OXNMHATIOROG TNG OHASAG ETAVAKAVOVIKOTIOINONG XapakTnpileTal TOTE amo pa
pOT| GTOV XWPO TIAPAUETPWY TIOV VLA AUTH TNV TEPITTWON €ival HovoSldoTaTog
Kat odnyei Ty Beppokpacia pakpLd ano to Kpioipo onpeio.

AvTn n ovuneplpopd eivat avapevopevn. Iia, mapaderypa n mapovoia ov-

2xnua 3.4: ‘Evag spin blocking peta-
OXNUATIONOG
ONG Ue TAPAYOVTA AVAKAUAKWOTG
[
N = 200 * 200 xpnoonolmvTag
To (ii)
oboTnua 1O

ETIAVAKAVOVIKOTIOIN-
2 oe éva mAéyua peyéBoug

TOV Kovova mAeoyn@iag.
HETATYNUATIOUEVO
omolo éxel peyeBuvOei yla evkolote-
pn ovykpion Siatnpel Ta mMoloTIKd
XOPAKTNPLOTIKA PeYAANG KAipakog
Tov (i) apytkov CLOTHUATOG
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otollwv peyéboug £ oe Beppokpaoieg peyalvtepeg tng I ovvemdyetal ott 0
UETAOXNUATIONOG eMavakavovikonoinong Ba oxnuatiost cuoTtolyieg pkpoTe-
pov peyéboug pe & = £/b. Ot avax\pakwpéveg aneikovioelg Oa eivat Tumikég
fag vynAdTepng Beppokpaciag T/ > T'. Tia TNV MEPIMTWOT] TOV LETATKNUATL-
opob gmavakavovikomoinong ue I < T pa amelkovion ToL GLOTHHATOG TE-
plypagetal amo omtv Ta omoia deixvovy kupiwg mpog pa katevBuvorn. Kade
EMMAL0V HETAOYNHLATIONOG eavakavovikomoinong Oa eEagpdvile omv mov de-
ixvouv mpog Tnv dAAn katévBuvorn kat amotedovv pia petovotnta. Ot Telikég
amneikovioelg Ba £xovv TOTe TEPLOOOTEPA OTILY TIOV Setyvouv mpog TNV idla kate-
VOVVOT e AVTA TOV APYLIKOV CLOTAHATOG. Apa To GUOTNA 08N yeital oe AP
takn kat oe yapnhotepeg Oeppokpaocieg 77 < T



44

Dryvpe 3.5: Atadoxikoi spin blocking petaoxnpatiopoi EnavaKavovIKomoinong xpnotlomoLwvTag Evay Tapdyovta avakApakwons b =
2 yia éva Ising povtélo pueyébovg N = 256 * 256 oe Oeppoxpacia S = 0.45. Kabe petaoynuatiopds enavakavovikonoinong woei
10 cOOTNHA 0 VYNAOTEPEG Bepokpacieg kat apa o ametkovioelg mApng tafews. Eva omv oto teliko ocvotnpa aviimpoownedet 4096
OTILY TOV ApXLKOV GUOTHHATOG.

Dryvpe 3.6: To id10 choTNHA OTIWG TTapandvw yia Beppokpacio 8 = 0.36. Kabe petaoynuatiopds enavakavovikonoinong odnyei to
ovoTnua og xapnAotepeg Beppokpacieg kat apa oe mAnpn atadio.



H Opdda Emavakavovikomoinomng ko tow Aiktva Babudig MNemolBfoewe 45

Dryvpe 3.7: To iSto ovoTpa oTwG Tapamavw yia Ty kpiown Beppokpacio . = 0.4407. To cvotnpa mapapévet otny idta Oeppokpacia
AKOULA KAL PLETA ATTIO TOVG LETACYNULATIOHOVG EMAVAKAVOVIKOTIOINOTG.

3.3.1 Ymoloyiouds twv Kpiowwwyv Exdetwv

Ag vroBeoovpe Eava Tov exBeTn v

E~ [t (3.24)
H tpn ¢ eivar n avnypévn Beppokpaocia:

_Tﬁjj(l

t
T,

(3.25)

To KOG OLOXETIONOD & TOV AVAKAAKWUEVOD CUOTATOG TIEPLYPAPETAL
emiong amo Ty idta oxéon, ektOg TOL 0TI TWpa Bewpovpe TNV Beppokpacia 1"

g~ (3.26)

AlupdvTag TNV GXEOT| 3.24 He TNV 3.26 kat xpnotponotwvtag ot {’ = £/b,

<:,> =b (3.27)

Ot ekppaoelg yia Tovg kpiotovg ekBéteg €xouv vonua oe ia meptoxn Oep-

éxovue:

LOKPAOLWV KOVTA 0TO Kpioto onpeio. Apa xpetalopaoTte o oxéon avapeoa
ota T kat T xovtd otnv T, kat avto eivat Suvato e éva avantvypa Taylor
YOpw amo tny T.:

dT’
T -T.=(T-T,)— .
e =( c) ar |, (3.28)

c
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XpnowonowvTag Ty 3.25 kol avTikablotovtag Ta Tapandvw oTny 3.27
£XOVLLE i EKPPAOT) YLt TOV Kpiolpo ekBétn v:

log b

ar’

V= (3-29)
log 7 | 1.

Av kat vapxovv oxéoelg Padpiong avapeoa oTovg Kpioovg ekBéteg, v-
TLAPXOVV TEPLTTWOELG YiaL TIG OTroleg Tpemel va yivovv Monte Carlo mpooopot-
woelg yla va eheyxBobv ot oxéoeig faBuiong. Apa eival onpavTiko va vdpxovy
EKQPPACTELS VLA TIV HETPNOT] AVTWV TWV EKOETWV.

o v mepinTwon Tng LayviTiong ava o o kpiotpog exkBétng S eivat:

m ~ [t]? (3.30)

Xpnoomouwvtag Thv oxéon 3.24:

m o~ P (3.31)
OewpOVTAG £VA LLETAOXNHUATIONUO ETOVAKAVOVIKOTIOIONG, TO AVAKALLAKWDLE-

vo ovoTnua Ba €xel pa payvition m’ yla v onoia:
m' ~ gAY (3.32)

Avéddoya pe v idla Stadikaoio OMwg mapandvw, SlapwvTag TG payvn-
TIOELG TOV APXLKOV KAL TOV AVAKALUAKDUEVOD GVOTHHATOG KAl XPT|OLLOTIOLDVTOG
TNV €KQPACT] YLOL TA UKI OVOXETIOHOV, EXOVLE:

m

= I (3.33)
B log %’

o= Tog b (3.34)

H oxéon 3.30 toxbet yia éva dmelpo ovotna. XpnopomolwvTag ToV Kavova
L Hopital maipvovue tnv oxéon:

m' dm'/dT  dm/

T dmjdT ~ dm (3.35)
H telxn ékppaon ya tov kpiowpo exbétn [ eivat:
log |
B _ 08 dmlr. (3.36)
v log b

1 oTola Efva AVWTEPT) ATTO TNV 3.34 AP0V 0 Opog dm’ /dm Sev Sraxvpaivetat
TOAV yia Sta@opeTikov peyéBovg ovotrpata.

Avaloyeg ek@paoelg LTOpoHY va LTTOAOYLOTODY YL TOVG KPIOLHoVG ekOETeG
a xat y:

o} log dLTCc, |T(
S (337)
v logb
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log &<

T 4 . (3.38)
v log b

H payvrtion tov povtélov oxetiletat emiong pe tov kpiotpo ekBétn J ya

ekwtepko medio B:

m ~ BY? (339)

Opilovpe twpa évav kpiopo exBétn 6 mov exppdlet Tov TpdTO (e TOV 0T0i0
TO PKOG GLOXeTIoNOU Stakvpaivetal kabwg B — 0 otnv T.. AkohovBwvtag
v idla Stadikaoio ya Ti§ 3.29 Kat 3.36 EXOV|LE:

£~ |B7° (3.40)
log b
o=—2 (3.41)
log ‘flg
B=0
log Lm"
1 - dm B=0
05 logb (3-42)
Ot napandvw oxéoelg divovv:
log Lﬁg
§= ﬁ (3.43)
08 “4m B=0

OrekBéteq v kat 6 oL meptypdPoLvY TV andKALOT) TOV UKOVG CUOXETLOHUOD
& og 6povg NG kpioung Beppokpaciag kat Tov epappolopevov ewtepikod me-
Siov avtiotoa oxetilovtat pe Tovg relevant operators Twv HETACYNUATIOUDV
OHASAG EMAVAKAVOVIKOTIOIONG Kal 0L LTTOAOLTTOL Kpioipol ekBETeg umopovv va
VTTOAOYLOTOVV Ao AVTOVG e oxéoelg Pabuiong.
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2.32 7 T T T T =
T=uu(T) — e
T=T - - - .
2.30 0 . 7
-
-
2.28 0 N
=)
@
m
n 2.26 B
Q
=
[
2.24 - B
2.22 + S -
-
220 LT 1 \ 1 .
2.20 2.22 2.24 2.26 2.28 2.30 2.32
T(Original)
-0.64 T T T T T T 0.80 [ T T T T ]
[ 64x64 L7 -~ 64x64 ]
[ Rescaled 32x32 - - - PR L B Rescaled 32x32 - - - 4
-0.66 e - 0.75 F T 32x32 —-—-
[ . ] = - ]
b ’ 4 b 4
-0.68 [ S 0.70 | .
o [ ] A : ]
v - ] E - ]
= L ] L ]
g 077 ] 5 065 1
[ ] S [ ]
& : ] 8 : ]
m -0.72 B o 0.60 ~
E [ ] c [ ]
g L ] B [ ]
= L 1 = r ]
-0.74 - ] 0.55 ]
-0.76 [ . 0.50 [ J
0.78 L=~ I I I I I I I ] 0.45 L I I I I I ]
2.22 2.23 2.24 2.25 2.26 2.27 2.28 2.29 2.30 2.23 2.24 2.25 2.26 2.27 2.28 2.29
Temperature T Temperature T
0.60 T T T T 30 T T T T T T T
F 64x64 —— 1 [ 64x64 — ]
[ Rescaled 32x32 - - - 1 L Rescaled 32x32 - - - |
[ 32x32 —— . 32x32 ——
i 1 25 - b
0.55 N r 1
L ] A L )
L ] = b 1
L e i 1
& i ) | g R
v - . = L - ]
. 0.50 o [ - .
] 5 1 = . —_
1] L | r T =T 1
T [ = Y 15 - PR g
& - { 3 i T ]
EJ_UAS* N u [ == -7 ]
- 1 = — -
w L 1 10 C e 7]
L. 4 o -
1] [ - 4
= 1 = i 1
0.40 F - . b 1
L e i 5 L N
L e | r ]
0.35 7’ - 1 1 1 | 1 | 0 L | 1 1 1 1 1 1 ]
2.23 2.24 2.25 2.26 2.27 2.28 2.29 2.250 2.255 2.260 2.265 2270 2275 2.280 2285 2.290

Temperature T

Temperature T

Dryvpe 3.9: AlaypdppaTA Yia TIG TAPATIPTIOLHEG TTOGOTNTEG TOV APXIKOD GLOTHHATOG N = 64 * 64, TOV HETAOYNUATIONEVOL CLOTHUA-
t0¢ N = 32 % 32 kat evog Eexwplotov ovotipatog N = 32 x 32. Svpumepthapfdvertat éva SIAYPApHa yia TV HETACKIHLATIOHEVN

Beppoxpacia T wg ovvaptnon ™ T yia 1o kpioto otabepd ONUELO TOL HETAGKNUATIOHOV enavakavovikonoinong. Exel ypnotpomnot-

n0ei Texvikn re-weighting yia tov mpoodioptopd Twv mapatnpriowy TocoTHTWV o€ Leydlo evpog Beppokpactwv. Kamoteg evbeieg Sev

TéUvoVTaL AOYw TwV Gavopévewy Temepacpuévon HeyéBovg. Xpnollomotwvtag TNy wayvition n ektipnon g kpiong Oeppokpaciag
eivar Te. = 2.26821 = . = 0.4409. Ot kpiowot ekBeteg voloyilovrtat icot pe @ = —0.19, 8 = 0.101, v = 1.744, v = 1.01.



4. Evioyvtinny Madnon oty Qvoinn HoAlwv Zwudtwv

4.1.0 H Apxn Metafolig

H Variational Monte Carlo uéfodog kaBiota Suvartr| Tnv neprypagr| Tov mpo-
BAuatog evpeong TG OepeAtdSoVE KATATTAOTG EVOG CVOTAUATOG WG EVA TTPOPAN-
pa Bektiotomoinong. Eivar onpoavtikd va yivel pia avagopd otny apxr Heta-
BoArnc.

YnoBétovpe éva oVOTNHA TTOV TIEPLYPAPETaL amo pia XapAtoviavr H kat
yta To omoio 8ev umopove va emAvGovpe TNy XpovoaveEaptntn e§iowon Schrodinger.
To obotnua anoteleitat amo SakpiTég evépyeleg kol 0TOXOG eival va yivet pia
kar pootyylon TG evépyetag Tng Oepediwdovg katdotaong Ey,:

Egs:EISEQS--- (4.1)

YnoBétovpe KAVOVIKOTIOINUEVEG KULATOOLVAPTHOELS HETABOANG Yyyqr TIOV
dev eival avaykaio va eival 1810kaTAOTACELG EVEPYELAG Kal VTTOOETOVTAG OTL OL
Stoovvaptrioelg TG H anmotelolv pa mAfpn fdon propodpe va enekteivovpie
o€ OpoVG:

Yyar = ch%, with Hiy, = By, (4.2)

> lenl? =1 (43)

H avapevopevn tn g (H), .. Sivetat amo tnv oxéon:

(H) oy = Z Eylenl? (4.4)

To ovotnpa anoteleitat ano avtiotolyeg SlakpLtég evépyeteg E,, kal 1 e-
vépyeta g Oepediwdoug katdoTaong opilel Eva KATw Qpdypa

<H>var = ZEn‘Cn‘Q > ZE1|CTL|2 =FE Z |Cn|2 =k = Egs (4'5)

Ta TNV EPIMTWOT) OOV 1) KVHATOOVVAPTNOT HETAPOANG Yyqr SEV NTAV K-
VOVIKOTIOUNLEVT), LTTOPOVILE VA TNV KAVOVIKOTIOL|COVE KAl VO €XOVUE WAL TILO
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YEVIKEVPEVT] EKPPAOT):

<wvar ‘H|wvar>
<wvar|¢var>

YnoBétovTag fa KupAatooLVapTNOoN HETABOANG 1) AVAUEVOUEVT TIUY TNG

Egs < <H>Um» = = f[wvar} (4.6)

evépyelag (H), . Ba eival wa vrepektipunon g evépyetag Bepeliwdoug ka-

var
tdotaong Egs. Emmiéov kabe (H), = 0étel éva dvw @pdypa ya tnv akpifi
T g Eys. Ol kupatoovvaptioetg HetaPoris Yyar (T; p1, P2 - - - Pr) e&ap-
Twvta ano éva mA0og mapapétpwy petaPorns {p}. Xpnowonowwvrag pa
npoogyylon PektioTonoinong ot tapapetpol {p} wopodv va petaBAnbodv pe
otdX0 TNV AMYn KaAOTepwY TPpooeyyioewy yia Ty evépyeta Oepehiwdovg ka-
Taotaong. e pa wodvvapn ékppacn, N F[Pyer] eivat pia unxavi mov epap-

1oler éva avuvolo Stadikactwy kat Tapdyet va aplOUnTIKO anoTéleopia.

4.1.1 H Variational Monte Carlo Mé9odog nou 1 101611700 THG MNSevinns Aiax-
oTopas

Eivat duvato va xpnowonomnOei n Variational Monte Carlo péBodog yia tnv
EKQPAOT KBAVTIKAOV AVAUEVOUEVOV TILWV WG OTATIOTIKEG HECEG TIHEG LLE OTOXO
™V KaADTEPN KATAVONOT TG CUUTEPLPOPAG EVOG GUOTHHATOG Ot XAUNAEG &-
vépyeteg. To kOplo mpdPAnpa eivat n eloaywyrn £vog ansatz To omoio iowg L-
oayeL kamota pepoAnyia.

Ag vroBéoovpe eva xwpo Hilbert mov anoteleitat ano éva mArpeg ovvolo
Baong {|z)} kat loxvet n ouvONKn MAnpoTNTAG:

S ) fa = 7 (47)

Ta pa KOHATOoLVAPTNOT HETAPOANG Yyqar EVag TeEAeoTig O €xel pia kBa-
VTIKT] QVApPEVOUEVT TIUN:

<¢Uar|0|w’uar> _ Zx <wvar|$> <$|O|¢var>
<¢var|¢var> Zx <¢var|x> <(E|wvar>

H napanédvw oxéon pmopei va ekppactet o€ pia Lop@r| Setypatonyiog e

(0) = (4.8)

KPLTTPLO ONUAVTIKOTNTAG:

3 parlz) (@O par)
> (var|z) (@]thvar)
S (Wvarle) (wlthyar) ELDNeer)
>z (Vvar|z) (T|Vvar)

i |¢Ua7,(x)|2%

- > u [Vvar(@)]?
~ 2 [ar (2)[Otoe
2, e (@)

(4.9)

(0) =
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H nocotnta Oy ovopaletal TOMKOG TEAEOTNG Kot opileTatl wg:

(#|OlYvar)
Oloe = ——F7— (4.10)
7T (alduar)
Ewvou epgavég oti n moootnta:
[Yvar (2)[*
pla) = e & (4.1)
> [Yvar ()]

opilet pambavotnraagov Y p(x) = 1 karéxet pn undevikn Tiun yia OAeg
11§ anewkovioels. Eivat Suvato va xpnowponowmBei pia mpooéyyton Monte Carlo
papkoPravay akvoidwv yia va SetypatoAn@Bei éva 6OvVolo amno memepacéveg
KATAOTAOELG OV £XOVV Katavepndel cOpQva [e fio avTioTolyn Katavoun L-
copporiag. H mapanavw npoeyyton éxetl Oepuehiwdei yua éva yeviko teleotn O
Kat dpa kdOe TapatnproLn TocoOTNTA UTOPEL VA VTOAOYLOTEL OTOXAGTIKA.

o v mepintwon TG avapevouevng Tipng e xaphtoviavrg H, pmopei
KATIOLOG VoL 0ploeL évay TOTIUKO TeAeoTr| By OV amokaleital TOTIKY evépyeta:

(@[ H|dvar)
<x|¢var> .

H xBavtikn péon un g H? Sivetal amo Ty oxéon:

Eloc<x) = (4.12)

<¢var‘rH2|¢vm'> _ Zm <wvar|H|x> <x|H|¢var>
<11ZJUG,T|,¢)’UG.T‘> Z’I: <1Z)Ull'r’|x> <x|wva7‘>
T Whore) () el
Zg; <w7)a7‘|z> <"I"|w7)(l'f‘>
_ P |wvar($)‘2‘El06(fc)|2
>z [Yvar(2)]?

(4.13)

H Staomopd g Tomikng evépyelag iy eivan ion pe tnv Staomopd Tng xa-
HATOVIAVIG:

2 o <wvar‘(H - E)2|wvar>
O—Eloc B <¢var|wvar> (4.14)

o TV TEPIMTWOTN OOV 1 Yy, VL pia dl0KaTAcTAON TNG H 1 TOTIKA

evépyeta Lo eivou otabepn:

By = <x|H|wvar> _ E<x|'¢var> —E (4.15)

<xW}var> <x|wvar>

To napandvw anotéAeopa cuvenayetal otin Staomopd eivar pundevikr|. Av-

T N WBoTNTa eu@aviletal Hovo oTnY ekTiUnon Twv KPavVTIKOV aVaUEVOUEVWY
TV Kat SNAdVEL 0TL 000 Lo TTOAD TANGLALOLpLE O pia IOLOKATAGTAOT], TOCO
o pkpég yivovrtat ot Stakvpdvoels. Eva khaotkd ovotnua Sev epgavifet tny
it cupTTEpLPopd, AoOyw Twv Beppik®Y SLaKVHAVOEWY.
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4.2.0 Evioyvtin Madnon yie tov Ilpoodiopiouo 116 Oepeliwdovs Katdoraons

N va Bepediwoovpe pa mpooéyylon Pertiotomnoinong Pactopévn oe mapa-
YWYOUG TIPETEL VAL EKPPACTEL KAL 1) TTAPAYWYOG THG EVEPYELAG WG LA AVUULEVOLLE-
v T YroBétovtag pa mapduetpo LETAPOANG Py TNG KUUHATOGLVAPTNONG N
TAPAYyWwYOog TNG EVEPYELAG TTPOG TNV Pk, LOOVTAL LE:

<wvar|H|¢7jar>
<wvar |wvar>
_ apk ( <wvar|/H|wvar> ) <wvar‘wvar> - <wvar|fH|wvar> 8pk ( <wvar|wvar> )

Op,. (H) = Op,

(Wvarhbvar))’
_ aplc ( <wvar|H|¢var> ) _ <wvar|H|wvar> apk ( er\%aﬁ )
er W’var> (1/er |¢var> <1/)var |w1;ar>
_ <apk7pva7'|%|¢’uar> + <¢’uar|H|8pk¢’uar> _ <H> <apk¢var‘77[}var> + <¢var|8pk¢var>
(tvar[tPvar) (tvar[tvar) (Yvar[Yvar)
_ Za: <8Pkwvar|x> <x‘IH‘wvar> + Zgr <wvar|H|x> <x|apk,'¢)var>
Zx <¢var|x> <x|1/)vm’> Za <1/)vm’|x> <l’|¢mr>

Zg; <apk w’uar‘x> <ijvar> + Zm <7/)var|x> <x|8pk 77[}11a7“>
Zm <¢va7|x> <x|¢var>
~ (EpouD}) — (Epoe) (D1 + c.c.

—(H)

(4.16)
H noodtnta Dy () mov epgavifetat otnv mapandvw eficwon opiletat wg:

1
Dk(x) = mapk(<x|¢var>) (417)

H 18¢a etvat va tebei n meplfwpla katavopn evog veupwvikol SIKTvov e
éva 00VOAo amo Tapapétpovg petaBolis {p} ion pe v kvpatocvvaptnon:

Y(x) = F(x;p1,p2, - --PN,) (4.18)

Qg vevpwvikd diktvo emAéyetat To Restricted Boltzmann Machine ovp-

Qwva pe TNV mponyovuevn vAomoinon. Ot opatoi kat ot kpu@oi vevpwveg Ba

EKQPACTOVV WG 0 Kat h avTioTolXa Kat oL TapAUeTpoL LETAPOANG HITOpODV Va
ewvat pryadikeg . OdnyovpaoTe o€ pa avaAoyn oXeon He TNV 1.35:

F’r‘bm(o'f, 0'5, . O'Izv) = E ezt 2 wigoihi+37, hibi+32, 07 aq
{n}
— BZi ofa; E Gzi Zj wi_jafh_7.+2j h;b;
{n}
= ezi Uizlli E H ezi wz‘jO'fthrhjb]» (419)
h J

— i 0 i H (1 + ezlwiy‘afﬂh‘)

J
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Ta v mepintwon tov povodiaotatov Ising povrédov daprkovg mediov
KAl XPNOWWOTOLWVTAG TNV YVWOT| OTL 1] KVHAToovvdpTnomn tng Bepeliwdovg ka-
TaoTaong eivat O TikdG 0pLOUEVN, i EMAOYT Yia TNV KPAVTIKY KATAGTAOT TOV
VELPWVIKOV SIKTVOV TIOL 08N Yel O€ TTpaypaTKES TG HeTafolr elval n:

V(o,05,...0%) = \/Frbm(of,ag,...afv) (4.20)

YnoBétovtag pa anetkovion omty o Tov Ising povrédov dStapnkovg mediov,
1] TOTUKT] EVEPYELQ LOOVTAL [LE:

_ (ol HYvar) _ o|H|o’
Bioelo) = 15 ;< o o ver)

<0/|wvar>

(4.21)

H napanavew dBpoion eival mdvw oe N + 1 anetkovioeig omov ¢/ (0) = o
eivat 1) apytin anewovion kat (o|H|o) = —J ), ofof, ;. Orvnoloineg amel-
xovioewg o' (k) = 0F...07 ...0% TPOKVITOLY Yia TNV HETABONN TNG TIWAG
Tov k omw pe (o|H|o’") = —h. Tlapatnpodye otu:

2iofai—ar(1=200) TT. (1 4 e22i wijof +bj—w;k(1-20%)
e k e
Yuar (0’ (k) _ \/ HJ ( )

Yuar(0) )
s Wijo; +b;
ezi ofa; l [j (1 + eZl joi+

H‘ 14+ 621' wijof+bj—wjk(1-207)
J
[[1+ g2 wijo; +b;

_ e—%ak(l—Qaz)

(4.22)

Yuar (0’ (k)) 1
In | Leart@ W8N 21— 207
! ( Yrar (@) g (1 = 2%)
+ %th <1 4 e wijﬂerbjwjk(l?Ui))
J

1 =
-5 ln1;[ <1 4 e Wiio; +bj>

1
= — §ak(1 — 20’2)

+ % Z In (1 + e wz‘jUerbjwjk(l?Ui))
J
1 Z In [ 14 eXiwiioi+bs
2 &
J

(4.23)

[Mapopoiwg, oL ekPPATELS YLa TIG TTAPAYWYOUG TIPOG TLG TIAPAUETPOVG PETA-
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Bolr|g eivat:
; Wij o7 +b;
3% <\/€Zz O-fai HJ (1 + ezl + )>
Dai(U) =
: (4.24)
w07 +b;
\/ezl'”fa" I1; (1 et J)
_ L.
; wijoi+bj
O, (\/ez'i oias Hj (1 + 621 * ))
\/eEz- oiai ], (1 n 6Ziwwf+bj> (4.25)
1.
= §Szg< zl: Wijo; + bj)
Sw;i07+b
8wij <\/621 oia; Hj (1 + 621 joit J))
Dy, (0) =

z S w07 +b; (426)
e (1. 5r)

1,
= 9% ‘%9( E w;j0; + bj)

Eivat twpa duvatod va eknmadevbel éva vevpwvikd SikTvo e 0TOX0 TNV €-
KTIUnon tng evépyetag tng Bepeliwdovg kataotaong. Eva cbvolo ano ametko-
vioeig mapayetat oe kdBe emoxn peow SerypatoAnywv Gibbs. Avtég ot ameko-
VioeLg XpnoLomolovvTaL yia TOV VTOAOYLOUO TWV ATAPALTNTWY TOCOTHTWY Kol
Vv petaPolr] Twv mapapéTpwy petaBolrg ovpewva pe tnv gradient descent.
Ot texvikég AemTopépeteg eivan idieg pe tnv vAomoinon twv Restricted Boltz-
mann Machines ota ponyovpeva kegalata. H Stapopd £yketat 0To 0Tt kota
TNV EVIOXVTIKT padnon SetylatoAnmrodvTal KATAoTACELS X PTOLHLOTIOLWVTAG TO
VEVPWVIKO SIKTVO Kol ENAXIOTOTOLWVTOG TV AVALEVOUEVT] TIHT TNG EVEPYELAG.
Yta mponyovpeva kegdAata atoxog NTav o undeviopog g Kullback-Leibler a-
nokAong avapeoa oe dHo katavopés. Otav o aplBpdg Twv emoxwv eivat apkeTd
peyaAog to vevpwviko Siktvo Ba €xel Ppedel oe £va eAdyLoTO Kal oL TapdpeTpOL
petaPolrg Ba avtiotoovv oe pia avanapdotaocn tng depehidSovg katdota-

ong.
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External field h External field h

® (w)
Dryvpe 4.2: AVAPEVOUEVES TIHEG TNG EVEPYELAG GLVAPTNHOEL TOL e§wTeptkoD Mediov h yia éva povodidotato Ising povtédo Siaprkovg
nediov pe L = 10 omwv. H kOkkivn ypapur avtioTtolxei oe VToAoyLopoUg TG evépyetag BepeAldSovg KaTAoTaong XpnotHonoLwvTag
akpPn Staywvomnoinon. Ia kabe Tiur Tov e§wteptcod mediov h éva vevpwvikd Siktvo exmadedetat pue puBuo padnong i = 0.2, apBpo
KPLPWY vevpwvwy ny, = 10, batch size b = 100 kat e = 50000 emoxés. H atabepd o0levéng toovtar pe J = 1.0. Emong oxediaovtat
Ta amolvta o@dipata. To povtédo €xet a kPavtiki petaPaocn eaong ya Tiun tov e€wtepikov payvntikod nediov ion pe b = 1.0.






5. 20voyny

ZvvoyilovTtag, Ta vevpwvikd SikTva givat eva evOLaQEPOV EPEVVITIKO epyaleio
Yl TNV aVTIHETWTILOT) TTPOPANHATWY TaL OTIOLA £XOVY TIPOCEYYLOTEL LECW APXWY
OTATIOTIKNAG PUOkNnG. H avvdeon toug pe TNy opdda emavakavovikonoinong
elvat emiong pa evdiagepovoa déa 1 omoia mpémel va eketaotel mepartépw. E-
A€oV, LTIApYeL 1 SuvatdTnTa va Xpnoomnon8ody cuvOvacTIKA e TEXVIKEG
Monte Carlo xpnopomnoiwvtag padnon xwpic empPreyn i ave§dptnra peow tng
TPOGEYYLONG EVIOXVTIKNG HdBnong omov Sivouy avtaywvioTikd anoteléopata
OVYKpLVOpEVaA e AANEG TEXVIKEG ATIO OXETIKEG ONpOOLevoels. AkolovBei pia
ovVOYT TwV KOpLwV Bepdtwy mov pedetnOnkay otnv SUTAwOTIKN.

Apyiké ta Restricted Boltzmann Machines ekmatdevOnkav pe atéoxo v
LOVTEAOTIOINON [LAG KATAVOWNG TIOV AMOTEAEITAL ATTO ATELKOVLOELG TOL SiL-
dotatov Ising povtédov. Ot aneikovioelg avtég éxovv Serypoatohnbei amo pia
Katavor| woppomiag pecw Monte Carlo papkofavav alveidwv xpnotpomot-
wvtag tov alyopiBuo Metropolis 1) Tov cluster akyopiBpo tov Wolff. Otav to
VEVPWVIKO SikTVO éxel ekmatdevBei eivat Suvato va mapdyel TPOCEYYLOTIKES a-
TIELKOVIOELG [LE GTOXO TNV XPHOT) TOVG YL TOV VTTOAOYLIOHO TTApATNPHOLHWY TTO-
OOTHTWV OTIWG 1) EOWTEPLKT EVEPYELQ, 1) payviTion, 1 eldikn OeppuoTnTa Kat n
payvntikn emdektikdtnTa mov Ba cuykptBovv pe avteg Twv Monte Carlo pe-
tpnoewv. Ta Restricted Boltzmann Machines umopo0v va avanapdyovv anote-
Aéopata Ta omota ewvat akpiPr otav 0 aptipdg TWV KPLPWY VELPWVWY LooLTAL
LLE TOV aplBpd TWV 0PATWYV YLt TIG TIEPITTWOELS TWV PAoEwV ata&lag kat Tang
aAla kat otnv kpiowun mepioxn. EmmAéoy, yla nepintwoelg pkpdtepov aptdpo-
U KPLYWY VEVPWVWYV TO GVOTNHA odnyeital oe ovpieon e otoXo TOV EAeyX0
NG aKkPiPeLag TV LETPTIOEWV KA TNG CVOXETLONG TOL aptBod TwV KPLPWV VeL-
pwvwv He Tov Aoyo ovumieong. Ta anotéleopata eival akpiPr ya Oeppokpa-
oieg pakptd amo TNy petdBaon gaong Sevtépag tdEews alla eppavifovv acvpu-
pwvia yla Beppokpacieg kovta oto kpioipo onpeio. H mapandvw mpocéyyion
VIOSEIKVYEL TNV XPHON TWV VEVPWVIKWVY SIKTOWV wg epyaleia épevvag egap-
HoopuEVWY BEHaTwV OTATIOTIKAG QUOIKNAG agov eivat duvatd va mepLypdyouy
™V A e Oeppoduvalikr) CUUTEPLYOPE TOV HOVTEAOV KA VOl TTAPAYOLV KATA-
OTAOELG ATIO TIG OTIOLEG ivat SUVATO VA VTTOAOYLOTODY TTAPATNPHOLHES TTOTOTN -
TeG 0€ OO TO €Vpog Beppokpactwv. EmmAéov ta vevpwvikd diktva prmopodv va
Xpnotpomon8ovy wg éva epyaleio oVvSeong Tng melpapatikig pe Ty Bewpn-
TIKI QUOLKT. Mia NUITEANG TIEPARATIKY TTAPATHPIOT) EVOG HOVTEAOV IOV £xEL
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eniong mpooopotwdei, pmopet va ohokAnpwOel av tononoBetnOei oe éva cwota
ekmatdevpevo vevpwviko SikTvo kat SetypatoAneBoiv ot meplBwpieg katavo-
pég. EmumAéov oe éva 10n exmaudevpévo vevpwviko Siktuo Umopei va yivel eloa-
YWYT KOG TTEPARATIKNG ATEIKOVIONG Kat Vo TapatnpnOei i) xpovikn g e§éhi-
&n péow Sradoxkwy Serypatonyudv Gibbs. H ebowkeiwon pe tv mapandvew
TIPOGEYYLOT) ElVAL CULAVTIKT| SLOTL ETITPETEL [tal KAAVTEPT KATAVONOT) TNG AV TL-
oTolxiag avdapeca oTnv opdda emavakavovikonoinong kat ta fabia vevpwvikd
SikTva agov avtn 1 avtiototyia OepediwveTtal yla Tny TepinTwon g pabnong
xwpig emiPAeyn.

AxolovBwg, elodyetarn Opada Emavakavovikonoinong mpaypatikod xwpov
e 0TOXO TNV eKTiunon TG Kpiowng Beppokpaciag kat Twv kpiolpwv exbetwv
Tov SiStactartov Ising povrélov. Evag spin blocking petaoynpatiopog ema-
vakavovikomoinong vAomoteitatl yla va mapatnpndet n por) 6Tov Xwpo mapa-
pétpwv o omolog eivat povodiaotarog agov 1 Beppokpacia givat 1 povn ma-
papeTpog ov odnyel To chOTNHa ot petdPaon eaoews. H kpiowun Oeppokpa-
ola eivat éva kpioio otabepo onpeio kat TPOCOUOIWOELS Yl avTioTpogeg Oep-
pokpaoieg 8 > . kat f < S, odnyovv to cbotnua mpog tnv mANpn taln
kat atagia avtiotoxa. Eva cuvolo amo aneikovioelg mov éxouv SetylatoAn-
@Bl armo o Katavour| L0oppoTiag TPoYAvWS eRPavileTal Pe TIG CWOaTEG TiL-
Bavotnteg Boltzmann. Tia tnv e§aywyn petproewy eivat onuavTikd va yivel
ava@opd otV LVOPEoT] OTL Ol HETAOXNUATIOUEVEG KATACTATEL epgavifovTtat
pe g owotég mbavotnteg Boltzmann tovg. Avtr i vdBeon eivat akpPwg kat
0 Aoyog yua tov omoio dev yivetat va ektiunfobdv ta opdlpata otnv puéBodo
e XPNOT HLAG TEXVIKNG avalvong o@alpudtwy énwg n binning, jackknife kat
1 bootstrap. Ot kpiowot ekBéteg vodoyioTnkav xproonowvtag deSopéva
Ta omola €Xovv yivel re-weighted yia éva peyado evpog Beppokpaoctwv amo éva
apyxko ovotnpa peyébovg N = 64 * 64, eva LeTaoXNUATIOLEVO CVOTNUA LLe-
yéBovg N’ = 32 % 32 kau éva emmAéov oVOTNA TO OTOLO £xEL TipOTopoLwDEei
Eexwplotd pe N = 32 x 32 £T01 WOTE VA AVTIHETWTIOTODY T QALVOUEVQL TIETE-
pacpévou peyéBoug. Ia éva mAnBog Twv mapatnpriowy TOCOTHTWY OTWG 1
oy VITION TO eMIMAOV COOTN O TIPETEL Va TTpocopolwBel yla va yivet Suvati n
ekTiunon tng kpioung Beppoxpaciag. Ta gavopeva menepacuévov peyédovg
ennpedfouv ta anoteléopata kat Ta dedopéva TOv ApXIKOD Kat TOV HETAOXT]-
HATIOUEVOL CUOTAHATOG UTTOPEL VA UV TEUVOVTAL OTNV Kpiown Beppokpaoia.
Avto to TpOPANUa avTIHETWTI(ETAL UE TNV TIPOCOUOIWOT] EVOG ETUTAEOV GL-
oTipatog mov éxet To iSto uéyeBog pe o petaoxnuatiopévo. H uébodog Sivet
akpiPpéoTtepa amoTeAETHATA YA LKPOTEPA TIAEYHATA O GUYKPLOT Le TNV PA6-
o memepacpuévov peyéBoug 1 omota mpémet va vlomomnBei ya peyalov pe-
yé0oug mAéypara.

Mia avtiototyia Bepehiwdnke avapeoa oTny opada ENAVAKAVOVIKOTIOINOTG
TPAYHATIKOV XWPOV Kat aTa vevpwvika Siktva mov Bacifovtal otnv evepyeta
yla akpLPeic HETAOKNUATIOHOVG EMAVAKAVOVIKOTIOINONG. YToBéoape eva yevi-
KeVPEVO TAéypa e aAAnAemidpaoelg ToMamAwv Takewv avdpeoa ata omLy.
Mia katdAAnAn emhoyn Tov teleotn LeTafolrg odnyel o pia LoOTNTA avAple-



oa otnv XapAToviavn Tov TepLypa@eL TOVG HeTAoYNUATIOHEVOVG Pabuovg e-
AevBepiag mov TPOKHTTOLY ATO TNV EPAPUOYT TOV LETACXNUATIOUOV EMAvA-
KAVOVIKOTIOINONG Kat 0Ty XapAToviavi] Tov TEPLYPAPEL TOVG KPLYOVG VEV-
pwveg Tov Restricted Boltzmann Machine. To yeyovog oTL Kat TO VEULPWVIKO
SiKTLO eival Eva HOVTENO OTATIOTIKNG PUOLKIG KAl TIEPLYPAPETAL ATTO {LAL KATAL-
vour| Boltzmann emtpéner v e§aywyn ovunepacpdtwy kat yia tig neptdopieg
Katavopésg. OTav 0 HETATKNHATIOHOG TNG OpASOG EMAVAKAVOVIKOTOINONG gival
axpiPrig n Xaphtoviaviy Tov apxtkod ovoTpatog eivat ion pe v XapAtovia-
VI] TwV 0patdv vevpwvwv Tov Restricted Boltzmann Machine. Avtd ouvve-
nédyetat ot 1 Kullback-Leibler andkhion eivar undevikn kat ott n meptwpia
KATAVOT TwV opatwv vevpwvwy tov Restricted Boltzmann Machine umopei
va avamnapdyet TANpwG Ty eumelpikn} katavopr], dnhadr ta dedopéva ekma-
idevong. Eva Awtvo BaBidg IlemoiBrjoewg vAomoteitat yia Beppokpacio kovta
otV petapaon eaoews devtépag Takewg yia to Sidtdotato povtélo Ising pe
otdxo emmAéov mapatnpnoels. Ta receptive fields oxedidotnkav ya kdbe kpv-
@0 eminedo kau tapatnprBnke oTL ot kKpLPoi vevpwveg oxnuatifovv cvoToryieg
7oV GL{EVYOVTAL LLE TOVG OPATOVG VEVPWVEG. AVUTEG OL CUGTOLYIEG Eival TTePITOV
idtov pey£Boug yia éva dedopévo kpu@o eminedo kat To péyebog Toug avfavetat
e v avgnon tov Aoyov cuvpnieons. H mapandvw 8éa eivat axpipag idua pe
evav spin blocking petaoxnuatiopd g opddag emavakavovikonoinong. Mia
ONUAvTIKT SLlaPopd EvatL OTL TO VEVPWVIKO SIKTVO OpYAVIDVETAL AVTOUATA YLa
va eappoceL autdv Tov petaoynuatiopd. H mapandve Bepeliwon €xet yivel
yla akpiPeic HeTaoyNUATIONOVS enavakavovikonoinong. H xpnon mpooeyyl-
OTIKWV TEXVIKWV Yia TNV ehaxtotonoinomn tng Kullback-Leibler cuvenayetat o-
TL TO VELPWVIKO SIKTVO EPAPUOTEL TIPAKTIKA SLAYOPETIKOVG HETATKIUATIONOVG
ota dedopéva.

Télog, akolovBeital fia TPOGEYYLON EVIOXVTIKAG HdBnong pe oTdXo TNV &-
KTipnon e evépyetag OepeAiwdoug katdotaong Tov LovodSldoTaTov HOVTEAOVL
Ising Staprjkovg nediov. Xpnotpomotovvtat Restricted Boltzmann Machines pe
€va oUVOLO Ao Utyadikég TapapéTpoug HETAPOANG e 0TOXO va Teptypdyouy
KBavtikég kataotaoels. H ektipnon tng evépyetag Bepeliovdovg kataotaong
pmopel va ekppaocTel we Eva mpoPAnua PeAtiotomoinong katn Variational Monte
Carlo péBodog xpnotpomoteitat yio va SetypatoAng@Bovv KataoTaoels ano 1o
VEVPWVIKO SikTvO. ATo TO TAB0G AVTWV TWV KATACTACEWY LITOAOYileTat 1
EVEPYELL KAL T} TTAPAYWYOG TNG evEpyelag Kat epappoletat 1) gradient descent.
Extipodvrat ot evépyeteg BepeAdlwdovg katdotaong yla eva TARB0G6 TiHwv epap-
polopevou ekwtepikov payvrtikov mediov kavovtag Tpocappoyn dedopévwv
OTIG TIYEG TTOV TIPOKVTITOVV OTAV TO VEVPWVLIKO SikTvo éxet 06nynBel oto oAt
KO eNdytoto. Ynoloyiletal TOTE TO amOAVTO CQAAHA e OTOXO TNV CVYKPLON
TWV TIHWOV [LE AVTEG IOV TIPOKVTTOVY aro akpPr Staywvomoinon. Tehud 1 e-
Aaxiotomoinomn tng evépyetag dnpovpyel pia avanapdotaot g Oepedwdovg
Katdotaong 1 onota éxel kwdikomomOel 0To cHVOLo TwWV TAPAPETPWV pHETA-
BoAng. Eivar 16T Suvatod va derypatoAn@bolv KataoTaoElg apyIKOTOLWVTAG
TUXALA TOVG 0PATOVG VEVPWDVEG TOV VELPWVIKO SiKTVLO Kat 0dNywvTag TO OF -
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copporia péow derypatonyiag Gibbs. Ao avto to mA80¢ Twv KataoTdcEWV
évat SuvaTod Va VTTOAOYLOTOVY TIAPATHPHOLUEG TTOCOTNTEG XPNOLUOTOLOVTAG WG
KUHATOOLVAPTNOT TNV TEptdwpla Katavopr| Twv opatwv vevpwvwy. H uébo-
d0g éxet vYNAR axpifeta ovykpvopevn pe dAleg peBOSovg amo TNV OXeTIKN
BipAioypagio kat Sev eppavilel To mpoPAnua Tpoonov, apa evdeikvutal va
epapproatel oe aAvta TPOPANHATA OTIWG 1) €VPEOT) TwV BLOTATWV TNG Oepeht-
®80VG KATAOTAONG LoXVPA AAANAETISpWVTWY QepHLLOViwY.
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Abstract

This thesis was mainly driven by the need to identify what Machine Learning
and Statistical Physics can offer to each other.

Initially, Restricted Boltzmann Machines were utilized in an unsupervised
setting to model the probability distribution represented by importance-sampled
configurations of the d = 2 Ising model. Configurations were then drawn from
the equilibrium distribution of the neural network in order to calculate expec-
tation values of observables near the second order phase transition. The expec-
tation values compare well with Monte Carlo calculations and their accuracy
shows a dependence on the number of hidden units.

A correspondence was then established between the Renormalization Group
and Deep Belief Networks . To gain further insights to their connection, the
receptive fields of a deep neural network trained near the phase transition were
visualized. The critical temperature and the critical exponents of the d = 2 Ising
model were then estimated for a system of size N = 64 %64 using a spin-blocking
renormalization group transformation .

Finally, a reinforcement learning approach was implemented based on the
variational Monte Carlo method and the introduction of quantum states in
Restricted Boltzmann Machines. The neural network was then used to estimate
the ground state energy of the d = 1 transverse-field Ising model . The results
prove to be competitive when compared with other techniques from relevant
publications.
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1. Restricted Boltzmann Machines

1.1.0 Boltzmann Machines

1.2.0

Boltzmann Machines' are a class of stochastic neural networks that share strong
ties with statistical physics. They correspond to a model that consists of stochastic
units and is representing a probability distribution. Boltzmann Machines are
described by a set of variational parameters and can be used to extract important
features of a target probability distribution. A set of data is then used to train
the model by properly adjusting it’s variational parameters at each iteration.
Eventually, one acquires a closed-form approximate representation of the target
probability distribution.

The Restricted Boltzmann Machine is a special case of Boltzmann Machines.
It consists of visible and hidden units represented visually in two layers and
connected through undirected edges. The term "Restricted” implies that no
intralayer connections are allowed. Visible units are used as input of the training
data when the model learns a target distribution. They are also used as output
for acquiring samples from the neural network’s equilibrium distribution. The
hidden units are non-linear detector of features capturing dependencies on
training data when they are used as input to the visible layer.

Restricted Boltzmann machines are also able to provide a solution for incom-
plete observations. One can fix the values of partially completed observations in
the visible layer and sample the corresponding marginal distribution eventually
acquiring the remaining visible units. They can also serve as classifiers in a super-
vised setting. It is of high importance that one can stack Restricted Boltzmann
Machines to form a deep neural network, called Deep Belief Network, that will
be introduced later.

A study follows for Restricted Boltzmann Machines > based on probabilistic
graphical models and more specifically Markov Random Fields. This rigorous
mathematical approach allows the exploitation of theorems and algorithms for a
well-established description of RBMs.

Graphical Models and Markov Random Fields

The framework of probabilistic graphical models simplifies the study of ran-
dom variables sharing conditional dependence and independence properties by

' David H. Ackley, Geoffrey E. Hinton, and Ter-
rence J. Sejnowski. A learning algorithm for
Boltzmann machines. Cognitive Science 9,1985;
and Geoffrey E. Hinton. Boltzmann machine.
Scholarpedia, 2(5):1668, 2007

> Asja Fischer and Christian Igel. An Introduc-
tion to Restricted Boltzmann Machines. Al-
varez L., Mejail M., Gomez L., Jacobo J. (eds)
Progress in Pattern Recognition, Image Analy-
sis, Computer Vision, and Applications. CIARP
2012. Lecture Notes in Computer Science, vol
7441., 2012. Springer, Berlin, Heidelberg


https://doi.org/10.1016/S0364-0213(85)80012-4
https://doi.org/10.1016/S0364-0213(85)80012-4
http://www.scholarpedia.org/article/Boltzmann_machine
https://doi.org/10.1007/978-3-642-33275-3_2
https://doi.org/10.1007/978-3-642-33275-3_2

representing them in graph structure.

Conditional independence between two sets of random variables X and
Y is defined as independence in terms of an additional set Z for all values of
X,Y, Z. This is equal to saying that:

p(z,y|z) = p(x|2)p(y|z) = p(z|y, z) = p(x|z) and p(y|z, z) = p(y|z)
(1.1)

An undirected graph G = (V, E) is a data structure that consists of a set
of nodes V' and a set of undirected edges E. The undirected edges connect
pair of nodes and are depicted as X; — X;. One can define a neighborhood N,
comprised of nodes that share a connection to a given node u:

Ny={weV:{wu}eE} (1.2)

A clique in an undirected graph G = (V, E)) is a subset of V for which all
included nodes are connected by pairs. A given clique is defined as maximal
if while satisfying the above definition it is impossible to be extended by the
addition of a node. A path between two nodes u; and u,, is defined as a finite
sequence of nodes {uy,uz,...,um € Vi {u;,ui1} € E;i=1,...,m—1.
If weassumeaset )V C V,twonodesu ¢ V and w ¢ V are separated if all paths
from w to w include a node from V.

Now, let us assume an undirected graph G = (V, E), for which to every node
corresponds a random variable X, that takes values in a state space A, = A. If
the joint probability distribution satisfies the local Markov property, the set of
the random variables X = (X, )ycv define a Markov Random Field. The local
Markov property is satisfied if a random variable that corresponds to a given
node has a conditional independence property in terms of all other variables
given the corresponding neighborhood. Equally:

P(Tul(Tw)wev\fu}) = P(Tul(Tw)wen, ), Vu € V and Vo € AV 13)

Figure 1.1: An undirected graph G =
(V, E). 'The neighborhood of node
uz is {us, ug, ug, ug}. The subsets
{ug,u10} and {us,ug,u1o} define
cliques with {us, ug, 19 } being max-
imal. The nodes u; and w1 are sepa-
rated by {ug, ur}.
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Considering a strictly positive probability distribution, it is possible to define
other Markov properties that are equivalent to the local Markov property .

The global Markov property is satisfied if for three disjoint subsets A4, B, S C
V, with S separating the nodes in A, B3, the random variables (X, ),c 4 and
(Xb)pen are conditionally independent in terms of (X)scs. Equally:

p((xa)aEAth)tESUB) = p((xa)aeAKwt)tES) (14)

The pairwise Markov Property is satisfied if two nodes that are not adjacent are
conditionally independent in terms of all other variables. Equally if {u, w} ¢ F
and vz € AIVI:

p(xu’ xw|(xt)t€\/\{u,w}) = p(xu|(xt)tEV\{u,w})p(xw|(mt)t€V\{u,w}) (1.5)

One can now naturally ask, based on the close connection of factorization
of joint probability probability distributions and conditional independence for
a set of random variables. if it is possible to factorize Markov Random Field
distributions. The theorem by Hammersley-Clifford states that a strictly positive
distribution p satisfies the Markov property with respect to an undirected graph
G = (V, E) if and only if p factorizes according to G. 3

To factorize a probability distribution over an undirected graph with C maxi-
mal cliques, a set of non-negative functions {#)¢ } ¢ must satisfy:

ve, & € AV (20) e = (B)ece = Vo) = Yo(bmz)  (1.6)

p(@) = 5 ][ vole) 1)

ceC

We define the normalization constant Z as the partition function:

Z=> 1] ve(=c) (1.8)

z CeC

For a strictly positive distribution p, the functions {1c }ccc are also positive
and:

1 1 1 _
ple) = - [ volwe) = gelecenvol@e) = —e B ()
ceC

The function E is called the energy function:

E = Z In e (xc) (1.10)

ceC

The strictly positive probability distribution p of any Markov Random Field
is then the Boltzmann (Gibbs) distribution.

3 Steffen L. Lauritzen. Graphical models. Ox-
ford University Press, 1996; and Daphne Koller
and Nir Friedman. Probabilistic Graphical
Models: Principles and Techniques. MIT Press,
2009


https://global.oup.com/academic/product/graphical-models-9780198522195?cc=gr&lang=en&
https://mitpress.mit.edu/books/probabilistic-graphical-models
https://mitpress.mit.edu/books/probabilistic-graphical-models

1.2.1 Unsupervised Markov Random Field Learning

The goal of Unsupervised Learning is the modeling of an unknown target distri-
bution represented by a set of unlabeled training data. Now, let us assume a given
graphical model with an energy function that depends on a set of variational
parameters 6. Unsupervised Learning corresponds to the adjustment of these
parameters in order to reach a representation of the target distribution ¢. This
is equal to saying that we want the model distribution p to match perfectly the
unknown target distribution ¢. The notation p(x|€) will be used to denote the
dependency of the corresponding distribution to the variational parameters 6.

One can estimate the parameters of a statistical model with maximum-likelihood
estimation. For a given set of independently drawn data S = {z;} from an un-
known distribution ¢ the parameters 6 are adjusted in order to maximize the
probability of S under the Markov Random Field distribution.

The likelihood L : © — R provides a mapping for the variational parameters
6 from a parameter space O to:

l
£(615) = [ p(=:l6) (1.11)
=1

The idea is to find the parameters 6 that will maximize the likelihood for a
given training set. Equally, one can maximize the log-likelihood:

l l
In£(0]S) =In ][ p(xil6) = > Inp(a:|0) (112)
=1 i

Assuming the Markov Random Field distribution is the Boltzmann distribu-
tion deriving an analytical solution for problems of interest could be impossible,
thus an approximate technique like gradient ascent has to be implemented.

As indicated before, unsupervised learning corresponds to an adjustment
of the variational parameters 6 in order to match the model distribution p
to the unknown distribution g represented by a finite set of training data S.
Equally, we want to minimize the distance between the two distributions. This
is achievable through a minimization of the Kullback-Leibler Divergence, i.e the
relative entropy, which for a finite space 2 is:

KL(lp) = Y al@)n T2 = 3" g(z) ng(z) - Y g(2) np(z) (113)

xe xze) xze)

It is straightforward to notice that since ¢(x) can be estimated from the
training data set S, Kullback-Leibler divergence can be expressed in terms of
the log-likelihood through — 3", ¢(z)Inp(z) with a dependence on the
variational parameters 6. The Kullback-Leibler divergence is a positive quantity
and is zero for the case of the two distributions exactly matching one another.
Therefore, maximizing the log-likelihood is equal to minimizing the Kullback-
Leibler divergence.
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To acquire the variational parameters that maximize the log-likelihood one
can use a first-order optimization algorithm called gradient ascent. Gradient

(t+1)

ascent updates iteratively the parameters 8 to 6 according to the update

rule:

ot — g _ n% <ln L(@“HS)) — 209 A0 (1)

The quantity € R is called the learning rate. The optional quantity A
corresponds to weight decay which is a penalty term that forces weights to acquire
smaller values. Additionally, the optional quantity vAG~1) is the momentum
term and forces faster updates towards the direction of the gradient based on
the previous update.

Now, let us assume the modeling of an m-dimensional target distribution
with a Markov Random Field that is comprised with an amount of nodes greater
than m. It is possible to separate the variables X = (X, )ycv into visible
V = (W, Vs,...,V,,) and latent, also called hidden, H = (Hy, Hs, . .., H,),
where n = V]| —m.

The addition of hidden variables allows a better description of the unknown
target probability distribution since correlations between visible units can be
expressed through conditional distributions. The Boltzmann probability distri-
bution of the Markov Random Field is then a joint probability distribution over
visible and hidden units (V', H). The marginal distribution of V' is a summation
over the hidden units of the joint probability distribution:

p(u) = ZP(% h) = %Ze_E(u’h) (1.15)
h

h

7 = Z e~ Blwh) (1.16)

u,h

)

where Z is the partition function. Now, if we consider a single training
example u from set S, the log-likelihood is:

_ _ 1 —E(u,h)
In £(6|u) =Inp(u|f) =1n (Z Ze

h

=1In Z e Elwh) _ 1y Z e—E(uh)
h

u,h

s

(117)

5



The gradient of the log-likelihood is:

Oln L(6|u) _ E —E(u,h) ﬂ —E(u,h)
960 _ae<lnze " 96 ane

—B(un) OE(u h
=5 Euh)z B h>7ae ) (1.18)
1 e~ E(u,h) OE(u, h)
+ S — R S
Zu,h eiE(u’h) ; 00

Given that the conditional probability is:

plu) e Pm e

u
p(hlu) = e = %Ze_E(“”h) = %:6_E(u7h) (1.19)
h

The gradient of the log-likelihood equals:

Oln L(O|u) OE(u,h) OE(u,h)
—_— = hlu)———= h)———— .
50 zh:p( L +§p(u, )50 (1.20)

It is important to notice that the two terms correspond to expectation values
under p(h|u) and p(u, h). Therefore, it is possible to calculate the expecta-
tions by sampling a representative subset from the corresponding distributions
through Markov Chain Monte Carlo.

1.2.2 Discrete-Time Markov Chains

Let us assume a sequence of discrete random variables { X k’ k € Ny} taking
values in a state space (2 and for which V & > 0 and Yy, i, 4g, . . ., ix—1 € §2 they
satisfy the Markov Property:

Pl = Pr <X<’f+1> =] X® =i, xOD =4, X0 = o)
(1.21)
=Pr <X(’““) = j|x® = z>

The sequence { X" ‘ k € Ny} then defines a Markov Chain. The Markov
property indicates that the discrete random variable X1 depends only upon
X}, and notupon X1, ..., X1, Xo so the Markov Chain is called memoryless.

A Markov Chain is time-homogeneous if the transition probabilities are in-

dependent of time. Equally, if for £ > 0, pl(,;?) =

Markov Chain is described by a transition matrix P = (p;;); jea*.

pij. A time-homogeneous

If we assume that the probability distribution of the state X g is given by
a probability vector p(®) = (19 (4));cq with u(® (i) = Pr <X(0) = z> , the

4 The rows of the Transition Matrix add to 1
and it lists all possible states in 2.
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probability distribution (¥ of random variable X (*) is given by:

N(k)T _ I,L(O)TPk (1'22)

Consequently, taking k further steps in the Markov Chain corresponds to
multiplying by P* according to the above equation.

Now, we define a stationary or equilibrium distribution 7 for the Markov
Chain if:

al =xTP (1.23)

If the Markov chain reaches at time k the stationary distribution pu* = 7
then it stays there forever, i.e for all the subsequent states we have p(*t™) =
7, Vn € N. A distribution 7 is stationary to a Markov Chain if the transition
probabilities p;;, 4, j € 2 satisfy the detailed balance condition >

7(i)piy = m(J)pji, YVi,5 € Q (1.24)

A Markov Chain is irreducible if every state is reachable through a finite
number of transitions®:

w,jegak>0withpr(X<’“)—J‘IX(O)_Z'>>0 a.25)

One can define the period d(7) of a state ¢ as the greatest common divisor
ged:

d(i) = ged{k € N(J’PT(X(IC) =i X© =i>0))} (1.26)

If d(i) = 1 for all states i € 2 then the Markov Chain is aperiodic which
implies that returning to a given state 7 is possible at irregular times.

The total variation distance between two distributions v and 3 on a finite
probability space €2 is:

dv (e, B) = gla— B = 3 3 la(x) — fal (127

zeQ

It is guaranteed for a Markov chain that is irreducible and aperiodic and

T

for which an equilibrium distribution 77" exists that it will converge to w7 as

k — oo. More specifically, considering an arbitrary initial distribution s

lim dy(u”P* =T) = 0. (1.28)
k—o0

The goal is then to construct a Markov Chain that converges asymptotically
to the desired equilibrium distribution in order to acquire a subset of samples
from it. These samples are then used to calculate expectation values of interest.

5 The Detailed Balance is a sufficient but not
necessary condition for demonstrating that a
given distribution is the equilibrium distribu-
tion.

¢ Irreducibility guarantees that the Markov
Chain cannot be trapped at a subset of the
states k. Therefore the initial state can also
be chosen freely.

7If d(¢) > 1 the Markov chain is periodic.
Periodicity implies that at regular intervals the
Markov Chain can only return to a specific
state 4. This clearly interferes with our plan of
reaching an equilibrium distribution.



1.2.3 Gibbs Sampling

Gibbs sampling is a Markov Chain Monte Carlo technique and can be consid-
ered a special case of Metropolis-Hastings algorithms. The idea is to randomly
choose a state from a proposal distribution and accept it based on an acceptance
probability while satisfying the condition of detailed balance.

Let us define a Markov Random Field described by an undirected graph G =
(V,E), V ={1,..., N} withasetof random variables X = (X£k), ce XI(\?)),
X, 1 € V that take values in a finite set A and a joint probability for X equal to
m(z) = e ¢@).

We will assume that the Markov Random Field evolves in time with discrete
steps and it’s state is given by x® — (X{k)7 cee Xj(f)) for time k > 0. This
time-discrete evolution can be viewed as a Markov chain X = {X ®|k € Ny}
with state space 2 = AV,

A new state is proposed by choosing a random variable X, ¢ € V with a prob-
ability g; . It is then accepted based on the conditional probability distribution
given the state (), c1\; of the remaining random variables (X ),c1\; - The lo-
cal Markov property of the Markov Random Field implies that 7 (2; | (24 ) uev\i) =
(x| (2w )wen; ). The transition probability between two different states x, y
with @ # y is defined as Py

()T (Yil(Tu)uevri), iIfFEVVUEV UFi:xy =Yy

Pxy =
0, else

The probability to remain in the same state is ppe = q(i)7(2:](Tu)uevi)-
If the Markov chain is irreducible and aperiodic then it will converge to its
equilibrium distribution and if detailed balance is satisfied then 7 is the desired
equilibrium distribution.

First we have to demonstrate that the condition of detailed balance is true.
For the case of = y it is straightforward to prove. When «x and y differ by
more than one random variables pzy, = pye = 0. When they differ exactly by
one variable X; we have:

T(€)pay = 7(2)q()7 (yil (Tu)uevi)

= ( u( u)uEV\z)q() W((fu)uevv)

— oty T (Fu)uevia) (1.29)
(yl7( u)uEV\z)Q( ) W((xu)uev\i)

= 7(Y)Py=

Therefore the condition of detailed balance holds and 7 is the equilibrium dis-
tribution. To prove the irreducibility of the Markov Chain one has to notice that
since T is strictly positive, the conditional distributions will also be positive and
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every possible state in the Markov Random Field can be reached. Additionally,
the Markov Chain is aperiodic since pge > 0 V& € A™.

The deterministic choice of a state corresponds to the periodic Gibbs sampler
algorithm where a bound can be defined for the convergence rate:

—NA)k (1'30)

1
WP* — 7| < S —7|(1—e
where P is the transition matrix, A = sup,cy 6, 0 = sup{|€(x) —
E(y)|;zi = y;iVi € V with i # 1}, ju an arbitrary distribution and 1|p — |
the total variation distance.

1.3.0 Restricted Boltzmann Machines

Having established Markov Random Fields in the previous sections, it is now
possible to define Restricted Boltzmann Machines as Markov Random Fields
corresponding to bipartite graphs with undirected edges. They are comprised
of m visible units V' = (V4,...,Vy,) and n hidden units H = (Hy,..., Hy,).
Considering that in the subsequent chapters we will study the d = 2 Ising
model and the d = 1 transverse-field Ising model, i.e models consisting of
spins with binary values, the focus is on binary Restricted Boltzmann Machines.
The random variables (V, H) then take values (u, h) € {0,1}™". The joint
probability distribution of the model is the Boltzmann probability distribution:

1
p(u, h) = Ze_E(“’h) (1.31) Figure 1.2: A Restricted Boltzmann

H function of th del E(w. ) is defined Machine which is a bipartite graph
¢ energy function of the model (u, h) is defined as: with undirected edges. The neurons

n m m n Uy, and h,, correspond to the visible

E(u,h) = — Z Z wijhiu; — Z bju; — Z cihy (1.32) and hidden units respectively. The

=15=1 =1 =1 term "Restricted” implies that no in-

The variational parameters of the model fori € {1,...,n}andj € {1,...,m} tralayer connections are allowed. Bi-

are the weights w;; associating visible with hidden units, and the biases b; and ases are not shown, but to each unit
c; of the jth visible and ith hidden unit. All the variational parameters are corresponds a bias.

real-valued. The set of visible units defines the visible layer and the set of hidden
units the hidden layer.

In Restricted Boltzmann Machines no intralayer connections are allowed. A
conditional independence then holds for units in one layer, given the units in
the other layer. In a formal notation:

n

p(hlu) = [ p(hilu) (1.33)
i=1
p(ulh) = H p(u;lh) (1.34)

This instantly implies that one can sample all variables of a given layer in
one step. Thus, only two steps are needed to sample hidden and then visible
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units, corresponding to what is known as block Gibbs sampling. The marginal
distribution of the visible layer is given by:

p(u) = Zp(u’ h) — % Z e—E(u,h)

h
:fE E E 6 j= lbane CH‘ZJ 1wqu>
hi1  hs
1 E’” bju; § eh1 CH—Z;":l wljuj) o E ehn (cn+Z§-’;1 wn]”j)
Z
hn
n
— lex}"’zl bju; H E el (CH‘Z}":l wz‘juj)
A4
i=1 h;

<

3

N \

(1.35)

The expression of this marginal distribution demonstrates why Restricted
Boltzmann Machines can be considered product of experts models .

A Restricted Boltzmann Machine consisting of m visible and & + 1 hidden
units has the capacity to model a target distribution on {0, 1}"" . The quantity
k expresses the number of elements from {0, 1}™ that are able to appear as an
observation with a probability that does not equal zero. There is an association
between dependencies among visible units and the number of hidden units
required to model a target distribution and even a smaller number of hidden
units could prove to be adequate ?

To calculate conditional probabilities of a single hidden or visible unit, one
can define as u_; the set of visible variables excluding the /th one and:

== wihi — b (1.36)
=1

B(u_y, h) Z Z wiihiu; — Z bjuj_zcihi (1.37)
im1

i=1j=1,j#l J=1,j#l

The energy function F(u, h) is then given by:

E(u,h) = B(u_y, h) + wa;(h) (1.38)

where the quantity u;a; (h) implies a collection of terms of ;. The conditional
probability of the V; visible unit given the hidden layer h is then equal to *°

% Geoffrey E. Hinton. Training products of
experts by minimizing contrastive divergence.
Neural Computation 14, 1771-1800, 2002; and
Max Welling. Product of Experts. Scholarpedia,
2(10):3879, 2007

® Guido Montufar and Nihat Ay. Refinements
of universal approximation results for deep
belief networks and restricted Boltzmann ma-
chines. Neural Computation, 2011

'© Yoshua Bengio. Learning deep architectures
for AL Foundations and Trends in Machine
Learning 21(6), 1601-1621, 2009


https://www.mitpressjournals.org/doi/10.1162/089976602760128018
https://www.mitpressjournals.org/doi/10.1162/089976602760128018
http://www.scholarpedia.org/article/Product_of_experts
https://www.mitpressjournals.org/doi/10.1162/NECO_a_00113
https://www.mitpressjournals.org/doi/10.1162/NECO_a_00113
https://www.mitpressjournals.org/doi/10.1162/NECO_a_00113
https://www.mitpressjournals.org/doi/10.1162/NECO_a_00113
http://dx.doi.org/10.1561/2200000006
http://dx.doi.org/10.1561/2200000006
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p(VE - 17 u—_ig, h)

p(u—y, h)
efE(ulzl,u,l,,h)

p(Vi =1lh) = p(Vi = 1|u_, h) =

e~ EB(u=1,u_1,h) 4 c—E(ui=o,u_1,h)
e~ Bu_,h)—1-ai(h)

e—Bu_i,h)=lai(h) 1 ¢—B(u_1,h)—0-a;(h)

e—Blu_i,h)  o—ai(h)
e—Bu_i;h) . g—ai(h) 4 ¢—B(u_i,h)

e~ Bu—i,h)g—ai(h)
e~ Blu—rh) . (e=ai(h) 4 1)
e—ai(h)

e~a(h) 41

(1.39)

= U(iwilhi +bz>

The function o is the sigmoid function:

B 1
T l4e®

o(x) (1.40)

One can derive a similar equation for a hidden unit given the visible layer.

Following the initial notation of ¢ and j both equations are given below:

p(H; = 1lu) = 0<Zwijuj + Ci> (1.41)

Jj=1

p(V; =1lh) = 0<Zwijhi + bj) (1.42)

i=1

Recall the log-likelihood gradient equation (1.20) of the Markov Random

11
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Field. If one sets the parameter  equal to the weights w;; the first term gives:

3w 2T S iy,
h h

ij
=>_ I p(helw)hiu;

h k=1
= Z Zp(hilu)p(h—i|u)hiuj
o (1.43)
1.43
= Zp (hi|u) huij h_;|u)
h_;
=1
=p(H; = l‘u)uj
= U(Zwijuj + Ci> Uj
j=1

The second term can be written as:

Z aEg;,h) _ ZP ZP hju) 8E (u, h)
u,h u
_ ZP Zp ulh) aE (u h)
h

(1.44)

Notice that the outer sum in both cases has an exponential complexity since
it is a summation over 2% states. Thus the quantity to be calculated remains
intractable even if the inner sum gets factorized in an analogous way.

The derivative of the log-likelihood for the case of setting the variational
parameter 6 equal to the weights w;; is then:

Oln L(O|u) _ _Z (hlu )3E(u,h) N p(wh)aE(u’h)

Oy Owy; L Owi;
= Z (hlu)h;u; — Zp p(hlu)h;u; (1.45)
h
=p(H; = 1|u)u ZP = 1u)u;

To adopt the common notation in literature, and assuming a training set
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S = {uy,...,u}, the mean value of the derivative of the log-likelihood is:

0lnL(6|u) OE(u, h) O (u, h)
_ 9E(w.h) | . IE(u,h)
[ 1;9 Qwi; 1 1; p(hlu ow;j T epthu) ow;;j
1
7 > [‘Sp(h\m [wilj] = Ep(h,uy[uily]
ues

= <u1h’ > <uzh >

p(hlu)gq(u) p(h,u)

(1.46)

The distribution ¢ is the distribution represented by the training set and the
above result can be rephrased as:
X <uih‘j>data <U’1h >mod(>l (1'47)

Now we can set the parameter 6 equal to the rest of the variational parameters,
i.e the biases b; and c¢;, and acquire the following expressions for the derivatives:

oln L(6
ni’)b(jm) =uj — Xu:p(u)uj (1.48)

%ﬁfw:p i=1|u) — Zp H; = 1|u) (1.49)

One can now sample through Markov Chain Monte Carlo the corresponding
terms of the above equations. There is still a problem though. Acquiring a
representative subset of samples from the model distribution would require the
Markov Chain to run sufficiently enough until it reaches equilibrium. This is
clearly not feasible due to computational cost and a further approximation has
to be introduced.

1.3.1 Contrastive Divergence

Contrastive Divergence is the most common approximation technique for calcu-
lating expectations in the log-likelihood gradient under the model distribution **
It is often denoted as CD-k where k is the number of steps that it is performed.

Instead of carrying out iterative Gibbs Sampling steps to reach equilibrium in
the model distribution, one can set the visible units equal to a training example
u(%) and run a Gibbs chain for & steps, acquiring a reconstruction u*). For alarge
number of problems, even k& = 1 proves to be enough. The biased approximation
of the gradient log-likelihood with respect to a variational parameter 6 is then
given by:

OE(u®, h) (), OE(u®) h)
g+ phlu)

CD(0,u®) = =" p(h|ul)
h h

(1.50)

" Geoffrey E. Hinton. Training products
of experts by minimizing contrastive diver-
gence. Neural Computation 14, 1771-1800,
2002; Yoshua Bengion, Pascal Lamblin, Dan
Popovici, and Hugo Larochelle. Greedy layer-
wise training of deep networks. Scholkopf, B.,
Platt, ., Hoffman, T. (eds.) Advances in Neural
Information Processing (NIPS 19), pp. 153-160,
2007. MIT Press; Geoffrey E. Hinton, Simon
Osindero, and Yee-Whye Teh. A fast learning
algorithm for deep belief nets. Neural Com-
putation 18(7), 1527-1554, 2006; Yoshua Bengio
and Olivier Delalleau. Justifying and general-
izing contrastive divergence. Neural Compu-
tation 21(6), 1601-1621, 2009; and Geoffrey E.
Hinton, Simon Osindero, and Yee-Whye Teh.
Learning multiple layers of representation.
Trends in Cognitive Sciences 11(10), 428-434,
2007


https://www.mitpressjournals.org/doi/10.1162/089976602760128018
https://www.mitpressjournals.org/doi/10.1162/089976602760128018
https://www.mitpressjournals.org/doi/10.1162/089976602760128018
https://doi.org/10.1162/neco.2006.18.7.1527
https://doi.org/10.1162/neco.2006.18.7.1527
https://doi.org/10.1162/neco.2008.11-07-647
https://doi.org/10.1162/neco.2008.11-07-647
 https://doi.org/10.1016/j.tics.2007.09.004
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One can choose to carry out contrastive divergence using the complete data
set S at each step resulting in what is known batch learning. The optimal way is
instead to use a mini-batch, i.e a subset S’ C S, especially when dealing with
large data sets.

In any case, contrastive divergence is an approximation technique and the
resulting sample might not be from the equilibrium distribution of the model.
The approximation is thus biased.

The theorem by Bengio and Delalleau ** as appearing in '3 is important in
acquiring a better understanding of Constrastive Divergence. It states that for a
Gibbs that is led into convergence:

uw® = hO = 4™ = O (1.51)

The log-likelihood gradient equals

9 OE(u® h)
il 0y = _ (0 2™ 1)
a6 () = = > p(hiu®) =g
1 OE(u® h)
k )
+ Epu)|u© Eh p(h|u( ))T (1.52)
dInp(u®)
+Ep(u<k))|u(0) T

and the final term converges to zero as k — oo.

The mixing rate of the Markov chain is a measure of how fast it reaches the
equilibrium distribution. It is described by the transition probabilities and is one
of the factors-along with the number of steps- that influences the approximation
error. The magnitude of the variational parameters affects the mixing rate. This
is evident from the the expressions of the conditional probabilities in terms of
the sigmoid function where high values of the variational parameters correspond
to values close to zero or one for the conditional probabilities. The Markov chain
then has a slower time evolution.

The following theorem '4 gives an upper bound on the expectation of the CD

approximation error under the empirical distribution:

Theorem 1 (Fischer and Igel). Let p be the marginal distribution of the RBM
visible units and q the empirical distribution defined by a set of samples u, . . . , u;.
An upper bound on the expectation of the error of the CD-k approximation of the
log-likelihood derivative with respect to an RBM parameter 6, is

dInp(u®)

1 —(m-+n k
E(g) o) | Epumluo) | g5 | || < 5la = pl(1 = "%

(1.53)

2 Yoshua Bengio and Olivier Delalleau. Justi-
fying and generalizing contrastive divergence.
Neural Computation 21(6), 1601-1621, 2009
 Asja Fischer and Christian Igel. An Intro-
duction to Restricted Boltzmann Machines.
Alvarez L., Mejail M., Gomez L., Jacobo J. (eds)
Progress in Pattern Recognition, Image Analy-
sis, Computer Vision, and Applications. CIARP
2012. Lecture Notes in Computer Science, vol
7441., 2012. Springer, Berlin, Heidelberg

'4 Asja Fischer and Christian Igel. Bound-
ing the bias of contrastive divergence learn-
ing. Neural Computation 23, 664-673, 2011;
and Asja Fischer and Christian Igel. An In-
troduction to Restricted Boltzmann Machines.
Alvarez L., Mejail M., Gomez L., Jacobo J. (eds)
Progress in Pattern Recognition, Image Analy-
sis, Computer Vision, and Applications. CIARP
2012. Lecture Notes in Computer Science, vol
7441., 2012. Springer, Berlin, Heidelberg
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https://doi.org/10.1007/978-3-642-33275-3_2
https://doi.org/10.1007/978-3-642-33275-3_2
https://doi.org/10.1162/NECO_a_00085
https://doi.org/10.1162/NECO_a_00085
https://doi.org/10.1162/NECO_a_00085
https://doi.org/10.1007/978-3-642-33275-3_2
https://doi.org/10.1007/978-3-642-33275-3_2
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2nd Hidden
layer

Hidden
layer

1st Hidden
layer
Visible
layer
Visible
layer
with
A= maw{ mazx 0;, max &} (1.54)
1e{l,..,m} 1e{l,...m}
where
m m
01 = max{ > Twusoywin + b, | Y Tw<oywit + b } (1.55)
i=1 =1
and

Z Tiw, <oywij +a

j=1

Z Iiw >oywi; + ¢

j=1

)

& = mam{ } (1.56)

The bound shows a dependence on the amount of visible and hidden units of

the Restricted Boltzmann Machine, the absolute variational parameters and the
variation distance between the model distribution and the initial distribution
of the Gibbs chain. It is not necessary that completing a contrastive divergence
learning will result in a maximum likelihood training because of the inherent
approximation error. The bias might also lead the parameters to converge in
values that don’t correspond to maximum likelihood. Additionally, the likelihood
might start to diverge after some iterations if the contrastive divergence steps k
are not high enough. Fine tuning the weight decay can help deal with the last
problem.

1.4.0 Deep Belief Networks

Restricted Boltzmann Machines are very common in deep learning architectures.
One can stack RBMS and form a generative model that consists of multiple

Figure 1.3: A comparison of the (i)
Restricted Boltzmann presented in
top-down approach and (ii) A Deep
Belief Network that features both di-
rected and undirected edges. It con-
sists of multiple hidden layers, and
similarly with the Restricted Boltz-
mann Machine no intralayer connec-
tions are allowed.
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hidden layers called Deep Belief Network *>. Similarly with Restricted Boltzmann
Machines no intralayer connections are allowed in a Deep Belief Network. The
connections between the last two hidden layers are undirected while all other
are directed. Every two layers in a DBN are described by a set of variational
parameters {w, b,a} .

A Deep Belief Network is formed by initially training a Restricted Boltzmann
Machine using contrastive divergence. The values of the hidden layer when
the data are clamped to the visible layer serve as the training set of a second
Restricted Boltzmann Machine . This procedure can then be repeated many
times to form new layers.

Generating samples from a DBN is possible by alternate Gibbs sampling of
the last two hidden layers until they reach equilibrium. A single pass through
the rest of the model will then result in a reconstruction from the visible layer.

' Geoftrey E. Hinton and Ruslan R. Salakhutdi-
nov. Reducing the dimensionality of data with
neu- ral networks. Science 313(5786), 504-507,
2006; and Geoffrey E. Hinton, Simon Osin-
dero, and Yee-Whye Teh. Learning multiple
layers of representation. Trends in Cognitive
Sciences 11(10), 428-434, 2007


https://doi.org/10.1126/science.1127647
https://doi.org/10.1126/science.1127647
 https://doi.org/10.1016/j.tics.2007.09.004
 https://doi.org/10.1016/j.tics.2007.09.004

2.1.0

2. 'The Ising Model

The Ising Model in d = 2 and it’s Second Order Phase Transition

A short but concise introduction follows for the 2D Ising Model and it’s second
order phase transition. Markov Chain Monte Carlo simulations are also included
based on previous chapters, relevant literature ' and publications.

A Markov Chain Monte Carlo(MCMC) simulation is performed on a system
described by the canonical ensemble in order to calculate the expectation value
of an observable quantity O:

(0) = : ipko(k) -1 i OW BB (2.1)
Zi3 Zi3 . .
The inverse temperature 3 = 1/kgT weighs the energy in the exponential and
determines a characteristic energy scale. The Boltzmann constant is subsequently
chosen to be kg = 1. The superscript k£ denotes a state of the system to which
corresponds a configuration {s;} with degrees of freedom s;, 7 = 1,..., N.
A given configuration has an observable quantity O*) and an internal energy
E%)_ The sum is over all possible configurations {s; }. The normalizing constant
Z which encodes all the statistical information of the system by counting all
states with their correct weight is called partition function and is given by:

K

Z=27)=) """

k=1

(2.2)

Any thermodynamic observable quantity can be calculated with prior knowl-
edge of the partition function Z. For example the internal energy U = (FE), the
specific heat C' and the Helmholtz free energy F’ are given by:

_ B olnZz
U=(E)=— 95 (2.3)
C—kﬁ2821nz (2.4)
= Bl 2.4
F:—lmz (2.5)

B

' Konstantinos N. Anagnostopoulos. Computa-
tional Physics: A Practical Introduction to Com-
putational Physics and Scientific Computing
(Using C++). Konstantinos N. Anagnostopou-
los and the National Technical University of
Athens, 2016; Bernd A. Berg. Markov Chain
Monte Carlo Simulations and their Statistical
Analysis: With Web-Based Fortran Code. World
Scientific Publishing Co. Pte. Ltd, 2004; and
M.E.J Newman and G.T Barkema. Monte Carlo
Methods in Statistical Physics. Oxford Univer-
sity Press, 1999

—O0
— 0
—O0
Figure 21: A N = 4 x 4 Ising
Model in a square lattice with pe-

The
red lines correspond to the nearest

riodic boundary conditions.

neighbor interaction for the selected
spin. The case of selecting a boundary
spin is included. Black dots resem-
ble spins facing downward s; = —1
and white dots spins facing upward
s; = +1.
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http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.worldscientific.com/worldscibooks/10.1142/5602
http://www.worldscientific.com/worldscibooks/10.1142/5602
http://www.worldscientific.com/worldscibooks/10.1142/5602
https://global.oup.com/academic/product/monte-carlo-methods-in-statistical-physics-9780198517979?cc=gr&lang=en&
https://global.oup.com/academic/product/monte-carlo-methods-in-statistical-physics-9780198517979?cc=gr&lang=en&
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Let us assume a field of fixed value Y and a conjugate variable X coupling to
it, included in the form — XY in the Hamiltonian. It is possible to calculate the

expectation value of X as:

oF
X = —— .
< > oY ) (2 6)
and the susceptibility, i.e the response of X to changesin Y as:
0(X)
X = A (2.7)

The Ising model > has a Hamiltonian:

H=-— ZJijsiSj + st“ (28)

(i) i

with possible spin values s; = =£1 positioned on sites of a hypercubic d-
dimensional lattice. The constants J;; measure the strength of interaction be-
tween spins and will be set to J;; = J = 1, defining a ferromagnetic model3.
The external magnetic field B is set to zero for the rest of the chapter. The total
amount of spins equals N = Hle n; where n, are the edge lengths of the
lattice and d the dimensionality of the model. We will assume nearest-neighbor
interactions (ij) and a dimensionality of d = 2, studying the square lattice. The
system has a total number of 2V configurations and is impossible to solve by
carrying out the summation except for very small sizes. Thus, the need for a
statistical approach arises.

Thanks to the analytical solution of the 2D Ising Model4, it’s relevant simplicity
and the fact that it exhibits a second order phase transition for the critical

temperature:

B. = L 11n(1 +v/2) ~ 0.44068679 . . ., (2.9)
T. 2

it is a perfect candidate for testing novel simulation techniques. It also had
a great impact in the study of statistical physics and quantum field theory. Ad-
ditionally, Onsager’s analytical solution provides exact values of the scaling
relations known as critical exponents that take universal values irrelevant of the

system’s topology or form of interaction.
Let us define the correlation length £ as a measure of the lattice spacing where
two degrees of freedom are measurably correlated. The reduced temperature ¢ is

defined as the distance from the critical point:

(2.10)

> E. Ising. Beitrag zur Theorie des Ferromag-
netizmus. Z. Phys. 31,1925

3 J > 0 defines a ferromagnetic model while
J < 0 defines an anti-ferromagnetic model.

*Lars Onsager. Crystal statistics. I. A two-
dimensional model with an order-disorder
transition. Physical Review, Series II, 1944


https://doi.org/10.1007/BF02980577
https://doi.org/10.1007/BF02980577
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/PhysRev.65.117
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Onsager’s exponent values are then given by:

correlation length & ~ [t|™"
specific heat C ~ |t|™¢
magnetization M ~ |t|?
magnetic susceptibility x ~ [t|” (2.11)
magnetization(field)M ~ B~ (t = 0)
correlations (s;s;) ~ |x; — x| ~4T27,
for |z; — x| — oo, (t =0)

7 1
7 6=15n= - (2.12)

We will revisit the critical exponents later as they will be calculated with

1
—1l.a=0 8== ~=
V b a’ ) /B 87 ’Y

Real-Space Renormalization Group.

Before moving on we shall proceed with some necessary definitions. Order
parameters are an important tool in the identification of a second order phase
transition as they characterize a symmetry of the system. In the Ising Model the
magnetization M is an order parameter vanishing in the disordered phase due

to the Zs symmetry s; — —s; > whereas it has a constant value for the ordered 5 The Hamiltonian of the Ising Model is the
same under the reflection symmetry s; —

. ] g . —s; on a configuration {s; } of spins, while
The critical exponents define a universality class. All models in the same the magnetization M is opposite.

phase. The magnetization then is, a non analytic function of the temperature.

universality class must share same symmetries and dimensionality of space. They
exhibit the same large-scale behavior as their microscopic description becomes
irrelevant. Universality and scale invariance appear as the correlation length of
the system £ — co. The diverging correlation length is uniquely defined, as all
quantities diverge in terms of one parameter, the reduced temperature.

Scale invariance denotes that large scale interactions of the model only depend
on the ratio of the corresponding length to the diverging correlation length. The
correlation length exceeds any characteristic length scale of the system, e.g the
lattice spacing, as the reduced temperature is decreased. In accordance with the
universality class it is enough to find a scale-invariant model in the appropriate
dimension that has the required symmetry to simplify the study of a second
order phase transition near the critical point.

2.1.1 Importance Sampling and Re-weighting

The estimator of an observable quantity O from M Monte Carlo measurements
O, is given by the equation:

D iniileiﬁEi
Ej pj_leiﬁEj

The Boltzmann probabilities p correspond to the states sampled at the speci-

Oy = (2.13)
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fied temperature, recasting the above equation to an importance sampled form:

Zi Oi(eiﬁEi)flefﬁEi 1
Om = S e(=BE;)~1e—BE; i Zoi (2.14)
J :

If we assume at the above equation Boltzmann probabilities of a sufficiently
close temperature 3, we have:

Z, Oie_(ﬁ_BO)Ei
Om = Z— :
Zj e—(B—Bo)E;

(2.15)

with the possibility of re-weighting in a range 5o = A where A — 0 in

the thermodynamic limit 6, ¢ Alan M. Ferrenberg and Robert H. Swend-
sen. New Monte Carlo technique for studying

Rewriting the partition function in terms of the density of states n(F), i.e the ©
phase transitions. Phys. Rev. Lett. 61,1988

number of configurations with internal energy E we have:

Z=27p)=> n(E)e " (2.16)

For a given value of 3 in a range of temperatures that are sufficiently distant
from the critical point the energy probability density is:

Ps(E) = cgn(E)e PP (2.17)

with cg the appropriate normalization constant. The energy probability den-
sity peaks around the average value of F(/5) with a width proportional to the
square root of V'V where V is the volume of the system. It’s due to the local
correlation of the spins, away from the critical region, that the fluctuations are of
N ~ V and a typical fluctuation is ~ v/N. The re-weighting range mentioned
earlier is of A3 ~ 1/v/V keeping ABE ~ +/V within the fluctuations of the
system. We note that the larger fluctuations present in the critical region allow
for larger re-weighting ranges.

It is possible to classify for a given temperature 5 the importance of configu- o1 2
rations based on the large values of the probability density P3(E). One must T
then sample configurations with the appropriate Boltzmann weights through
the implementation of a Markov process: S I

8 9 10 11 12 13 14
wgf) = ¢~ PEY (2.18)
12 13 14 15 0 1 2
2.1.2 Metropolis algorithm L
Using the mathematical concepts introduced for Markov Chains and Gibbs AR
Sampling in 1.2.2 and 1.2.3 we assume a given configuration & for which the s 9 10 u)l1 1 ou
transition probability to obtain a configuration ! is given by W\ *) = W[k — 1].
The transition matrix W is then defined as: porr

W= (W(l)(k)) (2.19) Figure 2.2: An example of helical
boundary conditions chosen for the
implementation of the Metropolis al-

gorithm.


https://doi.org/10.1103/PhysRevLett.61.2635
https://doi.org/10.1103/PhysRevLett.61.2635

The condition of detailed balance does not imply a unique set of values for
the transition probabilities W (1 (¥), The Metropolis algorithm 7 which is widely
used and computationally simple, proposes for a given configuration k, new
configurations [ with transition probabilities f (I, k) which are normalized:

Zf(h k)=1 (2.20)
!

The probability to accept a new configuration [ is:

/ 1 for E' < EF
= (2.21)

P
1 1 k
e PE=ED)  for Bt > EF

wO® Z in |1, 28
Py

The acceptance rate can be defined as a ratio of accepted new configurations
over proposed moves. This definition does not include as accepted the proposal
of the current configuration .

The Metropolis algorithm results in the transition probabilities:

WO® = r(1, K)yw®® for +k (2.22)
W®EE = fk k) + Z FLE)(1 —w®) (2.23)
I#k

In order for the condition of detailed balance to be satisfied for W (1(k) /77 (k) (k)

the symmetry condition below must be used:

f(L k) = f(k,1) (2.24)

In general the probability density f(I, k) could be unconstrained and allow a
variety of choices for the transition probabilities. It is also possible to use different
acceptance probabilities resulting in non-symmetric proposal probabilities®.

The observable quantities to be measured at each sweep are the internal

energy:

E=- Z 585, (2.25)
(ig)

and the magnetization

M= (2.26)

s
i

It is of high importance to measure the absolute value of the magnetization.

The Z5 symmetry implies that configurations with every spin opposite have
equal probability to appear. One can normalize the energy per link, acquiring
the expression:

() = = (B) = o (E) (2.27)
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7 Nicholas Metropolis, Arianna W. Rosenbluth,
Marshall N. Rosenbluth, and Augusta H. Teller.
Equation of State Calculations by Fast Com-
puting Machines . The Journal of Chemical
Physics 21, 1087, 1953

¢ Wilfred K. Hastings. Monte Carlo sampling
methods using Markov chains and their appli-
cations . Biometrika 57: 97-109, 1970
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Similarly the magnetization can be normalized per spin:

(m) = % (M) (2.28) Initiall(?ongurtior.l:

The rest of the quantities that will be of interest in our calculations are the

specific heat:

c=BN((e—(e)") = B*N((e*) - (e)") (2.29)

and the magnetic susceptibility:
X = BN ((m— (m)?)) = BN ({m?) — (m)?) (2.30)

2.1.3 WOolff's Cluster Algorithm

The development of a cluster Markov Chain Monte Carlo algorithm came as a
result of a mapping from the ¢ state Potts Model to a percolation model of spin
clusters.?

The benefit of using a cluster algorithm is the option to flip clusters of spins at
every sweep, therefore reducing or eliminating the critical slowing effect during
the study of second order phase transitions.

The formulation of Swendsen-Wang clusters is achievable by creating bonds
among neighboring sites ¢ and j with probability:

Dlij) = maz[0,1 — e:vp(f2ﬁc5qi_,q‘7 )] (2.31)

The Wolft cluster algorithm '© that allows the flipping of one cluster per sweep

will be implemented. The steps describing the algorithm are: Figure 2.3: Configurations of the 2D
Ising Model sampled with the Wolff

1. We randomly choose a site ¢ and assign it to a corresponding cluster c. Algorithm for b = 0.43 and L =
100.

2. The nearest neighbors of site ¢ are added to the cluster based on the probability 9 Robert H. Swendsen and Jian-Sheng Wang.

Nonuniversal critical dynamics in Monte
Carlo simulations. Phys. Rev. Lett. 58, 86, 1987;
C. M. Fortuin and P. W. Kasteleyn. On the
3. Subsequent iterations of the above step are executed on all added sites until random-cluster model: I. Introduction and re-
lation to other models. Physica, Volume 57
Issue 4, 1972; Dietrich Stauffer and Ammon
, Aharony. Introduction To Percolation Theory.
4. Allsites of the cluster c are assigned a new spin value g; # ¢; which is chosen CRC Press, 1994; and Henk W. J. BlAdite and
Youjin Deng. Cluster Monte Carlo simulation

o ] . of the transverse Ising model. Phys. Rev. E 66,
studied in this thesis . 066110, 2002

D(ij)-

the process is terminated.

uniformly from the set of ¢ — 1 alternative values, where ¢ = 2 for the model

. . - . . *o Ulli Wolft. Collective Monte Carlo Updating
There is a finite probability that a single site ¢; can formulate a cluster and for Spin Systems. Phys. Rev. Lett. 62, 361, 1989

every spin g, # g; is reachable. Repeating the above for a number of times
greater or equal to the size of the system, there is a finite probability that all sites
can be included. This guarantees the irreducibility of the Markov Chain.


https://doi.org/10.1103/PhysRevLett.58.86
https://doi.org/10.1103/PhysRevLett.58.86
https://doi.org/10.1016/0031-8914(72)90045-6
https://doi.org/10.1016/0031-8914(72)90045-6
https://doi.org/10.1016/0031-8914(72)90045-6
https://www.crcpress.com/Introduction-To-Percolation-Theory-Revised-Second-Edition/Stauffer-Aharony/p/book/9780748402533
https://doi.org/10.1103/PhysRevE.66.066110
https://doi.org/10.1103/PhysRevE.66.066110
https://doi.org/10.1103/PhysRevLett.62.361
https://doi.org/10.1103/PhysRevLett.62.361

2.1.4

To show that the condition of detailed balance holds one has to consider two
configurations {¢; } and {qg;/} that differ exactly by one flip of a cluster c. The
cluster c has then a probability:

C
Pe= % H Pig) H exp(—2B834;,q;) (2.32)
(ij)€c (ij)€c,j#c

The cluster ¢ has a number of sites |c|. The quantity |c|/N defines the proba-
bility to pick a spin of the cluster at the first step of the Wolff Algorithm. The
cluster that differs by exactly one flip in the configuration {¢; } has a probability:

’ C 7
P.= % H DPiz) H exp(—?ﬁéq;q;) (2.33)
(ij)€c (ij)Ec,j#e
Since the cluster in both cases consists of identical spins p/< iy = Plij)- The
rest of the spins outside the clusters in both systems are identical since we have
assumed that they differ only by a flip of c. The condition of detailed balance is
then:

wlahe)  w({gl - {q}) &P ( =282 ) 5%%) _ exp(28E)

wlarieh)  W({q} = {a}) exp ( ~ 283 5q;7q;> exp(2BE")
(2.34)
A whole study can be conducted in order to compare the performance of the
two algorithms in the critical region. This study though overlaps with the author’s
undergraduate thesis and is therefore skipped. The focus is on demonstrating
that the neural network can calculate observable quantities with high accuracy
using both algorithms.

Equilibration and Autocorrelation

A typical Markov Chain Monte Carlo simulation can be separated into two
essential parts. The equilibration part, also known as thermalization, and the
production part. The equilibration part consists of the initial sweeps performed
in order to reach the equilibrium distribution which are of no use to the calcula-
tion of expectation values, and are thus to be discarded. The production part
consists of the subsequent sweeps after reaching equilibrium which are used for
measurements and the calculation of the expectation values.

One can naturally wonder how many sweeps are needed to reach the equi-
librium distribution. Even though a rigorous answer can be offered for some
cases ' the general consensus is that the discarded sweeps must be chosen ap-
proximately right. The measurement of the integrated autocorrelation time, to
be introduced below, cannot always be achieved in practice. The inclusion of
non-equilibrium configurations in the final data means that configurations with
zero probability in the equilibrium distribution contribute in the expectation
values. This contribution declines by 1 /N as the amount of equilibrium sweeps
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" James Propp and David Wilson. Coupling
from the Past: a User’s Guide, 1997
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N increases and can also be overcome by the statistical errors which decline
like 1/+/N. It is always important to exclude the equilibration part in order to
conduct proper equilibrium statistics. Also generally there are other possible
problems that can arise during the equilibration part, like the system reaching a
metastable configuration. We note that equilibration becomes a more serious
problem as the size of the system increases and when autocorrelation times are
large.

Once the equilibration part is complete, the expectation value f of some
observable quantity can be calculated by an amount of measurements from
corresponding sweeps. It is important though to understand the autocorrelations
inherent in a Markov Chain before conducting a proper measurement.

Defining as x; configurations produced in equilibrium and assuming N
measurements from a Markov Chain we have:

fi=filxs),i=1,...,N (2.35)
The Markov Chain is time-discrete and each time step between two measure-
ments f;, fi+1, which corresponds to a sweep, resembles the same amount of
time.
The estimator of the expectation value fis:

F=u>0 (236

The autocorrelation function of the observable quantity f is defined as:

Ct)=Cy
= ((fi = (FN5 = (F)) (237)
= (fify) — (fi) {f3)
= (fofe) — f?

where ¢t = |i — j| and the system is time-translation invariant. When ¢t — oco:

Ct) ~ emp( ! ) (2.38)

Texp

The quantity 7, is defined as the exponential autocorrelation time. The
eigenvalue Ao = 1 of the transition matrix has as an eigenvector the equilibrium
distribution. The exponential autocorrelation time can be expressed in terms
of the eigenvalue )\ if we assume that f has a projection which does not equal
zero on the eigenstate. The exponential autocorrelation time is then:

Texp = — In Ay (2.39)

It is of importance to mention that the variance of f is related with the
autocorrelations through the expression:

C(0) = o*(f) (2.40)



The variance of f for the autocorrelation functions and the mean is expressed

1 N N A . .
=3 2D Nifi = fif = fif + 1)

i=1 j=1 (2.41)

1 N N )
= 2 [ (h) - 7]

The last sum can be rephrased by noticing that | — j| = 0 appears a total of
N times and |i — j| =t with 1 < ¢ < (N — 1) appears 2(N — t) times:

. 1 R N-1 R
o*(f) = e NC(0)+2 ) (N—-t)C(t) (2.42)
0_2 N—-1
A0 =P [ (1 fv)é@] a9
o C@) .
et) = &) (2.44)

One can make a comparison then between the variance of the estimator f
calculated above and the expression for the uncorrelated case:

2
Ugncorrelated(?) = U]E/-f) (2-45)

The different term is defined as the integrated autocorrelation time:

N—-1 n
142> (1 - N)a(t)] (2.46)

It is then straightforward to notice that the variance of the mean for correlated

Tint =

data is larger by a factor of ¢;,,; than the uncorrelated case:

e
int — - -
O—Sncorrelated(f)

In the thermodynamic limit N — oo the equation 2.46 is:

(2.47)

Tint = 1+ 2 Z é(t) (2.48)
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Estimating the integrated autocorrelation time is not an easy task. The esti-
mator 7;,, in the thermodynamic limit is:

Tt =1+2) 2(t) (2.49)
t=1

The variance of the above estimator then diverges:

02 (ting) — 00 (2.50)

If we assume an estimator that depends on ¢ :

Tine(t) = 1+2) 2(t)) (2.51)
t=1

we can make an estimate of the integrated autocorrelation time by searching
for the best value where 7;,,:(t) is independent of ¢ . An alternative method
follows below.

2.1.5 Binning Analysis and Integrated Autocorrelation Time

It is possible to acquire an estimation of the integrated autocorrelation time by
using the expression 2.47. 2.

Let us assume that we have separated the IV time series measurements into
Ny, bins where Ny, < N and each N, consists of N measurements:

N
Ny = N—bs (2.52)
The data which have been binned are the averages:
N 1 JN
=5 2 fui=1... Ny (2:53)

b i1 G-1)N,

An increase in the amount of measurements inside each bin would correspond
to a decrease in the autocorrelations. Eventually the amount of measurements
inside each bin would be greater than the exponential autocorrelation time 7,
and only bins that are next to each other would be autocorrelated. An even
greater increase in the size of each bin would lead to even further reductions for
the autocorrelations.

Assuming now all IV, bins we can calculate the mean using the [V, measure-

ments inside each bin:

Nps

—N, 1 N
fi = m;fj ’ (2:54)

We are now considering that we have uncorrelated data and the error bar is
equal to the standard deviation:

o= \/Nbsl—l (E - Tj2) (2.55)

2 H. Flyvbjerg and H. G. Petersen. Error es-
timates on averages of correlated data . The
Journal of Chemical Physics 91, 461, 1989
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The integrated autocorrelation time for the case Ny — oo is:

. N
Tint = Nlblinoo Tins (2.56)
where:
2
37
N N,
Tint = ’;3 : (2.57)
f

and the unbiased estimator of the variance is

(5) = 3 (50" = 57 i (zf —7")° (258)
T N-1") T N-14 '

From a practical point of view, a large value of [V, would be enough to assume
Ny — oo. The S% N, Present in the numerator of 7\ have the main role in
estimating the error of 7;,,; since for the case of IV;, — oo the values s% will be
much smaller. A finite size IV}, of measurements that corresponds to practically
uncorrelated data is a decent estimate for 7;,,;. Considering that using the central
limit theorem the data resulting from binning can be approximated as Gaussian,
the quantity s% N, 18 known analytically. The N},¢ bins chosen to be independent
then correspond to the error. For the s% in the denominator, the effective number
of data that have no correlation can be used:

N
Neffective = T (2~59)

int

The integrated autocorrelation time is important during the Markov Chain
Monte Carlo simulation. Initially, a choice of sweeps that are far greater than
Tint Must be executed during the equilibration part in order for the system to
arrive at equilibrium. Additionally, knowledge of the integrated autocorrelation
time allows the calculation the variance for correlated data:

() = rim

Therefore, one can use this knowledge to calculate the errors:

Af =1/o%(f) (2.61)

It is not always easy to calculate the integrated autocorrelation time though,

(2.60)

particularly in large scale simulations. Therefore, one might have to rely on using
the binning method for error estimation by considering a constant amount of
bins Nps. Eventually, as the number of measurements increases the data that
constitute different bins will become statistically independent and the error
analysis will be reasonable.

Sometimes we might be able to derive an estimation about the magnitude of
the 7;,,;. For the case of V = L9 lattice near the critical region, the integrated
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autocorrelation time increases as:

Tepu = Li+z (2.62)

The quantity z is the dynamic critical exponent and it can estimated using
finite size scaling extrapolations. Other error analysis techniques could be imple-
mented, like the jackknife and bootstrap method but the binning analysis should
suffice for the problems studied.

Unsupervised Learning of the d=2 Ising Model

The probability distribution represented by real-space configurations of the
d = 2 Ising model can be modeled using our prior implementation of Restricted
Boltzmann Machines.

Let us assume a data set {u; } of spin configurations produced by a Markov
Chain Monte Carlo simulation of the d = 2 Ising model for a finite temperature
using either the Metropolis or Wolff’s cluster algorithm. This data set is de-
scribed by an empirical probability distribution ¢ and the neural network by the
model distribution p. The main goal is the minimization of the Kullback-Leibler
divergence between g and p so as they exactly match one another.

When the neural network training is complete it can be led into equilibrium
by randomly initializing the visible units and executing alternate Gibbs sampling.
It is then possible to sample approximate states of the d = 2 Ising model from
the neural network’s equilibrium distribution in order to calculate observable
quantities. These approximate states, which are also called reconstructions, are
treated exactly like the Markov Chain Monte Carlo data . The interest is on
studying the critical region and observe the dependence between the number
of hidden units and the accuracy of the expectation values calculated from the
corresponding configurations.

The neural network is described by n,, visible units and 75, hidden units. The
weights w are the variational parameters since we have assumed an extra node
fixed to value one in order to use one update rule. For each temperature a neural
network is trained on 100000 configurations for the cases of n, = 64,16,4
units and 500 epochs. The system studied is the Ising model with a size N =
L+ L = 8 % 8 = 64 in a square lattice and nearest neighbor interactions. The

o — (2.6)
w X _— 2.
Ny + Ny, 3

Contrastive divergence is carried out for a number of 20 steps and the training

weights are initialized as:

is on a mini batch of 50 samples. The learning rate is set to [ = 0.01 and no
weight decay or momentum term is included.

We notice from the calculation of observable quantities that the Restricted
Boltzmann Machine can reproduce configurations that give more accurate results
away from the phase transition. The observable quantities calculated near the



critical point are accurate for nj, = 64 number of hidden units but not for the
other two cases n;, = 16, 4. For the internal energy, non accurate results are
expected. The neural network is unaware of the constraint we have imposed in
the calculation which is the nearest neighbor interaction. This information isn’t
encoded in the data set and a smaller number of hidden units cannot capture
the correct dependencies in order to give accurate results. The magnetization
is the opposite case. Since the training is conducted on spin configurations the
magnetization is encoded in the data set. It is a summation over all spins without
a dependence on some local constraint. The neural network is able to capture
the correct behavior for all cases of hidden units. The results for the specific heat
and the magnetic susceptibility show some inaccuracy for a smaller number of
hidden units. This is due to the fact that critical fluctuations arise near the phase
transition and a larger number of hidden units is required in order to model
them . The accuracy of the results near the second-order phase transition is then
clearly dependent on the number of hidden units.

The Restricted Boltzmann Machine has then the capacity to be used as a
basic research tool since consistent results can be achieved across the ordered,
disordered and critical regions. The unsupervised setting implies that it has
to be used in conjunction with a set of Monte Carlo or Molecular Dynamics
data. Additionally, it also offers the option to "compress" the system through
reduction of the amount of hidden units. This approach is of high importance
since the correspondence between the Renormalization Group and energy based
Deep Learning is established in the next chapters for the case of unsupervised

learning.
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Figure 2.5: Figures of the internal energy and the specific heat per site for a lattice of site N = L « L = 8 * 8 = 64. The Restricted

Boltzmann Machine has been trained on data from (i) the Metropolis algorithm and (ii) Wolff’s cluster algorithm. It is evident that in

general the neural network works best away from the critical temperature 5. ~ 0.4407 for different numbers ny, of hidden units. When
hidden units are equal to visible units the expectation values compare well with the ones from Monte Carlo since the RBM is able to

model the probability distribution better.
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Figure 2.7: Figures of magnetization < m > and magnetic susceptibility < x > per site . The Restricted Boltzmann Machine has been
trained on data from (i) the Metropolis algorithm and (ii) Wolff’s cluster algorithm. We notice that for the case of magnetization the
expectation values calculated from configurations produced by the RBM are accurate for all cases of hidden units.






3. The Renormalization Group and Deep Belief Networks

3.1.0 Real-Space Renormalization Group

The Renormalization Group® is an important technique in theoretical physics
when confronting problems of many length scales. One can implement a renor-
malization group transformation and arrive at a coarse-grained description of a
system. It is then possible to extract features that describe large scale interactions
while integrating out degrees of freedom at short distances.

Among the Renormalization group techniques, the real-space renormaliza-
tion ? is an approximate method that replaces the physical spins with auxiliary
ones, which we will also call hidden, through an iterative procedure. The goal is
to ensure that the rescaled system preserves the information at large scale of the
original system. This can be achieved by an appropriate choice of the parameters
that couple the auxiliary spins with the ones on the original spin system. The
choice is based on minimizing the difference of the free energies between the two
systems. The technique can be performed again on the auxiliary spins, resulting
in a new coarse-grained description of the system.

Let’s consider an ensemble of N binary spins on a lattice, where each spin
can have a possible value of +1 . Given a set of spins {u; } with Hamiltonian
H ({u;}) , the probability of a spin configuration in thermal equilibrium is given
by the Boltzmann probability distribution:

e~ H{uwi})
P({ui}) = ——— (3.1)
where the inverse temperature [3 is set to one. The partition function Z is
then given by:
7 = Tr{ui}e_H({“’i}) = e~ H{uil) (3.2)
{us}

and the free energy of the system:

F*=—logZ = —log (Tr{ui}e_H({“i})) (3.3)

A general Hamiltonian of the model would depend on a set of coupling
constants K = { K} that describe interactions between degrees of freedom of

' Kenneth G.Wilson and J.Kogut. The renor-
malization group and the If expansion. Physics
Reports, Volume 12, Issue 2, 1974; and Kenneth
G.Wilson. The renormalization group and crit-
ical phenomena. Rev. Mod. Phys. 55, 583, 1983

*John Cardy. Scaling and Renormalization
in Statistical Physics. Cambridge University
Press, 1996; Leo P. Kadanoff. Statics, Dynamics
and Renormalization . World Scientific, 2000;
Nigel Goldenfeld. Lectures On Phase Transi-
tions And The Renormalization Group (Fron-
tiers in Physics) . Addison-Wesley, 1992; Leo P.
Kadanoft, Anthony Houghton, and Mehmet C.
Yalabik. Variational approximations for renor-
malization group transformations. J. Stat. Phys.
14: 171, 1976; and Efi Efrati, Zhe Wang, Amy
Kolan, and Leo P. Kadanoff. Real-space renor-
malization in statistical mechanics. Rev. Mod.
Phys. 86, 647, 2014
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various orders:

H[{ul}] = — ZKLuz — ZK’iju’iuj — Z Kijkuiujuk + ... (3.4)
i 1,9

.5,k

One can now introduce a new set {h;} of M hidden spins, with M < N,
and we will assume that the blocking procedure has been chosen to coarse-grain
the original system. The spins can now been grouped into blocks described by a
rescaling factor b, reducing the size of the original lattice by b in each direction.
Each block corresponds to a hidden spin {h;}, whose value can be 1 and
is chosen depending on the majority of the values of the coarse-grained spins
inside each block. A rescaling factor of 2 would reduce the amount of spins by
24, where d is the dimensionality of the system.

The interactions between the new coarse-grained variables {%; } have a de-
pendence on the original interactions of the {u;} spins and can be described
by a new Hamiltonian with a different set of { X"} coupling constants that have
been mapped as { K} — {K'}:

HECG({h;}) = = K;hi =Y Kjhihy — > Kjjphihjhi + ... (35)

i ij W5,k
With a Renormalization Group transformation, one can integrate out the
original spins {u; }, resulting in a complete description of the system through
the coarse-grained spins {h;}. A function T ({u;}, {h;}) , based on a set of
parameters {\} can then be defined and it expresses interactions between the

original spins and the ones of the rescaled system. It also defines a Hamiltonian
for the {h;} through:

e~ HI{hi}) — Tr{ui}eTx({ui}’{hj})*H({ui}) (3.6)
Similarly a free energy is defined by:

F = —log (Trs, e~ Mk (37)

As mentioned before, the set of variational parameters { A} must be chosen
s0 as to minimize the energy difference of the two systems, AF = F}} — F.

Figure 3.1: AN = 4 x4 = 16 spin
system rescaled to a N’ = 2 % 2 spin
system using the blocking procedure
with a rescaling factor of b = 2. The
final value of the h; coarse-grained
spin is decided based on the majority
of values of the included spins. When
they are equal, the choice is made ran-
domly.
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In this way, we can guarantee that the rescaled system preserves the large scale
information of the original system. Notice that:

AF =0 <= Try,, e el = (3.8)

A renormalization group transformation is called exact when:

Trip,yet el =1 (3.9)

In the following section we will see how to map real-space renormalization
group with Restricted Boltzmann Machine compression.

3.2.0 A Correspondence between the Renormalization Group and Energy-Based
Deep Learning

In order to map the renormalization group with Boltzmann-Based deep neural
networks we must make an appropriate choice for the operator T ({u; }, {h;}).

The operator T)({u;},{h;}) describes interactions between spins in the
original and rescaled system. The energy function E({u; }, {h;}) defined in 1.32
has the same role in a Restricted Boltzmann Machine. The variational operator
T\({ui}, {h;}) must be chosen as:

T({ui}, {h;}) = =E({ui}, {h;}) + H[{ui}] (3.10)

Using the joint probability px ({u;}, {h;}) of the Restricted Boltzmann Ma-

chine defined in 1.31, we can acquire expressions of Hamiltonians for the visible
and hidden units of the RBM through the marginal distributions:

o= HEPM [{u;}]
pa{ui}) =Y pal{ui}, {hy}) = Tri,pa{ui}, {hy}) = ——
{h;}
(3.11)

e~ HPM [{h;}]
pa({hs}) =Y pa{ui}, {h}) = Trapa({u}, {hs}) = —
{us}
(3.12)
As mentioned before, T ({w; }, {h;}) defines a Hamiltonian for the auxiliary
spins through the expression 3.6. Dividing both sides of 3.6 with the partition

function Z of the RBM we get:

e~HECURY)  Tpp, q e () (h D -H({ui)

Z Z
Substituting in the above equation the expression for the variational operator

(3.13)

3.10 we acquire:

e~ HI{hi}) e~ BE{ui}{h;})

EA = TT{Ui} z =Dx ({hj 3 (3.14)
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Using the RBM Hamiltonian for the hidden units then gives:

e HEC({hY) o HEPM[{h)]

z Z = H{{h;}] = HIPY[{hy}]  Gas)

The above result leads to an equality for the Hamiltonian of the rescaled

system and the Hamiltonian for the hidden spins of the Restricted Boltzmann
Machine . Therefore, the same Hamiltonian describes both. Equally, one can
state that the marginal distribution px({;}) of the hidden spins on the RBM
is a Boltzmann probability distribution with a Hamiltonian HF%[{h;}]. The
operator T ({w; }, {h;}) approximates the conditional probability of the hidden
spins given the visible spins:

oTHuib A ) — = E{uib{h D+H[{ui}]
HRB]\I w;
o~ E{uit {hh) JH{uwi € ]
HRB]W[{u }]

_ aluid A0 1) mriguy - e gy
p)\({uz})
= pa{ {u e =)

(3.16)

When the condition of an exact Renormalization Group transformation 3.9
is satisfied, the Hamiltonian of the original system is equal to the Hamiltonian
of the Restricted Boltzmann Machine H [{u;}] = HBM [{u;}]:

Try Tuihtheh) — oy, PAUASEARGY) hrgguy— P (e
’ " o ({ui})
({Uz}) H[{u; Y] —HEPM [{u;}]
pa(fuh)

(3.17)
e H{ui = HIPM [{u;}]

=1
= Hl{u;}] = H" [{us}]

Additionally we acquire an expression for the operator T'({u; }, {h;}) and
the exact conditional probability since H[{w;}] — HFPM[{u;}] = 0. The
variational distribution pj (u;) can then reproduce completely the distribution
encoded in the data P({u; }) which implies that the Kullback-Leibler divergence
is equal to zero Dycr, (P({u;})|pa({ui})) = 0.

The above approach is established on minimizing the difference of free en-
ergies through exact transformations and on describing the systems in terms
of Hamiltonians. On the contrary, approaching a Machine Learning problem
usually entails approximations in order to minimize the Kullback-Leibler diver-
gence. These approximations result in a different procedure that coarse-grains
the system. Finally, it is important to note that the explicit form of the joint
energy function E({u;}, {h;}) does not alter the results and any variation of
Boltzmann Machines can be used.
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We now implement a Deep Belief Network with one visible layer of size
n, = 1024 and three hidden layers of size n;, = 256, 64, 16 that is trained on
importance sampled configurations consisting of 40000 sweeps for temperature
B = 0.44 of the d = 2 Ising model. The neural network is trained for 400 epochs
with learning rate [ = 0.1, mini batch size 100 and momentum 0.5. A L1 weight
decay term is used by subtracting the sign values of the weight matrix multiplied
by 0.002.

To gain further insights between the established mapping we can visualize
the receptive fields of the deep belief network through the recursion relation:

rl= =Dl > (3.18)

where r! = W. Therefore, we acquire a measure of how a unit in a given
hidden layer influences units in the visible layer.

It is evident from the figures, that a similar procedure to spin blocking is
implemented by the neural network. Every unit in a given hidden layer couples
to a spin block of approximately the same size in the visible layer. The size of
the blocks increases with the rate of compression which is the same idea for
an increasing rescaling factor in the renormalization group. The important
difference is that the neural network applies this procedure in an autonomous
way during training.
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(ii)

(i)

Figure 3.3: Visualization of the receptive fields for the second (i) and third (ii) hidden layer. A visualization of a representative receptive
field for all three (iii) hidden layers is included. The size of the blocks/clusters increases with the rate of compression. This is the same
idea with iterative applications of a spin-blocking renormalization group transformation.
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3.3.0 A Spin Blocking Transformation for the Ising Model in d = 2

The main problem with Real-Space Renormalization Group is the assumption
that the configurations of the rescaled system appear with their correct Boltz-
mann probabilities.

Let us assume a lattice of dimension L with Monte Carlo importance-sampled
configurations for a given temperature 7". The rescaling of the system by a factor
of b will result in a new lattice of size L’ with:

L

L' = T (3.19)

The original configurations obviously appear with their correct Boltzmann
probabilities since they have been sampled from an equilibrium distribution.
But we cannot claim that the states corresponding to the new lattice L’ appear
with their correct Boltzmann probabilities if the Hamiltonian of the original
system is used. It is the assumption that they do which introduces errors in the
use of this method.

Since a renormalization group transformation must preserve the large-scale
features of the system, the correlation length ¢ is presumed to remain approxi-
mately same. But the reduction of the amount of spins by b in each dimension
implies that the correlation length of the rescaled system must equal:

¢ = : (3.20)

For the case of a b = 2 rescaling factor the above equation indicates that
the correlation length should be ¢’ = £/2. Thus the configurations of the
rescaled system must correspond to states of a different temperature 7’ since
the correlation length changes for different values of 7.

Similarly, observable quantities that have a dependence on temperature like
the internal energy per spin v should give different values when calculated for
the original and rescaled system. Since the configurations of the rescaled system
correspond to states sampled at a temperature 7” then the internal energy per
spin u’ should be the correct value for the corresponding system.

At the critical temperature though the correlation lengths of the original and
rescaled system are the same:

E=¢andT =T =T, (3.21)

All other intensive quantities like the internal energy per spin are also equal.
With the use of re-weighting techniques it is possible to calculate the above
quantities by extrapolating in a range of temperatures for both the original and
the rescaled system. It is of importance to use the values of the rescaled system
as observable quantities of the original system when using re-weighting. If there
is no prior knowledge of the critical point, the method can be used iteratively
on temperatures calculated at every step as "critical” until it converges.
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Finite size effects do generally introduce errors in the calculations and larger
system sizes allow better calculations. Additionally they also introduce errors
because of the difference in the size of the original and rescaled system and a
system sharing the same size with the rescaled one might have to be simulated
separately in order to acquire results. Depending on the model studied the
assumption that the configurations of the rescaled system correspond to states
of some temperature 7" can be a major source of problems.

Our primary concern of applying renormalization group transformations
in the Ising model is the calculation of critical exponents. We can map the
temperatures 7" of the rescaled system and T of the original system. Denoting
wand v’ the internal energies per spin of the two systems we have:

u'(T) = u(T") (3.22)

A mapping between the two temperatures 7" and T is established:

T =u (' (T)) (3.23)

It is precisely this mapping that allows the calculation of critical exponents.
The critical temperature defines a fixed point of the transformation which is
called the critical fixed point. For temperatures T' > T the rescaled temperature
is greater than the temperature of the original system, 7" > T'. Similarly 7" < T'
for T' < T, . A renormalization group transformation is then characterized by a
flow through the parameter space which for this case is one-dimensional since
the temperature is the only parameter that induces a phase transition. The flow
leads the rescaled temperature away from the fixed point.

This behavior is expected. For example, the presence of clusters with size £ in
temperatures greater than 7, implies that the renormalization group transforma-
tion will create clusters of smaller size with & = £/b. The rescaled configurations
then will be typical of a higher temperature 77 > T. For the case of renormal-
ization group transformations with 7' < T a configuration of the system is
described by spins that mostly point to a specific direction. Every subsequent
spin blocking transformation with the majority rule will in a sense "omit" the
spins that point in the opposite direction as they are a minority. The resultant

Figure 3.4: A spin blocking renormal-
ization group transformation with
rescaling factor b = 2 on a lattice
of size N = 200 * 200 using the ma-
jority rule. The rescaled system (ii)
of size N = 100 * 100 which has
been resized for easier comparison
captures the large-scale characteris-
tics of the original system ().
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configurations will then have even more spins pointing in the same direction
as the original system. These configurations then correspond to systems with
lower temperatures 7" < T

Figure 3.5: Consecutive spin-blocking Renormalization Group Transformations using a rescaling factor of b = 2 for an Ising Model of
size N = 256 * 256 at the critical temperature 3. = 0.4407. The system remains at the same temperature despite the renormalization
group transformations. One spin at the last system represents 4096 spins of the original system.
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Figure 3.6: The same system as above but for temperature 5 = 0.45. Every spin blocking transformation leads the system to a higher
inverse temperature and therefore to more ordered configurations.

Figure 3.7: The same system as above for temperature 8 = 0.36. Every spin blocking transformation leads the system to lower inverse
temperatures and therefore towards complete disorder.
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3.3.1 Estimating Onsager’s Critical Exponents

Now, let us consider again the exponent v:

E~ It (3.24)
The variable ¢ is the reduced temperature:
T-T.
=7

The correlation length &’ of the rescaled system is also expressed by the same

t (3.25)

equation except we must now consider the temperature 7"

g~ (3.26)

Dividing 3.24 by 3.26 and using £’ = £/b, we have:

(:,) =b (3.27)

The expressions for the critical exponents only have meaning in a region
of temperatures close to the critical point. Therefore, we need to acquire a
relationship between 7" and T near T, and this is possible by linearizing the
renormalization group transformation with a Taylor series expansion to leading
order around 7T :

T T, = (T -1 (3.28)
dT |,

Using 3.25 and substituting the above into 3.27 we have an expression for the
critical exponent v:

log b
ar’

V= —
log 7 | 1.

(3.29)

Even though there are scaling relations which relate critical exponents with one
another, there are cases for which Monte Carlo calculations might be performed
in order to actually test these scaling relations. Therefore, it is important to have
expressions that allow us to measure these exponents.

For the case of magnetization per spin the critical exponent 5 is :

m ~ [t|? (3.30)

With the use of equation 3.24:

m o~ P (331)

Now, considering a renormalization group transformation, the rescaled sys-
tem will have a magnetization m’ for which:

m' ~ gAY (3.32)
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Following the same procedure as above and dividing the magnetizations of
the original and the rescaled system while using the expression that relates the
correlation lengths, we have:

m

=P (333)
B log %/
v~ Togh (3.34)

The validity of the expression 3.30 holds for an infinite system. With the use
of ' Hopital’s rule we acquire the limiting value of m//m :

m'  dm//dT  dm/

m T dm/dT  dm (3.35)
The resulting expression for the critical exponent [ is:
log 47|
b_Xanmlr, (3.36)

v logb

which is superior to 3.34 since dm’/dm does not fluctuate much with different
system sizes.

Equivalent equations can be derived with the same procedure as above for
the critical exponents « and y giving as result:

a log % T

; = _W (3.37)
log ax’

T _ ,L‘Tc (3.38)

v logb

The magnetization of the model also depends on the critical exponent § for
an external field B:

m ~ B'/° (339)

We now define a critical exponent 6 that expresses the way the correlation
length diverges as B — 0 at I.. We then acquire, following the same ideas for

3.29 and 3.36:
¢~ B (3.40)
log b
0= logd—T (3.41)
dB |5_,
log dm’
1 dm | p_
= —— B0 (3.42)

06 log b
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The equations above give:

dB’
log B

fn (3.43)

am’
dm

B log

B=0

The exponents v and 6 which describe the divergence of the correlation length
¢ in terms of critical temperature and applied external field respectively are asso-
ciated with the relevant operators of the renormalization group transformation
and the rest of the critical exponents can be calculated from them using scaling
relations.

A system of size N = 64 %64 is studied using a spin blocking renormalization
group transformation of rescaling factor b = 2. Re-weighting has been used
to calculate the observable quantities for a large range of temperatures. Some
lines do not cross due to finite size effects. Using the magnetization the critical
temperature is estimated to be T, = 2.26821 = [. = 0.4409. The critical
exponents are calculated as « = —0.19, § = 0.101, v = 1.744, v = 1.01.
Errors cannot be included due to the assumptions discussed previously. The
technique is superior to finite size scaling extrapolations since it gives accurate
results for dramatically smaller sizes of lattices.
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Figure 3.9: Figures of the observable quantities for the original system of N = 64 * 64, the rescaled system of N = 32 * 32 and a
separate system of N = 32 x 32. A figure of the rescaled temperature T” as function of T is also included for the critical fixed point of
the renormalization group transformation.



4.1.0

4.2.0

4. Reinforcement Learning in Many-Body Physics

The Transverse Field Ising Model in d = 1.

The transverse field Ising Model is the simplest system to exhibit a quantum
phase transition on zero temperature through a variation of the external field. It
is possible to map the quantum phase transition in a given dimension d with
the phase transition induced by thermal fluctuations for the d + z Ising model,
where z is the dynamical exponent. Therefore both transitions belong in the
same universality class.

The thermal fluctuations that gave rise to the second order phase transition
differ from the quantum fluctuations present in the transverse field Ising model
studied in this chapter. The quantum fluctuations also induce a phase transition
that leads the system from order to disorder. The model was introduced by de
Gennes ' in order to study the ferroelectric phase of KDP. The Hamiltonian of
the model is given by:

H=-J> 8iSi—hY S (4.1)
(i.9) i

where S are the Pauli operators, h is the transverse field that determines the
tunneling term and J is the coupling constant of the cooperative term that is
taken greater than zero, defining a ferromagnetic system.

It is possible to carry out an exact diagonalization for the modelind = 1
in order to compare the exact values with the results from the neural network
reinforcement learning approach. The model has a vast amount of experimental
applications and the interested reader is referred to 2.

The Variational Principle

The Variational Monte Carlo method 3 will allow us to solve the problem of
approximating the ground state energy of a system through an optimization ap-
proach. It is important then to set the necessary foundations by first establishing
the variational principle.

Let us consider a system described by a Hamiltonian H for which we can-
not solve the time-independent Schrodinger equation. The system consists
of discrete energies and the goal is to acquire reliable approximations of the

' P.G.de Gennes. Collective motions of hydro-
gen bonds. Solid State Communications, Vol-
ume 1, Issue 6, 1963

2Sei Suzuki, Jun ichi Inoue, and Bikas K.
Chakrabarti. Quantum Ising Phases and Tran-
sitions in Transverse Ising Models. Cambridge
University Press, 2013

3 W. L. McMillan. Ground State of Liquid He?.
Phys. Rev. 138, A442,1965; and Federico Becca
and Sandro Sorella. Quantum Monte Carlo
Approaches for Correlated Systems. Cambridge
University Press, 2017


https://doi.org/10.1016/0038-1098(63)90212-6
https://doi.org/10.1016/0038-1098(63)90212-6
 https://doi.org/10.1007/978-3-642-33039-1
 https://doi.org/10.1007/978-3-642-33039-1
https://doi.org/10.1103/PhysRev.138.A442
https://doi.org/10.1017/9781316417041
https://doi.org/10.1017/9781316417041
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ground-state energy F,:

Egs:E1§E2§~~~ (4-2)

Assuming normalized variational wave functions 1,4, which do not neces-
sarily need to be energy eigenstates and considering that the eigenfunctions of
H form a complete set we can expand in terms:

Yyar = ch¢na with Hiy, = Extby, (4.3)

D enl? =1 (4.4)

n

The expectation value (H) _ is then given by:

var

<H>va7" == ZEn|Cn|2 (45)

The system consists of corresponding discrete energies F,, and therefore the
ground state energy defines a lower bound:

(H)par = > Enleal® =Y Bilenl” = By Y [enl’ = By = gy (4.6)

Considering the case where the variational wave function 4, was not nor-
malized, we can acquire a general expression by normalizing it :
(Yvar | H |[Pvar)

Egs < <H>uar = W = ]:[wvar} (4.7)

Assuming a given trial wave function the expectation value of the variational
energy (H), .. will naturally be an overestimation of the ground state energy F .
Additionally, (H),, ..
The trial wave functions ¥,,qr (; p1, P2 - . - Pr) also have a dependence on a set of

will always set an upper bound for the exact value of F.

variational parameters {p}. By using an optimization approach the parameters
{p} can be adjusted accordingly in order to acquire better approximations of
the ground state energy. In an equal description, F[t)yq,] is @ machine applying
a set of operations and providing a resulting numerical output.

The Variational Monte Carlo Method and the Zero-Variance Property

One can use the Variational Monte Carlo method in order to calculate quantum
expectation values as statistical averages and acquire a better understanding of a
system’s low energy behavior. The main problem is the necessary establishment
of an ansatz 4 that might introduce a relevant bias.

Let us assume that the Hilbert space is spanned by a complete basis set {|z)},
and the completeness relation holds:

Y la) el =1 (4.8)

4 An ansatz is a set of mathematical tools that
will have to be confirmed practically.
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For a variational wave function 1,4, an operator O has a quantum expecta-
tion value:

<O> _ <wvar|0|¢var> _ Zm <'¢)var|x> <x|0|¢var>
{(Yvar|Voar) Zw (Yvar|T) (T[Yvar)

The above equation can be expressed in an importance sampled form:

(4.9)

3 (Warl) (21 Olbuar)
Y Woarl2) (@ldvar)
3y (Yuarle) (@lar) i’
> (Wuarl) (@ltvar)
X Wbvar (@) PR e
e @)P
X Year @) 2Ot
T ear (@)

(4.10)

(0) =

The quantity O, appearing in the above equation is called the local estimator
and is defined as:

(z[O¢var)
Oloc = ——— .
j . (4.11)

It is now straightforward to notice that the quantity:

@)
P) = S e @

defines a probability 5. It is then possible to use a Markov Chain Monte

(4.12)

Carlo approach in order to sample a finite set of states distributed according
to the corresponding equilibrium distribution . Also the above approach was
established for a general operator O and therefore any observable quantity of
interest can be computed stochastically.

For the case of the expectation value of the Hamiltonian #, one can define a
local estimator Ej,, called local energy:

(z|H|var)
<m|wva7‘> '

The quantum average of H? is then given by:

Eloc(x) - (413)

<¢var‘H2|wvar> _ Za‘; <wvar|H|$> <5L'|,H|wvar>

<¢var|’l/)var> ZL <’¢)var|I> <x|¢var>
X (Wuarle) (ltvar) 5
Z;p <wua7|x> <x|¢va7'>
_ 2 [Yvar (@) ] Eroc ()]
ZI |wva7‘(x)‘2

(4.14)

5% . p(x) = 1 and it has a non-negative
value for all configurations.
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The variance of the local energy Ej,. is equal to the variance of the Hamilto-

nian:

2 _ <wvar‘(H - E)2|wvar>
JEIOC - <wvar|wvar> (4'15)

One can consider the case where 1,4, is an eigenstate of 7{ and observe that

the local energy L, is constant:

<m|H|wuar> _ E<$|1/)var>
<ijvar> <I|wvar>

The above result implies that the variance is zero. This zero-variance prop-

Ej. = =F. (4.16)

erty is a feature exclusive to the estimation of quantum expectation values and
indicates that the closer we get to an eigenstate, the smaller the fluctuations be-
come. A classical system does not exhibit the same behavior, due to the thermal

fluctuations.

4.4.0 Reinforcement Learning

In order to establish a gradient-based optimization approach the energy deriva-
tive must also be expressed as an expectation value. Assuming a variational
parameter pj of the wave function the energy derivative with respect to pg

equals:
(Yvar[H|¢var)
O ) = O )
_ 6}% ( <¢'Ua'r|%|wvm‘> ) <wvar‘¢’uar> - <¢Ua'r|/H|w'ua'r> apk ( <¢va7‘|¢var> )
((varltvar) )’
— apk ( <wvar|H|’¢}var> ) _ <w’uar|H|"r/)var> 8Pk ( <wvar‘¢var> )
- (Yvar[thvar) (Yvar|var) — (Yvar|Pvar)
_ {OpYvar| H|tbvar) + (Yvar | H|Op, hvar) ) (Op Yvar [Vvar) + (Yvar|Op, Yvar)
(Yvar|Vvar) (Yvar|Yvar) (Yvar|Yvar)
_ Zx (Opy, Yuar| ) (x| H|Yvar) + ZI (Yvar[H|2) (2|0p, Yoar)
Zm (Yvar|z) (T[Pvar) Zm (Yvar|2) (T[Pvar)
— <’H> Z’I‘ <apk1/}’ua’r“r> (z|Yvar) + Z’I‘ (Yvar|T) <m|8pkwvar>
2o (Yvar|z) (2lthvar)
~ (EjocDy) — (Ejoc) (Df) + c.c.
(4.17)
The quantity Dy (x) appearing in the above equation is defined as:
Dy(z) = mam«ﬂwmw» (418)

The idea is to set the marginal distribution of the visible units equal to the
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wave-function:

Y(x) = F(x;p1,p2,---PN,) (4.19)

The Restricted Boltzmann Machine will be chosen based on our previous
implementation. The visible and hidden units will now be expressed as ¢ and h
respectively and the variational parameters can be complex-valued. This leads
to an expression analogous to equation 1.35 :

Fopm(0f,05,...0%) = Z i 2 wijoihy+30; hibi 30, of ag
{r}
= 2 7ia Z @i 22 Wij o hyi+30; hib;
{n}
— i 0 Z H i wi o hythyb (4.20)
h g

— i 0 H (1 4 e wijUerbj)
J

For the case of the transverse-field Ising Model in d = 1 and using the prior

knowledge that the wave function describing the ground state is positive definite,

an optimal choice for the neural network quantum state resulting in real valued

variational parameters is © :

U(oi,05,...0%) = \/Frbm(of,ag,...af\,) (4.21)

Assuming a spin configuration o of the transverse-field Ising Model, and
considering the locality of the Hamiltonian, the local energy is equal to:

o <U|H|¢var> _ ol o’ <‘7/|7/’var> 2
ElOC(U) - <U‘7/}1zar> Z< |H| > <U|wvar> (4 )

The above summation is over N + 1 configurations where ¢/(0) = o is
the configuration with no spins flipped and (o|H|o) = —J >, 0707, ;. The
remaining o’ (k) = of ... a,jl ... 0% configurations are generated by flipping
the k spin with (o|H|o’) = —h. Notice that:

> 0fai—aR(1—20%) ) S wijoi+bi—wjk(1-20F)
w’uar(al(k)) _ \/e k H] (1+€ J k )

Vyar(0) )
w07 +b;
eXioia I, (1 4 e Tt

H 1+ g2 Wij o +bj—wik(1-207)
J
Hj 1+ e2i wijo; +b;

= e_%a‘k'(l_Qo'Ii)

(4.23)
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(SR =gt oo

1 . .
+ = 21 Wi 0; erj*wj (1*20’ )
B In | I <1 +e k % )
J

1 z

—In | I 4 e wijoi+b;

21 ; <1 ¢ )
J

1
= - iak(l — 20’,?)

1 B i
+ 5 E In (1 + ezz‘ WijT; +bjwjk(12o'k)>
J
—15 In |1+ exiwiioi+b;
2 =
J

(4.24)

Similarly, one acquires expressions for the derivatives with respect to the
variational parameters:

; wijog+bj
8(11: (\/621 oias Hj (1 + 621 * ))

cofa; > wq‘,_;’cff—i-bj) (4.25)
\/621 ‘ IH]‘ (1+e

; Wijo;+bj
abj (\/eZiUfGi Hj (1—%621 JOE+ ))

Dllqz (0) =

Dy, (o) =
wigoF b 26
1
= 58@9(Zwija¢ +1;)
; Wi o7 tb;
81”1.]. (\/621 ofa; Hj (1 _i_ezq, joi+ ))
Dy, (0) =

z L wijoZ+b; (4.27)
\/627:‘71-07: Hj (1+ez J +J)

1,
=50 szg( E w0 +bj)
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It is now possible to train a neural network in order to estimate the energy
of the ground state. An amount of configurations is generated at every epoch
for the visible units through Gibbs sampling. These configurations, which have
been mapped to the Ising Model spins, are then used to calculate the neces-
sary quantities and update the variational parameters accordingly with gradient
descent.

The technical details are similar to the implementation of Restricted Boltz-
mann Machines in the preceding chapters. The difference is the reinforcement
learning approach established mainly by sampling states using the neural network
and minimizing the expectation value of the energy. Therefore, the quantity of
interest is optimized from the beginning. In unsupervised learning the goal was
the minimization of the Kullback-Leibler divergence between two distributions.

When the number of epochs is sufficiently enough the neural network will
have reached a minimum and it’s variational parameters will have be tuned
to correspond to a representation of the ground state. It is then possible to
randomly initialize the visible units and lead the Restricted Boltzmann Machine
into equilibrium in order to sample states. These states can then be used, in
conjunction with the wave function chosen before, in order to calculate other
quantities of interest besides the local energy.

For every value of the external field h and constant J = 1.0 a neural network
has been trained with learning rate [ = 0.2, hidden units n;, = 10, batch
size b = 100, epochs e = 50000 . Once the neural network has reached
the minimum, the expectation value of the local energy will have some small
fluctuations. A polynomial fit can be used in order to acquire values of higher
accuracy. Additionally absolute errors have also been drawn. This neural network
approach is highly accurate and does not suffer from the sign problem. Therefore
it can be used on a variety of hard-to-solve problems like determining the exact
ground state of strongly interacting fermions.

53



54

-8 T T T T T T T 0.035 T T T T T T T T T
Exact Diagonalization F BEgs ——
REM © [
10 0.030 | fl -
M
: |
Wz - w0025 B
W o
i | |
& o |
T 14 5 o0.020 | [ .
wi i} |I
I z [
m -16 [ 5 0.015 B
b s [ |
T 2 X |
5 -18 = 0.010 |- ’ -
(=]
5 [
-20 0.005 W_/ i
32 ] ] 1 ] 1 1 ] 1 ] 0.000 1 1 K—-—; " n

00 02 04 06 08 10 1.2 14 16 1.8 2.0 o 0.2 04 06 0.8 1 1.2 1.4 1.6 1.8 2
External field h External field h
® (ii)

Figure 4.2: Expectation values of (i) the ground state energy in terms of the external field & for a transverse-field Ising model ind = 1
with L = 10 spins. The red line corresponds to the ground state energy as calculated with exact diagonalization. Absolute errors are also
drawn in (ii). The system is led into a quantum phase transition when the external field is A = 1.0.



5. Discussion

Neural networks prove to be an interesting research tool when confronting prob-
lems on a statistical physics based approach. The applications of the Restricted
Boltzmann Machines in this thesis have also the capacity to be used in a quite
exotic way.

For example consider the unsupervised learning approach for the d = 2 Ising
model. The Restricted Boltzmann Machine is able to capture the thermodynamic
behavior when the hidden neurons are equal to the degrees of freedom. By
thermodynamic behavior, the correct transition rate between states is meant.
This implies that the problem studied is literally moved on to the neural network.
One can discard the Monte Carlo measurements and sample states from the
machine. What is even more important, is that if one can observe degrees
of freedom experimentally, then these observations instead of Monte Carlo
measurements can be used to train the neural network.

Let us assume a real system that has a slow evolution in time, and the same sys-
tem simulated with a Monte Carlo approach. A Restricted Boltzmann Machine
can be trained on configurations of the simulated system. One has then the op-
tion to initialize the neural network on an experimentally observed configuration
and inspect it’s evolution in time.

Additionally, neural networks offer the option to "compress" the system stud-
ied. They appear to be implementing a generalized blocking transformation on
the data set. It is of great importance, based on the correspondence between
Renormalization Group and neural networks, that this coarse-graining is real-
ized in an automated way. Further reduction of hidden neurons is equal to higher
compression rates and the transformation is reminiscent of the spin blocking
implemented for a variating rescaling factor. The idea is definitely worthy of
further research.

The Real-Space Renormalization Group is also demonstrated to be a supe-
rior technique when compared with finite size scaling extrapolations for the
estimation of the critical temperature and the critical exponents. Even though
the method suffers from uncontrolled errors introduced by assuming that the
rescaled configurations appear with their correct Boltzmann probabilities, it
gives very accurate results for very small sizes of lattices.

Finally, the Reinforcement Learning approach established by introducing
quantum states on neural networks proves to be competitive when compared



56

with other relevant methods. The estimation of the ground state energy for the
transverse-field Ising model in d = 1 compares well with results from exact
diagonalization. Additionally once the neural network has reached a minimum
it can be led into equilibrium in order to sample states and calculate other
observable quantities of interest. Since this approach is not influenced by the
sign problem, it can be used to deal with hard-to-solve problem like gaining
insights on the low-energy behavior of strongly interacting fermions.



A. Code: Reproducing Results

The code used in this thesis is written in C, C++ and Python and is available at
https://github.com/dbachtis. The interested reader can also find code for the

Ising Model at '. Every program, even the ones in Python, uses the getopt C * Konstantinos N. Anagnostopoulos. Computa-
tional Physics: A Practical Introduction to Com-
putational Physics and Scientific Computing
approach makes it easy to automate the production of results by using shell (Using C++). Konstantinos N. Anagnostopou-
scripts. los and the National Technical University of
Athens, 2016

library function to parse arguments from the command line. Following this

Instead of listing all code a pedagogical example will be shown on how to re-
produce results. The idea is the same for all relevant code listed in the above page.
Let us examine the unsupervised learning of Restricted Boltzmann Machines.
The tcsh shell script that calls the programs is:

#1/bin/tesh -f

set visible = 64

set hidden = (64 16)
set learn = 0.01
set wdecay = 0.0

set batch = 50

set cd = 20

set epochs = 100

set start =0

set imomentum = 0.0
set fmomentum = 0.0
set betas = (0.40 0.44 0.48)

foreach beta ($betas)
foreach hid ($hidden)
python rbm.py -v $visible -h $hid -1 $learn -w $wdecay
— -b $batch -c $cd -f 8b${betalconf.csv -e $epochs -s
<~ $start -m $imomentum -M $fmomentum
mv errors.dat ./weights/errors.dat
mv weights wN${visible}b${betath${hid}
end

end


https://github.com/dbachtis
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
http://www.physics.ntua.gr/~konstant/ComputationalPhysics/
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For each temperature beta, and then for each number of hidden units hid, the
shell script calls rbm.py with a set of mandatory arguments. The python program
reads the data from the input file, then trains the Restricted Boltzmann Machine
and saves the weights and biases produced at each epoch in a folder ./weights. It
then renames the folder and continues the same procedure. The python code is:

from __future__ import print_function
import numpy as np, pandas as pd

import getopt, sys, os

def main():

#Initialization
try:
opts, args = getopt.getopt(sys.argv[l:],
— "v:h:l:w:b:c:f:e:s:m:M:", ["help", "output="])
except getopt.GetoptError as err:
print (err)
usage ()
sys.exit(2)
for o,a in opts:
if o=="-v":

visible=int (a)

elif o =="-h":
hidden=int (a)
elif o=="-1":

learn=float (a)
elif o =="-w":

wdecay=float (a)
elif o=="-b":

batch_size=int (a)

elif o =="-c":
cd=int (a)
elif o=="-f":

fname=str(a)
elif o=="-e":
epochs=int(a)
elif o =="-s":
start=int(a)
elif o=="-m":
momentum=float (a)
elif o =="-M":

final _momentum=float (a)



—

—

CODE: REPRODUCING RESULTS

else:
assert False, "unhandled option"

if (start==0):
#mu, sigma= 0, 0.01
#self.wetghts=
np.random.normal (mu,sigma, (self.visible,self.hidden))
weights = np.sqrt(l./(hidden+visible)) *
np.random.randn(visible, hidden)

#self.hidden_bias=np.random.normal (mu,sigma, (1,self.hidden))
hidden_bias = np.sqrt(l./(hidden+visible)) *

np.random.randn(1l, hidden)

#self.visible_bias=np.random.normal (mu,sigma, (1,self.visible))
visible_bias = np.sqrt(l./(hidden+visible)) *
np.random.randn(1,visible)
else:
weights =np.loadtxt("w.dat")
hidden_bias=np.loadtxt("hb.dat")
visible_bias=np.loadtxt("vb.dat")

data=pd.read_csv(fname,delimiter=’

> index_col=False, header=None) .values

#Training
winc=np.zeros((visible,hidden))
hbinc=np.zeros((1,hidden))
vbinc=np.zeros((1,visible))

os.mkdir("weights")

f=open(’errors.dat’,’w’)
f.close()

for epoch in range(start,epochs):
training_error=0

np.random.shuffle(data)
b=np.vsplit(data,data.shape[0] /batch_size)

for batch in b:

hidden_probabilities=sigmoid(np.dot(batch,weights)+hidden_bias)
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hidden_states=hidden_probabilities >
np.random.rand(batch_size,hidden)

poswinc= np.dot(batch.T,
hidden_probabilities)

poshbinc=np.sum(hidden_probabilities,axis=0,

keepdims=True)
posvbinc=np.sum(batch,axis=0,keepdims=True)
for x in xrange(0,cd):

visible_probabilities=sigmoid(np.dot (hidden_states,
weights.T)+visible_bias)
visible_states=visible_probabilities >

np.random.rand(batch_size,visible)

hidden_probabilities=sigmoid(np.dot(visible_states,weights)+hidden_bias)
hidden_states=hidden_probabilities >
np.random.rand(batch_size,hidden)
negwinc= np.dot(visible_states.T,

hidden_probabilities)

neghbinc=np.sum(hidden_probabilities,axis=0,

keepdims=True)

negvbinc=np.sum(visible_states,axis=0,keepdims=True)

winc= momentum*winc+ learn *
((poswinc-negwinc)/(batch_size) -wdecay*weights)

#winc= momentum*winc+ learn *
((poswinc-negwinc)/(batch_size)
-wdecay#*np.divide (np.abs (weights),weights,
out=np.zeros_like(np.abs(weights)),where=weights!=0 ))

hbinc=momentum*hbinc+learn *
(poshbinc-neghbinc) /(batch_size)

vbinc=momentum*vbinc+learn *
(posvbinc-negvbinc) /(batch_size)

weights += winc

hidden_bias+=hbinc

visible_bias+=vbinc

training_error+=np.sum((batch-visible_states) **2)



CODE: REPRODUCING RESULTS

< training_error=float(training_error)/(data.shape[0]*visible)

f=open(’errors.dat’,’a’)

f.write( str(epoch) + ’ ’ + str(training_error)
— + ’\n’%)

f.close()

np.savetxt("./weights/w" + str(epoch) + ".dat"
— ,weights,fmt="7f’,delimiter=> ’)

np.savetxt("./weights/hb" + str(epoch) + ".dat"
— ,hidden_bias,fmt="%f’,delimiter=> ’)

np.savetxt("./weights/vb" + str(epoch) + ".dat"
— ,visible_bias,fmt=’%f’,delimiter=> )

print ("Epoch %s: training-error:%s"
— (epoch,training_error))

if ((epoch-start) == 20):

momentum=final_momentum

def sigmoid(x):
x = np.clip( x, -500, 500 )
return 1.0 / (1.0 + np.exp(-x))

if __name__ == _main__":

main()

Once the weights and biases have been saved, another tcsh shell script named
reconstruct calls rec.py can be called in order to choose a set of weights and biases
and start a Gibbs Chain from randomly initialized visible units.

#1/bin/tcsh -f

set visible = 64

set hidden = (64 16)
set epoch = 49
set betas = (0.40 0.44 0.48)

set reconstructions = 100000

foreach beta ($betas)
foreach hid ($hidden)
python rec.py -v $visible -h $hid -r $reconstructions
— -w ./wN${visible}b${betath${hid}/wi{epoch}.dat -b
— ./wN${visible}b${betath${hid}/hb${epoch}.dat -a
— ./wN${visible}b${betath${hid}/vb${epoch}.dat
mv rec.dat rN${visible}b${betath${hid}.dat
end
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end

These visible states can then be saved and be treated as configurations of the
Ising Model in order to calculate expectation values. They do not differ-from a
practical point of view when doing calculations- from configurations sampled
through Monte Carlo. Obviously, one has to be careful that the neural network
has reached equilibrium and one might also want to initiate more than one Gibbs
chains to reduce autocorrelations. The rec.py code is:

from __future__ import print_function

import numpy as np

import getopt, sys
def main(Q):

try:
opts, args = getopt.getopt(sys.argv[l:],
— "v:h:r:w:b:a:", ["help", "output="])
except getopt.GetoptError as err:
print (err)
usage ()
sys.exit(2)
for o,a in opts:
if o=="-v":

visible=int (a)

elif o =="-h":
hidden=int (a)
elif o=="-r":

reconstructions=int (a)
elif o=="-w":
wfile=str(a)
elif o=="-b":
hbfile=str(a)
elif o=="-a":
vbfile=str(a)
else:

assert False, "unhandled option"

weights=np.loadtxt (wfile)
hidden_bias=np.loadtxt(hbfile)
visible_bias=np.loadtxt(vbfile)

f_handle = file(’rec.dat’,’w’)
f_handle.close()



CODE: REPRODUCING RESULTS

visible_states=np.random.randint(2, size=(1,
— visible))

for x in range(reconstructions):

— hidden_probs=sigmoid(np.dot(visible_states,weights)+hidden_bias)
hidden_states=hidden_probs >
— np.random.rand(1,hidden)

— visible_probs=sigmoid(np.dot(hidden_states,weights.T)+visible_bias)
visible_states = visible_probs >

— mnp.random.rand(1l,visible)
f_handle = file(’rec.dat’,’a’)

< np.savetxt(f_handle,visible_states,fmt=’%1i’,delimiter="’
— ’)

f_handle.close()

def sigmoid( x):
x = np.clip( x, -500, 500 )
return 1.0 / (1 + np.exp(-x))

if __name__==’__main__"’:

main()

The rest of the code for Reinforcement Learning or for the Renormaliza-
tion Group works similarly. The Deep Belief network is also trained using an
appropriate shell script and the rbm.py listed above.
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