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General Applications

Motivation
Stochastic numerical calculations of integrals

The Problem
Solutions (so far)

e calculate expectation value integrals
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/X o(x)dz

by sampling configuration space via Monte Carlo
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by sampling configuration space via Monte Carlo
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General Applications

Stochastic numerical calculations of integrals

e calculate expectation value integrals

. /X f(@)olw)de
Po=dx

/X o(z)dw

by sampling configuration space via Monte Carlo
e improve calculation time by following markovian chains

e maximize calculation efficiency by sampling integration
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General Applications

Stochastic numerical calculations of integrals

e calculate expectation value integrals

. /X f(@)olw)de
Po=dx

/X o(z)dw

by sampling configuration space via Monte Carlo
e improve calculation time by following markovian chains

e maximize calculation efficiency by sampling integration
space with appropriate probability

e o while natural is not always the best! ( overlap problem )
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Complex weights
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e expectation values now include a sign or phase!
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Complex weights

Motivation
The Problem

Solutions (so far)

e expectation values now include a sign or phase!

0 —> Qezﬁ
e implies signed or complex probability which makes no sense
in either case

. /X f(@)olz)e”
f) =

(@) d
/ o(z)e®’ @ dy
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Complex weights

Motivation
The Problem

Solutions (so far)

e expectation values now include a sign or phase!

0 —> Qezﬁ
e implies signed or complex probability which makes no sense
in either case

. /X f(@)olz)e”
f) =

(@) d
/ o(z)e®’ @ dy
X

e makes weight-sampling impossible
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Re-weighting

Partial solution to the sign problem

e partial solution comes with re-weighting

| 1@ @z
X
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/Q(x)e“g(x)dm <e“9>0
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Re-weighting

Partial solution to the sign problem

e partial solution comes with re-weighting

/ f(@)e(x)e® @ dx
X

e using phase-quenched weights probability makes sense again
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Overlap problem

Motivation
The Problem

Solutions (so far)
Important integration domain

The subset of X that contributes the most to the integral (f)
Grows with sample size.
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Overlap problem

Important integration domain

The subset of X that contributes the most to the integral (f).
Grows with sample size.

e This is a general problem found in any weighting o

e Re-weighting suffers from it too, though not as seriously as:
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The expectation value and relative error estimated by N
independent measurements of e* scale with the number of
degrees of freedom dim X as

<6u9>0 o efdimX and

meaning N « e

Ale)g
2dim X

1
<6“9>0 &

edim X
vVIN
at least which is prohibitive.
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discrete

vectors ¢,
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Lattice regularization (¢ = 1)
e Assume a lattice LL of

e volume (number of sites) 2 (thermodynamic limit)
e spacing (link size) £ =1 (continuum limit)
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e volume (number of sites) 2 (thermodynamic limit)
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e thermodynamic/continuum limit X < limgp_, o limy o L
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(Scalar) Quantum Field Theory

Solutions (so far)

Action

S

dvl(z) «— > Lo
X xr
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Solutions (so far)

Action

S

/X dzL(z) +— ;Lag

Partition function (path integral)

7 = /D¢exp(—5[¢]) — H/dquexp(—s[qﬁ])
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Action

S

/Xd:w %Z.c

Partition function (path integral)

— [ Doexp(-sis

Observables ((ground) expectation values)

/ DpO[¢] exp(—

<—H/d¢x

eXp
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e The problem then becomes that of a complex action’s

S =5y— I’
where j is a complex unity.
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e The problem then becomes that of a complex action’s

S =5y— I’
where j is a complex unity.

e partition functions assume a phase factor
2= [ Doexp(-Sl) = [ Déexpl) exp(-Solo)
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(Scalar) Quantum Field Theory

Solutions (so far)
Complex action

e The problem then becomes that of a complex action’s

S =5y— I’
where j is a complex unity.

e partition functions assume a phase factor

7 - / Do exp(—S[g]) = / D exp(sT") exp(—Sol4])

o typical lattice simulation techniques fail
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e re-weighting (modified)

e Taylor expansion

e imaginary chemical potential
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e worm algorithms (and various supplementary ideas)
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Solutions (so far)
at high density

(complex) Langevin equation (stochastic quantization)

Lefschetz thimbles (sister to complex Langevin equation)
e worm algorithms (and various supplementary ideas)

effective 3D theories

histogram method

factorization (or density of state) method (among us!)
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(complex) Langevin equation (stochastic quantization)

e Lefschetz thimbles (sister to complex Langevin equation)
e worm algorithms (and various supplementary ideas)

o effective 3D theories

e histogram method

e factorization (or density of state) method (among us!)

e imaginary chemical potential (generalized)

o fugacity expansion

e dimensional reduction

o large Nigjor limit
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Langevin equation

Complex Langevin dynamics

G. PaRrisl, Y.-S. Wu, Sci. Sinica 24 (1981) 4S3

Fokker-Planck equation and distribution
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Fokker-Planck equation and distribution

Instead of scanning the pre-existent configurations space
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Fokker-Planck equation and distribution

Instead of scanning the pre-existent configurations space

..we let a (fictional) time 7-process procude it instead.
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Langevin equation

Langevin equation

Fokker-Planck equation and distribution
Complex Langevin dynamics

Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

(real) Langevin equation (¢ € R, S € R)

9 b(a,7) = K(gla, 7)) +n(a,7)

¢(x,70) = do(z)
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Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

(real) Langevin equation (¢ € R, S € R)

9 b(a,7) = K(gla, 7)) +n(a,7)

P(x,70) = do(w)
(real) drift (K € R)
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Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

(real) Langevin equation (¢ € R, S € R)

9 b(a,7) = K(gla, 7)) +n(a,7)

P(x,70) = do(w)
(real) drift (K € R)

~ o)
(real gaussian) noise
(n(z, T)n(a’, 7)) = 26(x — 2")é(r — 7')
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Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

(real) Langevin equation (¢ € R, S € R)

9 b(a,7) = K(gla, 7)) +n(a,7)

P(x,70) = do(w)
(real) drift (K € R)

K(¢(x))

J
. il
(real gaussian) noise

(n(z, T)n(a’, 1)) = 2
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Langevin equation

Langevin equation
Fokker-Planck equation and distribution
Complex Langevin dynamics
PouL H. DamMcAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398
(real) Langevin equation (¢ € R, S € R)
0
< b(z,7) = K(6(a,
or

(real) drift (K € R)

7)) +n(z,7) ¢(z,70) = ¢o(x)

K(o(x))

(real gaussian) noise

(n(z, T)n(a’, 1))

=2
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PouL H. DamMcAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398
(real) Langevin equation (¢ € R, S € R)
0
< b(z,7) = K(6(a,
or

(real) drift (K € R)

7)) +n(z,7) ¢(z,70) = ¢o(x)

K(o(x))

(real gaussian) noise

(n(z, T)n(a’, 1))

=2
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Langevin equation

Stochastic quantization postulate

Fokker-Planck equation and distribution
Complex Langevin dynamics

Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

o At the limit of large Langevin time 7 — oo:
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Stochastic quantization postulate

Fokker-Planck equation and distribution
Complex Langevin dynamics

Pour H. DAMGAARD, HELMUTH HUFFEL 152, Nos. 5 & 6 (1987) 227-398

o At the limit of large Langevin time 7 — oo:

e equilibrium is reached at which...
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The Langevin process is actually a markovian one,

(@le(r, 7)]e") = / De(lp(r, 7)I¢' N (¢ lp(r', 7")|¢")

or p(1,7") = p(7,7)p(7’,7") in operator notation.

The whole formulation develops on Langevin time 7 as well
spacetime X. (extra degrees of freedom)
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e generate configurations via Langevin process in equilibrium

e calculate observables in ensemble with noise distribution
e instances of the Langevin process depend on the noise

e we let the Langevin process do all the (markovian) work

e stochastic calculation matches that of path integral’s!
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Stochastic quantization is solid in theory for ¢ € R and S € R.

We already see a problem with S € C.
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Fokker-Planck equation and equilibrium

Fokker-Planck hamiltonian
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Fokker-Planck equation and equilibrium

Fokker-Planck hamiltonian
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e In general the Fokker-Planck distribution is away from the
entropic factor exp(—.S).
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entropic factor exp(—S).

e In general the Fokker-Planck distribution is away from the
for use as a probability.

o It’s expected, the entropic factor is complex and unsuitable
e So there is no way to extract the path integral as it is by a
(complex) Langevin process.

e So is averaging over the Langevin ensemble still valid?
e One way we can check (quickly): simulations!

e There is also an interesting property regarding observables.
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90 log, Z = ( — a—aS
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e Typical observables defined via specific parameters in action

e For complex action S, after

e complexification of the field ¢, —> dap
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e Langevin equations respect the following symmetry
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e Applying this symmetry to correlation functions,

<¢ab(x)¢a’b’ ((Ll» X aa’Obb’ + Eqa’Ebb!
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<¢ab(x)¢a’b’ ((Ll» X 6aa’5bb’ + €aa’Ebpy

e and continuing with observables, (O;) = 0!
e An interesting property: the auxiliary information is gone.
[ ]

However, much like the action, (Op) is not what we think:
it contains data from the full original complex observable.
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Stochastic quantization Relativistic Bose gas and simulations on a lattice

Silver-Blaze phenomenon Summary

Discretization of Langevin time 7

.................. T=N€ .................. discrete

O(T) e bp = €1 j:+€ dro(T)
g (T) e € Y ni1 — dn)
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Discrete Langevin equations
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e As long as stochastic quantization gives promising results

e a search for other models and in particular QCD are in
order

e but not only Standard Model physics can be studied

e there are various Beyond the Standard Model physics with
complex action to be tested (simulations)

e the method is applicable to general systems with a complex
action!

o Gert Aarts et. al. are onto working S. M. stochastic
quantization

e technicalities arise when starting to work with gauge
symmetries

e What about (non-perturbative) renormalization?

e and other QFT and beyond aspects/problems to be
adjusted to stochastic quantization?
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