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Introduction

General relativity

1 / 4

Kk =vV8rG

gives the right predictions at low energies.
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Introduction

General relativity
1 / 4
k=V8rG

gives the right predictions at low energies.

We want a quantum formulation of this.

Can General Relativity be formulated as a Quantum Field Theory? J
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Perturbative expansion of GR

The coupling constant is dimensionful
[G] = —2 in mass units

This means that higher loop corrections will be higher powers of the
Riemann tensor

R+R>+R¥+ ...

The theory is non-renormalizable.
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|
Perturbative expansion of GR

The coupling constant is dimensionful
[G] = —2 in mass units

This means that higher loop corrections will be higher powers of the
Riemann tensor

R+R>+R¥+ ...

The theory is non-renormalizable.
The "breaking” scale is the Planck mass Mp ~ 108 GeV it can still
be regarded as an EFT.
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Improving convergence

The problem with renomalizability was the dimensionful coupling
parameter. Therefore, the simplest attempt to improve that is to
consider quadratic -in curvature- theories.

5= J\/Ed4x(alRuupaR#l/pU + OZQRMVR‘LW + Oé3R2)

Indeed, this improves convergence. But it brings a much worse
problem.
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1
The propagator falls off as —. This implies that there are ghosts

modes that propagates with the wrong sign in the kinetic energy.
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1
The propagator falls off as —. This implies that there are ghosts

modes that propagates with the wrong sign in the kinetic energy.
Kallen-Lehmann spectral representation

Q0
1
Ap) = dulp(p?) ———
(p) fo Mp(u)pg_ﬂhr,.e

where p(1?) > 0 But

11 1 1
pr—mt 2m2 | p2—m? p2t m?

so there are ghosts and/or tachyons.
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1
The propagator falls off as —. This implies that there are ghosts

modes that propagates with the wrong sign in the kinetic energy.

Kallen-Lehmann spectral representation

A(p) = foo du® p(p?)

0

where p(1?) > 0 But

1

p? — p? + e

11 1 1
pr—mt 2m2 | p2—m? p2t m?

so there are ghosts and/or tachyons.

Quadratic theories are renormalizable but unitarity is lost.
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By looking at the Riemann tensor

R ypo = Oplhy — 0Tl , + TA Ty —TH T

Ap' Vo o' vp

we can see that the structure is that of a gauge field, symbollically.

R~ or —ar +[,T]
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By looking at the Riemann tensor
A A
R vpo = Opl g — 0T, + r‘;prw — rgaryp
we can see that the structure is that of a gauge field, symbollically.

R~ or —ar +[,T]

This is clearer when working with a tetrad.
b b b b d pef
R;l/ = 5MA3 - aVAZ + fa Cd,efA,LCL Ale;

where [Jop, Jod] = 2ifab7cd7efJef
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By looking at the Riemann tensor

A A
R" vpo — 5pr50 - aﬂrﬁp + réfpr,,g - rﬁarlfp

we can see that the structure is that of a gauge field, symbollically.

R~ or —ar +[,T]

This is clearer when working with a tetrad.
b b b b d pef
R;l/ = 5MA3 - aVAZ + fa Cd,efA,LCL Ale;
where [Jop, Jod] = 2ifab7cd7ef.jef Although it is not fully equivalent

_ ab _ c.d
Rapys = €53 Rabys = Rysap = €565 Redag

Quadratic gravitational theories are in some sense the closest
analogues to Yang-Mills theories. J

_ Quadratic gravity in first order formalism Corfu, 27t September, 2017 6 /22



First Order formalism

There is another formulation of General relativity which is classically
equivalent to the usual one.

The first order (Palatini) action reads

1
S = 57 v/ |g|d*xR[T
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First Order formalism

There is another formulation of General relativity which is classically
equivalent to the usual one.

The first order (Palatini) action reads

1
S = 57 v/ |g|d*xR[T

The connection I and the metric are regarded as independent fields.
The equations of motions are the ones that state

rﬁp = {Moé}
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First Order formalism

There is another formulation of General relativity which is classically
equivalent to the usual one.

The first order (Palatini) action reads

1
S = 57 v/ |g|d*xR[T

The connection I and the metric are regarded as independent fields.
The equations of motions are the ones that state

rﬁp = {Moé}
FO and SO are equivalent on shell —even off shell at one loop order—.
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The non-metricity is defined as
V8o = —2Aupo
so now I, = {/,} + Al,.

When the non-metricity is non vanishing, the Riemann tensor does
not have the usual symmetries

R[Muwpe # R pouw
R[] u)ps # 0

It is only antisymmetric in the last two indices by construction.
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The non-metricity is defined as

Vu8ps = —2Aupo
so now I, = {/,} + Al,.

When the non-metricity is non vanishing, the Riemann tensor does
not have the usual symmetries

R[Muwpe # R pouw
R[] u)ps # 0

It is only antisymmetric in the last two indices by construction.

What about a quadratic theory of gravity in first order formalism? J
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Quadratic gravity in first order formalism?

It seems promising,

@ On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.
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Quadratic gravity in first order formalism?

It seems promising,

@ On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.

@ On the other, since now metric and connection are separate
fields, the theory is quadratic in derivatives. The propagator
behaves like % so there is no conflict with the Kallen-Lehmann's
spectral theorem and it seems a good candidate for an unitary
theory.
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Quadratic gravity in first order formalism?

It seems promising,

@ On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.

@ On the other, since now metric and connection are separate
fields, the theory is quadratic in derivatives. The propagator
behaves like % so there is no conflict with the Kallen-Lehmann's
spectral theorem and it seems a good candidate for an unitary
theory.

The price to pay, of course, is that we have now two different fields,
and a more complicated tensorial structure.
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There are now three different traces of the Riemann tensor.
R+ [r]VU = gllP R[r]uupa
R~ [r]MU = ngR[r]uupa
Rpo =" R[uwpo
But only one scalar
RY =g R, = —R™ = g" Ry,
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There are now three different traces of the Riemann tensor.
R+ [r]VU = gllP R[r];uzpa
Ri [r]MU = ngR[r]uupa
Rpo =" R[uwpo
But only one scalar
R* =g"R}, = —R™ =g" Ry,
The lagrangian contains all dimension four Weyl invariant operators

that can be built out of the metric and the gauge field.
1=16

S = JV gld*x >’ &0
=1

YN

O, =R vpo (DI)ZZ(ITVPU R¥ v'plo!
The most important fact is the the theory is Weyl invariant
2
8w — Q2 (x) 8uv

Auvp = Auvp
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First order versus second order

The solution’s space is much bigger than that of second order

1 1
H39 — HFO — —vaK(W) + 280V’ Ko, + 28wV Koy

The first thing to study is when (if at all) those theories describe
gravity.

We will have to study the response of the system to external sources:
@ Energy momentum sources : T,

@ Gauge field sources: J,,,» which we will assume made out of
energy-momentum tensors.

_ Quadratic gravity in first order formalism  Corfu, 27 September, 2017 11 /22



Background field expansion

The general background field expansion reads
Buv = g;w + "fh;w
Mo =T, + Bl = {5/3} + AL,

so the action can be written as

S=5+5+5

Of course, since we are expanding around a Levi-Civita background
So = fan\/ ’g'| (Oq /‘?[wjpa RHVPO 4 [a%) RMV R + a3 §2)

1 1 1
al—g1+§g2_g3_§g4+§g5+g6

ap = g7 + 88 + & + 810 — 812 — &13
a3 = £16
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The equations of motion are

0S

1_ 4= _ _
6gep = ~VIel {25%5 = 209R,,, "R = 21 R AR~
8uv=8uv

~2q;R*R,,, — 203R° R}
0S

AN
a’B gw/:gm/

+2¢> (vaé,\ﬁ - Wﬁ?u"i\”) +2a3 (gaﬁ?’\'[? - 55?(1}?)}

— Izl {401V,R,7 + 2q1 (VAR — 609, R) +

1

1
q1 = 87 + 88 — §g12 — §g13

1 1
g2 = —8&9 — 810 + §g12 + §g13
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The quadratic term can be written as

1 vpo Vpo
5@ — 5 J v/ |g|d"x {hWMWWhpU+hWN§ PT AN AT, KU Afm}
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The quadratic term can be written as

5@ = % fv@ d"x {hw M7 gt by NP7 A+ A, KEEE Afm}
MeBre _ 2 { (%gaﬁgve B %gawgﬁe> (al Ruvpe R™? + az Ruy R™ + as R2) +
87 (201Ruw, "R + 2q1R, R + 2GR Ry, + 203RR) +
+2 (2a1 +g1+ %gg) R, R*" g% +2(2q1 + &) R,"R* 8" +

FA@R" Y R, g% + 4asR*TRE™ + 2 (go + g1o) R,uaziﬁ,weu_
-2 (g3 + %g4> R.. oy guvBe 4 2gsl'§ua,ﬂl§l'5“6 + 2g6§f,ﬂ§”5“6+

+2 (g2 + g13) R’ﬂﬁ”aﬁe +2(gr+ g —g) RR™ + 2g]_6RaBR’Y6} +

+{ao B+ {1 o
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h"*N

ex

ozﬂAA

af =

= 2hw€g1f€{ﬁwwﬁe P = Runpo F" ¢ ¥ = Ruvno F*™e 7 = Ryuwpn F*° e} -
+2h" g2k {R“/vpcr F. 77 — R;wpaﬁ”pe - R’;wwcrlEu = 7;wp'yﬁ#py e} R
+ 20 g3k {—Ruvro F™"e 7 = Ruwpr F"0 } +

+h" gr {*R;wpa F¥e 7 — Funpo R 7 = Ruvpn F™ = Fuypy R, 1
+2h" gsk {_R’Mwwﬁp M= R’WMIE’JV?} +

+2h" gk {_Rmpaﬁpd? - ﬁwmﬁp € W} +

oW R REFYL) 4 20 g R FT. — REF) +
+2h" gok {R;,F77 — Ruveo F*7 — R F* o 7 — R F" .} +

+ 20" gk {~Royea FZ" — R Foren} + 207 gun {=Ry "Fop — R [ Fuc}
b g (R Fos — FL7 Runea — R P — LR} +

+ W' gi3k {=RY Foner — FY7 Ronew — RYTFpe — FY TR} +

bW g (R, T~ FLR, "~ REFT —FERT

+h" gisr {_EIWSUJ:W — Fuyeo R — R’u_wf" e — /Eu_ﬂéy 5} +

+2h gk {—RI.F = RFE/} +{a o B} + {y o ¢}
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K = [8aadt R, 7 + 4quo? (3R — 058R™ ) +
+4q207 (E”Bf_?x “—g"R, ﬂ) + 4azb? (55?%— 535”5@] +
+2VV7 (202" (281 + & — &) + 6307 (283 + g4 — 8 — g10) +
+6%67 (—gs + 2g11 + g14a — g16)] +
+2Vv,V7? [8°7 65 (2g5 +2g8s — 812 — &g13) + 058" (—g13 + g5 + 2g16)] +
+2V,Vx [ “(gs+ g6+ g+ &) — &8 (guo+ gm)] +
+ 2V, V* [ 1055 (2g7 + 2gs + g13 — g15) + &7 07 (2810 + g12 + g13)]
+2VOV? 280,87 g0 + 0567 (g12 + g15)] +
+20 [gmé“”g (—281 — &) — 8B g0+
+8°70507 (—2g5 — gu — gs) + 870505 (—gr — 2g11 — gua) —
510587 (g12 + g1s)| + {a > B} + {y = €} + {(AaB © 77¢}
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In the following, what is important here is the behaviour of these
operators.

M ~ R?
N ~ kR
K ~ R + k?

_ Quadratic gravity in first order formalism  Corfu, P September, 2017

17 / 22



In the following, what is important here is the behaviour of these
operators.

M ~ R?
N ~ kR
K ~ R + k?

We want to compute the free energy

W [Jagy: Tyw] = —l0g Z [Jupes T = f VE d"x {%TM (M*l)“m Toot
1 af —1\°P? pvabe 2N —1\ YY" L abe -1

+ 5 (N (m )aﬂ Too + Junr ) (K + NG (M) NgE)

(v (), 7 )
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-
Flat background

When M = 0, we must consider a theory where all the dynamics
come from the gauge field.
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-
Flat background

When M = 0, we must consider a theory where all the dynamics
come from the gauge field.

In this case the propagator for the gauge field reads,

_ 1
(K™agte = 12 (ﬂlgagg%g” + B28ar85e8 " + B30 5y 8e + Bada’ 05" gyet
AT AT A

+ Bs0a” 8y gge + ﬁﬁgaﬂgwe% + B7ga’ygﬁe% + ﬂ85BTg’y6%+

+ 595w7g/36k0;(712(/\ + /3105047&'56/(275/\ + 511567&3@% + Progreg™” kksﬁ

+ B13dy 6 —L Ko k + Bragseg” kka + 51555&56 753 ko k T4

+ 517gwe%f/\k7 + ﬂngBeW + 5195eT% + 52055T%+
+ Bag™” kakiiwks + B2 kakB:ZkEk/\) +{a o B+ {y < e+ {Aaf < Ty¢}
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In this case all the dynamics are driven by the gauge field. In order to
understand what sources drive the theory to the gravitational sector,
we have to impose that the free energy coincides with the GR
prediction, namely

- 1 o
JEB’Y(K 1)0&67/11/;)-”“/[) =T — (gupgua + 8uoc8vp — g,ul/gpa) T =

2k?
B Tab Tab Ta, Tbb
K 2k?

On the other hand, the only constraint on the sources comes from
diffeomorphism invariance, which reads

050, J*7 =0
There are many allowed sources of the form
T =t (K1ap — kaks)
Japy = Akanpgy + B (kgnay + kytap)
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The fate of Weyl Invariance

The theory is, up to now, in the conformal phase (Weyl invariant).
This symmetry has to be spontaneously broken.
The simplest possibility to dynamically generate the Einsteing-Hilbert

term (thus breaking Weyl invariance) is through interaction with an
scalar sector

1
L= Vigl (e 0000 - V(9))
Quantum corrections will include a term

AL = C.R¢?
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N
Einstein-Hilbert

Were the scalar field to get a nonvanishing vacuum expectation value

(@)=v

the counterterm implies an Einstein-Hilbert term

Len = M*\/|g|R

The "Planck scale” M is arbitrary, because it comes about through
renormalization; it should be pointed out that the only scale present
in the problem to begin with is precisely the symmetry breaking one,
v.
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Conclusions

© When considering quadratic theories in first order formalism
quartic propagators never appear. The theory seems to be both,
renormalizable and unitary.

@ The most general lagrangian of this kind -needed to ensure
renormalizability- includes sixteen different operators. Most of
them probably don't describe gravity.

© We need to give physical meaning to the connection.

o When perturbing around flat space it encodes all the physical
information.

e In curved space, both the graviton and the connection drive the
dynamics.

@ There remain the mapping of the full parameter space of the
theory as well as compute explicitly the quantum corrections to
see that everything works according to our expectations.
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