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Introduction

General relativity

S “
1

2κ2

ż

a

|g |R d4x

κ “
?

8πG

gives the right predictions at low energies.

We want a quantum formulation of this.

Can General Relativity be formulated as a Quantum Field Theory?
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Perturbative expansion of GR

The coupling constant is dimensionful

rG s “ ´2 in mass units

This means that higher loop corrections will be higher powers of the
Riemann tensor

R ` R2 ` R3 ` ....

The theory is non-renormalizable.

The ”breaking” scale is the Planck mass MP „ 1018GeV it can still
be regarded as an EFT.
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Improving convergence

The problem with renomalizability was the dimensionful coupling
parameter. Therefore, the simplest attempt to improve that is to
consider quadratic -in curvature- theories.

S “

ż

a

|g |d4xpα1RµνρσR
µνρσ ` α2RµνR

µν ` α3R
2q

Indeed, this improves convergence. But it brings a much worse
problem.
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The propagator falls off as
1

p4
. This implies that there are ghosts

modes that propagates with the wrong sign in the kinetic energy.

Källen-Lehmann spectral representation

∆ppq “

ż 8

0
dµ2 ρpµ2q

1

p2 ´ µ2 ` iε

where ρpµ2q ě 0 But

1

p4 ´m4
“

1

2m2

"

1

p2 ´m2
´

1

p2 `m2

*

so there are ghosts and/or tachyons.

Quadratic theories are renormalizable but unitarity is lost.
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By looking at the Riemann tensor

Rµ νρσ “ BρΓµνσ ´ BσΓµνρ ` ΓµλρΓλνσ ´ ΓµλσΓλνρ

we can see that the structure is that of a gauge field, symbollically.

R „ BΓ´ BΓ` rΓ, Γs

This is clearer when working with a tetrad.

Rab
µν “ BµA

ab
ν ´ BνA

ab
µ ` f abcd ,ef A

cd
µ Aef

ν

where rJab, Jcd s “ 2ifab,cd ,ef J
ef Although it is not fully equivalent

Rαβγδ ” eaαe
b
β Rabγδ “ Rγδαβ ” ecγe

d
δ Rcdαβ

Quadratic gravitational theories are in some sense the closest
analogues to Yang-Mills theories.
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First Order formalism

There is another formulation of General relativity which is classically
equivalent to the usual one.

The first order (Palatini) action reads

S “
1

2κ2

ż

a

|g |d4xRrΓs

The connection Γ and the metric are regarded as independent fields.
The equations of motions are the ones that state

Γµνρ “
 

α
µβ

(

FO and SO are equivalent on shell –even off shell at one loop order–.
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The non-metricity is defined as

∇µgρσ “ ´2Aµρσ

so now Γµνρ “ t
µ
νρu ` Aµνρ.

When the non-metricity is non vanishing, the Riemann tensor does
not have the usual symmetries

RrΓsµνρσ ‰ RrΓsρσµν

RrΓspµνqρσ ‰ 0

It is only antisymmetric in the last two indices by construction.

What about a quadratic theory of gravity in first order formalism?
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Quadratic gravity in first order formalism?

It seems promising,

1 On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.

2 On the other, since now metric and connection are separate
fields, the theory is quadratic in derivatives. The propagator
behaves like 1

p2 so there is no conflict with the Källen-Lehmann’s
spectral theorem and it seems a good candidate for an unitary
theory.

The price to pay, of course, is that we have now two different fields,
and a more complicated tensorial structure.

Quadratic gravity in first order formalism Corfu, 27th September, 2017 9 / 22



Quadratic gravity in first order formalism?

It seems promising,

1 On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.

2 On the other, since now metric and connection are separate
fields, the theory is quadratic in derivatives. The propagator
behaves like 1

p2 so there is no conflict with the Källen-Lehmann’s
spectral theorem and it seems a good candidate for an unitary
theory.

The price to pay, of course, is that we have now two different fields,
and a more complicated tensorial structure.

Quadratic gravity in first order formalism Corfu, 27th September, 2017 9 / 22



Quadratic gravity in first order formalism?

It seems promising,

1 On the one hand, since there are no dimensionful coupling
constants (indeed, the theory is Weyl invariant). No new
counterterms will appear in perturbation theory. It is power
counting renormalizable.

2 On the other, since now metric and connection are separate
fields, the theory is quadratic in derivatives. The propagator
behaves like 1

p2 so there is no conflict with the Källen-Lehmann’s
spectral theorem and it seems a good candidate for an unitary
theory.

The price to pay, of course, is that we have now two different fields,
and a more complicated tensorial structure.

Quadratic gravity in first order formalism Corfu, 27th September, 2017 9 / 22



There are now three different traces of the Riemann tensor.

R`rΓsνσ ” gµρ RrΓsµνρσ

R´rΓsµσ ” gνρRrΓsµνρσ

Rρσ ” gµν RrΓsµνρσ

But only one scalar

R` ” gµνR`µν “ ´R
´ ” gµνR´µν

The lagrangian contains all dimension four Weyl invariant operators
that can be built out of the metric and the gauge field.

S “

ż

a

|g |d4x
I“16
ÿ

I“1

gIOI

OI ” Rµ νρσ pDI q
νρσν1ρ1σ1

µµ1 Rµ
1

ν1ρ1σ1

The most important fact is the the theory is Weyl invariant

gµν Ñ Ω2pxq gµν

Aµνρ Ñ Aµνρ
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First order versus second order

The solution’s space is much bigger than that of second order

HSO
µν ´ HFO

µν “ ´
1

2
∇λK

λ
pµνq `

1

4
gλµ∇ρKλ

ρν `
1

4
gλν∇ρKρν

The first thing to study is when (if at all) those theories describe
gravity.

We will have to study the response of the system to external sources:

Energy momentum sources :Tµν

Gauge field sources: Jµνλ which we will assume made out of
energy-momentum tensors.

Quadratic gravity in first order formalism Corfu, 27th September, 2017 11 / 22



Background field expansion

The general background field expansion reads

gµν “ ḡµν ` κhµν

Γµνρ “ Γ̄µνρ ` Bµνρ ”
 

µ
νρ

(

` Aµνρ

so the action can be written as

S “ S0 ` S1 ` S2

Of course, since we are expanding around a Levi-Civita background

S0 “

ż

dnx
a

|ḡ |
`

α1
sRµνρσ sRµνρσ ` α2

sRµν sRµν ` α3
sR2
˘

α1 “ g1 `
1

2
g2 ´ g3 ´

1

2
g4 `

1

2
g5 ` g6

α2 “ g7 ` g8 ` g9 ` g10 ´ g12 ´ g13

α3 “ g16
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The equations of motion are

δS

δgαβ

ˇ

ˇ

ˇ

ˇ

gµν“ḡµν

“ κ
a

|ḡ |

"

1

2
ḡαβL̄´ 2α1R̄

α
µνρ R̄µνρβ ´ 2q1R̄

α
µ R̄µβ´

´2q2R̄
µαβνR̄µν ´ 2α3R̄

αβR̄
)

δS

δAλαβ

ˇ

ˇ

ˇ

ˇ

ˇ

gµν“ḡµν

“
a

|ḡ |
!

4α1∇̄ρR̄
αρβ
λ ` 2q1

´

∇̄λR̄
αβ ´ δβλ∇̄µR̄

αµ
¯

`

`2q2

´

∇̄αR̄ β
λ ´ ḡαβ∇̄µR̄

µ
λ

¯

` 2α3

´

ḡαβ∇̄λR̄ ´ δ
β
λ∇̄

αR̄
¯)

q1 “ g7 ` g8 ´
1

2
g12 ´

1

2
g13

q2 “ ´g9 ´ g10 `
1

2
g12 `

1

2
g13
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The quadratic term can be written as

S p2q “
1

2

ż

a

|ḡ |dnx

"

hµνM
µνρσhρσ`hµνN

µνρσ
λ Aλρσ`A

α
µν K

µνρσ
αβ Aβρσ

*

Mαβγε
“ κ2

"ˆ

1

4
gαβgγε

´
1

2
gαγgβε

˙

´

α1 Rµνρσ Rµνρσ
` α2 Rµν Rµν

` α3 R2
¯

`

´gγε
´

2α1
sR α
µνρ

sRµνρβ
` 2q1

sR α
µ

sRµβ
` 2q2

sRµαβν
sRµν ` 2α3

sRαβ
sR
¯

`

`2

ˆ

2α1 ` g1 `
1

2
g2

˙

sR α
µνρ

sRµνργ
sgβε

` 2 p2q1 ` g9q sR
α

µ
sRµγ

sgβε
`

`4q2
sRµαγν

sRµνsg
βε
` 4α3

sRαγ
sRsgβε

` 2 pg9 ` g10q sR
αβ

µ ν
sRµγεν

´

´2

ˆ

g3 `
1

2
g4

˙

sR αγ
µν

sRµνβε
` 2g5

sR α γ
µ ν

sRνβµε
` 2g6

sR α γ
µ ν

sRνεµβ
`

`2 pg12 ` g13q sR
γ

µ
sRµαβε

` 2 pg7 ` g8 ´ g9q sR
αγ

sRβε
` 2g16

sRαβ
sRγε

)

`

` tαØ βu ` tγ Ø εu
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hγεN αβ
ελ γ A

λ
αβ “

“ 2hγεg1κ
 

sRγνρσ
sF νρσ
ε ´ sRµγρσ

sFµ ρσ
ε ´ sRµνγσ

sFµν σ
ε ´ sRµνργ

sFµνρ
ε

(

`

` 2hγεg2κ
 

sRγνρσ
sF ρνσ
ε ´ sRµγρσ

sFµρ σ
ε ´ sRµνγσ

sFµ νσ
ε ´ sRµνργ

sFµρν
ε

(

`

` 2hγεg3κ
 

´ sRµνγσ
sF νµ σ

ε ´ sRµνργ
sF νµρ

ε

(

`

` hγεg4κ
 

´ sRµγρσ
sF ρµ σ

ε ´ sFµγρσ
sRρµ σ

ε ´ sRµνργ
sF ρµν

ε ´ sFµνργ
sRρµν

ε

(

`

` 2hγεg5κ
 

´ sRµγρσ
sF ρ µσ

ε ´ sRµνργ
sF ρνµ

ε

(

`

` 2hγεg6κ
 

´ sRµγρσ
sF ρσµ

ε ´
sRµνργ

sF ρ µν
ε

(

`

` 2hγεg7κ
 

´ sR`γσ sF
`σ
ε ´ sR`νγ sF

ν
`ε

(

` 2hγεg8κ
 

´ sR`γσ sF
σ
`ε ´

sR`σγ
sF`σ
ε

(

`

` 2hγεg9κ
 

sR´γσ sF
´σ
ε ´ sRµγεσ

sFµσ
´ ´ sR´µσ sF

µ σ
γε ´ sR´µγ sF

µ
´ε

(

`

` 2hγεg10κ
 

´ sRργεσ
sFσρ
´ ´ sRµσ

´
sFσγεµ

(

` 2hγεg11κ
 

´R µ
γ Fεµ ´Rµ

γFµε

(

`

` hγεg12κ
 

´ sRνσ
`

sFνγεσ ´ sF νσ
`

sRνγεσ ´ sR`νγ sF
ν
´ε ´

sF`νγ sR
ν
´ε

(

`

` hγεg13κ
 

´ sRνσ
`

sFσγεν ´ sF νσ
`

sRσγεν ´ sR`σ
γ

sF´σε ´
sF`σ
γ

sR´σε

(

`

` hγεg14κ
 

´ sR`γσF σ
ε ´ sF`γσ sR σ

ε ´ sR`σγFσ
ε ´

sF`σγ
sRσ

ε

(

`

` hγεg15κ
 

´ sRµγεσFµσ
´ sFµγεσ

sRµσ
´ sR´νγFν

ε ´
sF´νγ sRν

ε

(

`

` 2hγεg16κ
 

´ sR`γε sF ´ sR sF`γε
(

` tαØ βu ` tγ Ø εu
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Kαβγε
λ τ “

”

8α1δ
α
τ R̄

γβε
λ ` 4q1δ

α
τ

´

δβλ R̄
γε
´ δελβR

γβ
¯

`

`4q2δ
α
τ

´

ḡγβR̄ ε
λ ´ ḡγεR̄ β

λ

¯

` 4α3δ
α
τ

´

δβλ ḡ
γεR̄ ´ δελḡ

γβR̄
¯ı

`

` 2s∇ε
s∇β
rḡλτ ḡ

αγ
p2g1 ` g2 ´ g9q ` δ

γ
λδ

α
τ p2g3 ` g4 ´ g6 ´ g10q`

`δαλ δ
γ
τ p´g8 ` 2g11 ` g14 ´ g16qs`

` 2s∇τ
s∇β
rḡαγδελ p2g5 ` 2g6 ´ g12 ´ g13q ` δ

α
λ ḡ

γε
p´g13 ` g15 ` 2g16qs`

` 2s∇τ
s∇λ

”

´ḡαγ ḡβε
pg5 ` g6 ` g7 ` g8q ´ ḡαβ ḡγε

pg10 ` g16q

ı

`

` 2s∇τ
s∇ε

”

ḡγαδβλ p2g7 ` 2g8 ` g13 ´ g15q ` ḡαβδγλ p2g10 ` g12 ` g13q

ı

`

` 2s∇α
s∇β
r2ḡλτ ḡ

γεg9 ` δ
ε
τδ

γ
λ pg12 ` g15qs`

` 2l

”

ḡλτ ḡ
αγ ḡβε

p´2g1 ´ g2q ´ ḡλτ ḡ
αβ ḡγεg9`

`ḡαγδελδ
β
τ p´2g3 ´ g4 ´ g5q ` ḡαγδετδ

β
λ p´g7 ´ 2g11 ´ g14q´

´δγτ δ
ε
λḡ

αβ
pg12 ` g15q

ı

` tαØ βu ` tγ Ø εu ` tλαβ Ø τγεu
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In the following, what is important here is the behaviour of these
operators.

M „ R2

N „ kR

K „ R ` k2

We want to compute the free energy

W
“

Jαβγ ,Tµν
‰

” ´ log Z
“

Jαβγ ,Tµν
‰

“

ż

a

ḡ dnx

"

1

4
Tµν

´

M´1
¯µνρσ

Tρσ`

`
1

4

ˆ

Nαβ
µνλ

´

M´1
¯ρσ

αβ
Tρσ ` Jµνλ

˙

´

Kµνλabc
` Nµνλ

uv

´

M´1
¯uvwx

Nabc
wx

¯´1

´

Nuv
abc

´

M´1
¯

uvwx
Twx

` Jabc
¯

*

Quadratic gravity in first order formalism Corfu, 27th September, 2017 17 / 22



In the following, what is important here is the behaviour of these
operators.

M „ R2

N „ kR

K „ R ` k2

We want to compute the free energy

W
“

Jαβγ ,Tµν
‰

” ´ log Z
“

Jαβγ ,Tµν
‰

“

ż

a
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4
Tµν

´

M´1
¯µνρσ

Tρσ`

`
1

4

ˆ

Nαβ
µνλ

´

M´1
¯ρσ

αβ
Tρσ ` Jµνλ

˙

´

Kµνλabc
` Nµνλ

uv

´

M´1
¯uvwx

Nabc
wx

¯´1

´

Nuv
abc

´

M´1
¯

uvwx
Twx

` Jabc
¯

*
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Flat background

When M “ 0, we must consider a theory where all the dynamics
come from the gauge field.

In this case the propagator for the gauge field reads,

pK´1
q
λ τ
αβγε “

1

k2

´

β1gαβgγεg
λτ
` β2gαγgβεg

λτ
` β3δα

λδγ
τgβε ` β4δα

λδβ
τgγε`

` β5δα
τ δγ

λgβε ` β6gαβgγε
kλkτ

k2
` β7gαγgβε

kλkτ

k2
` β8δβ

τgγε
kαk

λ

k2
`

` β9δγ
τgβε

kαk
λ

k2
` β10δα

τgβε
kγk

λ

k2
` β11δε

τgαβ
kγk

λ

k2
` β12gγεg

λτ kαkβ
k2

`

` β13δγ
λδε

τ kαkβ
k2

` β14gβεg
λτ kαkγ

k2
` β15δβ

λδε
τ kαkγ

k2
` β16δβ

τ δε
λ kαkγ

k2
`

` β17gγε
kαkβk

λkτ

k4
` β18gβε

kαkγk
λkτ

k4
` β19δε

τ kαkβkγk
λ

k4
` β20δβ

τ kαkγkεk
λ

k4
`

` β21g
λτ kαkβkγkε

k4
` β22

kαkβkγkεk
λ

k4

¯

` tαØ βu ` tγ Ø εu ` tλαβ Ø τγεu
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In this case all the dynamics are driven by the gauge field. In order to
understand what sources drive the theory to the gravitational sector,
we have to impose that the free energy coincides with the GR
prediction, namely

JaβγpK´1qαβγµνρJ
µνρ “Tµν 1

2k2
pgµρgνσ ` gµσgνρ ´ gµνgρσqT

ρσ “

“
TabT

ab

k2
´

T a
aT

b
b

2k2

On the other hand, the only constraint on the sources comes from
diffeomorphism invariance, which reads

BβBγ Jαβγ “ 0

There are many allowed sources of the form

Tµν “ t
`

k2ηαβ ´ kαkβ
˘

Jαβγ “ Akαηβγ ` B pkβηαγ ` kγηαβq
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The fate of Weyl Invariance

The theory is, up to now, in the conformal phase (Weyl invariant).

This symmetry has to be spontaneously broken.

The simplest possibility to dynamically generate the Einsteing-Hilbert
term (thus breaking Weyl invariance) is through interaction with an
scalar sector

Ls ”
a

|g |

ˆ

1

2
gµνBµφBνφ´ V pφq

˙

Quantum corrections will include a term

∆L “ CεRφ
2
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Einstein-Hilbert

Were the scalar field to get a nonvanishing vacuum expectation value

xφy “ v

the counterterm implies an Einstein-Hilbert term

LEH “ M2
a

|g |R

The ”Planck scale” M is arbitrary, because it comes about through
renormalization; it should be pointed out that the only scale present
in the problem to begin with is precisely the symmetry breaking one,
v .
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Conclusions

1 When considering quadratic theories in first order formalism
quartic propagators never appear. The theory seems to be both,
renormalizable and unitary.

2 The most general lagrangian of this kind -needed to ensure
renormalizability- includes sixteen different operators. Most of
them probably don’t describe gravity.

3 We need to give physical meaning to the connection.

When perturbing around flat space it encodes all the physical
information.
In curved space, both the graviton and the connection drive the
dynamics.

4 There remain the mapping of the full parameter space of the
theory as well as compute explicitly the quantum corrections to
see that everything works according to our expectations.
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