Snyder-type spacetimes, twisted Poincaré algebra and
addition of momenta

Rina Strajn
In collaboration with D. Meljanac, S. Meljanac and S. Mignemi

Ruder Boskovié Institute,
Division of Theoretical Physics

Corfu, 17 September 2017

3



Contents

I Introduction
IT The generalised addition of momenta, coproduct and star product
IIT The twist operator for the Snyder realisation
IV First order expansion
V Remarks and outlook



11 111 v

Introduction
The Snyder model

The first proposed version of a noncommutative spacetime
Preserves Lorentz invariance

Given by the commutation relations

[Zs D] = PN + ﬂ2f’uﬁu)7
['fj,u?i'l/] = iﬁ2juu7
[ﬁuaﬁlj] = 07 (1)

where Z,,p, and juu correspond to the generators of position,
momentum and angular momenta, respectively, ., = diag(—1, 1, 1, 1)
and [ is a coupling constant assumed to be of order one in Planck
units.

J o satisfy the usual commutation relations

[j;wa jpo} =1 (77V/Jj/w - nuﬂjw - noujpv + novjpu) ) (2)

[j;waﬁu] =3 (Mabp — Muabv) s [Juw, Tul =3 (Mady — 77;0\5%1/)



Snyder-type spaces

e A deformation of phase space, generated by Z,, p, and juv’ which
satisfy

['fj#?‘i‘l’] = iﬁ2juu'(/)(ﬂ2ﬁ2), [ﬁ#?ﬁl’] = 07 [ﬁuvil/] = 71‘3@“1’(52?62)
[Juvs Jp,o]l = i dve = Quodvp + Mupdue — Nwodup),

[Juv, DAl = 1w — @)y [Jpvs TA] = i(Muw — M p) (3)
o Y(B%9?), @ (B%P%) - constrained by the requirement that the Jacobi
identities hold
e ) = const. —> the original Snyder model

e A realisation of Z,, p, and J,, in terms of commutative coordinates
x, and py
& = 2up1(B°D°) + Bz - ppup2(B°p") + Bpux(8°9%),  (4)

Pu=DPus  Juv = Juv = Tpupy — TuPp. (5)

= Qv = N1 + Bopupvp2, = —20101 + p1p2 — 28°p P2
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The generalised addition of momenta, coproduct and star product

The generalised addition of momenta and the coproduct
It can be shown that

>1 = eiK(lc)»z«ng(k)

ezk»m bl — 61P(k,q)<z+zQ(k,q)

with PM(IC,O) = Kp.(k:)y pﬂ(07 q) =d4u

From o o _ _
efzkk»zpuez)\k-z > ezq-z _ Py,()\k, q)ezq»z
- dP,(\k, q)
T2 = kol (PO, 9)),

The generalised addition of momenta is defined as
k. ® g = Du(k, q),
where D, (k,0) = k., Du(0,q) = qu, and
Dy (k. q) = Pu(K " (k) q)
The coproduct of the momenta is defined as

Apy = Du(p@) L1®p).

(10)

(11)

(12)



The star product

e It can be shown that

ok eiK’I(k)-ifig(K’l(k)) >1

= The star product of two plane waves is given by

. . a1 A -1 I
elk T *ezq T _ elK (k)-2—ig(K~"(k)) Delq T

P H(R),a) w+iQ(K 1 (k),q) —ig (K~ (k)

where g(k) = Q(k,0)

e Defining
G(k,q) = QUK (k),q) — QK (k),0)

=

eik~z * eiq~z — eiD(k,q)-z+iQ(k,q)

e It can be shown that

dQ(Xk, q)
d\

with Q(0,¢) = 0 and X = p™x(82p?)

= kax” (P(Ak, q))
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The twist operator for the Snyder realisation
The Twist

A bidifferential operator that relates the deformed and undeformed
coproducts
Apy = FDopuF~'

it uniquely determines the realisation of the deformed space
ip=m(F'(e®l)(z, 1))
defines the noncommutative star-product between functions
(fxg)(@) =m (F'or)(f®9))
It can be show that it is given by

Fl=rexp{i(1®z*)(A - Ao)pa +G(p@1,1@p)}:

(18)

(19)



The twist operator for the Snyder space

The Snyder realisation
j,u, = Tpu + ﬂ2$ " PPpu (22)
The corresponding coproduct of the momenta
1 2

S S A —

1 — B?pa ® p* 1+V1+A
with A = §%p?
The coproduct is expanded with respect to the deformation parameter

B2, Apy =355 Akpu, with Agp, o (8%)"
We look for the twist operator in the form

Ap,, pﬂpa®pa+v1+A®p#),

(23)

F = eflJrf2+f3+m7 (24)

where fi, o< (82)*



e For each order we obtain the equation that f; needs to satisfy

[fla Aop#] = Alp#?

1
[f2, Aopy] = Aopy — 5 [f1, [f1, Dopul] (25)
-
- 02 2 1 a B (e
fi = =i |p ® TP+ SPaps @ TP +pa @ T pp
Bt /1 1
fo = Z% <§p4®x~p+§papﬁp2®x“p5+pap2®a:-pp”)
(26)
For the closed form of the twist we get
. 1 2 1 a B [e%
F = exp§ 1t P ®T P+t 5Paps @T P +Pa @z pp- | X

<7l”(1 5 1) } (27)

p2



This twist gives the right realisation of the Snyder space
m(F oz, ®1) =2, + 8% pp, (28)

An independent verification - starting from (21) — the results agree

For the Lorentz generators — primitive coproduct (as it should be)
Adyy = F(AoJw)F = Aoy (29)

The coproduct for the Snyder space is non-co-associative => the twist
for the Snyder space does not satisfy the cocycle condition



First order expansion of the general form

The realisation
Zp =z + B2 (s12u0° + 522 - ppu + cpu) + O(B)
The commutation relations
[0, 20] = 65T + O(8")
Pus &) = —i (nuw (1 + B%s1p”) + B2s2pupy) + O(B*)

s1 =0, s =1 — the exact Snyder realisation

s1 = —1/2, s = 0 —> the first order expansion of the Maggiore
realisation

s2 = 2s1 commutative spacetime to first order in ,82
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e The generalised addition of momenta

(IC (&) q)ﬂ = Dﬂ(k‘7 q) = klt + qu + /32 (Sgk eem + squkH (32)

+(s1+ 2 ) k- qhu+ S;k"’qu) +0(8")

for so = 2s1 # 0, s = 0, spacetime is commutative up to the first order
in 82, but the addition of momenta is deformed

(k@ qQ)u # ku+ qu (33)

e The coproduct

Ap, = Aopu+ ﬁz (slpu ® p2 + $2Pa ® papu (34)

+ (514 2) pupa @9 + 2p* @ pyu | +0(8Y)
2 2

e The twist operator

Fr=101+i(1®za)(A — Ao)p™ +icBpa @ p* + O(B*)  (35)



Remarks and outlook

In general:

e the twist will not satisfy the cocycle condition

e the corresponding star product will be non-associative

e the coproducts Ap,, AJ,, will be non-coassociative
exception: sz = 2s1 (the commutative case) — the star product is
commutative and associative, but not local and the corresponding
coproduct Ap,, is cocommutative and coassociative

Using the twist (35) to calculate the coproduct of J,, —
AJ[,UJ = AOJ‘U,V + 0(54)

An important development of the work is the study of quantum field
theory in Snyder spaces (free, interacting)

A future work is the precise elaboration of the Hopf algebroid structure
of the Snyder spacetime



Thank you for your attention!
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