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Motivation:

Frame Problems in the History of Science (from WikipediA)

• Geocentric versus Heliocentric System

Geocentric: Anaximander (6c BC), . . . , Plato (4c BC),
Aristotle (3c BC), Ptolemy (2c AD), . . .

Heliocentric: Aristarchus (3c BC), Seleucus (2c BC), . . . ,
Kopernicus (15c AD), Kepler (16c AD), Galileo (16c AD), . . .

• Absolute versus Relative/Local Inertial Frame in Gravitation

Absolute: Newton (17c BC), . . .

Relative: Einstein (20c BC), . . .

• Einstein versus Jordan Frame in Inflationary Cosmology [this talk]
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– Einstein versus Jordan Frame

Action in Enstein Frame: SEF[gµν, ϕ] =
∫
x

[
− 1

2M
2
PR + 1

2(∂µϕ)
2 − V (ϕ)

]

Action in Jordan Frame: SJF[g̃µν, ϕ̃] =
∫
x

[
− 1

2f(ϕ̃)R̃ + 1
2(∂µϕ̃)

2− Ṽ (ϕ̃)
]

Frame equivalence =⇒ SJF[g̃µν, ϕ̃] = SEF[gµν, ϕ] [R. H. Dicke ’62]
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S
JF

S
EF

Γ
JF, div
1−loop Γ

EF, div
1−loop

“Quantization”

field parametrization

field parametrization

Field reparametrization

Field reparametrization

ΓJF
1−loop[g̃µν, ϕ̃] 6= ΓEF

1−loop[gµν, ϕ]: Effective action is frame dependent.
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Outline:

• A Profound View of Our Cosmos

• Frame Covariance in Curved Field Space

• Frame Covariant Quantum Perturbations

• Frame Invariant Cosmological Observables

• Two-Field Models

• Beyond the Tree Approximation

• Conclusions and Future Directions
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• A Profound View of Our Cosmos

Standard Big-Bang Cosmology cannot naturally explain the flatness of our
Universe and the largeness of its causal horizon.

c©2015, European Space Agency

δT
T

<
∼

10−4

Inflation provides a natural solution to these problems of our Cosmos, as
well as a quantitative framework for explaining the CMB anisotropies.

Interesting class of viable inflationary models: Scalar-Curvature Multifield
Theories, including Higgs Inflation.
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• Frame Covariance in Curved Field Space

– Scalar-Curvature Multifield Theories in Jordan Frame

S =

∫
d4x

√−g

[
− f(ϕ)

2
R +

1

2
kAB(ϕ) g

µν(∇µϕ
A)(∇νϕ

B) − V (ϕ)

]
,

S = S
[
gµν,ϕ, f(ϕ), k(ϕ), V (ϕ)

]
: classical action,

f(ϕ), kAB(ϕ), V (ϕ): model functions.

Frame transformations consist of

(i) Conformal transformations

gµν → g̃µν = Ω2gµν , ϕA → ϕ̃A = Ω−1ϕA

(ii) Field reparametrizations

ϕA → ϕÃ = ϕÃ(ϕ) ,
dϕ̃Ã

dϕB
= Ω−1KÃ

B(ϕ)
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Under a frame transformation: ϕA 7→ ϕ̃Ã = ϕ̃Ã(ϕ), the model functions
transform as

f̃(ϕ̃) = Ω−2f(ϕ) ,

k̃ÃB̃(ϕ̃) =
[
kAB − 6f(lnΩ),A(lnΩ),B + 3f,A(lnΩ),B + 3(lnΩ),Af,B

]
KA

Ã
KB

B̃
,

Ṽ (ϕ̃) = Ω−4V (ϕ) .

Functional form of the classical action S remains invariant:

S[g̃µν, ϕ̃, f̃(ϕ̃), k̃(ϕ̃), Ṽ (ϕ̃)] = S[gµν,ϕ, f(ϕ), k(ϕ), V (ϕ)]

Models related by a frame transformation define an equivalence class

=⇒ Our starting point for Frame Covariance.

Introduce Field Space Metric:

GAB ≡ kAB

f
+

3

2

f,Af,B
f2

.
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Frame Tensors X
A1...Ap

B1...Bq
in Field Space:

X̃
Ã1...Ãp

B̃1...B̃q
= Ω−(wX+p−q)

(
KÃ1

A1
. . .K

Ãp

Ap

)
X

A1...Ap

B1...Bq

(
KB1

B̃1
. . .K

Bq

B̃q

)
.

X conformal weight (wX) scaling dimension (dX)
dxµ 0 0
dϕA 0 1
dϕA 0 −1
gµν −2 −2
gµν 2 2
NL, a −1 −1
H ≡ (Dta)/a 1 1
f 2 2
GAB 0 −2
GAB 0 2
U ≡ V/f2 0 0

X
A1A2...Ap

B1B2...Bq
wX wX + p− q

∇AX
A1A2...Ap

B1B2...Bq
wX wX − 1 + p− q

DλX
A1A2...Ap

B1B2...Bq
wX − dδλ wX − dδλ + p− q
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Fully Frame Covariant Differentiation:

∇CX
A1...Ap

B1...Bq
≡ X

A1...Ap

B1...Bq,C
− wX

2

f,C
f

X
A1...Ap

B1...Bq

+ ΓA1
CDX

D...Ap

B1...Bq
+ · · · + Γ

Ap

CDX
A1...D
B1...Bq

− ΓD
B1C

X
A1...Ap

D...Bq
− · · · − ΓD

BqCX
A1...Ap

B1...D
.

Frame-Invariant Number of e-folds:

N(t) = −
∫ t

tend

dt′ H(t′) .

tend: time of end of inflation.

Frame Covariant Cosmological Equations:

– Scalar-field equations: DtDtϕ
A + 3H (Dtϕ

A) + f GABU,B = 0 .

– Friedmann equation: H2 = 1
3

[
1
2 GAB(Dtϕ

A)(Dtϕ
B) + fU

]
.
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• Frame Covariant Quantum Perturbations

– Metric perturbations:

gµνdx
µdxν = (1 + 2Φ)N2

L dt2 − a2
[
(1− 2Φ)δij + hij

]
dxidxj

– Frame Covariant Mukhanov–Sasaki variables:

QA = δϕA +
Dtϕ

A

H Φ

– Line element in the Field Space: dσ2 = GAB dϕA dϕB

– Vielbeins along Curvature (||) and Isocurvature (⊥) direction(s):

eAσ =
Dtϕ

A

Dtσ
, eAs = − sAB U ,B

√
sAB U,AU,B

,

with sAB ≡ δAB − eAσ e
σ
B.
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– Comoving adiabatic (R) and entropic (S(i)) perturbations:

R ≡ H
Dtσ

Qσ , S(i) ≡ H
Dtσ

Qsi .

– Scalar power spectrum PR: 2π2p−3PR δ(p+ q) ≡
〈
Rp|Rq

〉

– Frame-invariant scalar and tensor power spectra:

PR =
1

8π2

H2

f(ϕ)ǭH
, PT =

2

π2

H2

f(ϕ)
,

with ǭH ≡ −(DNH)/H.

– Power spectrum modified by Entropy Transfer effects:

PR(t) ≈ PR(t∗)
(
1 + T 2

RS

)
,

t∗ : time at horizon exit
t : time at observation.
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• Frame Invariant Cosmological Observables

– Cosmological observables:

nR − 1 ≡ d lnPR

d ln k

∣∣∣∣
k=aH

, nT ≡ d lnPT

d ln k

∣∣∣∣
k=aH

, r ≡ PT

PR

,

αR ≡ dnR

d ln k

∣∣∣∣
k=aH

, αT ≡ dnT

d ln k

∣∣∣∣
k=aH

, fNL ≡ 5

6

N ,AN ,B∇A∇BN

(N,AN ,A)2
.

– Frame-invariant potential slow-roll parameters:

ǭU,1 ≡ 1

2
(lnU),AGAB (lnU),B ,

...

ǭU,n ≡ − (ln ǭU,n−1),AGAB (lnU),B ,

with DtDtϕ
A ≪ H (Dtϕ

A), and ǭU ≡ ǭU,1, η̄U ≡ ǭU,2 and ξ̄U ≡ ǭU,3.
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– Cosmological Observables in the slow-roll approximation:

nR = 1− 2ǭU + η̄U −DN ln
(
1 + T 2

RS

)
, r = 16ǭU

(
1 + T 2

RS

)−1
,

αR = −2ǭU η̄U − η̄U ξ̄U +DNDN ln
(
1 + T 2

RS

)
, αT = −2ǭU η̄U .

– Isocurvature perturbation(s) S evolve outside the horizon as follows:

DNR = −2ω S , DNS = −B S .

– Entropy Transfer depends on the norm ω of the acceleration vector :

ωA ≡ DN

(Dtϕ
A

Dt σ

)
≈ (lnU),B

[
(lnU),A√

2 ǭU

]

,B

.

– Entropy Transfer function TRS becomes

TRS(N∗, N) ≈ A∗

B∗

[
e−B∗(N−N∗) − 1

]
.
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• Two-Field Models

– Minimal Model:

L =
M2

PR

2
+

1

2
(∇ϕ)2 +

1

2
(∇χ)2 − λϕ4

4
− m2χ2

2
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χ
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– Predictions in the Minimal Model [S. Karamitsos, A.P., arXiv:1706.07011]

m/MP = 10−6 and λ = 10−12:

0 0.5 1 1.5 2 2.5

1 · 10
−8

2 · 10
−8

3 · 10
−8

4 · 10
−8

5 · 10
−8

ϕ0/MP

PR ≈ PR∗

P obs

R

0 0.5 1 1.5 2 2.5

−4

−2

0

2

4

ϕ0/MP

ln
Q

∗

ϕ0/MP = 0.498 PLANCK 2015

r 0.501 ≤ 0.12 (95% CL)

nR 0.906 0.968 ± 0.006 (68% CL)

αR −0.00288 −0.003 ± 0.008 (68% CL)

αT −0.0019 −0.000167 ± 0.000167 (68% CL)

fNL −0.0000509 0.8 ± 5.0 (68% CL)
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– Non-Minimal Model

L =
(M2

P + ξϕ2)R

2
+

1

2
(∇ϕ)2 +

1

2
(∇χ)2 − λ(ϕ2 − v2)2

4
− m2χ2

2
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– Predictions in the Non-Minimal Model [S. Karamitsos, A.P., arXiv:1706.07011]

m/MP = 5.6 × 10−6, λ = 10−12 and ξ ≈ 0.01:

0 0.5 1 1.5 2 2.5
5 · 10

−9

5.5 · 10−9

6 · 10
−9

6.5 · 10−9

7 · 10
−9

7.5 · 10−9

8 · 10
−9

ϕ0/MP

PR

PR∗

P obs

R

0 0.5 1 1.5 2 2.5

−4

−2

0

2

4

ϕ0/MP

ln
Q

∗

ϕ0/MP = 1.885+0.243
−0.411 PLANCK 2015

r 0.12056+0.005
−0.005 ≤ 0.12 (95% CL)

nR 0.949+0.005
−0.003 0.968 ± 0.006 (68% CL)

αR −0.0003+0.0001
−0.00008 −0.008 ± 0.008 (68% CL)

αT −0.000276+0.000003
−0.000003 −0.000155 ± 0.00016 (68% CL)

fNL 0.033+0.00017
−0.0002 0.8 ± 5.0 (68% CL)
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• Beyond the Tree Approximation

– Standard 1PI Effective action (Γ[ϕ] = W [J(ϕ)]− Jaϕ
a):

exp

(
i

~
Γ[ϕ]

)
=

∫
[Dφ]M[φ] exp

{
i

~

[
S[φ] + Γ,a

(
ϕa − φa

)]}
,

with Γ,a ≡ δΓ[ϕ]/δϕa = − Ja.

– Γ[ϕ] is not frame-invariant, i.e.

Γ[ϕ] 6= Γ̃[ϕ̃] ,

because ϕa is not a frame covariant vector.

– Vilkovisky–De Witt formalism: ϕa − φa −→ σa(ϕ,φ).

Under ϕ → ϕ̃ = ϕ̃(ϕ), σa(ϕ,φ) transforms as a vector.

Under φ → φ̃ = φ̃(φ), σa(ϕ,φ) is a (frame-invariant) scalar.
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– Vilkovisky–De Witt 1PI effective action:

exp

(
i

~
Γ[ϕ]

)
=

∫
[Dφ]M[φ] exp

{
i

~

[
S[φ] +∇aΓ[ϕ]σ

a(ϕ,φ)
]}

,

with M[φ] ≡
√
detGab, and a configuration field space metric:

Gab ≡ GAB δ(xA − xB) =

(
kAB

f
+

3

2

f,Af,B
f2

)
δ(xA − xB) .

– ~-Expansion of the Frame-Invariant Vilkovisky–De Witt effective action:

Γ[ϕ] =
∑

n

~
nΓn[ϕ] = Γ̃[ϕ̃] ,

with Γ0[ϕ] = S[ϕ], and

Γ1[ϕ] = − i

2
tr lnGab +

i

2
tr ln

(
∇a∇b S[ϕ]

)
=

i

2
tr ln

(
∇a∇b S[ϕ]

)
.
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• Conclusions

• Frame Covariant Approach to Multifield Inflation in Scalar-
Curvature Theories.

• Use of Differential Geometry in Curved Multifield Space to
covariantly compute Curvature and Isocurvature Perturbations.

• Entropic Effects significant in Non-Minimal Two-Field Models.

• Full Frame Covariance beyond the Tree Approximation by virtue
of the Vilkovisky–De Witt Formalism.
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• Future Directions

• Extension of the Frame Covariant Approach to

F (R) and F (ϕ,R) Theories.

• Inclusion of Matter and Quantum Gravity Effects.

• Higher-Loop Impact of Curved Field Space on

Cosmological Observables.

• Consideration of Curved Field Space Effects

in the Standard Model and Beyond.

...
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