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Motivation and overview

This work belongs to a series of attempts to generalize 3D
higher-derivative gravity (at the linearized level), motivated
by higher spin gauge theories.

Part 1: The 3D theories

* Fierz-Pauli equations and the linearized New
Massive Gravity (NMG)

- v/Fierz-Pauli equations and the linearized
Topologically Massive Gravity (TMG)

Part 2: Attempts to go beyond 3D

* General attempts

 An example: Linearized TMG
— a /D spin-2 theory



Part 1: The 3D theories



Fierz-Pauli equations for bosonic spin-s
« Massive spin-s field: P(uipa--ps)

(B —m*) Curpupe =0

T Fierz-Pauli

Puipz--ps = 0 equations

8#1 90#1#2"'#3 =0

4D: (2s+1) propagating d.o.f. ( little group SO(3) )

Example: massive spin-2 in 4D
#d.of.=2X2+1=5

- Use a rank-2 symmetric tensor: P(uv), 10 d.o.t.
- Traceless condition: " o =0, -1 d.o.f.
- Divergenceless condition: o =0, -4 do.f.

3D: 2 propagating d.o.f. ( little group SO(2) )

« (Gauge symmetry?



3D linearized New Massive Gravity as a spin-2 FP theory

« 3D New Massive Gravity e.o.m. :

1
G + —5 ( 4th order derivatives ) = 0
——= m
7

Einstein’s tensor U Gy = Tuw + by, | orurbative approximation

on Minkowski background

(O—=m?) G (h) =0, "G, (h) =0
Linearized Einstein’s tensor: G,,,,, (h) =¢,,"*"'€,,"*"?0,,0,,hp, p,

Gauge symmetry : 0N p1po = 01 py)

« Compare with spin-2 Fierz-Pauli equations:

(D o m2) Puv = 0 ) nﬁwgouv =0 ; a'u'f,puy =0

Yo = C;,:w {h)]'
» Equivalent by solving the divergenceless condition.
* Not only for spin-2 ...



3D NMG-like higher spin theories

« For arbitrary spin-s Fierz-Pauli equations in 3D

2
(B =m%) @uipzene =05 7200 e, =0, 0104 ppps, =0

we can always solve the divergenceless condition by

Puyps = Gmuz---us (h)
vipy . VspPs ..

= Em
and hence convert the FP equations into
(D _ m2) Glll/iz"'us (h) =0, 77”1”26;#1#2“'#5 (h) =0

with higher order derivatives and with a gauge symmetry:

Oprpzpe = D p1€psrpy)



3D NMG-like spin-1,2,3 actions

!
Sepin-1 = / d’z < (O —m?) G, (h)}

| 2m?
Sopina = [ dizd L (@ 2) G (B) + —— (G (R))? )
spin-2 — L <\ 2m4 ( m LV ( ) + 4m2
( denote G** (k) = "G, (h) )
1 %
Sspin—?) — fd3$ {ﬁh“ P (D — ’m2) Glu)]/p (h)
3 1% tr
b (0,0, = D) G (1)

( denote fo (h) =n""Guu, (h))
(arXiv: 0911.3061)

« For spin24 , auxiliary fields are needed...



3D NMG-like spin-4 action

1 :
Sﬁpill-f-l- [h.. i, {I’] — /dam { ——hHvP? (D - mE) G;uxpcr (h:]

gmh

1
+—7 m ?TFW(TLIU (h)
1

2

Ty

12 12m?2
( denote m = n*¥m,,, and G, (h) =07 G upe(h) )

13 1
+om + —¢* + a::.rDr:v}

V1p1 V2 p2 v3p3 Vap4
6#1 8#2 5#3 5#«4 81/1 81/2 61/3 8114 hpl P2pP3P4

V1p1 v P2
6#1 5#2 81/1 87/2 7TP'1 P2

Gumzusm (h)
G#lﬂz (77)

Gauge Symmetry: 5hP1P2)OSP4 — 8(01‘502103/04)

(arXiv: 1109.0382)



NMG — TMG

* The cost of going to higher derivatives: ghosts

In the NMG-like action, when the spin number s is odd,
the 2 d.o.f. have different signs in front of their kinetic
terms, i.e. one of them is a ghost! (arXiv:1109.0382)

* A cure: construct a model on only 1 d.o.f.

— linearized TMG



3D VFP (e.g. spin-1)
(D—mQ)gou:O, oMy, =0

3D|H (au'/ﬂa,, + méﬁ) (sp”@g T m(5;) or =0

vV FP equations:

ey’ Oppr = + mup, « Helicity “+”

e’ O0ppr = — mup, — Helicity “-”

 Any solution of either equation is a solution to the Klein-Gordon
equation.

« Each contains one helicity state.
« Two equations are interchanged by parity transformation.



3D VFP for spin-s

(O - m2) Cpy-opy =0, 0"y, =0, n"2p, ., =0
3D|% (sul”pf)y + méﬁl) (sp” . T m5;) Prpgps =0

Pick out one helicity:

(64,7700 — m5;1) Orppg-ps =0

|

~
(€(MI|UT80 — m5(u1|) Prlpo-ps) — 0
< 0" ouyen, =0

ntt 2o, =0




3D linearized TMG and spin-2 VFP

« 3D Topologically Massive Gravity e.o.m. :

G, — — ( 3rd order derivatives ) =0
- m
. . / _ Perturbative approximation
= h
Einstein’s tensor sU/ v = N+ Kl on Minkowski background

(ewpaap _ magﬂl) Gy (h) =0, Gy (h) =0

. . . Ly . — rip1 V2p2
Linearized Einstein’s tensor : G, ., () = €,,,"* " €,,"%720,, 00, Py ps

Gauge symmetry : 0hpy s = O(p1Epa)

« Equivalent to 3D spin-2 “vVFP ”

(E(ulpoap - m(SE’M) Popy =0, 10u =0, %y =0

¢

e = C;,tw (‘FU




3D TMG-like theories for generic spin-s

(8(“1|p06” B mé?ﬂﬂ) Golpgeps) () =0, "G gy, (h) =0

Generalized Einstein tensor: G, g, (R) = €,,,71P €, 7P 0y, - Ou by, ...p,

gauge symmetry: ORpypyeepe = 6(p1£p2...p3)

Actions:

1 1%
Sepin-1 = /d?’a: {§h“1 (6“1 o, — m5ﬁl) Gp(h)}
1 124
Sspin2 = /dS,jC {§hmuz (£, P00 — m5ﬁl) Gpm(h)}

1
Sspin-3 = /dgaf {§h”mw3 (5u1yp3u - m5l€11) G ppops (h) + mh ijg (h) +--- }

Ghost-free!



Part 2: Attempts to go beyond 3C



Two crucial tasks

In order to go beyond 3D, there are two important things to do:

 For both NMG and TMG-like theories, we must
further generalize

o VIPL L VsPsH ...
G s pops (M) = €py Epy P 0uy w0y hpyop,

* For TMG-like theories, we must generalize the
factorization of the K-G operator

(4, "0y £ mdh ) (6,77 05 F MI)) Grppgeops, (B) =0



Generalizing the Einstein tensors

- D=3

Gauge field

Two important features:

GHI)UJQ"'HJS (h) = &y AR

dddd

»
»

Riemann

0

0

0

0

* % % *

»
>

174
£, P50, -0

1. Vanishing Einstein tensor — pure gauge
2. Einstein tensor & gauge field in the same representation

eg.D=4
Gauge field

Gauge field

dddd

Riemann

dd

0

0

0

0

Riemann

0

* * % %

v

h

VS plu..ps

Einstein

In D > 3, however, in general it's difficult to satisfy both,

Einstein?

p3
Vv

Einstein




VFP beyond 3D

« 3D:
(gﬂayaa + ’m5Z) 1,..=0

. D=4k-1(k=1,2,3,... e.g.3D, 7D, 11D)

1 e o
((2]{‘ - 1)'8#1-.-,u,2k—1 1 k_laa :l: méull.,.“?z’;ll) Tvl"‘VZk—lv'” — O

(D=4k+1 : tachyons)



“Topologically Massive” spin-2 in 7D arxiv:1207.0192

 The model starts with the field 1}, .505,010505 ,

which satisfies the symmetry

M1

12!

12

V9

M3

V3

1€ Ly pops,vivovs = ¥ {TM1M2M3,V1V2V3}
 The reason to choose such type of fields:

Field

dd

Riemann

*

Einstein

*

0

0

Dimension =7 =4k — 1

Height of the first column =3 = 2k — 1



/D VFP spin-2
Notation z: [pipeps] e€.9. Thus

Tul M2 3,1 V23

3D /D
Ty = T(p) Tho = Y {Ta,5}
N T =0 N Ty 5 =0
3”Tu,u = () 8H1Tﬁjp — ()
o) 1 ) 0
(E}UJ pﬁa + m5£) Tp,,/ =0 (geuo‘pﬁa + m5,§> Tﬁ)p =0
2 physical d.o.f. 70 physical d.o.f.

— 1+1 — 35+35



/D spin-2 TMG-like theory

3D /D
T = Guu(h) Tow = Gﬁa’f(h) )
— €Map€,,503a85hp,a — Eﬁapé‘pﬁaaaaﬂhﬁ,c‘y
1 i}
(Euapaa — mﬁﬁ) Gp’y(h) =0 (Eguapaa — m5ﬁ) Gﬁ,p(h) =0

S = / d’x %h“”’ (£4%P00 — mdf) G,

S = / d' h ”( STARAON —map) Gs.0(h)

(Sh,u,r/ — a(ugl/) ﬁ, B Y {a[ulguzu:& V1V2V3}

S H

1 physical d.o.f. , ghost-free 35 physical d.o.f. , ghost-free



Summary

* In 3D, the higher derivative massive gravity theories at the
linearized level, can be generalized as free gauge theories
of higher spins. The generalization of the linearized TMG
Is always ghost-free.

* For specific situations, they can be further generalized
beyond 3D, e.g. 3D TMG-like theories can be generalized
to 4k-1 dimensions (type of gauge fields: rectangular
Young tableaux of height 2k-1 ).

* The original NMG and TMG (3D spin-2, full theories) do
have interactions, but we are now only able to generalize
them at the linearized level. We hope someday we will be
able to go beyond that.



Thank you !



