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Motivation

• Use of higher dimensional unified theories
• 4 dimensional effective theory

• Unify gauge and Higgs sectors

• Unify fermion interactions with gauge and Higgs fields
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Introduction

N = 1, SYM of gauge group G theory in 10D manifold M

S =

∫
dxn√−g

(
i

2
ψ̄ΓMDMψ − 1

2
Tr{FMNF

MN}
)

• M =M4 × B
• B = S�R Coset Space

• S ,R Lie Groups and R is a subgroup of S

• M,N = 0, . . . , 9 / µ, ν = 0, . . . , 3 / a, b = 1, . . . , 6
• 4D coords xµ

• 6D coords y a = x3+a

• gMN =

(
ηµν 0

0 −gab

)
• ηµν = diag{1,−1,−1,−1}
• g ab is the metric of the coset space
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• ΓM : {ΓM , ΓN} = 2gMN I32

• N = 1 in 10D
• ψ Weyl - Majorana spinor ⇒ 8 d.o.f.
• AM has 8 d.o.f.

• DM = ∂M − igAM − θM ,
FMN = ∂MAN − ∂NAM + g [AM ,AN ]

• θM is the spin connection

• Fields: non trivial dependence from ya, but we impose
the condition that a symmetry transformation by an
element of the isometry group S of B is compensated by
a gauge transformation.

• L is independent of y a just because is gauge invariant

CSDR =⇒ L4D
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Coset Space Geometry

• Coset Space: B = S�R
• S isometry group
• R isotropy group

• Generators of R : Qi

• Generators of S : Qi , Qa

• The commutation
relations are:

[Qi ,Qj ] = f k
ij Qk

[Qi ,Qa] = f b
iaQb + f j

iaQj

[Qa,Qb] = f i
abQi + f c

abQc

• 0 because S , R reductive
groups, since R is
compact

• 0 in the case that the
coset space is symmetric

The general element of the
group S can be written as

s = exp{ωαδa
αQa + ωiQi}

= exp{yαδa
αQa}exp{φiQi}

= L(y)r

Where r is the element of the
group R.
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The Mauren-Cartan (MC) 1-form

e(y) = L−1(y)dL(y)

= eA
αQAdy

α

= eaQa + e iQi

• ea : coframe

• e i : R-connection

e i can be expanded in the coset vielbeins as:

e i = e i
a(y)ea .
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Reduction to the 4D theory
The Action in 10D theory of gauge group G = E8 is given

S =

∫
dx4dy6√−g

(
i

2
ψ̄ΓMDMψ − 1

2
Tr{FMNF

MN}
)

Imply the Symmetric condition

Aµ(x , y) =g(s)Aµ(x , s−1y)g−1(s)

Aα(x , y) =g(s)JβαAβ(x , s−1y)g−1(s) + g(s)∂αg
−1(s)

ψ(x , y) =f (s)Ω(y , s)ψ(x , s−1y)f −1(s)

↪→ g(s) : gauge transformation for the gauge fields (adj G)

↪→ f (s) : gauge transformation for the fermion fields (rep F of G)

↪→ Ω(s, y) : rotation of spinor field for coordinate transformation

↪→ Jβα : Jacobian for coordinate transformation

It connects transformation of S/R coordinates and gauge

transformation

Coordinate transformation is compensated by a gauge transformation
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The 4D Lagrangian will have the form

Leff =
i

2
ψ̄ΓµD

µψ − i

2
ψ̄ΓaD

aψ

− 1

2
Tr{FµνFµν}+

1

2
(Dµφa) (Dµφa)− V (φ)

V (φ) =
1

2
gacgbdTr{FabFcd}

Fab = f C
abφC − [φa, φb]

f structure constants of S

• Dµ = ∂µ − Aµ

• Da = ∂a − θa − φa

• θa =
1

2
θabc Σbc

Still V (φ) only formal since φa

must satisfy

f D
ai φD − [φa, φi ] = 0
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Gauge group and it’s reps in 4D

Gauge bosons in 4D
The gauge group H in 4D is the centralizer of R in G

G ⊃ RG × H ↪→ H = CG (R)

Then the gauge group is H.

E8 ⊃ U(1)× U(1)× E6

In the case when R (= U(1)× U(1)) is Abelian group then the

centralizer of G (= E8) is

H = CE8(U(1)× U(1)) = E6 × U(1)× U(1)
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Scalar fields in 4D

G ⊃ RG × H

The adjG decomposes under RG × H as:

adjG = (adjR, 1) + (1, adjH) +
∑

(ri , hi )

S ⊃ R

The adjS decomposes under R as:

adjS = adjR +
∑

si

∀si : si = rj =⇒ hj is a representation of the scalar fields
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For G = E8 and R = U(1)× U(1)

E8 ⊃ U(1)× U(1)× E6

The 248 = adjE8 decomposes under U(1)× U(1)× E6

248 = 1(0,0) + 1(0,0) + 78(0,0)

+1(3, 1
2 ) + 1(−3, 1

2 ) + 1(0,−1)

+27(3, 1
2 ) + 27(−3, 1

2 ) + 27(0,−1)

+1(−3,− 1
2 ) + 1(3,− 1

2 ) + 1(0,1)

+27(−3,− 1
2 ) + 27(3,− 1

2 ) + 27(0,1)

adjU(1) + adjU(1) + adjE6

S = SU(3) and SU(3) ⊃ U(1)× U(1). The adjSU(3) = 8

decomposes under U(1)× U(1)

8 = (0, 0) + (0, 0)

+(3,
1

2
) + (−3,

1

2
) + (0,−1)

+(−3,−1

2
) + (3,−1

2
) + (0, 1)

adjU(1) + adjU(1)

The U(1)× U(1) charges will

survive in 4D theory
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Scalar Potential in 4D

V (αi
, α, β

i
, β, γ

i
, γ) = const. +

(
4R2

1

R2
2 R2

3

−
8

R2
1

)
α

i
αi +

(
4R2

1

R2
2 R2

3

−
8

R2
1

)
αα

+

(
4R2

2

R2
1 R2

3

−
8

R2
2

)
β

i
βi +

(
4R2

2

R2
1 R2

3

−
8

R2
2

)
ββ

+

(
4R2

3

R2
1 R2

2

−
8

R2
3

)
γ

i
γi +

(
4R2

3

R2
1 R2

2

−
8

R2
3

)
γγ

+

[√
280

(
R1

R2R3

+
R2

R1R3

+
R3

R2R1

)
dijkα

i
β

j
γ

k

+
√

280

(
R1

R2R3

+
R2

R1R3

+
R3

R2R1

)
αβγ + h.c

]

+
1

6

(
α

i (Gα)
j
iαj + β

i (Gα)
j
iβj + γ

i (Gα)
j
iγj

)2

+
10

6

(
α

i (3δ
j
i )αj + α(3)α + β

i (−3δ
j
i )βj + β(−3)β

)2

+
40

6

(
α

i (
1

2
δ

j
i )αj + α(

1

2
)α + β

i (
1

2
δ

j
i )βj + β(

1

2
)β + γ

i (−1δ
j
i )γj + γ(−1)γ

)2

+ 40αi
β

j dijk dklm
αlβm + 40βi

γ
j dijk dklm

βlγm + 40αi
γ

j dijk dklm
αlγm

+40(αβ)(αβ) + 40(βγ)(βγ) + 40(γα)(γα)

α ∼ 1
(3, 1

2
)

β ∼ 1
(−3, 1

2
)

γ ∼ 1(0,−1)

αi ∼ 27
(3, 1

2
)

βi ∼ 27
(−3, 1

2
)

γi ∼ 27(0,−1)
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Scalar Potential in 4D

Soft Breaking Terms
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Scalar Potential in 4D
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Scalar Potential in 4D

F-Terms
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Fermion fields in 4D

The spinor representation of G
decomposes under R × H

F =
∑

(ti , hi )

and the spinor representation
of SO(d) decomposes under R

σd =
∑

σi

∀ σj : σj = ti =⇒ hi is a
representation of 4D theory

The spinor in D− Dimenssions can be decomposed

SO(1,D − 1) ⊃ SO(1, 3)× SO(d)

= SU(2)L × SU(2)R × SO(d)

d = D − 4 if d odd

σD = (2, 1, σd ) + (1, 2, σd )

and if d even

σD =(2, 1, σd ) + (1, 2, σ̄d )

+(2, 1, σ̄d ) + (1, 2, σd )

In even dimensions we can impose the Weyl condition
(Γ∗Ψ = ±Ψ) and that leads

(with ”+”)

σDW
= (2, 1, σd ) + (1, 2, σ̄d )

(or with ”− ” then σDW
= (2, 1, σ̄d ) + (1, 2, σd ))

If D = 4n + 2 dimensions, the spinor is further re-

ducible, we can impose also Majorana condition

(Ψc = Ψ)
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• In case we have Dirac fermions in higher dimensions then
it is imposible to get chiral fermions in 4D. For odd
dimensional theories there is no hope to obtain chiral
fermions by that method.

• When F is a vector like representation and we are in even
dimensions then we can impose the Weyl condition and
get a chiral theory but with 2 identical copies.

• In the case F is a vector like representation, D = 4n + 2,
then we can aply also Majorana condition and we get
chiral theory.

⇒ In 10D with Weyl-Majorana condition we can obtain
chiral theory with CSDR.
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For G = E8 and R = U(1)× U(1)

E8 ⊃ U(1)× U(1)× E6

F vector like 248 = adjE8

decomposes under U(1)× U(1)× E6

248 = 1(0,0) + 1(0,0) + 78(0,0)

+1(3, 1
2 ) + 1(−3, 1

2 ) + 1(0,−1)

+27(3, 1
2 ) + 27(−3, 1

2 ) + 27(0,−1)

+1(−3,− 1
2 ) + 1(3,− 1

2 ) + 1(0,1)

+27(−3,− 1
2 ) + 27(3,− 1

2 ) + 27(0,1)

The 4 representation of SO(6)
decomposes under U(1)× U(1)

4 = (0, 0) Gauginos

+ (3, 1
2 ) + (−3, 1

2 ) + (0,−1)

CHIRAL

Thus applying the CSDR rules we find that the surviving fields in four dimensions are three N = 1 vector

multiplets Vα, V(1), V(2), (where α is an E6, 78 index and the other two refer to the two U(1)′s)

containing the gauge fields of E6 × U(1)× U(1). The matter content consists of three N = 1 chiral

multiplets (Ai , B i , C i ) with i an E6, 27 index and three N = 1 chiral multiplets (A, B, C) which are E6

singlets and carry only U(1)× U(1) charges.
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Yukawa Terms and Gauginos masses in 4D

LY =
i

2
ψΓaDaψ =

i

2
ψΓa∇aψ + ψVψ

• Γa are the Γ-matrices � {Γa, Γb} = −2gabI32

• gab = diag{
1

R2
1

,
1

R2
1

,
1

R2
2

,
1

R2
2

,
1

R2
3

,
1

R2
3

}

• ∇a = −∂a +
1

2
fibce

i
Γe

Γ
aσ

bc + φa

• ∂aψ = 0, e i
Γ = 0, at y = 0

� Yukawa terms

• V =
i

4
ΓaGabcσ

bc

• Depends on torsion τ , which is free parameter.
� Gaugino masses
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Wilson Flux

F S/R = Z3 ⊆W

Aµ = γ3Aµγ
−1
3

where γ3 = diag(19, ω19, ω
219), ω = e2iπ/3

~α = ωγ3~α , ~β = ω2γ3
~β , ~γ = ω3γ3~γ

α = ωα , β = ω2β , γ = ω3γ

After the Z3 projection the gauge group reduces to

AA
µ , A ∈ SU(3)c × SU(3)L × SU(3)R

α3 ∼ (3̄, 1, 3)(3,1/2), β2 ∼ (3, 3̄, 1)(−3,1/2), γ1 ∼ (1, 3, 3̄)(0,−1)

Among the singlets, only γ(0,−1) survives.
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(3̄, 1, 3) −→ (qc )αp (3, 3̄, 1) −→ Qa
α (1, 3, 3̄) −→ Lp

a

qc =
(
dR uR DR

)
, Q =

 dL

uL

DL

 ,

L =

 H0
d H+

u vL

H−
d H0

u eL

vR eR S


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Breakings of SU(3)3 to SM gauge
group

L
(1)
0 =

0 0 0
0 0 0
0 0 VS

 , L
(2)
0 =

 0 0 0
0 0 0
VR 0 0


SU(3)c × SU(3)L × SU(3)R × U(1)A × U(1)B

−→SU(3)c × SU(2)L × SU(2)R × U(1)

−→SU(3)c × SU(2)L × U(1)

LMSSM
0 =

υd 0 0
0 υu 0
0 0 0


−→ SU(3)c × U(1)em
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General remark about neutrino mass in a SU(3)3

If we just assume that the vevs in the theory have big scale
difference VS � VR � υu then it leads to neutrino mass

mν =
y2

5g2

υ2
u

V 2
R

M

• y is the unified Yukawa coupling

• g is the unified gauge coupling

• M is the gaugino Mass
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Conclusions

• Elegant way to reduce from extra dimensions to a 4D
theory.

• Chiral theory is achieved.

• N = 1 softly broken theory.

• Get SM particle content.
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Thank you!
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