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Introduction

Introduction:

AdSd+1/CFTd : extra dimension

Higher Spin / Vector Model correspondence:
Exactly solvable, Renormalizable, ...

Higher Spin Gravity: Vasiliev ’80 - ’92
Gravity (s = 2) + HS gauge fields (s = 3, 4, ...)
(supersymmetric version)

These fields sit on the leading Regge trajectory (which contains the graviton)
of the string spectrum (on AdS with λ = 0)

Tensionless limit of String Theory: RAdS

`s
∼ λ 1

4 → 0
[Sundborg ’94 ’01 ; Witten ’01]
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Introduction

Klebanov-Polyakov conjecture: ’02

AdSd+1

Higher Spin Theory with even
spins s = 0, 2, 4, ...

CFTd

Vector Model with O(N)
symmetry

Earlier work by Sezgin & Sundell ’02

All integer spins ⇒ U(N) vector model

This correspondence works for d ≥ 3

Two fixed points (d = 3): two quantization/boundary conditions{
∆ = 1 free O(N) model : L = 1

2 (∂µφ)2

∆ = 2 critical O(N) model : L = 1
2 (∂µφ)2 + g

N (φ · φ)2

Substantial evidences of the conjecture are provided by the agreement of
three-point functions [Giombi & Yin: ’09 ’10]
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Introduction

AdS3/CFT2: [Gaberdiel & Gopakumar ’10]

AdS3

Massless HS fields
+ massive scalar with
M2 = −1 + λ2

CFT2

WN,k minimal models:

su(N)k ⊕ su(N)1

su(N + 1)k+1

’t Hooft limit: N, k →∞; 0 ≤ λ ≡ N
N+k ≤ 1 fixed

λ = 0: free fermion ; λ = 1: free boson

Central charge: c ∼ N ⇒ Vector-like Model

Matching the spectrum: Partition functions
[Gaberdiel, Gipakumar, Hartman, Raju ’11]

Matching the symmetry: W symmetry (Triality)
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Introduction

This talk: part I

Presents a direct constriction of AdS4 HS gravity from 3d field theory
[Das & Jevicki: ’03; Koch, KJ, Jevicki, Rodrigues: ’10]

The construction is based on the notion of bi-local fields:

Φc(x , y) =
N∑
i=1

φi (x) · φi (y) O(N) singlet

Represents a direct change of variables

Z =

∫
[dφa(x)]e−S[φ] =

∫ ∏
x,y

dΦc(x , y)e−Sc [Φc ]

Sc [Φc ] is an effective action and is exact: reproduces all O(N)-invariant
correlators

〈φ(x1) · φ(y1) φ(x2) · φ(y2) · · ·φ(xn) · φ(yn)〉

This formulation is seen to give a bulk description of HS theory (with extra
dimension and interactions)
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Introduction

This talk: part II

HS theory in (Euclidean) 3d has black hole solutions:
BTZ black hole =⇒ Higher Spin Black Hole

BH entropy was calculated from thermodynamics: [Kraus & Perlmutter ’11]

ln ZBH(τ̂ , α, ˆ̄τ, ᾱ) =
iπc

12τ̂

[
1− 4

3

α2

τ̂ 4
+

400

27

λ2 − 7

λ2 − 4

α4

τ̂ 8

−1600

27

5λ4 − 85λ2 + 377

(λ2 − 4)2

α6

τ̂ 12
+ · · ·

]
+ rightmoving

where τ̂ is the modular parameter of the torus, α is the chemical potential of
the spin-3 current, and λ indicates the bulk symmetry algebra: hs[λ].

Validity of the calculation: large c and high temperature

τ̂ ∼ 1

TH
→ 0, α→ 0 and

α

τ̂ 2
fixed

Reproduce the BH entropy (free energy) purely from CFT: W-symmetry

Kewang Jin (ETH-Zürich) Higher Spin Gravity and Exact Holography Sep. 22, 2012 6 / 45



I.1 O(N) vector model

CFT3: the vector model

N-component scalar field theory:

L =
1

2
∂µφ

a∂µφa +
g

4
(φ · φ)2, a = 1, ...,N

Two fixed points: g = 0 (UV); g 6= 0 (IR)

Conformal currents: [Makeenko: ’81]

Jµ1...µs =
s∑

k=0

(−1)k(#)(#)∂µ1 · · · ∂µk
φa ∂µk+1

· · · ∂µsφ
a − traces

The currents represent boundary duals of AdS4 HS fields

Jµ1µ2···µs (x)⇐⇒ Hµ̂1µ̂2···µ̂s (x , z → 0)

where z is the AdS direction.
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I.1 O(N) vector model

Bi-local representation:

The construction is based on the bi-local field:

Φ(x , y) ≡ φ(x) · φ(y) =
N∑

a=1

φa(x)φa(y)

The collective action evaluates the complete O(N) invariant partition
function [Jevicki & Sakita ’80]

Z =

∫
[dφa(x)]e−S[φ] =

∫ ∏
x,y

dΦ(x , y)e−Sc [Φ]

Sc [Φ] = Tr[−(∂2
x + ∂2

y )Φ(x , y)] + N
2 Tr ln Φ

where the trace is defined as TrB =
∫

d3x B(x , x).

Origin of the ln Φ interaction: Jacobian∫
d~φe−S[φ] →

∫
dΦ det

∣∣∣∣ ∂φa(x)

∂Φ(x1, x2)

∣∣∣∣ e−S[Φ]
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I.1 O(N) vector model

Large N expansion:

Reproduces all the nontrivial O(N)-invariant correlators

〈φ(x1) · φ(y1) φ(x2) · φ(y2) · · ·φ(xn) · φ(yn)〉

The collective action is nonlinear

AdS4 HS gravity coupling constant

g =
1√
N

Expanding around the background Φ = Φ0 + 1√
N
η gives rise to an infinite

number of interaction vertices

Sc = S [Φ0] + Tr[Φ−1
0 ηΦ−1

0 η] +
g

4
η2 +

∑
n≥3

N1−n/2TrBn, B ≡ Φ−1
0 η

Represents covariant-type gauge of the vector model
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I.1 O(N) vector model

Physical gauge: time-like gauge

The bi-local field Φc(x , y) has a one-time description: x+ = y + = t

Ψ(t;~x , ~y) =
∑
a

φa(t,~x) · φa(t, ~y)

[Jevicki, KJ, Ye: ’11]
with the conjugate momenta

Π(~x , ~y) = −i
δ

δΨ(~x , ~y)

The Hamiltonian is given by [Jevicki & Sakita ’80]

H = 2Tr(ΠΨΠ) +
1

2

∫
[−52

x Ψ(x̃ , ỹ)|x̃=ỹ ] + N
8 TrΨ

−1

where we have set the coupling constant g = 0.
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I.1 O(N) vector model

1/N expansion:

The above Hamiltonian has a natural 1/N expansion:

Ψ = Ψ0 +
1√
N
η, Π =

√
Nπ

The first few orders of Hamiltonian

H(2) = 2Tr(πΨ0π) +
1

8
Tr(Ψ−1

0 ηΨ−1
0 ηΨ−1

0 )

H(3) =
2√
N
Tr(πηπ)− 1

8
√

N
Tr(Ψ−1

0 ηΨ−1
0 ηΨ−1

0 ηΨ−1
0 )

H(4) =
1

8N
Tr(Ψ−1

0 ηΨ−1
0 ηΨ−1

0 ηΨ−1
0 ηΨ−1

0 )

Scattering amplitude: the collective S-matrix

S = lim
∏
i

(E 2
i − (|~ki |+ |~ki ′ |)2)〈Ψ̃(E1, ~k1, ~k1′)Ψ̃(E2, ~k2, ~k2′) · · · 〉

[’t Hooft “A two-dimensional model for mesons” 1974]
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I.1 O(N) vector model

S=1: [de Mello Koch, Jevicki, KJ, Rodrigues & Ye ’12]

The three-point (S3 = 0) and four-point (S4 = 0) amplitudes vanish

S3 = 〈0|α~p3~p3′
T exp

[
−i

∫ ∞
−∞

dt H(3)(t)

]
α†~p2~p2′

α†~p1~p1′
|0〉 = 0

The vanishing of S4 is due to genuine cancellations

This signals the working of Coleman-Mandula theorem

Maldacena and Zhiboedov [’11] have shown that the existence of higher-spin
currents implies that the CFT correlators (nonzero!) are given by free fields
(bosons or fermions)

It is very important to understand these results from bulk point of view
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I.2 One-to-one Mapping

Fronsdal’s equation: Free Higher Spin Theory in AdS

Massless spin-s gauge fields can be described by totally symmetric tensors
hµ1···µs subject to the double traceless condition hρ ηρ ηµ5...µs

= 0 which
becomes nontrivial for s ≥ 4.

The gauge invariant equation of motion: [Fronsdal ’78]

5ρ 5ρ hµ1...µs − s 5ρ 5µ1 hρµ2...µs

+
1

2
s(s − 1)5µ1 5µ2 hρρµ3...µs

+ 2(s − 1)(s + d − 3)hµ1...µs = 0

Gauge symmetry
δΛhµ1...µs = 5µ1 Λµ2...µs

where the gauge parameter is single-traceless:

gµ2µ3 Λµ2...µs = 0

Light-cone gauge fixing: Metsaev ’99
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I.2 One-to-one Mapping

Explicitly:

SO(2, 3) isometry generators (10) in the conformal form:

p̂− = −pxpx + pzpz

2p+
,

m̂+− = tp̂− − x−p+,

m̂−x = x−px − xp̂− +
pθpz

p+
,

d̂ = tp̂− + x−p+ + xpx + zpz + da,

k̂− = −1

2
(x2 + z2)p̂− + x−(x−p+ + xpx + zpz + da)

+
1

p+

(
(xpz − zpx)pθ + (pθ)2

)
,

k̂+ = t2p̂− + t(xpx + zpz + da)− 1

2
(x2 + z2)p+,

· · ·
They operate in the (AdS+HS) space: θ is the HS coordinate

Φ(x+ = t; x−, x , z ; θ)
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I.2 One-to-one Mapping

For the bi-local fields:

The conformal generators (10): 3d conformal group

p̂− = p−1 + p−2 = −
(pi

1pi
1

2p+
1

+
pi

2pi
2

2p+
2

)
,

m̂+− = tp̂− − x−1 p+
1 − x−2 p+

2 ,
m̂+i = tp̂i − x i

1p+
1 − x i

2p+
2 ,

d̂ = tp̂− + x−1 p+
1 + x−2 p+

2 + x i
1pi

1 + x i
2pi

2 + 2dφ,

k̂− = x i
1x i

1

pj
1pj

1

4p+
1

+ x i
2x i

2

pj
2pj

2

4p+
2

+ x−1 (x−1 p+
1 + x i

1pi
1 + dφ)

+x−2 (x−2 p+
2 + x i

2pi
2 + dφ),

k̂+ = t2p̂− + t(x i
1pi

1 + x i
2pi

2 + 2dφ)− 1

2
x i

1x i
1p+

1 −
1

2
x i

2x i
2p+

2 ,

· · ·
They operate in the 5d dipole space:

Ψ(x+
1 = x+

2 = t; x−1 , x1; x−2 , x2)
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I.2 One-to-one Mapping

Operator AdS/CFT

AdS4/CFT3 correspondence:

CFT3 : collective bilocal fields ⇐⇒ AdS4 : higher spin fields

Ψ(x+; x−1 , x1; x−2 , x2) ⇐⇒ Φ(x+; x−, x , z ; θ)

Same number of dimensions

1 + 2 + 2 = 1 + 3 + 1

Representation of the conformal group SO(2, 3)

Clear from analysis of the two representations that one does not have a
coordinate transformation
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I.2 One-to-one Mapping

Solution: canonical transformation

Identifying the generators of the dipole with the generators of HS:

x− =
x−1 p+

1 + x−2 p+
2

p+
1 + p+

2

, z =
(x1 − x2)

√
p+

1 p+
2

p+
1 + p+

2

p+ = p+
1 + p+

2

x =
x1p+

1 + x2p+
2

p+
1 + p+

2

, pz =

√
p+

2

p+
1

p1 −

√
p+

1

p+
2

p2

px = p1 + p2

θ = 2 arctan
√

p+
2 /p+

1

pθ =
√

p+
1 p+

2 (x−1 − x−2 ) +
x1 − x2

2

(√p+
2

p+
1

p1 +

√
p+

1

p+
2

p2

)
10 equations of 2× 4 = 8 canonical variables
All the Poisson brackets are satisfied:

{x−, p+} = {x , p} = {θ, pθ} = {z , pz} = 1

Possible to lift to quantum version
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I.2 One-to-one Mapping

Generalization to higher dimensions

[Jevicki, KJ & Ye ’11]

x− =
x−1 p+

1 + x−2 p+
2

p+
1 + p+

2

p+ = p+
1 + p+

2

x i =
x i

1p+
1 + x i

2p+
2

p+
1 + p+

2

pi = pi
1 + pi

2

z =

√
p+

1 p+
2

p+
1 + p+

2

√
(x i

1 − x i
2)2

pz =
x j

1 − x j
2√

(x i
1 − x i

2)2

(
pj

1

√
p+

2

p+
1

− pj
2

√
p+

1

p+
2

)
· · ·
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I.2 One-to-one Mapping

From bi-local field to HS field:

Changing to AdS variables using an inverse transform gives the AdS HS field
in terms of the bi-local one

Φ(x−, x , z , θ) =

∫
dp+dpxdpze i(x−p++xpx+zpz )∫

dp+
1 dp+

2 dp1dp2δ(p+
1 + p+

2 − p+)δ(p1 + p2 − px)

δ
(

p1

√
p+

2 /p+
1 − p2

√
p+

1 /p+
2 − pz

)
δ
(
2 arctan

√
p+

2 /p+
1 − θ

)
Ψ̃(p+

1 , p
+
2 , p1, p2)

where Ψ̃(p+
1 , p

+
2 , p1, p2) is a Fourier transform of the bilocal field

Ψ̃(p+
1 , p

+
2 , p1, p2) =

∫
e−i(x

−
1 p++x−2 p+

2 +x1p1+x2p2)Ψ(x−1 , x
−
2 , x1, x2)
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I.2 One-to-one Mapping

Checking the z = 0 projection

One can check our identification of the extra AdS coordinate z by evaluating
the z = 0 limit

At z = 0, the integral transformation simplifies to:

Φ(x−, x , z = 0, θ) =

∫
dp+

1 dp+
2 e ix−(p+

1 +p+
2 )

δ(θ − 2 tan−1
√

p+
2 /p+

1 )Ψ̃(p+
1 , p

+
2 , x , x)

Fourier expand the delta function and perform the integrals (which give the
derivatives), for a particular spin, we found the conformal currents:

J s =
s∑

k=0

(−1)kΓ(s + 1/2)Γ(s + 1/2)

k!(s − k)!Γ(s − k + 1/2)Γ(k + 1/2)
(∂+)kφ (∂+)s−kφ

Kewang Jin (ETH-Zürich) Higher Spin Gravity and Exact Holography Sep. 22, 2012 20 / 45



I.3 A symmetric gauge

Full nonlinear theory: Vasiliev theory in AdS4

Master fields:

W = Wµ(xν |yα, ȳ α̇, zβ , z̄ β̇)dxµ

S = Sα(x |y , ȳ , z , z̄)dzα + Sα̇(x |y , ȳ , z , z̄)dz̄ α̇

B = B(x |y , ȳ , z , z̄)

Nonlinear equations of motion:

dxW + W ∗W = 0
dZW + dxS + [W ,S ]∗ = 0
dZS + S ∗ S = B ∗ K dz2 + B ∗ K̄ dz̄2

dxB + W ∗ B − B ∗ π(W ) = 0
dZB + S ∗ B − B ∗ π(S) = 0

where K = ezαyα is the Kleinian and π is the ‘parity’ operator

π(f (y , ȳ , z , z̄)) = f (−y , ȳ ,−z , z̄) = K ∗ f (y , ȳ , z , z̄) ∗ K

No action principle yet
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I.3 A symmetric gauge

Gauge symmetry

Star product: associative but non-commutative

f (y , z) ∗ g(y , z) =

∫
d2ud2veuαvα f (y + u, z + u)g(y + v , z − v)

Gauge transformations:

δW = dxε+ [W , ε]∗,
δS = dZ ε+ [S , ε]∗,
δB = B ∗ π(ε)− ε ∗ B,

Compact form:

dA + A ∗ A = B ∗ (Kdz2 + K̄ dz̄2)
dB + A ∗ B − B ∗ π(A) = 0

where the gauge field is

A = Wµdxµ + Sαdzα + Sα̇dz̄ α̇
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I.3 A symmetric gauge

Linearization of Vasiliev’s theory

AdS background: only the gravitational fields (s = 2) pick up a nonzero
background

W = W0, S = 0, B = 0,
W0 = wL

0 + e0,

wL
0 =

dx i

8z

[
(σiz)αβyαyβ + (σiz)α̇β̇ ȳ α̇ȳ β̇

]
,

e0 =
dxµ
4z

σµ
αβ̇

yαȳ β̇ .

The z , z̄ spinors are totally auxiliary ⇒ Compact EOMs
The physical degrees of freedom are fully contained in

W (x ; y , ȳ) =
∑
n,m

dxνW
(n,m)

ν,α1...αnβ̇1...β̇m
yα1 · · · yαn ȳ β̇1 · · · ȳ β̇m

where the spin is related to n + m = 2(s − 1)
The linearized equations reduce to Fronsdal’s equation after identifying

hµ1...µs = W
(s−1,s−1)

µ1,α1...αs−1β̇1...β̇s−1
σα1β̇1
µ2
· · ·σαs−1β̇s−1

µs
+ symmetrization
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I.3 A symmetric gauge

A symmetric gauge

Bi-local field theory is symmetric: 3d + 3d

Ψ(x1
µ, x

2
µ)

There is a symmetric gauge in Vasiliev’s theory: 4d + 4d

F (y , ȳ ; z , z̄)

Solving the zero curvature equation dW + W ∗W = 0 using the pure gauge
solution

Wµ = g−1 ∗ ∂µg

After a gauge transformation (+ solving two more equations), all the
spacetime dependence of the master fields is gone, one ends up with the
following equations

dZS + S ∗ S = B ∗ (Kdz2 + K̄ dz̄2)
dZB + S ∗ B − B ∗ π(S) = 0
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I.3 A symmetric gauge

W = 0 gauge

In components, one has five independent equations

Fz1 z̄2 = ∂1S̄2 − ∂̄2S1 + [S1, S̄2]∗ = 0 (1)

Fz2 z̄1 = ∂2S̄1 − ∂̄1S2 + [S2, S̄1]∗ = 0 (2)

Fz1 z̄1 = ∂1S̄1 − ∂̄1S1 + [S1, S̄1]∗ = 0 (3)

Fz2 z̄2 = ∂2S̄2 − ∂̄2S2 + [S2, S̄2]∗ = 0 (4)

Fz1z2 ∗ K = Fz̄1 z̄2 ∗ K̄ (5)

The last equation is the reality condition of the B field.

Analog with self-dual Yang-Mills

Higher Spin SDYM
Fz1 z̄2 = 0 Fyz = 0
Fz2 z̄1 = 0 Fȳ z̄ = 0

Fz1 z̄1 + Fz2 z̄2 = 0 Fyȳ + Fzz̄ = 0
Fz1 z̄1 − Fz2 z̄2 = 0

Fz1z2 ∗ K = Fz̄1 z̄2 ∗ K̄

where z1 = y , z̄1 = ȳ , z2 = z̄ , z̄2 = z
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I.3 A symmetric gauge

An ansatz

Using the ansatz

S1 = M−1 ∗ ∂1M, S2 = M̄−1 ∗ ∂2M̄
S̄1 = M̄−1 ∗ ∂̄1M̄, S̄2 = M−1 ∗ ∂̄2M

F12̇ and F21̇ are solved automatically, F11̇ and F22̇ become

∂̄1(J−1 ∗ ∂1J) = 0 (Ia)
∂2(J−1 ∗ ∂̄2J) = 0 (Ib)

where J = M ∗ M̄−1 is a (residual) gauge invariant quantity.

The last equation (5) becomes

∂2(J−1 ∗ ∂1J) ∗ K + ∂̄1(J−1 ∗ ∂̄2J) ∗ K̄ = 0 (II )
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I.3 A symmetric gauge

Comments:

We now have equations for a single scalar field:

J(yα, ȳα̇, zα, z̄α̇)

Equation (Ia, Ib) can be thought of as constraints giving the reduction:

4 + 4→ 3 + 3

Equation (II ) represents an equation of motion

One can expect that an action can be written down for this system

Closest in form to the covariant version of collective field equation of motion

There exists a non-linear transformation between the J field and the bilocal
collective field Ψ (work in progress)
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II.1 Higher Spin Black Holes

Chern-Simons formulation of HS in 3d: [Blencowe ’89]

It is consistent to truncation the infinite number of HS fields to finite N.

Einstein-Hilbert action can be re-expressed in terms of CS theory with gauge
group: SL(2,R)× SL(2,R)
[Achúcarro & Townsend ’86 ; Witten ’88]

HS theory (with maximal spin N) can be written in terms of CS theory with
gauge group SL(N,R)× SL(N,R):

SHS = Scs [A] =
kcs
4π

∫
Tr(A ∧ dA +

2

3
A ∧ A ∧ A), kcs =

`

4G

where the gauge fields are

A = (jaµTa + · · ·+ ja1···aN−1
µ Ta1···aN−1

)dxµ

In the infinite spin case (N →∞), the gauge group is hs[λ]× hs[λ], where λ
is a deformation parameter of the HS theory (background field B0 = λ)
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II.1 Higher Spin Black Holes

Asymptotic symmetry: W-symmetry

Brown-Henneaux procedure of Pure gravity (in AdS):

sl(2) =⇒ Virasoro symmetry

Extension to finite N: [Campoleoni, Fredenhagen, Pfenninger & Theisen ’10]

sl(N) =⇒WN symmetry

Infinite case: [Henneaux & Rey ’10 ; Gaberdiel & Hartman ’11]

hs[λ] =⇒W∞[λ] symmetry

They all have the same central charge:

c = 6kcs =
3`

2GN
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II.1 Higher Spin Black Holes

BTZ black holes

The metric:

ds2 = dρ2 +
2π

k

(
L(dx+)2 + L̄(dx−)2

)
−
(

e2ρ +
4π2

k2
LL̄e−2ρ

)
dx+dx−

where x± = t ± φ, φ ∼= φ+ 2π and

L =
M`− J

4π
, L̄ =

M`+ J

4π

with M the mass and J the angular momentum.

In terms of the connections:

A = (eρL1 −
2π

k
e−ρLL−1)dx+ + L0dρ

Ā = −(eρL−1 −
2π

k
L̄e−ρL1)dx− − L0dρ

where L0,±1 are the SL(2) generators.
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II.1 Higher Spin Black Holes

Higher Spin Black Holes

In ordinary gravity, the black hole horizon (and singularities) are
diffeomorphism invariant

Higher spin gauge symmetry > diffeomorphism

It is not obvious how to define a black hole in higher spin gravity because
neither the Riemann tensor (Ricci scalar) nor the causal structure of the
metric are gauge invariant

In Euclidean signature, the problem is simpler because a black hole is simply
a smooth classical solution with torus boundary conditions

This definition has been used to construct explicit black hole solutions
carrying higher spin charge
[Gutperle & Kraus ’11 ;
Ammon, Gutperle, Kraus & Perlmutter ’11 ;
Castro, Hijano, Lepage-Jutier & Maloney ’11]
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II.1 Higher Spin Black Holes

Explicit solutions :

SL(3): [Gutperle & Kraus ’11]

A =L0dρ+ (eρL1 −
2π

k
Le−ρL−1 +

π

2kσ
We−2ρW−2)dx+

+
α

τ̄
(e2ρW2 −

4π

k
LW0 +

4π2

k2
L2e−2ρW−2 +

4π

k
We−ρL−1)dx−

where α is the chemical potential of the spin-3 current.

hs[λ]: [Kraus & Perlmutter ’11]

A =b−1ab + b−1db, b = eρV
2
0

a+ =V 2
1 −

2πL
k
− N(λ)

πW
2k

V 3
−2 + J

a− =
α

τ̄
N(λ)

(
a+ ∗ a+ −

2πL
3k

(λ2 − 1)
)

where N(λ) is a normalization factor, V s
m are the hs[λ] generators, and J

contains infinite higher-spin fields: J = J4V 4
−3 + J5V 5

−4 + · · ·
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II.1 Higher Spin Black Holes

The partition function

Smoothness of the Euclidean horizon (absence of a conical singularity)
=⇒ Holonomy conditions:

Tr(wn) = Tr(wn
BTZ ), n = 2, 3, · · ·

where the holonomy matrix is w = 2π(τA+ − τ̄A−)

=⇒ Integrability condition =⇒ first law of thermodynamics: S 6= A/4G

∂L
∂α

=
∂W
∂τ

=⇒ τ =
i

4π2

∂S

∂L
, α =

i

4π2

∂S

∂W

Calculation of the free energy / partition function:

ln Z = S +4π2i(τL+αW−τ̄ L̄−ᾱW̄)⇒ L = − i

4π2

∂ ln Z

∂τ
,W = − i

4π2

∂ ln Z

∂α

Free energy ∼ HS CS action (not gauge invariant)?
[Banados, Canto & Theisen ’12]
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II.1 Higher Spin Black Holes

The gravity result:

Free energy: [Kraus & Perlmutter ’11]

ln ZBH(τ̂ , α, ˆ̄τ, ᾱ) =
iπc

12τ̂

[
1− 4

3

α2

τ̂ 4
+

400

27

λ2 − 7

λ2 − 4

α4

τ̂ 8

−1600

27

5λ4 − 85λ2 + 377

(λ2 − 4)2

α6

τ̂ 12
+ · · ·

]
+ rightmoving

where τ̂ is the modular parameter of the torus, α is the chemical potential of
the spin-3 current, and λ indicates the bulk symmetry algebra: hs[λ].

Validity of the calculation: large c and high temperature

τ̂ ∼ 1

TH
→ 0, α→ 0 and

α

τ̂ 2
fixed

From the CFT point of view:

ZCFT (τ̂ , α) = Tri
(
q̂L0− c

24 yW0
)

where q̂ = e2πi τ̂ , y = e2πiα and the trace is sum over all the representations.

Kewang Jin (ETH-Zürich) Higher Spin Gravity and Exact Holography Sep. 22, 2012 34 / 45



II.2 CFT computation

The general strategy:

Perform a modular (S)-transformation (τ̂ = −1/τ , q = e2πiτ → 0), the
answer will be dominated by the vacuum state

First expand the partition function in terms of the chemical potential:

ZCFT (τ̂ , α) =Tri
(
q̂L0− c

24

)
+

(2πi)2α2

2!
Tri
(
W 2

0 q̂L0− c
24

)
+

(2πi)4α4

4!
Tri
(
W 4

0 q̂L0− c
24

)
+ · · ·

Then apply S-transformation to each individual term

The α-independent term gives BTZ result: the Cardy’s formula

Tri
(
q̂L0− c

24

)
=
∑
ij

SijTrj
(
qL0− c

24

)
∼
(∑

i

Si0

)
q−

c
24

=⇒ ln Z = − iπc

12
τ =

iπc

12τ̂
(τ̂ → 0)

The odd powers of W0 terms are subleading because: (1) only the vacuum
representation is needed; (2) only the leading c (large) terms are compared.
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II.2 CFT computation

The comparison

Under S-transformation:

Tr(W 2
0 q̂L0− c

24 ) =
∑
i

Si0

[
Tr(W 2

0 qL0− c
24 ) + · · ·+ #2(λ, τ)Tr0(qL0− c

24 )
]

Tr(W 4
0 q̂L0− c

24 ) =
∑
i

Si0

[
Tr(W 4

0 qL0− c
24 ) + · · ·+ #4(λ, τ)Tr0(qL0− c

24 )
]

Collect the contributing terms

Z =
∑
i

Si0

[
1 + #2(λ, τ) + #4(λ, τ) + · · ·

]
q−

c
24

∼q−
c

24

[
1 + #2(λ, τ) + #4(λ, τ) + · · ·

]
Exponentiating the gravity result

ZBH = q−
c

24

[
1 +

iπc

9
α2τ 5 − 100iπc

81

λ2 − 7

λ2 − 4
α4τ 9 + · · ·

]
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II.2 CFT computation

Torus amplitude

The torus amplitude is defined by

Fi ((a1, z1), . . . , (an, zn); q) = zh1
1 · · · z

hn
n Tri

(
V (a1, z1) · · ·V (an, zn)qL0− c

24

)
where hj are the conformal dimensions of the chiral field aj : L0aj = hja

j .

In our case, the chiral fields are the higher spin fields (in the W∞[λ] algebra)

These functions are periodic under the transformations

zj 7→ e2πizj , zj 7→ q zj

and hence the name ‘tours amplitude’

We are interested in the modular transformation properties of the traces with
insertion of zero modes

Expanding the vertex operators as V (a, z) =
∑

amz−m−h, the zero modes
can be extracted via the contour integrals

Tr(a1
0 · · · an0qL0− c

24 ) =
1

(2πi)n

∮
dz1

z1
· · ·
∮

dzn
zn

F ((a1, z1), . . . , (an, zn); q)
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II.2 CFT computation

Modular transformation of the torus amplitude

Under a modular transformation, the functions Fi transform as

Fi

(
(a1, z1), . . . ,(an, zn);

aτ + b

cτ + d

)
= (cτ + d)

∑
l hl

×
∑
j

MijFj

(
(a1, zcτ+d

1 ), . . . , (an, zcτ+d
n ); τ

)

where Mij ≡ Mij

(
a b
c d

)
is a representation of the modular group, i.e. a

constant matrix for each modular transformation. [Zhu ’96]

In particular, for the S-transformation τ 7→ −1/τ , we have

Fi

(
(a1, z1), . . . , (an, zn);−1

τ

)
= τ

∑
l hl
∑
j

Sij Fj((a1, zτ1 ), . . . , (an, zτn ); τ)
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II.2 CFT computation

The final formula ?

Under the modular transformation, the trace with insertion of zero modes
transforms as

Trr (a1
0 · · · an0 q̂L0− c

24 ) =
1

(2πi)n

∮
dz1

z1
· · ·
∮

dzn
zn

τ
∑

l hl
∑
s

Srs Fs((a1, zτ1 ), . . . , (an, zτn ); τ)

=
1

(2πi)n
τ−n+

∑
j hj
∑
s

Srs∫ q

1

dz̃1

z̃1
· · ·
∫ q

1

dz̃n
z̃n

Fs((a1, z̃1), . . . , (an, z̃n); τ)

where we did a change of variables zτ → z̃ .

Still one needs to compute the integral

The computation simplifies at q → 0 and large c : the dominant contribution
will come from the vacuum (s = 0).
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II.2 CFT computation

Torus recursion relations: [Zhu ’96]

F
(
(a1, z1), (a2, z2), . . . , (an, zn); q

)
= F

(
a1

0, (a2, z2), . . . , (an, zn); q
)

+
n∑

j=2

∞∑
m=0

Pm+1

(
zj
z1
, q

)
× F

(
(a2, z2), . . . , (a1[m]aj , zj), . . . , (an, zn); q

)
where P is the Weierstrass function and the bracketed modes are defined via

a[m] = (2πi)−m−1
∑
i≥m

c(ha, i ,m)a−ha+1+i

The coefficients c(ha, i ,m) are found by the expansion:

(ln(1 + z))n(1 + z)h−1 =
∑
j≥n

c(h, j , n)z j .

For insertion of W fields: h = 3

W [1] = (2πi)−2

(
W−1 +

3

2
W0 +

1

3
W1 −

1

12
W2 +

1

30
W3 + · · ·

)
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II.2 CFT computation

Two-point function

Z (2) ≡ (2πiα)2

2!
Tr
(
W0W0q̂L0− c

24

)
≈ α2τ 4

2

∫ q

1

dz1

z1

∫ q

1

dz2

z2
F
(
(W , z1), (W , z2); τ

)
Applying the recursion relation, we find

F
(
(W , z1),(W , z2); τ

)
= z3

2 Tr
(
W0W (z2) qL0− c

24

)
+
∑
m

Pm+1

(
z2

z1

)
F
(
(W [m]W , z2); τ

)
Only the m = 1 term will contribute W (z) = V (W−3Ω, z), V (Ω, z) = 1

Z (2) ≈ 1

2
q−

c
24 (2πi)3α2τ 5〈W [1]W−3〉 ≈

1

2
q−

c
24 (2πi)α2τ 5 1

30
〈W3W−3〉

The central charge term:

[W3,W−3] ∼ 5N3c

6
⇒ Z (2) ≈ iπc

36
N3α

2τ 5q−
c

24
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II.2 CFT computation

Normalization

The constant

N3 =
16

5
σ2(λ2 − 4)

Using the WW OPE

W (z)W (0) ∼ 10c

3

1

z6
+ · · ·

The normalization constant

σ2 =
5

4(λ2 − 4)
⇒ N3 = 4

The agreement of the two-point result

Z (2) ≈ iπc

9
α2τ 5q−c/24
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II.2 CFT computation

Extension to higher points:

Z (4) ≡ (2πiα)4

4!
Tr
(
W0W0W0W0q̂L0− c

24

)
≈ α4τ 8

4!

∫
F
(
(W , z1), (W , z2), (W , z3), (W , z4); τ

)
≈ −q−c/24 2πic

2

27

(
5N2

3 − 7N4

)
α4τ 9

≈ −q−c/24 100iπc

81

λ2 − 7

λ2 − 4
α4τ 9

Z (6) ≈ q−c/24 2πic

(
17N3

3

648
− 581N3N4

9720
+

497N2
4

12150N3
+

101N5

2160

)
α6τ 13

≈ q−c/24 400iπc

81

5λ4 − 85λ2 + 377

(λ2 − 4)2
α6τ 13

They agree with the gravity result.
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II.2 CFT computation

W∞[λ] commutation relations

[Wm,Wn] =2(m − n)Um+n +
N3

12
(m − n)(2m2 + 2n2 −mn − 8)Lm+n

+
cN3

144
m(m2 − 1)(m2 − 4)δm+n,0 +

8N3

c
(m − n)Λ

(4)
m+n

[Wm,Un] =(3m − 2n)Xm+n +
N4

15N3
(n3 − 5m3 − 3mn2 + 5m2n − 9n + 17m)Wm+n

− 24N4

15cN3
(7 + 17m − 9n)Λ

(5)
m+n +

84N4

15cN3
Θ

(6)
m+n

[Wm,Xn] =(4m − 2n)Ym+n −
N5

56N4
(28m3 − 21m2n + 9mn2 − 2n3 − 88m + 32n)Um+n

+
42N5

5cN2
3

(2m − n)Λ
(6)
m+n + · · ·

[Um,Un] =3(m − n)Ym+n + n44(m − n)(−7 + m2 −mn + n2)Um+n

− N4

360
(m − n)(108 − 39m2 + 3m4 + 20mn − 2m3n − 39n2

+ 4m2n2 − 2mn3 + 3n4)Lm+n − (m − n)
N4nq
cN2

3

Λ
(6)
m+n

− cN4

4320
m(m2 − 1)(m2 − 4)(m2 − 9)δm+n,0
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II.2 CFT computation

Summary and Outlook

An one-to-one mapping between HS4 theory and CFT3 was established (at
the quadratic level)

We reproduced the higher spin corrections to the black hole entropy from
calculating correlation functions of W-currents on the torus

This gives a detailed/different check that W∞[λ] is indeed the correct
symmetry algebra of the dual CFT

Future directions:

Action principle for HS in d > 3
Non-abelian HS theory
Quantization of HS theory: renormalizable?
Loop corrections to the correlation functions
Higher point correlation functions
Higher order computation of the BH entropy
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