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Intro & Setup

Supergravity with gauging: isometries of the scalar manifolds 
are made local

Scalar potential mimics a cosmological constant 

Solutions now depend on BH charges and parameters of the 
gauging 

Λ =
π

�
Λ , Λ =

π

�
Λ , Λ

Beyond asymptotically flat geometries, AdS4

Cvetic et al., Duff & Liu, Sabra 1998-2003 

Cacciatori & Klemm, 2009

Existence of extremal BPS solutions with horizon geometry
                           and finite horizon radius, first order equations×
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Motivations

Gauge/gravity duality

AdS/CMT correspondence

New solutions with Anti de Sitter asymptotics 

×Near horizon metric  

Possible effects on vacua 
destabilization?

and further Applications



where the dual Field Strength to          is 
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Gaillard-Zumino construction extends duality invariance of 
Maxwell field

∂µFµν = 0

Rµν −
1
2
Rgµν = −8πGTµν

L = L(F a, χi, χi
µ)

F a
µν

G̃a
µν =

1
2
�µνρσGaρσ ≡ 2

∂L

∂F a µν

corresponding to invariance of the equations of motion

to a generic Lagrangian

F �µν = (cosα+ sinα ∗)Fµν , α ∈ R

Electric-Magnetic duality invariance
Set

up
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Duality transformations act on 
the fields as:

δ

�
F
G

�
=

�
A B
C D

� �
F
G

�
,

δχi = ξi(χ) ,

δ(∂µχi) = ∂µξi = ∂µχj ∂ξi

∂χj
.

The most general duality group is restricted to the 
Symplectic Group �

A B
C D

�
∈ sp(2n, R)

V ≡
�

�F
�G

�
,

V� = SV , S ∈ Sp(2n, R) .

The field strength and their duals transform as a vector

Electric-Magnetic duality invariance
Set

up
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Extended Supergravity bosonic sector

S =
� √

−g d4x

�
−1

2
R + ImNΛΓFΛ

µνFΓ, µν+
1

2
√
−g

ReNΛΓ�µνρσFΛ
µνFΓ

ρσ +

+
1
2
grs(Φ)∂µΦr∂µΦs

�
.

Set
up Symplectic Structure of the Action
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Extended Supergravity bosonic sector

Einstein-Hilbert 
term

S =
� √

−g d4x

�
−1

2
R + ImNΛΓFΛ

µνFΓ, µν+
1

2
√
−g

ReNΛΓ�µνρσFΛ
µνFΓ

ρσ +

+
1
2
grs(Φ)∂µΦr∂µΦs

�
.

Set
up Symplectic Structure of the Action
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Extended Supergravity bosonic sector

Einstein-Hilbert 
term

Vector fields 
kinetic term

S =
� √

−g d4x

�
−1

2
R + ImNΛΓFΛ

µνFΓ, µν+
1

2
√
−g

ReNΛΓ�µνρσFΛ
µνFΓ

ρσ +

+
1
2
grs(Φ)∂µΦr∂µΦs

�
.

Set
up Symplectic Structure of the Action
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Extended Supergravity bosonic sector

Einstein-Hilbert 
term

Vector fields 
kinetic term Axionic 

coupling

S =
� √

−g d4x

�
−1

2
R + ImNΛΓFΛ

µνFΓ, µν+
1

2
√
−g

ReNΛΓ�µνρσFΛ
µνFΓ

ρσ +

+
1
2
grs(Φ)∂µΦr∂µΦs

�
.

Set
up Symplectic Structure of the Action



Non-linear sigma model

M =
G

H
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Extended Supergravity bosonic sector

Einstein-Hilbert 
term

Vector fields 
kinetic term Axionic 

coupling

S =
� √

−g d4x

�
−1

2
R + ImNΛΓFΛ

µνFΓ, µν+
1

2
√
−g

ReNΛΓ�µνρσFΛ
µνFΓ

ρσ +

+
1
2
grs(Φ)∂µΦr∂µΦs

�
.

Set
up Symplectic Structure of the Action



Px
Λ = ξx

Λ

VFI = (UΛΣ − 3L̄ΛLΣ)ξx
Λξx

Σ

Scalar fields are still neutral and field strenghts abelian 
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N=2, U(1)-Gauged Supergravity

Scalar potential mimics a cosmological constant

Fayet-Iliopoulos Gauging

ki
Λ = igī∂̄PΛ , P∗

Λ = PΛ

Gauguing isometries of the scalar manifold

Isometries are defined 
via a prepotential

[Ceresole-DʼAuria-Ferrara]
Momentum map procedure



Duality covariance 
recovered
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Vg = gīDiLD̄L− 3|L|2

Z ≡ �Q,V� VBH = |DZ|2 + |Z|2

N=2, U(1)-Gauged Supergravity
New, modified action

S =

�
d4x

�
−R

2
+ gī∂µz

i∂µz̄ ̄ + ImNΛΣF
Λ
µνF

Λµν+

+
1

2
√−g

ReNΛΣ�
µνρσFΛ

µνF
Σ
ρσ − Vg

�

analogous to the central charge that defines the black hole potential

L = �G,V� = eK/2(XΛgΛ − FΛg̃
Λ)



From the variation of the action:

Second Order 
equations

Metric ansatz

= − ( ) + − ( )
�

+ ψ( )( θ + sin θ φ )
�

New conformal parameter: τ(r) = −
� ∞

r
exp(−2ψ(s)) ds

− d2

dτ2
U(τ) = e2UVBH(pΛ, qΛ, z, z̄) + e4ψ−2UVg(z, z̄)

d2

dτ2
ψ(τ) = e2ψ − 2e4ψ−2UVg(z, z̄)

e−U d2

dτ2
eU(τ) − e−ψ d2

dτ2
eψ(τ) = gī∂τz

i∂τ z̄
̄

Cfr Breitelhoner-Maison-Gibbons: General base space
9



Static black holes 
metric ansatz

Less solutions less easily found

×

Double attractor condition

ds2 = −e2U(r)dt2 + e−2U(r)(dr2 + e2ψ(r)dΩ2)

More constraints on the fields 

DiL = 0∂iW = 0

10



Duality Covariant 
BPS flow

U � = −eU−2ψRe(e−iαZ) + e−U Im(e−iαL)
ψ� = 2e−U Im(e−iαL)
żi = −eiαgī(eU−2ψD̄̄Z̄ + ie−U D̄̄L̄)

α� +Ar = −2e−URe(e−iαL)

Fields equations  of motion

11



Duality Covariant 
BPS flow

U � = −eU−2ψRe(e−iαZ) + e−U Im(e−iαL)
ψ� = 2e−U Im(e−iαL)
żi = −eiαgī(eU−2ψD̄̄Z̄ + ie−U D̄̄L̄)

α� +Ar = −2e−URe(e−iαL)

Fields equations  of motion

e2U−2ψIm(e−iαZ) = Re(e−iαL)Identify the phase 
from

11



BPS first order flow driven by 
the superpotential W = eU |Z − ie2(ψ−U)L|

Fully symplectic vector of gauge couplings G = (gΛ, gΛ)

Z ≡ �Q,V�L = �G ,V�

�G, Q� + 1 = 0
BPS constraints ~ Charge quantization condition

1/4 - BPS condition γ0�A = i eiα εAB�
B

γ1�A = eiα δAB�
B

cfr. Romans, ’92
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Duality Covariant 
BPS flow



Any geometric interpretation? 

Q+ e2A ΩMG = −2Im(ZV) + 2 e2A Re(LV)

e2A = −i
Z
L = R2

S

e−2A = 2
�
|DiL|2 − |L|2

�

e2A = 2
�
|DiZ|2 − |Z|2

�

Interesting relation for the black hole entropy 

At the attractor point ∂iW|h = 0 , W|h = 0

13

Attractor Equations



Quadratic model                         
with Kähler metric

AdS vacuum fixes the asymptotic modulus at

Attractor equations are

thus requiring

Black Hole Solutions

F = iX0X1

One modulus case

K = − log 2(z + z̄) Rez > 0

z =
g0g1 + g0g1 + i (g0g0 − g1g1)

(g1)2 + (g0)2

I2(G) = |G|2 − |DiG|2 = g0g1 + g0g1

e−2A = −I2(G)

g0g1 + g0g1 < 0
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Quadratic model                         
with Kähler metric

AdS vacuum fixes the asymptotic modulus at

Attractor equations are

thus requiring

Black Hole Solutions

F = iX0X1

One modulus case

K = − log 2(z + z̄) Rez > 0

z =
g0g1 + g0g1 + i (g0g0 − g1g1)

(g1)2 + (g0)2

I2(G) = |G|2 − |DiG|2 = g0g1 + g0g1

e−2A = −I2(G)

g0g1 + g0g1 < 0
Inconsi

stent!
!
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Regular solutions with spherical horizon in STU model 
for magnetic charges

F = −i
√

X0X1X2X3

The stu model

[Cacciatori-Klemm 0911.4926]

V = eK/2 (1, s, t, u,−stu, tu, su, st)T

VCK = eK/2 (1,−tu,−su,−st,−stu, s, t, u)T

VCK = SV
S =





1
−1

−1
−1

1
1

1
1



G = S−1GCK

Q = S−1QCK

Exploit duality covariant formulation

15

Black Hole Solutions



Entropy of The Solution

The stu model

16

e2A = −i
Zh

Lh
= R2

S

thus the entropy is proportional to S ∼ Zh

Lh

The explicit expression has the form

e2A =
1

4

�
1 + 2(1− 4gq)

�
1− 16gq + 48g2q2 − 3(1− 4gq)2

g0g3

Integer values??



Mass in AdS
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Different attempts

Holographic renormalization [Liu, Sabra et al., 2005]

BPS algebra [Hristov, Toldo, Vandoren, 2011]

Weird dependence on the gauging charges

Only valid when a Killing spinor exists

Apply ADM prescription
Need for a reference background

[Abbott, Deser, 1982]

[Brown, York, 1993]



Anti De Sitter coordinates

Is it possible to have a parametrization 
with a flat 3d slicing???

Extensions to multicenter BHS?
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−X2
0 −X2

5 +X2
1 +X2

2 +X2
3 = −R2

Global coordinates ds2

R2
= −(1 + r2)dt2 +

dr2

1 + r2
+ r2dΩ2

Cosmological 
coordinates

ds2

R2
= −dτ2 + cos2 τ(dρ2 + sinh2 ρ dΩ2)



SU(2)~SO(3)

More insights...

First order equations for rotating solutions

introduce

1

2
eV−U �0 dω + �I, dI� − e−2URe(e−iα−V L) = 0

L ≡ �G,V�G = Geidxi

Px
I = ξIe

xδIx
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SU(2)~SO(3)

More insights...

First order equations for rotating solutions

introduce

1

2
eV−U �0 dω + �I, dI� − e−2URe(e−iα−V L) = 0

L ≡ �G,V�G = Geidxi

Px
I = ξIe

xδIx

..yet to come!
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Thank You


