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Motivations



Exact results in SUSY QFT's
— imagine talk by D. Jafferis

* Localization reduces the path integral to a
matrix model yielding new observables &
exact resulkts



Exact results in SUSY QFT's
— imagine talk by D. Jafferis

* Localization reduces the path integral to a
matrix model yielding new observables &
exact resulkts

* Check of Seiberg dualities « 4d, 3d
o AGT « 4d/2d
« N3/2- N3-scaling « 3d, 5/6d
* Z-minimization & F-theorem  « 3¢
* SCFT index « 4d




Exact results in SUSY QFT's

* Localization reduces the path integral to a
matrix model

* Typically this requires curved spaces (e.g. S")

Question:
Which spaces are allowed?




Basic Strategy



Problem

e Curvature breaks SUSY

 Complicated construction of £ and §®
following the “Noether procedure”



Problem

e Curvature breaks SUSY

 Complicated construction of £ and §®
following the “Noether procedure”

Elegant Solution

[Festuccia-Seiberg '11]

* Couple the QFT to supergravity

* Freeze the gravity fields to (complex)
background value, s.t. dy, =0

= Get £ and 0P “for free”



 |[Fthe QFT is a CFT, naturally: couple to
“conformal SUGRA"!
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“conformal SUGRA™!

\

Recall: in conformal SUGRA the whole
superconformal group is gauged



 |[Fthe QFT is a CFT, naturally: couple to
“conformal SUGRA™!

* Superconformal theories can also be understood
via their gravity dual. The curved manifold arises

then as the boundary of a bulk geometry.



 |[Fthe QFT is a CFT, naturally: couple to
“conformal SUGRA™!

* Superconformal theories can also be understood
via their gravity dual. The curved manifold arises

then as the boundary of a bulk geometry.

—> Relation between the two!?




The bulk theory: N = 2 gauged SUGRA.

minimal: (gmn, Am, ¥m)



The bulk theory: Minimal gauged SUGRA

r~! - expansion

v

On the boundary: Conformal SUGRA!



The bulk theory: Minimal gauged SUGRA

r—! - expansion

v

On the boundary: CO”FOFma(lCKKiél)ing spinor

oy =0 = (Vé—é’ymDA)ezo d=3,4

with V4 =v,, —id,,, D=79"V,,



Manifolds admitting a conformal
Killing spinor (CKS), admit SUSY.

1
Phe = (VA ’ymDA)e =0

m m_g




Manifolds with a CKS / with SUSY

1
PAe = (VA _ E’ymDA)e — 0

The A = 0 case is studied:



Manifolds with a CKS / with SUSY

PA

va -

1
d

’ymDA)e — 0

The A = 0 case is studied:

* Euclidean Case - Ve~ e

Dimension| 3 4 5 0
Manifold | S Ch SE nearly Kahler
Cone | R* | R® CY G




Manifolds with a CKS / with SUSY

1
PAe = (VA _ E’ymDA)e — 0

The A = 0 case is studied:

* Euclidean Case - Ve~ e

 Lorentzian Case — either Fefferman
(in 4d) or pp-wave metrics



Manifolds with a CKS / with SUSY

1
PAe = (VA _ a’ymDA)e — 0




Manifolds with a CKS / with SUSY

General strategy:

1. Bispinors € ® € = forms defining G-structure



Manifolds with a CKS / with SUSY

General strategy:
1. Bispinors € ® € = fForms defining G-structure

Example (4d Euclidean):

U (2)-structure

o =i
€ 2

€+ ey . _
- — 1T =wAw
€+ el ~Mw W2 = ()



Manifolds with a CKS / with SUSY

General strategy:

1. Bispinors ¢ ® € = Forms defining G -structure

2. CKS equation = conditions on the forms

!

Pe =0

m



Manifolds with a CKS / with SUSY

General strategy:

1. Bispinors ¢ ® € = fForms defining G -structure

2. CKS equation = conditions on the forms

4d Euclidean:

[CK-Tomasiello-Zaffaroni
3 Dumitrescu-Festuccia-Seiberg]

d) =W4 Ny
dw:Wg,/\wJ

» = | M, is complex!




Manifolds with a CKS / with SUSY

General strategy:

1. Bispinors ¢ ® € = fForms defining G -structure

2. CKS equation = conditions on the forms

4d Euclidean:

"

d) =W4 Ny
dw:Wg,/\wJ

» = | M, is complex!

+ (roughly): A~ W, + W5 = determines A



Manifolds with a CKS / with SUSY

Comments:

e This A determines £ and &

% js alocal statement

4d Euclidean:

"

dj=W4/\j
dw:Wg,/\wJ

r =

x*

M, is complex!

+ (roughly): A~ W, + W5 = determines A



Results



Manifolds with a CKS / with SUSY

- Results:
Dimension| G Forms Condition
ad (++++) |U(2) 7, W M, complex
(z.e. dw =W Aw)

4d (_+++) RQ ~ (real K7 nuﬂ) 2z conformal Kllllng
W=z AW (.. V(u2u) = Aguv)
o3

3d (+++) I , , do=W Ao
0o=2¢e 1€




Comment: The non-conformal case

* (Non-conformal) SUSY Theories with an
R -symmetry are automatically included in
the analysis as the special case where e, # 0



Comment: The non-conformal case

* (Non-conformal) SUSY Theories with an
R -symmetry are automatically included in
the analysis as the special case where e, # 0

 Get the same manifolds as before!
...with subtleties:

* Local — global
*In 4d Lorentz, CKV - KV (V(uzu) =0)



SUSY Theories with an R-symmetry
(the non-conformal case)



SUSY Theories with an R-symmetry

e Naturally: couple to “new minimal SUGRA"
!
Vm€+ = —@(§Un/}/nm + (U — a)m)6+,

constraint; dxv =20



SUSY Theories with an R-symmetry

e Naturally: couple to “new minimal SUGRA"
!
Vm€+ = —@(§Un/}/nm + (U — a)m)6+,

constraint; dxv =20

(3d Follows by dimensional reduction...)

— see also:
talk by G. Tartaglino-Mazzucchelli



SUSY Theories with an R-symmetry

e Naturally: couple to “new minimal SUGRA"

1
Vm€+ — _Z(ivnvnm + (U — a)m)€+,

* Fact: This is a special case of CKS equation

1
V;?LEJF — E’}/mDAEJr



SUSY Theories with an R-symmetry
e Naturally: couple to “new minimal SUGRA"
Vm€+ — —Z(lvnvnm + (U — a)m)€+
2 Y

* Fact: This is the special case of CKS equation
For €4+ ?é 0,

A _ — 3
where D%e; =v-e; and a= A+ 5v



SUSY Theories with an R-symmetry

e Naturally: couple to “new minimal SUGRA"

1,
Vm€+ — —Z(§U Ynm + (U — a)m)€+,

* Fact: This is the special case of CKS equation
for e+ #+ 0

* The constraint dxv =0 can be imposed by
fFixing an ambiguity in the definition of v



SUSY Theories with an R-symmetry

* Lorentzian case: reality of v & Weyl rescaling

= A=0 (2 becomes Killing vector)



SUSY Theories with an R-symmetry

Comment: No surprise!

Recall: Superconformal tensor calculus ...

Conformal - New minimal
SUGRA SUGRA

gauge fixing the
conformal symmetries
(upon a “compensator
multiplet” v = *db)



Future Directions

* Reqgularity in bulk & Imprint on boundary

(via perturbative construction in %)
— see also: A. Passias' talk

e Other dimensions:

— 5d/6d interesting in the context of the M5
and AGT. - see also: N. Lambert's talk

New feature: Non-abelian! D. Jafferis' talk
F. Bonetti's talk

« N =2 in4d



Thank You...

...Questions?



Examples



More explicitly: 4d Euclidean



More explicitly: 4d Euclidean

e Extra Detail: |l¢||* = e”

» Equations for U(2)-structure w,j:

A is complex!

w? =0
- _ 1.5 1, .4 1
1A10=—3swy, + Wi+ 508

' _ 1,5 3,,,4 19
ZAO,]_ — _|_§w0’1 — Zwo’l _l_ §8B

do=w’ANw dj =w*Aj



More explicitly: 4d Euclidean

w3 =0

1

tA10 = —3

: _ 1,5 3, .4 14
1Aog1 = +tswg, — Jwy, + 5908

5 1, .4 1
wO,l + Zwl’o + 583

Example: Kihler manifolds dj =0= w* =0

dw = 21ReA A\ w

ImA =0
(Aisreal.)



More explicitly: 4d Euclidean

w3 = 0

1

iA1= —35

. _ 1.5 3 ,.,4 1 9
ido,1 = +gwgy — Wy, + 508

5 1, .4 1
w0’1 + Zwl’o + 588

Example: Kihler manifolds dj =0= w* =0

Note: in new minimal set-up: v, =0

(Vip —tapm)e=0 <+——

Characterises
Kahler manifolds



More explicitly: 4d Euclidean

w3 =0
: _ 1.5 1,4 1
1A10 = —5wg 1 + gwip+ 308

. _ 1...5 3,,.4 19

Example: complex but non-Kahler?



More explicitly: 4d Euclidean

w3 = 0

1

1A10=—3

5 1,.4 1

; _ 1,5 3,,,4 19

Example: S° x S*

dj = —2dt A j

dw = —2dt \ w

= | A= —1dt

(A is imaginary!)

ds® = dt* + ds?s

dB =0



More explicitly: 3d Euclidean



More explicitly: 3d Euclidean

Um — U;, Vg

* Get by dimensional reduction:
Ay — A5, Vg

 Extra Detail: ||e]|* = "

* Equations for /-structure ¢€3,0,0 :

(0 =e1 +1e9)

des = —(dB + 2Ima) ANes + 4 x Rev+1Ilmvgo Ao
do = (2v4es +2ia —dB) N o




More explicitly: 3d Euclidean

des = —(dB 4+ 2Ima) ANes +4xRev+ilmvgo Ao

do = (2v4es +2ia —dB) Ao

Ex.: (Squashed) 3-sphere ds* =13 +15 + 513

!

dZZ — Eijklj A\ lk



More explicitly: 3d Euclidean

des = —(dB 4+ 2Ima) Ae3g +4«Rev+iIlmvgo Ao

do = (2v4es +2ia —dB) Ao

Ex.: (Squashed) 3-sphere ds* =1 + 15 + -3l3

I3
S

Choose vielbein: e1 =11, ey =1y, €3=

Determine background fields:

’U4:i, CLZ(l—Sig)lg, v=B8B=0

S




More explicitly: 4d Lorentzian

[Cassani-CK-Martelli-Tomasiello-Zaffaroni]



More explicitly: 4d Lorentzian

* The bilinears define a vielbein...

ds® = ze~ + ww P =w=()"=0

...up to an ambiguiety:

% 'l n
W as (“R*structure”)

e~ — e —aw — aw — |al?z



More explicitly: 4d Lorentzian

* The bilinears define the vielbein:

ds® = ze~ + ww P =w=()"=0

* SUSY = z Killing = special coordinates: z =

Jle

Parametrise most general metric:

ds® = 2H ' (du + B)(dy + p + F(du + B8)) + Hhypndz™dz"

forsome H,F,p, [ independentof ¥




More explicitly: 4d Lorentzian

ds® = 2H ' (du + B)(dy + p + F(du + B)) + Hhypndz™dz"

We have explicit coordinate expressions for
the background fields:

aL:a—%(a-e_)z
— i %o |do(H "w) —y (H '8 AW)| w+ c.c.

etc. ...




More explicitly: 4d Lorentzian

Note: in Lorentzian case, we have a complete
classification of the gravity duals!

[Gauntlett-Gutowski '03]

Reduction to boundary reproduces our CKS
results from the full bulk solutions

Hard but interesting: Which of our boundary
solutions extent to reqgular ones in the bulk?



Disposal

New Minimal in 3d:

VX = —i(ynanm + (v — a,)m)x + %amx



Disposal

The other vector in 4d Lorentzian:

1
’Ul:fu——v-e_z:
2

JH 2 [2(B A0S — daf)] e + 5 Hoxo [0, (H'B) — do(H ")
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