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Introduction

Motivation: non-Abelian self-dual tensors in 6d

I Massless reps of 6d Poincaré group include self-dual tensors (a.k.a. chiral 2-forms)

H3 = dB2 , ∗H3 = H3

I Crucial role in 6d theories with (2,0) supersymmetry (16 supercharges)

I the only matter multiplets are tensor multiplets

(self-dual tensor, 5 scalars, chiral fermion)

I String/M-theory predicts the existence of 6d theories with

I (2,0) superconformal symmetry
I non-Abelian gauge group

I Rigid limit of [Witten 95,96]

I Type IIB on singular geometries
I worldvolume theory of a stack of M5 branes

I No 6d Lagrangian formulation is known

I Our approach: Kaluza-Klein inspired 5d Lagrangians
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Introduction

The advantages of KK approach

I Obstacles to a 6d effective action for (2,0) non-Abelian theories:

1. self-duality is hard to get from Lorentz covariant action
→ auxiliary fields [Pasti, Sorokin, Tonin 96]

2. no vectors in the spectrum of the theory
→ non-Abelian gerbes?

3. no tunable parameter
→ is perturbation theory possible?

I Compactify one spacial direction on a circle and keep all KK modes

6d self-dual tensor
S1 compactification−−−−−−−−−−→

{
5d massless vector
KK tower of massive 5d tensors

I 6d difficulties can be circumvented:

1. no self-duality in 5d
→ standard Lorentz covariant actions

2. the zero mode sector contains 5d vectors
→ possibility to construct gauge theories

3. circle radius r
→ tunable coupling constant g 2 = r
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Introduction

5d tensor towers and 6d self-dual tensors

Proposal

Use 5d non-Abelian actions with massive tensor towers to extract information about
non-Abelian (2,0) theories

Advantages:

I avoid 6d complications about self-dual tensors
I make contact with supersymmetry/supergravity literature in 5d

Drawbacks:

I some 6d symmetries are no longer manifest
I lift to 6d is not guaranteed a priori

Abelian (2,0) theory non-Abelian (2,0) theoryyS1 compactification

x?

5d Abelian massive tower
deformation−−−−−−−−−−→ 5d non-Abelian massive tower

Robust quantities (anomalies, large N scaling, ...) should be accessible
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Superconformal action

A 5d superconformal action
for non-Abelian tensor towers
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Superconformal action

Warm-up: 5d action for one self-dual tensor on a circle

I Compactify one direction on a circle: x̂ µ̂ = (xµ, y), µ̂ = 0, . . . , 5, µ = 0, . . . , 4

ĝµ̂ν̂ =

(
gµν + r 2A0

µA
0
ν −r 2A0

µ

−r 2A0
ν r 2

)
, B̂µ̂ν̂ =

∑
n∈Z

e iny
(
Bn µν − 2An[µA

0
ν] An µ

−An ν 0

)

I 5d gravity gµν is decoupled but r ,A0
µ are kept as 5d background fields

Dµ = ∂µ + inA0
µ U(1)KK covariant derivative on nth KK level

I 6d dynamics of Ĥ:
Ĥ = ∗̂Ĥ , Ĥ = dB̂

I 5d dynamics of Bn,An coupled to r ,A0:

S5d =

∫
− 1

2
r−1F ∧ ∗F − 1

2
A0 ∧ F ∧ F +

∞∑
n=1

(
i
n
F̄n ∧ DFn − r−1F̄n ∧ ∗Fn

)
where Fn = DAn + inBn, F ≡ F0

I Stückelberg mechanism: Bn ‘eats’ An and yields a tensor with mass mn = nr−1
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Superconformal action

Proposal for non-Abelian gauging of tensors

I 5d approach → undemocratic treatment of zero modes and excited modes

I 6d Lorentz symmetry is obscured but we can formulate [Ho, Huang, Matsuo 11]

Proposal

zero mode A → gauge connection AI → δAI = dαI + fJK
IAJαK

excited modes Fn → adjoint matter F I
n → δF I

n = fJK
IF J

n α
K

I ≡ adjoint index of non-Abelian group G with structure constants fJK
I

I Non-Abelian field strength for zero modes:

F I
µν = 2∂[µA

I
ν] + fJK

IAJ
µA

K
ν

I Full KK and gauge covariant derivative for adjoint matter X I
n at level n ≥ 0:

DµX I
n = ∂µX

I
n + inA0

µX
I
n + fJK

IAJ
µX

K
n

I Possible interpretation: residual local symmetry after gauge-fixing of the 5d
reduction of the non-Abelian generalization of δB̂ = d Λ̂
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Superconformal action

5d N = 2 superconformal theory: spectrum

I From 6d we expect 16 supercharges → 5d N = 4

I No known non-Abelian gauging of tensors in 5d N = 4 [Schoen, Weidner 06]

I We use 5d N = 2 superconformal formalism [Bergshoeff et al. 02]

I We include all dof’s of N = 4 multiplets in terms of N = 2 multiplets

6d (2,0) TM


n = 0 : 5d N = 4 VM

{
5d N = 2 VM
5d N = 2 HM

n > 0 : 5d N = 4 TM

{
5d N = 2 TM
5d N = 2 HM

N = 2 vector multiplets AI , φI , χI , Y I n = 0
N = 2 tensor multiplets F I

n , φI
n, χI

n, Y I
n n > 0

N = 2 hypermultiplets 4qI
n, ζ I n ≥ 0

I r and A0 are packed into an additional

N = 2 vector multiplet A0, φ0 ≡ r−1, χ0, Y 0ab n = 0
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Superconformal action

5d N = 2 superconformal theory: Lagrangian

L = φΘCΘΛΣ

(
− 1

4
F Λ
µνF

Σµν − 1
2
DµφΛDµφΣ + Y Λ

abY
Σ ab
)
− 1

2
CIJDµqI aḃDµqJ

aḃ

+ 1
16
εµνλρσΩMNF

M
µνDλFN

ρσ − 1
24
εµνλρσCÎ ĴK̂A

Î
µF

Ĵ
νλF

K̂
ρσ

− 1
2
φK̂CK̂MN t̂IP

MtĴQ
NφÎφĴφPφQ

+ CIJ
(
tK̂L
J qL aċ qI b

ċY
K̂
ab − 1

2
t̂IK
ItĴL

JφÎφĴqKaḃqLaḃ

)
+ fermions

I Real notation for complex multiplets (n > 0): U(1)KK
∼= SO(2)KK

XM = X Iα
n = (ReX I

n , ImX I
n) , α ≡ SO(2)KK index , M ≡ {Iαn}

I Collective indices Î = (0, I ) , Λ = (0, I ,M) , I = (I ,M)

I All couplings are specified in terms of

C(ΛΣΘ) , Ω[MN] , t ÎΛ
Σ , C(IJ )

I Full covariant derivative DµXΣ = ∂µX
Σ + t ÎΛ

ΣAÎ
µX

Λ
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Superconformal action

5d N = 2 superconformal theory: specifying the couplings

I All tensors
C(ΛΣΘ) , Ω[MN] , t ÎΛ

Σ , C(IJ )

are given in terms of

1. group invariants fJK
I , dIJ = tr(tI tJ)

2. KK levels n > 0
3. SO(2)KK invariants δαβ , εαβ

I Vector, tensor, hypermultiplets are gauged democratically

I Hypermultiplets: flat geometry

C0IJ = dIJ , C0MN = dIJδαβδn,m , CMNK = n−1fIJK εαβδn,m

ΩMN = −2n−1dIJεαβδn,m

tKI
J = fKI

J , tKM
N = fKI

Jδβαδn,m , t0M
N = nδJI εαγδ

γβδn,m

CIJ = dIJ , CMN = dIJδαβδn,m

where M = {Iαn}, N = {Jβm}
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Superconformal action

Gauge-fixing of superconformal symmetry

I Invariance under the full 5d N = 2 superconformal algebra

I Weyl weights are compatible with 6d conformal symmetry, in particular

6d line element: −2 ⇒ radius r : −1 ⇔ additional scalar φ0: 1

I (A0, φ0, χ0a,Y 0ab) can be seen as compensator multiplet to restore conformal
invariance broken by compactification on a circle of fixed radius

I Gauge-fixing to Poincaré superalgebra:

A0
µ = 0 , φ0 = r−1 = g−2 constant , χ0a = 0 , Y 0ab = 0

I Couplings to φ0 generate

1. YM coupling constant

2. mass terms for excited modes
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Superconformal action

Two special cases

In two special cases

I N = 2 is automatically enhanced to N = 4

I the 6d interpretation of the 5d Lagrangian is straightforward

1. Zero mode sector

gauge-fix to Poincaré susy
neglect all excited modes
integrate out Y Iab

 −−−−→ N = 4
super YM

6d interpretation: non-Abelian (2, 0) theory on a circle at low energies E � r−1

2. Abelian gauge group

gauge-fix to Poincaré susy
set fJK

I = 0
integrate out Y Iab

n , n ≥ 0

 −−−−→ N = 4
Abelian tensor tower

6d interpretation: Abelian (2, 0) theory on a circle of arbitrary r

Federico Bonetti (MPI Munich) KK inspired actions for self-dual tensors 21/09/2012 14 / 25



Superconformal action

Two special cases

In two special cases

I N = 2 is automatically enhanced to N = 4

I the 6d interpretation of the 5d Lagrangian is straightforward

1. Zero mode sector

gauge-fix to Poincaré susy
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neglect all excited modes
integrate out Y Iab

 −−−−→ N = 4
super YM

6d interpretation: non-Abelian (2, 0) theory on a circle at low energies E � r−1

2. Abelian gauge group

gauge-fix to Poincaré susy
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One-loop effect: anomalies

One-loop effect:
anomalies
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One-loop effect: anomalies

One-loop effect: parity anomalies

I No chirality in 5d → no gravitational, gauge or mixed anomalies

5d parity anomalies

One-loop CS terms for vectors coupled to massive fermion or tensor

[Witten 96, Intriligator, Morrison, Seiberg 97]

Vµ

Vµ

Vµ ψ,Bµν

q

q

q
→ q3 · sgn(m) · εµνρστVµ ∂νVρ ∂σVτ

I Parity anomalies depend only on sgn(m): no suppression for m→∞
I KK setup: parity anomalies in Wilsonian effective actions for zero modes by

integrating out excited modes
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One-loop effect: anomalies

5d parity anomalies and 6d gravitational anomalies

I Example: massive Abelian towers coupled to background U(1) field A0
µ

I Connection to 6d gravitational anomalies

ĝµy

ĝyy

ĝρy

ĝνy

X̂

A0
µ

A0
ν

A0
ρ Xn

X̂ ≡ spin-1/2, spin-3/2, tensors

I Results of 1-loop computation

k1-loop A0 ∧ dA0 ∧ dA0
massive spin-1/2 k1-loop ∝ n3 · sgn(m)
massive spin-3/2 k1-loop ∝ 5 · n3 · sgn(m)
massive tensor k1-loop ∝ −4 · n3 · sgn(m)

I Tested against F-theory (1,0) effective actions [FB, Grimm 11]
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One-loop effect: anomalies

Further developments: conformal anomaly of M5 branes

I Can we access 6d conformal anomaly of M5 branes via 5d parity anomalies?

I 16 supercharges → stress-energy tensor and R-symmetry current belong to the
same supermultiplet

I Consider (2,0) theories coupled to background R-symmetry gauge field
[Harvey, Minasian, Moore 98, Intriligator 00]

Strategy

Compute 5d parity anomalies in a theory of non-Abelian tensor towers coupled to
background R-symmetry gauge field

I Preliminary test: large N-scaling is not spoiled by 5d approach
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Conclusions

Conclusions

I Proposal: study 5d theories with massive tensor towers to extract information
about 6d theories of self-dual tensors

I Main result: 5d N = 2 superconformal theory of tensor towers with

I full spectrum expected from (2,0) multiplets on a circle
I non-Abelian gauging of tensors
I manifest susy under 8 supercharges
I all couplings constructed from group invariants and KK levels

I In the two special cases

1. massless sector

2. Abelian gauging

supersymmetry is enhanced to 16 supercharges and the connection to 6d (2,0)
theories is straightforward

I 6d anomalies can be probed using 5d parity anomalies for background gauge fields

I gravitational anomalies −−→ KK vector A0
µ

I conformal anomalies
?−−→ R-symmetry gauge field
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Conclusions

Further developments: conformal anomaly of M5 branes

I Can we access 6d conformal anomaly of M5 branes via 5d parity anomalies?

I 16 supercharges → stress-energy tensor and R-symmetry current belong to the
same supermultiplet

I Consider (2,0) theories coupled to background R-symmetry gauge field

I 6d anomalies can be matched between the unbroken phase with gauge group
SU(N) and the broken phase with gauge group SU(N − 1)× U(1) where one M5
brane is moved away from the stack [Intriligator 00]

Strategy

Compute 5d parity anomalies in a theory of non-Abelian tensor towers coupled to
background R-symmetry gauge field

I All kinds of massive fields contribute:

I excited KK modes of fermions and tensors

I fields that get massive by gauge symmetry breaking

I Preliminary test: large N-scaling should be accessible
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Conclusions

Further development: R-symmetry enhancement

I To write down our superconformal action the N = 4 R-symmetry group is broken

USp(4)R → SU(2)R × SU(2)H

I Inequivalent splits are parameterized by the coset

USp(4)R
SU(2)R × SU(2)H

∼=
SO(5)

SO(4)
∼= S4

I For each split, the full N = 2 spectrum can be rearranged into N = 4 multiplets

Strategy

Restore full USp(4)R R-symmetry by integrating over all possible inequivalent splits

I Techniques inspired from harmonic superspace:

1. parametrize S4 with additional bosonic coordinates u
2. re-write the N = 2 Lagrangian in terms of N = 4 multiplets and

u-coordinates
3. integrate over u-coordinates

I The correct result is reproduced in the two special cases of zero modes and
Abelian gauging
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Conclusions

Full Lagrangian

L = φΘCΘΛΣ

(
− 1

4
F Λ
µνF

Σµν − 1
2
χ̄Λ a /DχΣ

a − 1
2
DµφΛDµφΣ + Y Λ

abY
Σ ab
)

+ 1
16
εµνλρσΩMNF

M
µνDλFN

ρσ − 1
24
εµνλρσCÎ ĴK̂A

Î
µF

Ĵ
νλF

K̂
ρσ

− i
8
CΛΣΘ

(
χ̄Λ aγµνFΣ

µνχ
Θ
a + 4χ̄Λ aχbΣY Θ

ab

)
+ i

4
φΘCΘΛΣ

(
t[ΥΩ]

Λχ̄Υ aχΩ
a φ

Σ − 4t(ΥΩ)
Λχ̄Υ aχΣ

a φ
Ω
)

− 1
2
φK̂CK̂MN t̂IP

MtĴQ
NφÎφĴφPφQ

+ CIJ
(
− 1

2
DµqI aḃDµqJ

aḃ
− ζ̄I ḃ /DζJ

ḃ

)
+ CIJ

(
2itK̂L

IqL aḃχ̄K̂ aζJ
ḃ

+ iφK̂ tK̂L
I ζ̄J ȧζLȧ

)
+ CIJ

(
tK̂L
J qL aċ qI b

ċY
K̂
ab − 1

2
t̂IK
ItĴL

JφÎφĴqKaḃqLaḃ

)
.
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Conclusions

Supersymmetry transformations

δφΛ = i
2
ε̄aχΛ

a ,

δAÎ
µ = 1

2
ε̄aγµχ

Î
a ,

δF Λ
µν = −ε̄aγ[µDν]χ

Λ
a + it(ΣΘ)

ΛφΣ ε̄aγµνχ
Θ
a + i η̄aγµνχ

Λ
a ,

δχΛ a = − 1
4
γµνF Λ

µνε
a − i

2
/DφΛεa − Y Λ abεb + 1

2
t(ΣΘ)

ΛφΣφΘεa + φΛηa ,

δY Λ ab = − 1
2
ε̄(a| /DχΛ|b) − i

2

(
t[ΣΘ]

Λ − 3t(ΣΘ)
Λ
)
φΣ ε̄(a|χΘ|b) + i

2
η̄(aχΛ|b) ,

δqI aḃ = −i ε̄aζI ḃ ,

δζI ḃ = i
2
/DqI aḃεa − 1

2
φK̂ tK̂J

IqJ aḃεa − 3
2
qI aḃηa .
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