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8. AYon arh®V S1aPoPIKAV EEIGMOEMV Kl EEIGMOEMV Kiviiong

8.1 E&iomosig Kivong mov 001700V 6€ d10Qopikég eE16MaEls Y opLiolevov HeTapinTtov

H dwtinmon tov vopov g Pueikng ot d10Qopikn Toug Hopen UG onpiovpyel v avayk
vo Hmopovpe va PBpiokovpe Avoelg eEIGO0EMY GTI OMOIEC VIEIGEPYOVTUL KOl TOPAYDYOL TOV
ouoikmv Heyebdv. H Aon tov eiodoenv avtdv, ot onoieg ovoldlovtal diapopikés eCiomaoelg,
omoteAel Evav amd TOVG KEVTPLKOUS OKOTOVG TG Madnpatikng Puoikng.

m Mnyoavikr], 610Qopikés eEIGMGEIC TPOKDTTOVY KLPIOG MG €QPAPUOYEC TOV OEVTEPOL
vouov tov Nevtova. ‘Etot, av ndveo oe éva cdpa Pdlag m ackeiton ) dvvaun F, n efiowon
Kivijons Tov 6mOMUOTOC givar i dtapopikn e&icmon e Lopenic

2
dmo) o pdu_ o i

dt dt dt?
H molvmhoxkotnta g e€lowong e&optdtor kupimg amd 1 Hopen mov el n dvvapn F, n
omoia, yevikd, Umopel va givar cuvaptnon g 0éong, Tov ¥povov, N Kol TG TOYOTNTAG TOL
ocopatog. Evoéyeton emiong n Halo tov ocdpatog vo eivor petafAnth. £to otddlo ovtod, Oa
g€etdoovple T ADOTM TOV OTAOVOTEP®V EEICMCEMY ALTOV TOV €100VG, Ol OToleg AvvovTat

oamevdeiog, HEow 0OAOKANP®ONG.
Mua Sapopiky e&icwon 1 omoia Propei va avayel otn diapopiki Hopen

g(y)dy = f(x)dx, (8.2)

ovopdletor dwpopikn| e&icwon ywpilolevov Petoflntwv kol Pmopel va AvBel e amin
OAOKANP®OT TV 500 HEADV:

F. (8.1)

fady=[fod+c, (8.3)

OmoL C Mo Kowv otafepd olokApwong.

Hopatnipnon. H epdon ‘oloxAnpwon twv 0o Heldv’ iomg ypeldaletol KAmolo attioAdynon.
Av do0le ta 600 PEAN ¢ dapopikng e&icmwong g(Y) dy = f(X) dX g ioa mpog ta dapopikd
tov P(y) ka1 Q(X) avtiotowya, £xovle Tig eEICOGELC:

dP =g(y)dy, dQ = f(x) dx, dP=dQ. (8.4)

Me oAoKAp®ON TOV EEICHGEDY OVTMYV EYOVILE

P =[ady,  PO=[F0dx,  P(H)=Q()+c . (85)

Amd avtég Tig e&lomaoelg Exovple v EE. (8.3).
Mmopovpe eniong vo ohokAnpmdcove kat o dVvo PEAN g (8.2) Heta&d cvykekpiévov (Kot
avtiotoy@v Heta&d TmV) opimv Kot vo EYove TN ADor HEG® OpIGHEVOY OAOKANPOUATOV:

y X
Jomdy=] f(xdx. (86)
H anddeén g (8.6) eivar omkn: and v tedevtaio EE. (8.5), v ta (evyn tov TiHdV (Xg, Vo)
Kot (X, Y ) éxovpe P(y,)=Q(X,) + ¢ kot P(y) =Q(X) +C. Aparpdvtag Bpickovple
P(y) —P(yo) =Q(x) - Q(X,) ,
1N onoia, o cLVdVAGHO He Tig dv0 npdTeg EE. (8.5) diver tnv EE. (8.6).

To mapdaderylo mov akolovbei deiyvel kot T V0 SLOdIKAGIES.
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Hapaderypa 1

Na Bpebel n Aoon g Sapopikng e€icmong % = y?X, He opyikéc ouvbfikeg X =0, y=1.
X

Xopilove tic petafAntéc: d—g =xdx .
y

®a Avoovpe Vv eicwon ko He Tig 000 HeBOSOLG OV avapEpOnKav: He adploTa Kot He
OpLoEVO OAOKANPOHOTO.

Me aopiota oroxlnpapora Me opiolléva oroxlnpapara
OLokAnpdvove ta 600 HEAN NG e&lomonc: OLokAnpdvove ta 600 HEAN g elomong
avépeca otig TIHEG 1 kol Y ota apiotepd,
d_y = J. X dx 1 : 5
v = Kol TG avtiotoyes TiHé 0 ko X oto de&ud:
y
1 x? J d—z = Ixx dx
——o =5 t¢C 1y 0
y 2
AvtikaBwotovtag X =0, y =1, Bpiokovpe: {_ 1 } ’ B {X_z} "
~1=0+c, c=-1 Yyl L 2],
Ko Ko
2 2
_ l X 1 ——+1=—
y 2 y 2
Emopévac y= 2
2-x*

Avty gtvar n Avon Tov mpoPAnHatoc y_ y’x, (x=0, y=1).

YuveyiCovpe Pe amhd mapadeiypota amd T Mnyavikn, oto omoio 1 EKEPacT GTO 0PLeTEPO
pérog g EE. (8.2) sivar amldg 10 drapopikd tov {nrovpevov HeyéBovg. To mpofinpata
Abvovtal gite e adpilota ite [le opioHéva oAoKANp®HaTa, 1 Kot e Tig dVo HeBOdoLC.

Hopadoerypa 2
‘Eva copo kiveitow moveo otov dfovo tov X, He otabepn emitdyvvon a. No Ppebovv,
OLVOPTHOEL TOL YPOVoy, 1 ToOvTTA Tov O(t) kKou 1 Béom tov X(t), av apykd 0 cOUN
Bprokotav oto onMeio X, Kot giye todTTA Uy .

L , , do
To cdpa £xet otabepny emTdyvvon - =a

H Mon avtig g e&iowong sivar:  o(t) = J.a dt 7 v(t)=at+c.

ITowa eivar n puown onuocio g otabepds C; Av avtikatoomoove t=0 ot cvvaptnon
v(t), Bpiokovpe 61t v(0) =cC, 1} 6TL 1 6TOBEPG OAOKANP®ONG C gival, oTNV TEpinT®ON oW, 1
apykn toydINTo TOoL GOHATOS, £0T® v,. Eyovpe emopévog t Avon o(t)=v, +at oto
ovykekpiévo mpoPfAnpa. H ocuvOnkn v=yv, o6tav t=0, ovopdaletar apyixn ovvOikn tov
TPOPAIHaTOC.
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T va Bpodpe ™ Béon X(t) 1oL GOMUOTOG GLVAPTAGEL TOV YPOVOL, YPAPOVHE TN oTiylliaio
, . . , dx . .
TayvTNTA, ONAadn To PLOUS Hetafoing Tov X ®g mpog t, wg v :E Kol ETOPEVOG EYOVHE VoL

Aboovpe v eicmon

dx
—=y, +at.
dt

H Avon givan:
x(t) = j(uO +at) dt =v,t +Lat? + ¢’
ITpogavarg x(0) =C’ eivar n apykn BEon TOL COHUATOG, £GT® X, , KL ETOUEVMS, TEMKA,
X(t) = X, + vt + Tat?
glvar m Aon ¢ e&lomong kivnong c:j—l: =a Me apywéc ovvinkes v(0) =v, kar x(0) =X, .

EMéyyovpe OtL mpdypoatt or X(t) wor o(t) tkovomolodv Tig apyikéc ocuvOnkeg, kal OTL He
mapaymylon og mpog t n x(t) diver v o(t) xoin mapaydyion mg v(t) g mpog t Hag divet
v apykn e€icwon kivnong. Avtog o EAeyyog eivol KoAd va yivetal 6To TELOC.

Hapaderypa 3
‘Eva copo paloc m, kwvodlevo mhve otov dova tov X, veiototor Hio dOvaun oty
katevBuvon tov dova ion pe F(t) =at, omov a eivon o otabepd kot t o ypdvog. Na Bpedei

n toxvmra o, () kot n Béon X(t) TOL COUATOG GUVAPTAGEL TOL YPOVOV, OV Ol OPYLKES

ovvinkeg Tov TpoPAnpatog eivar  x(0)=0, o,(0)=0.

, , , , , , , . do,
Ao tov de0TEpPO VOO ToL Nevtwva, 1 e&icmon kiviiong Tov coatoc givat. m =at.

dt

a
Avt givon P g&lowon yopldlevov petafintov, n omoia ypdeetor o do, =—tdt, kot
m

OAOKATPOVETOL Y10, VO SDOEL: jd v, = a jt dt , v, = zit2 +C, C=otof.
m m

And v apywn oovbnkn  0,(0)=0, Pplokovpe 6Tt €=0 Kou emopévog v, (t) = zit2 .
m

X X
I'a va Bpovpe o X(t) , ypnoilomotovpe T oxéon v, = d— ‘Etot, d— = it2 ,
dt dt  2m
1N omoia emiong ivan e&lomon ywpllopevav LetafAntdv Kot divet: I dx = 21 I t2dt.
m
OloxkAnpdvovtag, X= it3 +c'.
6m

Eneidny x(0) =0, PBpiokovpe 611 ¢'=0, kot emopévmg X(t) = 6it3 .
m

21 Adon térolwv mpofAnpdatwv, éva cuvndicpévo Adbog ivar 0Tt TapadeineTon
1 otafepd OAOKANP®ONS, TPaYHa oL 00NYel o€ AavOacpéva amoteAéolaToa.

"‘Evag evallaxtikdg aAld 16000VOpOC TPOTOG ADOTG KAVEL XPNOT OPIGUEVAOY OAOKATPOUATOV.

‘Etot, yo o 1810 mpoPAnpa, Exovpe v eicwon  do, = Et dt , to dbvo pEAN g omoiag
m

ohokANpGOVOLYE, avticTtoy o, HeTadd Tov Katw oplov v, =0 kaw t=0, Kot TOV YeVIKOV aveo

Ly a rt
opiov v, (t) ot t. Eyovpe, J.O do, :—JO tdt . To amotéieopa givan
m
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YvveyiCovtag ) dodikooia yio to  X(t),

ondx=%j;t2dt, [x]g=6im[t3]g, x(t):eimﬁ.

XpNoOTOIOVTOG OPICHEVE OAOKANpOUOTA, Bpickovjle T AboN He To cHVTOHO Kot
CUUTTAYN] TPOTO KOl OTOQEVYOLHE TO evoeyOHevo va Eeydoovpe tn otabepd
oAoxANpmong. Oa wpénel OUMC Vo EIAGTE TPOGEKTIKOL 0TO Opla, ONAAOT TO KATM
Op1o NG Hog LETAPANTAG VO OVTIOTOLYEL 6TO KAT® OP10 TNG GAANG HETAPANTAC, Kot TO
010 va 1oyvEL Kot Yo T Gve opia.

Hapaderylo 4

‘Eoto o611 éva oopa palog m €xel goptio q kou Ppioketar péco oe évo petaforAidpevo
NAekTpkd medio éviaong E(t) = Eysinwt mov éxer katevBuvon avtiv tov dova tav X. Ot
apyucés ovvinkeg tov mpoPAnpatog eivar X(0) =0, v, (0)=0. Na efetacbei n kivnon tov
GOHATOG.

H e&lomon kivnong tov cmpotog gival

mdUX =QE(t)=qE,sinot 7 do, =asinot, o6mov asﬁ.
dt dt m
Xopilovpe Tig petafintéc:  do, = asinwtdt.
Me aopiota oroxlnpapora Me opiolléva oroxlnpapara
Enopévemg eivat: OloxkAnpdvovle Hetald tov opiov t=0,

_ a v, =0, kot TV yevikov opiov t kot v, (t):
v, (t)= '[asm wtdt=——coswt+c

vy (1) to
@ I duxzj asinotdt,
H apywcr) covOnkn 0, (0) =0 pag Stveu: 0 0

[0,]0:® =a[-coswt], «m

a , a .
UX(O):0:—Z+C 1 C:;, Kot €101,

v, (t) =% (1-cosmt) .
dx
Yvveyilovtag, emedn v, = et &yovpe v e&icwon 2—: -2 (1 —COSa)t).
@

Xopilovpe Tig petapintéc:  dx = a (1— cos w t)dt :
®

Avt ohoKAnpdveTOL ¢ EENG: OlokAnpavouvpe Metaé&d towv opiov t=0,
a X =0, ko1 tov yevikev opiov t wor X(t):
x(t) = f— (l-coswt)dt =
@

® t
X a1 on dx=ijo(l—005wt)dt :
=—t-——sinot+c’ @
0o oo t
w_8l L
H apykn ouvOin X(0) =0 pag Stvet: 5" = w{t a)sma)t} 0
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x(t) ZOZEO—%O—FC' f ¢'=0. Kol ETOUEVOG
@ [

KOl EMOUEVEG .
a .
X(t) =— (ot —sinwt).
@

d?:asina)t, x(0)=0, v,(0)=0, eivor:

"Etot, n mApnc Adomn tov mpoPAnpatog

x(t)=iz(a)t—sina)t) 0, (t) =2 (L-cosot).
[ «

EralnBsvon

Me avtikatdotaon tov t=0 pmopodUe vo emPefoaid®covpe OTL Ol GpPyIKEC GLVONKEG
KOVOTTOLOVVTOL:

X(0) =~ [(@0) ~sin(@0)] = 0 0,(0) = 2 [1-cos (@ 0)] =0.
@ @
Eniong, mapayoyiCoviag to X(t) ogmpog t Ppickovpe v v, (t),
ix(t) =izi(a)t —sinot)= iz(a)— wcoswt)= 2 (1-coswt)= v, (t)
dt w’ dt w 0]

Ko Topayeyilovtag v v, (t) g mpog t Bpickovpe v e&icwon kivnong:

d ad .
—u,(t)=—— (1-coswt)=asinwt.
U0 == (l—coswt) 2

AxolovBei éva Kanwg Mo ovvOeto mapdaderyla amd T Mnyavikn.

Hapaderyla 5
‘Eva ocdpa pédlog m kwveiton mave otov aova tov X. Idve oto copo ackeitar Hovo Mo
dvvapn Tpg n omoia eivar avdAioyn g tayvtag tov, F, =—-bo,. Na Bpebodv, cuvoptioet
TOV ¥POVOL, M TAYVTNTA TOV GOMATOS L, (t) Kot M BEom tov X(t), av avtd apykd BprokdTav
oto onpeio x(0) =0 rou giye TaydnTa v, (0) =0y, .

H e&iowon kivinong tov coplatog gival

Xwpilovtog Tig HeTaPAnTéc £xove
do,

_ D,
m

Ly

. o , . do, dt
1, ypapoviag og 7=m/b 1t otabepd xpovov mov lpaviletar 6to TpoPANHa, —= =——.
1y

% T

OloxAnp@vovtag ot aplotepd and v apykn TN Uy TG ToOTTOS HEXPL TN YEVIKN TN
U, (1), xou ota de&d omd TV apykn T t =0 Tov YPOVOL PEXPL TN YEVIKN TN t, EYOVHE:

“do, 1t
_lat
j 1)) T'[O

vy Ux

Enopévag,
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b 1 t )t ) .
(no ] ===[tly, Mo ) -Iho,=-—, no®__t o u®_ v
T T Uy T [N

Ko TEAKG v, (t)=v,e™".

Eneion eivon o, (t) = 3_): . éYOvMe d_X =0, etr, h dx=u, et

dt
, , , . x(1) -t/t
OLokAnpdvovtag avapeoa ota KatdAinia 6pia, I dx = OJ- e 'fdt,
Ul
[x]3© = UOT[ _”’]:) , x(t) =—uor(e‘“’ —1) Kot teMkd  X(t) :uor(l—e_“’).

8.2 H ypion g mapay®@yov og véag LeTafintig
Mepucéc @opéc eivar dVGKOAO N Kol AdVVATO VO, OAOKANP®MGOVKE Hia e&icwon g Hopeng
dy

% =F(y) yw va Bpodpe v Y(X). Xpnoylonotodpe tote Ty Topdyoyo U = ¢ véa
X X

d?y _ddy _du_ duﬂ:d_uu_ld(uz)

anty, 5 = 8.7
Hetofeh, kan o oxson dx?  dxdx dx dy dx dy 2 dy ®.7)
Yo v amaAeiyovle T HeTtaPAnTi X. Amoktovpe £tol v e&icwon

d(u
gy) 2F(y),  d(u?)=2F(y) dy 89)

n omoio eivar eficwon yopllopevov Hetafintdv, Kot TV omoio iow¢ Hmopoldpe va
ohokAnpdoovpe yio tn Aon u(y). ‘Eva toapdderypa 0o emdei&el ™ péBodo:

Ilapaderypa 6
‘Eva oopo Haloc M, apywkd axivnto, mEETEL aKTVIKA PO Hio axivintn onpewokn Halo
M xdto omd Vv enidpacn g HeTa&d Tovg Paputikng EAEnc. H apykn amdotoon tov dvo
Halav ntoav a . No pelembei n kiviion tov coHoToC.

H glxticn d0vapn mov ackei n Pdlo M mtavo ot palo m otav n peta&d toug amdctact gival
r, elval, cOPQova e Tov vopo g Paputntog tov Nebtova,

mM , . , , .
F(r)=-G—— (apvntum yiati &gl karedbovon mpog avtiv g Heimong tov I).
r
H axtivikn emitdyvovon g m divetar omd tov 0e0tePo vOHo tov Nevtwva, yio Ty Kivinon:

d’r d’r mM
m—;-=F(r), Mm—-=-G——.
dt? ) dt? r
H &&icwon avtn dev pmopei va Avbet yio to 1 cuvaptioetl Tov ypdvov t. Mmopolpe OU®S, ¢
Tp®To PUa, vo Bpodpe v () . Amoleipovpe Tov ¥poOvo, YPNGILOTOLOVTAS TNV TOPAY®OYO
d’r dvo dodr du

U—ﬂ (toydnTO €8) G HeTaPAnTY, Kot TN oo —F = —
gt R > PHTORAIEL KETOXON 47 Tt " dr dt dr ¢

, d r do GM
Eto, —p—L=— )
dtz o dr r

Avt topa givar Po e&iowon yopllopevav Hetafintdv, and tnv onoia Ppiokove 6Tt
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o(r) ' v '
vdv=-cMLL,  [“vdo=-om [ %L, [r?] m:—GM[—l} ,
r

2! T2 0

r 0 al a
lUz =GM (l—lj , KoL o(r)=-—_|2GM [E—EJ ,
2 r a r a

OOV TNPALE TO apVNTIKO TTPOGNHO Yo TTMON TTPog 10 kévipo. H oyéon avt) ekppalel
dlTNPNON NG EVEPYELOC.

Emeidn U=ﬂ , &Yovpe
dt
ar__ ZGM[E_E)
dt r a

Xopilovtog Tig HeTapAnTéc,

2GM dt=- ar Kot vz dt=-— Jr dr  o6mov vs= 26M
a a a—r a
—-1
r
r
t
OLokAnpdvovtog: 1)5J- dtz—J Jr dr,
0 ava-—r
Ul

r

[t]s = —i{— Jr@-r) +asin™ r }
v, a

a

=% sint "y [T .
vs | 2 a a a

H g&icwon avt dev Pmopet va Abel yia v r(t) . Avti avtod, égovpe ) cuvaptnon t(r).

Kot

IIpofinpara
1 'Eva copa éxet palo m, Ppioketor apykd axivinto ot 0éon y=0 xor apyilel va néptel
Kkatakopveo. (katd Pikog tov dova tov Y, 1 Betikn kotedBuven Tov omoiov givar mpog Ta
whvw). H dovapn g tpiprg tov aépa givat ion He —bo, émov v 1 ToydTTA TOL CAOUATOC KOt
b pwo OgTikn otabepd.

(o) No Bpebei n taydTTO TOL GOUATOC WS GLVEPTNON TOV YXPOvov. (B) Acgi&te 6TL TO COH
TeivEl Vo, amoKTAGEL Jio optkn TovTnTo Ko Bpeite v i e (y) Na Ppebei n 8éon tov
oodUatog, Y, og cuvaptnon tov xpovov. (8) Avamtoére Tic amaviioelg yio ta Y(t) kot o(t)
0€ GEPEC SUVAEDV TOL YPOVOV, Y10, Vo Ppeite GYEGELS TTOL 1o DOV Y10 HIKPEG TIHEG ToL T
2 Yoo pafog M ekto&eveTol KaTakOpLOA TPOG To TAV® Ue apykn Toyvtnta V (V > O) Kot
pfKog tov déovo tav Y, 1 Betikn kotevbuven tov omoiov eivan mpog ta mivew. H apyikn 0éon
oV cdpotog eivar Y =0. ITave oto copa 6pa, eKTOC TOL BApovg Tov, dVVAUN TPPNG 0md ToV
aépa ion he —mko, émov v M TaydINTO TOL cOMATOC Ko K Mo Oetikr oTodepd.

(o) No darvrmbei n e€icwon kivnong g Halac. (B) Xpnoiomomore tn oxéon
do _dody do

U— Y10 Vo, 0eigeTe OTIM U KOLTO Y TKOVOTOLOVV TN GYEOT

dt dydt dy
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k g

ebaoel 10 copa. (8) Av v=-U sgivaw n taydtTa he TV omoic T0 GO ETGTPEPEL GTO

y:v —v —%{In[ﬂk—vj—ln[H%ﬂ. (y) Na Bpeite to péyioto vyog H oto omoio Oa

onueio y=0, Seite otz g—kU =(g + kV)exp[—g(V +U )j .

3 Zopoatioo Halag M kiveitar oto eminedo Xy . Tn ypovikn otyun t =0 Ppicketon oto onpeio
(0, 0) ko &xet taydTo L, M omoia oynpatitel yovia 45° e Tov GEova X. To eninedo Xy etvan
oplovtwo Agia emeavewo. H povn dvvapun mov dpa 610 cwpatioto sivor pio ddvaun tpipng,
- mkuy, omv katgvboven Y HOvo, 1 omoia givorl avaroyn g GLVIGTMOCG L, TNG TOYHTNTAS
Tov, 6mov K givar évag otabepdg Oetikdc cuvTELESTHC.

(o) TTowa eivan n e€iowon xivnong tov copatdiov; (B) No Ppebei  ToydINTA TOL ©C
oLVAPTNON TOL YPOVOL. MeTd OGO YPOVO 1 KATOKOPLPT GLVIGTOGH TNG YIVETOL Uy /2 ;
(y) TTowa eivon 1 e€iocwon ¢ TpoyIdg mov droypdpel T0 coHOTIOWw oto eminedo Xy; (8) Mo

glvou n Héyrom TP Y, TOVL Y otV TpOYLY,
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