5. X1eped ool

Biroypaoia

C. Kittel, W. D. Knight, M. A. Ruderman, A. C. Helmholz ko1 B. J. Moyer, Myyoviks.
Hoavemomiaxég Exdooeig E.MLIT., 1998. Keo. 8.

M. R. Spiegel, Ocwpnrixy Myyoviry. Exdooeig EXIIL, ABnva, 1985. Kep. 9.

5.1 Toviexn Toyvtnta

Av évo oolo teplotpépetol YOpm and vav dEova, T0 SIAVUGHA TG YW VIOKHS TOD TayDTHTOS O
opiletan étol dote éva onpeio To omoio €yxel dtdvuoa Béong
I ©¢ Tpoc £va oneio mivo otov AEova TEPIGTPOPNS, VO, EXEL
TayOTNTA TOL SiveTOl amod T oyéon:

V=oxT. (5.1)
To Métpo g ToyvTNTOG Elvan ico e v =wa, O6mov a givou
mOoTOOT TOV SoMaTdion amd Tov dEova TEPIGTPOPTS.

5.2 H pomn adpdverog
‘Eoto o ol Aemti papdog pnkovg | ko pélog M, n omoio mepiotpépetar e otrypiaio
yovioky ToxdmTe @ yopw and otabepd dEova Pz, mov Bewpovpe 6Tt givan kdbetog ot papdo
oto onpeio P. 'Eva otoyeio Malog g
pafodov, ico pe m,, mov améyel oanodctaon I
amd Tov GEovo TEPIGTPOPNGS, £XEL TAXDTNTA
U; = or;, Kol ENOUEVMG KL KIVITIKY EvEpyELo

H wxwnmtu  evépysiar  oAOKANpNG g
papdov PBpioketar abpoilovtag yio OAEG TIG
otoyemdelg Malec amd TIg omoieg ovTN
amoteAgiTon, Kot gtvon

K =z%mil’i2w2 =%[Zmiri2ja)2 =3l,0*>  omov |, EZ:miri2 . (5.3)
i i i

H mocoémta |, ovopdleton pomn adpaveiog e pafidov yopw amo tov aéovo Pz. Eivan éva
otabepd PéyeBog mov eEaptdtan amd TN YEOUETPIKN KatavoUn e Halag g papdov yopw amd
TOoV AEOVa TEPIGTPOPT|G.
Yt0 opo m, >dm, to d@bpowspa otnv EE (5.3) petorpémeton 6t0 OAOKANPOMO
I, = Irzdm. Otv pomég adplvelng TOAADV OTEPEDY OCOHUATOV ©F TPOG KATOLOLG
cOH

YOPUKTNPLOTIKOVS AEOVES VTTOAOYILOVTOL EDKOAN LIE TN GYEOT QVTH.
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IMivaxkag por@v adpaverog

Opoyevég odpa palag M Aovag Pomi
0OPAVELNG
KdaBetog omn pafdo, oto kévrpo T 1 ML2
Pafdog pmrovg L S om pap pome iz ML
Kdabetog ot pafdo, ato €va tng dxpo %MLZ
. . . KdéBetog 610 eninedo tov daktvriov, MR?2
Kvrhkog daxtolog axtivag R 570 KEVTPO TOV
Mo StéeTpog Tov daxTvAiov %MRZ
L . KéBetoc 610 eninedo tov dickov, 1MR?
Kvrhkog diorog axtivag R 670 KEVTPO TOV 2
Mio, S1GETPOG TOV BiGKOL %MRZ
Zoproyng ceaipa axtivag R Mio, S1GETPOG TNG CPAIPOC %MR2
Sopmayng KOMvopog aktivag R O d&ovag Tov KVATvdpov %MR2
Agntotoryog coinvag axtivag R | O d&ovog tov coAnva MR?

5.2.1 To Osdpnpa twv wapdliniov a&ovoy
IMa ™ papdo kot tov d&ova mov eetdalovjle, av
0 G&ovoc mePLoTPoPg anéyel amodotaon L and
10 Kkévipo Waloag C g papoov, Ba Exovpe:
n=L+r', peto rf (Betucd M apvnrkd) va
diver t Béom Tov oToyeiov Halag M, ®g TPog
to kévipo Halag. 'Etot,

1 :Z:miri2 :Z:mi(L2 +2Lr + %) =ML2 + ZLZ:miri'+Z:miri'2 omov M :Z:mi
i i i i i

glvar ok péCo g papoov. Eriong, amd tov opiopld Tov kévipov Halag sival Zmiri'z 0,
i

evd T0 Héyebog Zmi l’i'2 =1, elvoau n pomn adpdvelog tng papdov yo aEova Tov TEPVA Omd TO
i

Z
Kkévrpo Halag g papoov, C, kar eivar mapddiniog mpog tov a&ova Pz. To amotédecila
l,=1,+ML (5.4)

1oy OEL YeVIKA Yo KGOe cmo Kot aEova, Kot Eival yvootd g Gempnila twv mopdliniwv aéovaov
N Gecpna tov Ztdavep (Steiner).

5.2.2 To Osapypa twv kabetwv alovwv
To Bedpno avtd 16Y0veL HOVO Yo Aentég eminedeg TAdkeG. H HobnUatikny Tov Hopen eivat:

L=l +1, . (5.5)

z
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Me Aoy H pornp adpaverog Aemthg emimedns wAaxag ws mpog acove, kaleto ae avthv, gival ion
Ue 7o dbpoiolla Twv pomav 0dpaveLaS wS TPOg 000 0mo10vooNToTE KGBeTovg PeTald Tovg déoves
7oV fpiorovial 0To ETIMENO THE TAGKAS KOl TEPVOLY Tov Kabsto alova.

5.3 QzpMoTO Y10 TNV KIVITIKI] EVEPYELD KOL TT] GTPOPOPL TEPLGTPEPOLEVOD GTEPEOD
H xwntikn evépyelo 61epe0h 0OUATOG TOV TEPIOTPEPETOL YOP® amd Eva GEOVe Z L€ YOVIOKN
TOYXOTNTO @ divetal omd

K=211,0 (5.6)

NI

omov |, givorm pomr| adpavelog TOL GOHUOTOG MG TPOG TOV AEOVA TEPLOTPOPNG, Z.
Kévovtag ypnon tov Beopnpatog tov topdriniov a&dvev, Bpiokove:

K=1l,0°+iMV? (5.7)

— 2%

N OTU 1§ KIVITIKY EVEPYELQ EVOS TEPLITPEPOUEVOD TWONOTOG, EIvai ion e To abpoiolla TS eVEpyelog
7oV o@eileTor OTHY WEPIGTPOPN TOL CONATOS YOPw Omb To KEVIPO WAlag Tov, %Icza)z, KOl THG
KIvpTIknG evépyelag Wiag onfetaxng Halog iong Je v olikn Palo M tov owporog, 1 omoia

Kiveitau Pe v tayvTnra N tov kévipoo Pdlag tov, +MV 2,
To avticTtoryo Bedpna yio T GTPOPOPHT TOV GOUATOC EivaL:
L=1,02+MF,xV. (5.8)
N OTU 71 GTPOPOPUR EVOS GAONATOS WS TPOS OTOLOONTOTE oneio, eival ion Je 1o abpoiopa )¢
GTPOPOPIS TOV WS TPOS T0 KEVTPO Wdlog Tov, | ,wZ , ka1 TS oTpoPoplliis Liag onleiakiic Pdlog
fong Ue mv odikn Yaloa M tov ocwlarog, n omoio fpicketar oto kévipo Halog Tov omlatog Ko
Krveiror Je v toydTnTo. V o0 Kévipov Padag tov, M T, x V.

5.4 Meprotpogn] YOp® amd otabdepd aCova

XTI TEPMTMOELS OVTEG, YPNOOTOIOVHE TIG GYE0ELS OVALESH GTN GTPOPOPUY MG TPOS TOV
a&ovo TEPLOTPOPNG KUl TN POTH TV SVVANE®V MG TPOg ToV 1010 dEova. [ tov dEova a:

1w | do _y

2
Ka:%laa) La a a 4t a -

(5.9)

Hopaderypa 1

Muo, opotoyevic papdog Halag M kot pnkovg £, TEPIOTPEPETOL TAV® 0TO Agio kol oplovTio
eninedo (X,Y) yopw oamd tov d€ova Z, o omoiog mepva amd to dkpo O g papdov. H yoviakn
toyutnta g papdov slvan @,. Xe Kamow oTiypn, Otav 1
papoog cuumintel He tov Gova T@v X, 0 GEovag TEPIOTPOPNS
«g&apaviletaw kol n papdog sivor eievBepn va kivnbel oto 7

eninedo (X,Y), xopic va voictatar eEmtepikég SVVAHEL. W

I r r r ;o [
Metd and avtd 10 GLUPAv, va Ppedolv: "

() H tayvmra Ve, T00 KEVIpou Halag g papdov.
(B) H yoviaxn taydtnta @ g TEPIGTPOPNS TS pafdov yopw Wp
amd 10 Kévtpo Halag tne. 0 A ¢ x

(y) Hevépyewn E, g papdov mpv e&apaviotel o GEovag /
MEPLOTPOPNG Z, Ko 1 evépyeld g, E , Hetd. Awtnpeiton n evépyela;

(o) T otrypn g amedevBépmonc e papdov, 1o kévipo Ualag g (C.M.) €xet TaydnTo
Vo= Flmgy .
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Ene1dn dev ackovvron eEmtepikég duvalelg tavo otn péfdo, avtn Ba mapapeivel n taydINTA
tov C.M.

Ve =Vo =24w,y .
(B) H otpopopun g papdov g mpog to O givar apyikd
Lo = lo®, = low,yZ Lo =iM/*w,2,
KoL ETEWON OEV ACKOLVTAL EEMTEPIKEG POTEG 6T pAPdo, vt Ba Tapapeivel oTabep].
Opacg,
[y =L +MRey xVey .

AvtikofietOvtag og oty TV g&icwmon

Lo =iMPaw,2, Le=lewZ, Rgy =3k+3lagty  xa Vg =3y,
€yovlle

IMPwyZ=1coZ+ME IR+ Lonty)x (L Lw,Y)

LMP2m.5 = 541 2.5
sMwz=1c0z+5;Ml"wyZ .

Enopévag, o= @y, Kot w=a, .

() Apyucr evépyew:  Eg =3 lo0f =1 MPwf.
Tehuey evépyew:  E=1MVE, +3 1.0’ =M (& lw)® +1(EMP)w)
E=@+L)MPa, E=1iM*wf =E,

Kot ETOUEVMG 1) evépyela dtotnpeitat.

Iapdaderypa 2
Aemti opoloyevig papdog €xel pPnkog ¢ kot Halo m. H pdaPdog PBpioketar ndvem ce Agio
oplovTio emimedo Kot Pmopel vo mePIoTpaPel yopw amd dEova
KkéOeto oto eminmedo. O dEovog eivar kaBetog otn papdo, kot O
epvd amd to éva g axpo O. Mo onpetokr Halo m eivor
oTePEMUEVT 6TO EAEVBEPO GKPO NG pdfdov.

Xe kOmow otyUn, m onUewokn Halo ektofevetor, He T ¢
Bonbelo ecwtepikdV dSLvVAUE®V, KAl KIVELTAL e TOYVTNTA U OE
Kkatevbvvon kdbetn oty apykn katevBvuvon g pafdov.

(o) Mo Ba eivor n yoviakn toydmTo g pafdov Hetd v

ektoEevon; A
(B) TI6om evépyela amorteitan yio T dadikacio,

(@]
=

() E&mtepixég duvdpelg ackovvtatl Povo amd tov aEovo O. Emouévmg,  ponr Tovg m¢ Tpog
Tov a&ova owtd gival ion Pe PNoév, Kal 1 6TPOPOPHT TOL GVGTHHATOG ¢ TPo¢ Tov a&ova O
dwtnpeitat.

Eme1dn apyikd eivon I:O =0, Ba e&axorovdnoet va eivar Ly =0.
Metd v ekto&evon,
Xtpogopln g Halag M wgmpocto O L, =¢mo (tnv omoia. Oewpodle OeTikn).

2tpopoppn ¢ papdov wg mpog to O: L,=-loo (yw @ 6mog cto oxipa).
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Enopévag, low=/mv Ko =

(B) Evépyew mgpatog m: E, =imo

P

2
Evépyera g papdov: E =%Ioa)2 n E =l(lm€2J(32J =gm1)2.

H olwkn evépyetla tov cuotatog eival emopévmg ion Le:

E=E,+E, =2mv’.

Ilpofinpara

Aré to pifiio Kittel k.a. Miyaviki: Keo. 8, Aok. 1,7, 9.

5.1 Mo Aemnti mAdka €xel oynpa 1oomievpov tprywvov ABI, pe mhevpég ioeg pe 2. H
EMPAVELOKT TUKVOTNTO TOV VAIKOL Tng mAGKoC gival ion e o =kX, Omov K egivar Ha
otabepd kot X M andctact and T fdon Tov Tprydvov, B  Agiéte otu

(o) H péga tov tprydvov sivar M = xa®.

(B) H pomn adpdvelag tov tprydvov mg mpog aEova tny mAevpd BT givar ion e | = % Ma?.

, . . . . ; ; _ 3 2
(v) H pomn adpdvelag tov tpryd@vov og tpog dEova thy mhevpd AB ivarion e | =55 Ma”®.

5.2 H pdéfo evog yora&io pmopel vo Bempnbel 0Tt eivon kotavepnpévn o€ €va emimedo, He

TETO0 TPOMO MOTE 1) EMOPAVEWNKN TLKVOTNTO Halas vo etvor c=xe "< , Omov K Kol o

elvar BeTikég otabepég Ko I n amdoToon and 1o KEVIpo Tov yoraSio. Asgi&te Ot

(0) H péca tov yoratio eivar M = zxa®.

(B) H pomn adpdveiag tov yora&io wg mpog dEova kabeTo 610 eninedd Tov Kot TEPVEH and To
KévTpo Tov eivar fon pe |, = Ma’. (Aivetaw: [ xe ¥dx =1. Avticataomiote x=r’/a?).

5.3  Aent mAdxo Bpioketal 610 eminedo Xy kai £xel EMAEmTIKO oYNHa, e Oplo oV divovtat
X2y
arntd v e€lowon —+—=1,
v eGicoon e
mokvotnta palog e mAdkog sivor otabepn kot ion Pe o. Bpeite Tig pomég adpdvelog g
TAGKOAG MG TTPOG TOVG dEovec X, Y Kot Z.

omov o «wou b eivon Oetikég otabepéc. H empaveloxn

3r
T
Am: 1, =iMb?, I =iMa?, 1, =1Ma?+b?).

(Aivovtar: Eppadov édhenyng S = zab . Jé uvl-u? du :%, Ko Ié 1-u?)¥?du=

5.4 Opoyevnic papdoc palog m kot Pnkovg 21 kpateiton apyikd KoToKOpLEN TAVD G TPOYD
oplovTio eminedo dAMESO KO KATOMV CPNVETOL VO, TEPICTPAPEL YOP® aO TO GKPO TNG TOL
Bpioketon og emagn pe To 6amedo.
(o) Ymobétovtag 01t dev vmdpyel oAicOn oM, Bpeite T YOVIOKH ETLTAYVVOT @ KOL T YOVIOKT
TavTNTO @ TS PAPOOV ¢ GLVOPTACELS TNG Yoviag € mov avth oynHatilet he Tnv
. ] . . d0 dodd do
KaTakOpvPo. YmevOupileton ott a=0=—=——=0——.
dt do dt déo
(B) E&etalovrag v kivnon tov kévipov Halag e papdov, Bpeite 11 cuvictdoeg (oplovria
KOl KATakOpven) g dOvapng mov ackeitat amd 1o damedo nave ot papdo kat £Tot Kot v
kéBetn avtidpaon N Tov damédov mhvw ot pafdo wg cuvaptnon g 6.
Yrodeitn: H kevipoddrog emttdyvven Tov kévipov Halag Tpog to onpeio emapng papoov
ko Somédov eivon lw?, kon 1 eyképota cuvictdoa lo .
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Am: () azi—?sine, wz,IZ—?(l—cose), (B) Nz%(l—%os&)z,

5.5 Abo xvrhikoi dickot He paleg M; kor M, kot aktivo, R, mepiotpépovial yopw amd Koo
a&ovo k@beto oto eminedo TV Siok®V KAl TOL TEPVA amd To KEVTpO Tovg. Ot yoviakég
TaVTNTEG TV dioK®V €lval @1 Kol my, KOl Ol 6TPOoPopUég Toug Ly ko Ly, avtiotoya. Ot
dlokol épyovratl kot mapapévouy og emoen. Tt 0o cuppel og mpog v kivinon tovg; Tlowo eivan
N TEMKT] YOVIOKN Toy0TNTO TOV dV0 SiCKMV Kol 010 1) TEAKN amdAEl evépyelog AE;

w=w1M1+a)2M2 AEzl M,M, R2(w, —@,)?.

Am.: ,
M, +M, 4 M, +M,

5.6 Mia Aent) teTpdymvn wopto Pe Halo M kol mAevpd a Hmopel vo TEPIOTPAPEL Y®PIG
TPPEC YOp® amd katakopvpo dEova AB mov cupmintel pe Hio amd TIG TAEVPEG TG, APYIKA 1
TopTo. givan avoryty kot oxnpatiCel yovia 90° pe tov toixo. Mio ceoipo Halag M kiveitar He
TayvTo v og kaTevBuvon kabeTn oto eninedo g moptac. H ocpaipa cpnvovetar otny TdpTa
o€ amooTaon a omd Tov dEova.

(o) No vroroyichei 1 pomny adpdvelag tov cuoTatog o tpog tov dEova AB. H pomn
AOPAVELNG TNG TOPTAG G TPOG AEova OV TEPVA amd To KEVIPO HALag Tng kot eivorn kibeTog
oto eninedo g etvan 1, = % Ma?.

(B) Xe mdoo ypovo Ba kKheioel n wopta. omd T oLy mov B yturnbel amd ™ oeaipa;

(y) Towo kAdoa Tng eVEPYELNG TG GQAIPOS YaveTal 0TV 0T oeNVEDEel oty TdpTQ;

) (M 2 _nao M A_E:L
An.: (0) I—(3+mJa, ® t 21)(1+3mj’ ) E M+3m

5.7 Aivetar kukhkdg diokog axtivag R kot palag M, opotdpoppa kotavepnpévng. O dickog
neproTpiPeTan e otabepn yoviakr toydmta @, mept dEova mov mEPVA and TO KEVIPO TOL Ko
glvan kéBetog 670 eminedd tov. Tn ypovikn oty t =0 1 paa tov dickov apyilel va av&dvet
YPOUUIKG Pe To ypovo Pe puBud a=dM /dt, mwy. Adyo Bpoyng mov mEPTEL OLOLOHOpPO Kot
KkéOeta oto enimedo tov diokov HUe apeintén toyvtnTo. H avénon g Halag KoTavépeTon
oHoopopa cg kdBe onpeio tov dickov. Na dtvrmbel kot va Avbei 1 e&icmon kivnong Tov
diokov kot va Bpedei £To1 N yoviakn tov todtnTa w(t).

oM,

Ar: My+at)32 +aw=0, w(t)= .
dt M, +at

5.8 Avo palec, m wor m, (m2 > ml), elvan dgpéveg avtiotorya oto 600 dkpa £vog Un
extatov viHatog apeintéag Halag, to omoio eivar mepacpévo mOve omd Mo Tpoyoiio. H
Tpoyorio sivar KukAKOG dilokog aktivag R wot Halag M, mov pmopel va mepioTpépeTa,
yopic tpPég, Yopw amd opiloviio Eova 0 omoiog TEPVA 0md TO KEVTPO TOL OioKOV Kot Eival
Kk@0etog otic eninedeg empdavelég Tov. H pomn) adpdvelag g Tpoyoriog yop® omd tov aova
g givar | = % MR?. Apyucé to cbompa eivon akivnto. Tn xpoviky otiypp t=0 ot pélec

apnvovtal ehevbepec va kivnBobv. Kabmg 1 tpoyoria mepiotpéeetal, To VIO TOV €QAmTETAL
G TPOYOAlNG 0ev YMOTPA OC TPOg ATV, Ta 08 eAevlepa TUAHATA TOV gival KATAKOPVPOA.
Mehetmote Vv kivnon tov cvotipotog: vrnobétovtag tdoelg T, ko T, ota 60 THAHHATO TOL
VNHotog, ota onoia efvar cuvdedepéveg ot Halec M, kor M, oavtictoyo, Kot eEeTalovtag TIg

SVVAELS TOV 0IOKOVVTAL TAV® GTIC S0 HALES KOt TIG POTEG TOL AICKOVVTOL TAV® GTNV TPOYUAid,
dTurmaoTte Tig eEI0MOELS KIVoNg TOV TPLOV aVT®V SOUATOV. AVCTE TIC EI0D0ELS AVTEG Yo VO
Bpeite ™ yovioxn taydthta @ g TtpoyoAiag, tn yovia A(t) kotd v omoio &xel

neplotpaPel o xpovo 1, kobmg emiong xon v tayvTTA TG Halag M, Ko TN HeTaTOmoN
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™G omd TV apykn ™ 0éon  y(t). Bpeite emiong m dOvapn T, mov ackel to vipa Tdve oty
palo m, .

m, —m
An.:. Av A= R , ToTE glvor: wzﬂgt, Hz/l—gtz,

m+m,+M/2 R 2R
A
v =Agt, Y, =Egt2, T, =1+ A)mg.

5.9 "Evag opoyevig kukAikog dickog axtivag R kot palag m, pmopel va mepioTpéPetat, yopig
p1Pég, yopm omd opilovio aEova o onoiog mepva amd éva onpeio O TG TEPLPEPELNG TOL Kot
glval KaOetog oTig eninedec emedvelég tov. H pomn adpdvelag tov dickov yopm amd tov aova

ovtov eivor | ==mR?. Mua onpstokh Halo. M givol TpookoANHEVN g éva onpeio A g
2

TEPIPEPEIRG TOV OloKov, dapetpikd avtifeto tov onpeiov O. Apykd M onpeokn Halo
Bpioketatl kotaxopvea Tave amd to onpeio O kot To cvoTU elval aKivnTto, OTAV TN YPOVIKY|
otiyun t=0 apnveral ehevBepo va kivnOel.

(o) Aci&erte 611, 6TOV 0 dioKOC £YEl MEPIOTPOUPEL KaTtd Yyoviae @, 1 YOVIOKN TOL ToyOTNTO ]
wovomotei T oxéon: 11RE? = 12g(1— c0S 49).

(B) Bpeite v axTvikn cuVIGTOGO TG SOVONG TOV aokeiTan TAve ot onpetaxn Halo,
m2RO? (mpoc 1o onpieio O), Kot TV £YKGPSIA TN cuvicTdoo, M2RE  (kadetn ot
gvbeia OA) 6tav 1 yovia teptoTpoeng eivar 6 = . Aaupavovtag voyn 1o Papog g
onpeoxng padog dei&ete 6TL 1 dSVVOT TOL aoKEiTOL TAVE Gt oNHElkn Hala and To diocko

. L 59 ,
otav 6=, eivor ion He Emg (mpog Ta Tavw).

510 Zmovdaoctng Halog M OTEKETOL GTO KEVIPO €VOG TEPIGTPEPOLEVOL GKOMVIOD, e

TeVTOUEVOLG 0p1iovTia Toug Bpayiovig Tov, kKpatdvTag o KaBe xEpt Lo Hikpr| oeaipa Hadog m.

H amootoon kébe ceaipag and tov GEova meplotpoens elvar I evd n pomn adpdvelng Tov

omovdacthi ©¢ mpog Tov GEova meplotpoenc eivar MRZ. H ocuyvotnto TepioTpogr Tov

omovdaoTh givat v otpo@éc/ovada ypdvov. Kdamoio otiyn}, 0 6movdactic cVUTTHOGEL TO, XEPLOL

TOV, OTOTE M KABE cpaipa améyel amdoToom I amd Tov AEova TePIoTPoenc. Bpeite:

(o) T yoviakn todnta Tov 0o amoKTAGEL 0 6TOVSACTNG UETA TN GOUTTLEN TMV XEPLDV TOV.

(B) To épyo mov mapdyet 0 6movdacTNC KoTd TN oVURTLEN avth (OAeg ot Tp1Pég Bempovvtat
apeAnTéEC).

(v) Epappoyn: Yroroyiote ta Heyédn tov epotnpdatev (o) kat (B), av M =70 kg, m = 4 kg,
rr=0,75m,R=0,15m kot v=0,5 otpoen/s.
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