
Solution of the quantum mechanical potential barrier
Boundary conditions for
ΨAHxL = ãä k x + a ã-ä k x

ΨBHxL = b1 ãä k1 x + b2 ã-ä k1 x

ΨCHxL = c ãä k x

In[1]:= eqs = SolveA9

1 + a � b1 + b2,
k H1 - aL � k1 Hb1 - b2L,
b1 ãä k1 L + b2 ã-ä k1 L � c ãä k L,
k1 Ib1 ãä k1 L - b2 ã-ä k1 LM � k c ãä k L

=, 8a, b1, b2, c<E

Out[1]= ::a ® -

I-1 + ã2 ä k1 LM I-k2 + k12M

-k2 + ã2 ä k1 L k2 - 2 k k1 - 2 ã2 ä k1 L k k1 - k12 + ã2 ä k1 L k12
,

b1 ® -
2 k Hk + k1L

-k2 + ã2 ä k1 L k2 - 2 k k1 - 2 ã2 ä k1 L k k1 - k12 + ã2 ä k1 L k12
,

b2 ®
2 ã2 ä k1 L k Hk - k1L

-k2 + ã2 ä k1 L k2 - 2 k k1 - 2 ã2 ä k1 L k k1 - k12 + ã2 ä k1 L k12
,

c ® -
4 ã-ä k L+ä k1 L k k1

-k2 + ã2 ä k1 L k2 - 2 k k1 - 2 ã2 ä k1 L k k1 - k12 + ã2 ä k1 L k12
>>

sol = FullSimplify@eqsD

Out[2]= ::a ®
Hk - k1L Hk + k1L Sin@k1 LD

2 ä k k1 Cos@k1 LD + Ik2 + k12M Sin@k1 LD
, b1 ® -

2 k Hk + k1L

ã2 ä k1 L Hk - k1L2
- Hk + k1L2

,

b2 ®
2 ã2 ä k1 L k Hk - k1L

ã2 ä k1 L Hk - k1L2
- Hk + k1L2

, c ® -
4 ã-ä Hk-k1L L k k1

ã2 ä k1 L Hk - k1L2
- Hk + k1L2

>>

The reflection coefficient is R = a 2 = a a
Notice how we have to use assumptions in order to tell Mathematica that k, k1 and L are reals. 
(Complex conjugation is typed as a ® a[Esc]conj[Esc]) or one can use a a= Conjugate[a] a )

In[3]:= R = Assuming@k Î Reals && k1 Î Reals && L Î Reals, FullSimplify@Ha aL �. sol@@1DDDD

Out[3]=

Ik2 - k12M
2
Sin@k1 LD2

4 k2 k12 Cos@k1 LD2
+ Ik2 + k12M

2
Sin@k1 LD2

To massage Expression we use  ExpandBk4 + 6 k2 k12 + k14 - Ik2 - k12M
2
F=8 k2 k12



In[41]:= cc = SimplifyA

Assuming@k Î Reals && k1 Î Reals && L Î Reals, FullSimplify@HHc cLL �. sol@@1DDDD �.

Cos@2 k1 LD ® 1 - 2 Sin@k1 LD2 �. k4 + 6 k2 k12 + k14 -> Ik2 - k12M
2

+ 8 k2 k12E

Out[41]=
4 k2 k12

4 k2 k12 + Ik2 - k12M
2
Sin@k1 LD2

In[45]:= aa = SimplifyAAssuming@k Î Reals && k1 Î Reals && L Î Reals,

FullSimplify@HHa aLL �. sol@@1DDDD �. Cos@k1 LD2
® 1 - Sin@k1 LD2E

Out[45]=

Ik2 - k12M
2
Sin@k1 LD2

4 k2 k12 + Ik2 - k12M
2
Sin@k1 LD2

Here we express a 2 and c 2 in terms of Ε = k2 and k12 = Ε - U

In[42]:= cc1 = FullSimplifyAcc �. 9k2 ® Ε, k12 ® Ε - U, k4 ® Ε2, k14 ® HΕ - UL4=E �.

Cos@2 k1 LD ® 1 - 2 Sin@k1 LD2

Out[42]=
1

1 +
U2 Sin@k1 LD2

-4 U Ε+4 Ε2

In[46]:= aa1 = FullSimplifyAaa �. 9k2 ® Ε, k12 ® Ε - U=E �. Cos@2 k1 LD ® 1 - 2 Sin@k1 LD2

Out[46]=
1

1 +
4 Ε H-U+ΕL Csc@k1 LD2

U2

The transmission coefficient T = c 2

In[43]:= T = cc1

Out[43]=
1

1 +
U2 Sin@k1 LD2

-4 U Ε+4 Ε2

The reflection coefficient R = a 2

In[47]:= R = aa1

Out[47]=
1

1 +
4 Ε H-U+ΕL Csc@k1 LD2

U2

We finally check the expected relation R + T = 1
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In[50]:= FullSimplify@R + TD

Out[50]= 1
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