Infinite Potential Wall

The energy eigenfunctions and eigenvalues of the infinite potetial wall:

2 n 72 2
Y[x_, n_] = — Sin[—x]; En[n_] = n?;
L L 2mL?

$Assumptions = n € Integers && 1 € Integers && n>0 && m > 0 && L >0 && >0 && 1>0

n € Integers && 1 € Integers &&n >0&&m>0&&L>06&&0>0&&1 >0

Problem 2:

Consider the particle in the initial state ¢(x, 0) = A sin’ (”Z x). Compute the state ¢(x, f) and the corresponding average
values of position , momentum etc.
Solution:

Consider the expression of the wave function interms of the energy eigenfunc—
tions:
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We compute the normalization factor A and define the wave function at t=0
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L
cnn_] = IW[X, n] ¢[x, 0] dx /. Sin[nn] - O
0

All coefficients are zero except when the denominator is O:

Solve[9- 10n?+n* == 0, n]

{{n->-3}, {(n>-1}, {n>1}, {n->3}}

L
en[l] = J-dr[x, 1] ¢[x, 0] dx
0
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en[3] = Jw[x, 3] ¢[x, 0] dx
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Abs[{¢[x, 0], ¢[x, 0.3], ¢[x, 0.5]}] /. {x> 0.4, L> 1, m-> 1, h-> 1}

{1.53884, 1.48333, 1.45589}
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Abs¢[x_, t_] = Abs[¢[x, t]] /. {L> 1, m> 1, h-> 1};
Plot[{Abs¢[x, 0], Absd[x, 0.3], Abs¢[x, 0.5], Abs¢[x, 0.7], Absd[x, 1.1},
{x, 0, 1}, PlotStyle » {Red, Green, Blue, Yellow, Magenta}]
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Here you can see an animation of the time evolution of |¢(x, ) [*

Manipulate[Plot [Absé[x, t], {x, O, 1}, PlotRange » {{0, 1}, {0, 2}}], {t, 0, 4, 0.0001}]

as well as the real and imaginary parts of the wave function Re(¢(x, 7)), Im(¢(x, 1)):
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Re¢[x_, t_] Re[¢[x, t]] /. {L> 1, m> 1, Ah-> 1};
Imdp[x_, t_] Im[é[x, t]] /. {L> 1, m> 1, A-> 1};
Manipulate[Plot[{Re¢[x, t], Im¢p[x, t]}, {x, O, 1},

PlotRange » {{0, 1}, {-2, 2}}, PlotStyle » {Red, Blue}], {t, 0, 4, 0.0001}]

Average energy <E >, <FE?>:
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AE= '\,avEZ - avE?

L
xnm[n_, 1_] = JW[X, n] x¥[x, 1] dx
0
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The n = m case must be treated differently:

L
xnm[n_, n_] = le/[x, n] xy¥[x, n] dx
0
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L
x2nm[n_, 1_] = J-xlf[x, n] x2 y[x, 1] dx
0
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x2nm[n_, n_] = Jw[x, n] x% ¥ [x, n] dx
0
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3 3
xave[t_] = ZZ en[n] cn[1] xnm[n, 1] e * (Er[1]-Enln]) t/8
n=11=1
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x2avd[t_] = ZZ en[n] en[1] x2nm[n, 1] e Er[lI-Enln]) /2 ,/ BypToTrig
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Plot [{x2avé[t]} /. {L»> 1, m- 1, A- 1}, {t, 0, 1}]
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Momenta now:

L
pnm[n_, 1 ] = le/[x, n] (-1 h) 6,¥[x, 1]dx /. Cos[ln] - (—1)1
0
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L
pom[n_, n_] = Jll/[x, n] (-ih) O¥[x, n] dx
0
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L
p2nm[n_, 1] = ﬂ[x, n] (- #%) 0¥ [x, 1] dx
0

L
p2nm[n_, n_] = fw[x, n] (- A%) x¥[x, n] dx
0
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pavo[t_] = ZZ en[n] en[1] pnm[n, 1] e~ (Er[1]-En[nl) t/n
n=11=1
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p2ave[t_] = ZZ en[n] en[1] p2nm[n, 1] e % (En[l]-En(n]) t/a
n=11=1
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Compare with the exact formula for < p? > (0):

L
j¢[xr 0] (_hz) 6xx¢[xr 0] dx
0
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