
KEF�ALAIO 4

Arijmhtik  LÔsh

Sun jwn

Diaforik¸n Exis¸sewn

Oi diaforikèc exis¸seic paÐzoun, apì thn epoq  tou Newton, shmantikì rìlo

sthn perigraf  thc fÔshc. All� h diatÔpwsh miac diaforik c exÐswshc apì

th mia kai h lÔsh thc apì thn �llh eÐnai dÔo teleÐwc diaforetikèc ask seic.

Gia poll� qrìnia den eÐqame sth di�jes  mac par� mìno analutik� ergaleÐa,

gegonìc pou periìrize shmantik� to ereunhtikì pedÐo. H anak�luyh twn

arijmhtik¸n mejìdwn apeleujèrwse th fusik , th qhmeÐa, th biologÐa klp.,

apì ton periorismì thc an�ptuxhc aplopoihmènwn montèlwn (protÔpwn) sthn

prosp�jei� touc na perigr�youn thn poluplokìthta twn fusik¸n fainomè-

nwn. Skopìc autoÔ tou kefalaÐou eÐnai h perigraf  twn eurèwc qrhsimo-

poioumènwn s mera mejìdwn gia th lÔsh sun jwn diaforik¸n exis¸sewn pou

sunant�me se efarmogèc thc fusik c (  thc qhmeÐac   thc biologÐac, ìpou

brÐskoume tic Ðdiec exis¸seic s� èna teleÐwc diaforetikì plaÐsio).

Ja parousi�soume tic mejìdouc autèc s� èna plaÐsio genikì. Ac upo-

jèsoume ìti èqoume thn exarthmènh metablht  x kai t eÐnai h anex�rthth

metablht . Y�qnoume na broÔme lÔsh thc exÐswshc:

dx

dt
= F (x(t), t) (4.1)

me �arqikèc� sunj kec x(0) = x0. An oi exis¸seic eÐnai bajmoÔ an¸terou tou

pr¸tou (ìpwc eÐnai oi exis¸seic thc kÐnhshc sth Mhqanik ), odhgoÔmaste

se sÔsthma exis¸sewn, opìte qreiazìmaste th grammik  �lgebra, kurÐwc

an eÐmaste se q¸ro me diast�seic megalÔterec tou 1. Gia mÐa di�stash den

35



36 KEF�ALAIO 4. DIAFORIKES EXISWSEIS

èqoume an�gkh tètoiwn ergaleÐwn kai apl� gr�foume

dx

dt
= v

dv

dt
=

1
m

f (x(t), t)
(4.2)

me arqikèc sunj kec x(0) = x0 kai v(0) = v0.

H kentrik  idèa pÐsw apì tic arijmhtikèc mejìdouc eÐnai h diakritopoÐhsh

tou qrìnou (thc anex�rththc metablht c) kai h antikat�stash twn parag¸-

gwn apì peperasmènec diaforèc:

dx

dt
→ ∆x

∆t
≡ x(t + h)− x(t)

h
(4.3)

4.1 OI MEJODOI TOU EULER

KAI TOU ENDIAMESOU SHMEIOU

H parap�nw diadikasÐa odhgeÐ abÐasta sth mèjodo tou Euler pou gia men thn

Ex.(??) gr�fetai:

x(t + h) = x(t) + hF (x(t), t) (4.4)

en¸ gia tic Ex.(??) èqei th morf :

x(t + h) = x(t) + hv(t)

v(t + h) = v(t) + hf(x(t), t)
(4.5)

ParathroÔme amèswc ìti autèc oi exis¸seic den antistoiqoÔn se tÐpota �llo

par� ston pr¸to ìro anaptÔgmatoc, wc proc to qrìno, gÔrw apì to t = 0.
Dhlad  h akrÐbeia thc mejìdou eÐnai O(h2). MporoÔme loipìn na rwt soume

p¸c eÐnai dunatìn na aux soume thn akrÐbeia, ¸ste to sf�lma na eÐnai O(h3)
toul�qiston.

Autì epitugq�netai wc akoloÔjwc:

x(t + h) = x(t) + hv(t) + (h2/2)f(x(t), t) + (h3/6)f ′(x(t), t) + ...

x(t− h) = x(t)− hv(t) + (h2/2)f(x(t), t)− (h3/6)f ′(x(t), t) + ...
(4.6)

PolÔ eÔkola blèpoume ìti

x(t + h) = x(t− h) + 2hv(t) +O(h3) (4.7)

dhlad  sto t = 0 k�noume èna b ma pÐsw gia na upologÐsoume to x(−h),
qrhsimopoi¸ntac mia apì tic �llec mejìdouc, gia par�deigma thn kajierw-

mènh mèjodo tou Euler, kai èpeita upologÐzoume ta x(h), x(3h), ... me th nèa

mèjodo pou onom�zetai mèjodoc tou endi�mesou shmeÐou.

Par�deigma: Gia thn exÐswsh x′ = −x me arqik  sunj kh x(0) = 1
kai b ma h = 0.01, ston PÐnaka ?? mporoÔme na sugkrÐnoume th mèjo-

do tou Euler kai th mèjodo tou endi�mesou shmeÐou. Sthn perÐptws  mac

dx/dt = f(x(t), t) = −x(t), opìte h mèjodoc tou Euler dÐnei:

x(t + h) = x(t) + hf(x(t), t) = x(t) + h(−x(t)) = x(t)− hx(t) = x(t)(1− h)
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t Euler End.shm. Akribèc apot.

1.00000× 10−2 0.990000 0.990000 0.990050

2.00000× 10−2 0.980100 0.980200 0.980199

3.00000× 10−2 0.970299 0.970396 0.970446

4.00000× 10−2 0.960596 0.960792 0.960789

5.00000× 10−2 0.950990 0.951180 0.951229

6.00000× 10−2 0.941480 0.941768 0.941765

7.00000× 10−2 0.932065 0.932345 0.932394

8.00000× 10−2 0.922745 0.923122 0.923116

9.00000× 10−2 0.913517 0.913882 0.913931

1.00000× 10−1 0.904382 0.904844 0.904837

PÐnakac 4.1: SÔgkrish thc mejìdou tou Euler me aut  tou endiamèsou sh-

meÐou

Sthn perÐptwsh thc mejìdou tou endi�mesou shmeÐou, b�zontac b ma h antÐ

2h, h Ex.(??) gr�fetai gia thn perÐptws  mac:

x(t + h) = x(t) + hf (x(t + h/2), t + h/2)

= x(t) + hf (x(t) + (h/2)f(x(t), t), t + h/2)

= x(t) + hf (x(t) + (h/2)(−x(t)), t + h/2)

= x(t) + h (−x(t) + (h/2)x(t)) = x(t)
(
1− h + h2/2

)
ìpou sth deÔterh isìthta antikatast same to ìrisma x(t+h/2) thc f me to

an�ptugm� tou, dhlad  qrhsimopoi¸ntac th mèjodo tou Euler: x(t + h/2) =
x(t) + (h/2)f(x(t), t), en¸ sthn trÐth kai tètarth isìthta qrhsimopoi same

ìti f(x) = −x sto sugkekrimèno par�deigm� mac.

Up�rqei ìmwc kai ènac �lloc, perissìtero diaisjhtikìc, trìpoc efar-

mog c thc mejìdou tou endi�mesou shmeÐou. Jewr¸ntac p�li to di�sthma

[t, t + h], ìpwc k�name sto parap�nw par�deigma, antÐ tou [t − h, t + h], oi
parak�tw sqèseic eÐnai ousiastik� isodÔnamec me thn Ex.(??):

k1 = hf(x(t), t)

k2 = hf(x(t) +
k1

2
, t +

h

2
)

x(t + h) = x(t) + k2

(4.8)

H idèa eÐnai pwc h mèjodoc tou Euler jewreÐ ìti to basikì shmeÐo sto di�sth-

ma [t, t+h] eÐnai to t: f(x(t), t). H mèjodoc tou endiamèsou shmeÐou jewreÐ ìti

to basikì shmeÐo tou diast matoc eÐnai to endi�meso: f(x(t+h/2), t+h/2).

4.2 H Mèjodoc Runge-Kutta

EÐnai dunatì na proqwr soume akìma perissìtero kai na ft�soume se sf�l-

ma thc t�xhc tou O(h5). Aut  eÐnai h mèjodoc Runge-Kutta tet�rthc t�xhc,
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h opoÐa paÐrnei thn akìloujh morf :

k1 = hf(x(t), t)

k2 = hf(x(t) + k1/2, t + h/2)

k3 = hf(x(t) + k2/2, t + h/2)

k4 = hf(x(t) + k3, t + h)

x(t + h) = x(t) +
1
6

(k1 + 2k2 + 2k3 + k4)) +O(h5)

(4.9)

Se probl mata mhqanik c, ìpou h diaforik  exÐswsh eÐnai deÔterou baj-

moÔ, orÐzoume thn taqÔthta dx/dt = v, kai h diaforik  exÐswsh gÐnetai

dv/dt = f(x(t), t)/m. S� aut n thn perÐptwsh efarmìzoume tic Ex.(??) dÔo

forèc, mia gia thn taqÔthta kai mia gia thn epit�qunsh.

Par�deigma: Armonikìc talantwt c. Ja asqolhjoÔme me suntomÐa me èna

klasikì par�deigma: èna orizìntio elat rio me mi� m�za m sto èna �kro tou.

H exÐswsh thc kÐnhshc eÐnai:

m
d2x

dt2
= −kx (4.10)

ìpou x h apom�krunsh apì to shmeÐo isorropÐac. Jètoume tic arqikèc sun-

j kec x(0) kai v(0) ≡ dx
dt |t=0 kai metatrèpoume th deÔterou bajmoÔ exÐswsh

se sÔsthma dÔo exis¸sewn pr¸tou bajmoÔ:

v =
dx

dt

− k

m
x =

dv

dt

(4.11)

H praktik  er¸thsh pou parousi�zetai t¸ra eÐnai p¸c mporoÔme na elèg-

xoume tic mejìdouc tou Euler, tou endi�mesou shmeÐou   Runge-Kutta se

sugkekrimèna paradeÐgmata. Mia polÔ isqur  mèjodoc eÐnai aut  twn nì-

mwn diat rhshc. Me �lla lìgia, sth mhqanik , ìtan den èqoume tribèc, h

olik  enèrgeia diathreÐtai. MporoÔme loipìn na jèsoume thn er¸thsh kat�

pìson autèc oi proseggistikèc mèjodoi ikanopoioÔn aut n th diat rhsh. Ac

to doÔme se èna par�deigma.

Par�deigma: 'Estw h m�za m, h opoÐa brÐsketai sthn �krh enìc elathrÐou

stajer�c k. H exis¸seic thc kÐnhshc, ìpwc eÐpame kai parap�nw, eÐnai:

dx

dt
= v

dv

dt
= − k

m
x

(4.12)

oi opoÐec kai diathroÔn thn olik  enèrgeia E = mv2/2 + kx2/2. Qrhsimo-

poi¸ntac th mèjodo tou Euler, oi exis¸seic gr�fontai:

xn+1 = xn + vnh

vn+1 = vn + (−(k/m)xn) h
(4.13)
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kai h olik  enèrgeia gr�fetai amèswc:

En+1 = mv2
n+1/2 + kx2

n+1/2 = (1 + δ)En

ìpou δ = h2k/m. MporoÔme eÔkola na gr�youme thn En+1 sunart sei thc

E0:

En+1 = (1 + δ)nE0 =
(
1 + nδ +O(n2δ2)

)
E0

Blèpoume loipìn ìti h mèjodoc tou Euler den diathreÐ thn enèrgeia, all�

h diafor� gia k�je b ma mporeÐ na jewrhjeÐ {mikr } afoÔ eÐnai thc Ðdiac

t�xhc me to sf�lma thc mejìdou, O(h2). 'Omwc, to sf�lma eÐnai prosjetikì,

kai met� apì n b mata gÐnetai nδ, dhlad  pr¸thc t�xhc sto δ. An to nδ

gÐnei sugkrÐsimo me th mon�da, h proseggistik  mèjodìc mac den èqei pia

ènnoia. Sumpèrasma: to sf�lma, ìntac prosjetikì, jètei ìrio ston arijmì

twn bhm�twn pou mporoÔme na qrhsimopoi soume sth mèjodo tou Euler:

nmax = 1/δ =
m

h2k

Blèpoume ìti o mègistoc arijmìc twn bhm�twn eÐnai an�logoc thc m�zac

kai antistrìfwc an�logoc thc stajer�c tou elathrÐou kai tou b matoc.

ParathroÔme epÐshc ìti h posìthta nmaxh èqei diast�seic qrìnou kai epeid 

h perÐodoc eÐnai an�logh me to
√

m/k, mac endiafèrei to nmaxh na eÐnai

toul�qiston ìso h perÐodoc. Oi sunj kec autèc jètoun k�je �llo par�

tetrimmènouc periorismoÔc sthn eklog  tou h, me dedomènec tic stajerèc tou

probl matoc m kai k.

Sumpèrasma

Parap�nw parousi�same ta kuriìtera kai �meshc qr shc shmeÐa thc arijmh-

tik c epÐlushc sun jwn diaforik¸n exis¸sewn. 'Ena polÔ sobarì praktikì

prìblhma eÐnai h eklog  tou bèltistou b matoc h kai thc metabol c tou: pio

sugkekrimèna, stic perissìterec efarmogèc prèpei na metab�lloume to b ma

to opoÐo ja prèpei na eÐnai mikrì ìtan, gia par�deigma, oi dun�meic meta-

b�llontai gr gora me to qrìno kai megalÔtero ìtan h metabol  touc eÐnai

arg . MporoÔme epÐshc na {suntonÐsoume} thn eklog  tou b matoc me thn

taqÔthta. Parìla aut�, me tic teqnikèc pou parousi�sthkan sto kef�laio

autì mporoÔme na lÔsoume ìla ta probl mata klasik c mhqanik c me èna

bajmì eleujerÐac kai autì den eÐnai lÐgo.


