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Prìlogoc

H mèjodoc Monte Carlo apoteleÐ thn megalÔterh kai shmantikìterh kl�sh arijmhtik¸n me-
jìdwn me skopì thn antimet¸pish problhm�twn sth statistik  fusik . to ìnoma Monte
Carlo eÐnai sqetik� prìsfato kai qrhsimopoi jhke gia pr¸th for� apì ton Nicolas Metro-
polis to 1949. H mèjodoc apoteleÐ apìgono thc mejìdou Statistik c DeigmatolhyÐac pou
emfanÐzetai apì tic arqèc tou 19ou ai¸na kai arqik� eprìkeitw gia mia mèjodo ektÐmhshc thc
tim c oloklhrwm�twn.

H basik  idèa pÐsw apì th sun jwc qrhsimopoioÔmenh gk�ma mejìdwn aut c thc kl�shc
sth Statistik  Fusik  eÐnai na katast soun efikt  th melèth susthm�twn me polloÔc baj-
moÔc eleujerÐac. H melèth tètoiwn susthm�twn mporeÐ na gÐnei eÐte en¸ ekeÐna brÐskontai
se isorropÐa, eÐte kai ektìc isorropÐac kai mporeÐ na mporeÐ na antistoiqeÐ se fusikì qrì-
no   se k�poion �llo qarakthristikì qrìno thc mejìdou (p.q, ìpwc ja deÐte parak�tw,
1 sweep). Tètoia fusik� sust mata mporeÐ na brejoÔn an� p�sa stigm  se èna ter�stio
pl joc katast�sewn oi opoÐec bèbaia ston... pragmatikì kìsmo, metab�llontai taqÔtata
kai aprìblepta. Autì pou petuqaÐnei kaneÐc me th mèjodo Monte Carlo eÐnai na dialèxei èna
antiproswpeutikì deÐgma twn katast�sewn aut¸n, miac kai h sunolik  touc je¸rhsh eÐnai
adÔnath, kai na to qrhsimopoi sei gia thn dienèrgeia metr sewn endiaferous¸n posot twn.
To apotèlesma pou ja l�bei ja eÐnai h anamenìmenh tim  thc posìthtac me k�poio statisti-
kì sf�lma bèbaia lìgw thc deigmatolhyÐac. Leptomèreiec thc mejìdou parousi�zontai sto
kef�laio 1.

Sthn paroÔsa ergasÐa ja asqolhjoÔme me th melèth enìc apì ta pio dhmofil  montèla,
tou q − state Potts to opoÐo èqei p�rei to ìnoma tou anjr¸pou pou to eis gage (R.B
Potts). To montèlo autì sth genik  tou morf  qrhsimopoieÐtai se diaforetikoÔc kl�douc
thc jewrhtik c fusik c kai, par� thn aplìtht� tou ston orismì, epitrèpei thn exagwg  anti-
proswpeutik¸n sumperasm�twn gia meg�lh poikilÐa problhm�twn. EmeÐc ja to efarmìsoume
sth melèth metab�sewn 1hc t�xhc ìpwc aut  k�nei thn emf�nis  thc gia orismènec ekdoqèc
tou. Ja parousiastoÔn epÐshc kai efarmogèc gia thn eidik  perÐptwsh q = 2 Potts sthn
opoÐa an�getai sto akìma pio dhmofilèc montèlo Ising, pou apoteleÐ kai to pio aplì par�-
deigma efarmog c tou Monte Carlo qwrÐc na stereÐtai bèbaia kajìlou fusikoÔ perieqomènou.

Se mia met�bash f�shc 1hc t�xhc èna sÔsthma èqei dÔo protim¸menec perioqèc katast�se-
wn, gÔrw apì dÔo antÐstoiqec timèc enèrgeiac. H met�bash metaxÔ twn dÔo aut¸n perioq¸n
gÐnetai sp�nia kai sto jermodunamikì ìrio h pijanìthta k�ti tètoio na sumbeÐ gÐnetai el�-
qisth. Aut  h sumperifor� eÐnai anepijÔmhth (pèran thc suneidhtopoÐhshc ìti to sÔsthma
emfanÐzei th met�bash) kai dhmiourgeÐ probl mata sthn akrÐbeia twn metr sewn endiaferou-
s¸n posot twn kaj¸c oi katast�seic tou sust matoc pou antistoiqoÔn stic metabatikèc
enèrgeiec katapièzontai ekjetik�. Epomènwc an jèlei k�poioc na metr sei posìthtec ìpwc h
epifaneiak  t�sh pou mporoÔn na qrhsimopoihjoÔn gia th melèth thc met�bashc, ja prèpei
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na antimetwpÐsei aut  thn katapÐesh.

Sto kef�laio 4 parousi�zetai h Polukanonik  Mèjodoc pou epistrateÔetai gia ton pa-
rap�nw skopì. H polukanonik  mèjodoc an kei sthn kl�sh mejìdwn Umbrella Sampling me
parapl siec mejìdouc pou parak�mptoun anepijÔmhtec katast�seic ìpwc h parap�nw. 'Opwc
analÔetai diexodik� h leitourgÐa thc ègkeitai sthn enÐsqush twn metabatik¸n katast�sewn
ètsi ¸ste na eÐnai arket� prosb�simec (perÐpou ìso kai oi upìloipec). H exasf�lish thc
omoiìmorfhc statistik c pou epitugq�netai me ton trìpo autì epitrèpei axiìpisth mètrhsh
posot twn ìpwc h epifaneiak  t�sh, h eleÔjerh enèrgeia (pou sundèetai me thn prohgoÔme-
nh) kai h entropÐa.

Gia th dienèrgeia twn prosomoi¸sewn qrhsimopoieÐtai o sunodeutikìc k¸dikac se Fortran
tou sugrr�matoc [4], opoÐoc anafèretai sto keÐmeno wc Pakèto STMC. Sto Parart ma B'
sto tèloc thc ergasÐac paratÐjetai b ma proc b ma h diadikasÐa anaparagwg c twn sqhm�-
twn ìpwc aut  ègine gia thn kataskeu  touc kai sto A' k�poia sqìlia p�nw sthn epilog 
thc Fortran wc kat�llhlhc gia upologistikoÔc kai mh skopoÔc.

Ja  jela tèloc na euqarist sw idiaitèrwc ton EpÐkouro Kajhght  k. Kwnstan-
tÐno Anagnwstìpoulo gia th bo jeia pou mou prosèfere kat� th di�rkeia pragmatopoÐhshc
thc diplwmatik c. Oi parathr seic tou p�nw se programmatistik� jèmata all� kurÐwc p�nw
sth sumperifor� twn upì melèth montèlwn dieukìlunan shmantik� th diaisjhtik  sÔllhyh
twn ennoi¸n kai kateÔjunan thn prosoq  mou sthn ousÐa twn problhm�twn.
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Kef�laio 1

Mèjodoc Monte Carlo sth Statistik  Fusik 

1.1 StoiqeÐa statistik c fusik c

Sto pr¸to mèroc tou parìntoc kefalaÐou gÐnetai mia pr¸th eisagwg  se jemelei¸deic èn-
noiec thc statistik c fusik c oi opoÐec parousi�zontai polÔ analutikìtera sto [13]. Oi
ènnoiec autèc eÐnai to mìno proapaitoÔmeno gia na suneqÐsei kaneÐc sto deÔtero mèroc ìpou
kai parousi�zetai h mèjodoc Monte Carlo ìpwc aut  efarmìzetai sth statistik  fusik 
susthm�twn se jermik  isorropÐa.

1.1.1 Statistikì b�roc makrokat�stashc

Ja parousi�soume sÔntoma th sqèsh metaxÔ makroskopik¸n kai mikroskopik¸n katast�se-
wn se èna statistikì sÔsthma, dhlad  twn makrokatast�sewn kai twn mikrokata-
st�sewn antÐstoiqa.

Se èna statistikì sÔsthma pou apoteleÐtai apì ènan arijmì N stoiqeÐwn (hlektronÐwn,
atìmwn, morÐwn ktl.) mia makrokat�stas  tou prosdiorÐzetai apì orismèna makroskopik�
megèjh. An�loga me touc periorismoÔc pou epib�llontai sto sÔsthma k�poia apì aut� para-
mènoun stajer� kai k�poia ìqi. Gia èna monwmèno sÔsthma aerÐou se isorropÐa lìgou q�rh,
h enèrgeia E, o ìgkoc V kai to N èqoun stajer  tim . Se katast�seic ektìc isorropÐac
qreiazìmaste epiplèon metablhtèc (ìpwc h puknìthta tou aerÐou ρ(~r, t)) pou ja sumbolÐ-
zoume me a. Mia makrokat�stash epomènwc perigr�fetai wc (E, V, N,a). Apì thn �llh,
gia na perigr�youme mia mikrokat�stash akrib¸c, ja èprepe na gnwrÐzoume th jèsh kai thn
orm  k�je swmatidÐou tou sust matoc (∼ 1023 par�metroi). GnwrÐzoume ìmwc ìti an topo-
jet soume èna sÔsthma mèsa se èna koutÐ peperasmènou megèjouc (k�ti to opoÐo shmaÐnei
thn kb�ntws  tou miac kai h d.e Schroedinger pou prosdiorÐzei tic katast�seic tou sust -
matoc upìkeitai se kal� fixarismènec oriakèc sunj kec) oi katast�seic diakritopoioÔntai.
Gia to lìgo autì apì dw kai pèra jewroÔme diakritèc mikrokatast�seic kai deqìmaste thn
paradoq  tou Planck

K�je makrokat�stash sust matoc perilamb�nei ènan pl rwc kajorismè-
no arijmì mikrokatast�sewn tou sust matoc.

SumbolÐzoume epÐshc me
Ω(E, V,N, α)

ton arijmì mikrokatast�sewn pou antistoiqoÔn se makrokat�stash (E±δE, V, N, α). H
posìthta aut  onom�zetai statistikì b�roc thc makrokat�stashc kai sumbaÐnei na a-
poteleÐ èna mètro ataxÐac tou sust matoc.
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1.1.2 IsorropÐa monwmènou sust matoc

JewroÔme monwmèno sÔsthma kai ja anazht soume mia sunj kh isorropÐac gia autì. 'Opwc
eÐpame to sÔsthma qarakthrÐzetai apì tic metablhtèc E, V, N ìtan brÐsketai se isorropÐa
en¸ se diaforetik  perÐptwsh kai apì tic a. Gia k�je a antistoiqeÐ sth makrokat�stash
èna statistikì b�roc Ω(E, V, N, α) kai me thn p�rodo tou qrìnou to sÔsthma pern�ei apì
tic di�forec mikrokatast�seic pou sumbib�zontai me tic kajorismènec timèc twn E, V, N .

Eis�goume dÔo jemeli¸dh axi¸mata

1. Se monwmèno sÔsthma ìlec oi mikrokatast�seic pou eÐnai sumbibastèc me touc epibal-
lìmenouc periorismoÔc eÐnai exÐsou pijanèc.

2. H isorropÐa antistoiqeÐ sthn tim  tou a gia thn opoÐa to Ω(E, V,N, α) gÐnetai mègisto,
me ta E, V, N stajer�.

Ta axi¸mata aut� èqoun shmantikìtata apotelèsmata. Apì to pr¸to mporeÐ na sunaqjeÐ
�mesa gia thn pijanìthta na brejeÐ to sÔsthma sth makrokat�stash (E, V, N, α) ìti

P (E, V, N, α) ∝ Ω(E, V,N, α)

apotèlesma to opoÐo se sunduasmì me to deÔtero apì ta axi¸mata mac lèei ìti h isorropÐa
eÐnai h kat�stash mègisthc pijanìthtac, antistoiqeÐ dhlad  sto mègisto statistikì b�roc.
OrÐzetai ètsi h entropÐa sust matoc sth makrokat�stash (E, V, N, α)

S(E, V, N, α) = kB lnΩ(E, V, N, α) (1.1)

kai h meg�lh shmasÐa thc ègkeitai sto gegonìc ìti sundèei mia makroskopik  metr simh po-
sìthta tou sust matoc, thn entropÐa, me th mikroskopik  ènnoia tou statistikoÔ b�rouc.
Epiplèon, h eisagwg  thc exuphreteÐ kaj¸c apoteleÐ ektatik  metablht  (bl. lÐgo pa-
rak�tw), exart�tai dhlad  apì to mègejoc tou sust matoc kai kat� sunèpeia sundèetai
�mesa me peiramatik� metr sima megèjh pou profan¸c exart¸ntai epÐshc apì to mègejoc
tou sust matoc. B�sei thc teleutaÐac sqèshc, ta axi¸mata pou eis�game prohgoumènwc
diatup¸nontai kat�llhla sthn arq  thc entropÐac tou Clausius

Kat� th di�rkeia pragmatik¸n diergasi¸n h entropÐa monwmènou sust -
matoc p�ntote aux�nei kai sthn kat�stash isorropÐac paÐrnei mègisth tim .

Epistrèfoume t¸ra sto monwmèno uposÔsthma pou apoteleÐtai apì ta uposust mata 1 kai
2 me E1, V1, N1 kai E2, V2, N3 antÐstoiqa, t.¸

E1 + E2 = E, V1 + V2 = V, N1 + N2 = N (1.2)

kai epitrèpoume mia polÔ asjen  energeiak  allhlepÐdrash. Gia k�je dunatì katamerismì
twn metablht¸n aut¸n metaxÔ twn dÔo uposusthm�twn ja èqoume loipìn

Ω(E, V,N,E1, V1, N1) = Ω(E1, V1, N1) Ω(E2, V2, N2)

Lìgw thc 1.1, h teleutaÐa exÐswsh gr�fetai sunart sei thc entropÐac

S(E, V, N, E1, V1, N1) = S(E1, V1, N1) + S(E2, V2, N2)

pou eÐnai mia exÐswsh thc morf c 1.2 kai ekfr�zei thn prosjetikìthta tou megèjouc autoÔ
(ektatik  metablht ).

8



StoiqeÐa statistik c fusik c

Deqìmenoi t¸ra diaforetik�  dh epaf c metaxÔ twn dÔo uposusthm�twn, ja doÔme ìti to
axÐwma isorropÐac pou parousi�sthke eÐnai arket� isqurì ¸ste na mac d¸sei genikoÔc ori-
smoÔc gia th jermokrasÐa kai thn pÐesh.

Gia diajermikì q¸risma, h arq  aÔxhshc thc entropÐac dÐnei(
∂S

∂E1

)
E,V,N,V1,N1

=
(

∂S1

∂E1

)
V1,N1

+
(

∂S2

∂E2

)
V2,N2

dE2

dE1
= 0

kai afoÔ dE1 = −dE2 (
∂S1

∂E1

)
V1,N1

=
(

∂S2

∂E2

)
V2,N2

H sqèsh aut  apoteleÐ epomènwc sunj kh jermik c isorropÐac kai katadeiknÔei wc mètro
thc jermokrasÐac tou k�je uposust matoc, ton antÐstoiqo ìro ∂S

∂E . OrÐzoume ètsi thn
apìluth jermokrasÐa Ti, i = 1, 2, tou i-sust matoc(

∂Si

∂Ei

)
Vi,Ni

=
1
Ti

(1.3)

AkoloÔjwc jewroÔme kinhtì diajermikì q¸risma kai ètsi mìno ta Ni paramènoun
p�nta stajer�. Sthn isorropÐa ja epèljei exisorrìphsh twn jermokrasi¸n kai twn pièsewn.
Epilègoume tic E1, V1 wc anex�rthtec metablhtèc kai megistopoioÔme ìpwc prin thn entropÐa
wc proc autèc (

∂S

∂E1

)
E,V,N,N1

= 0 ,

(
∂S

∂V1

)
E,V,N,N1

= 0

kai paÐrnoume (
∂S1

∂V1

)
E1,N1

=
(

∂S2

∂V2

)
E2,N2

pou ja prèpei na apodÐdei Ðsec pièseic sta dÔo uposust mata. OrÐzoume epomènwc sumbat�
me thn apaÐthsh aut  thn pÐesh uposust matoc

Pi = Ti

(
∂Si

∂Vi

)
Ei,Ni

(1.4)

Tèloc, mporoÔme na jewr soume por¸dec toÐqwma pou af nei stajerì p�nta mìno ton ìgko
twn dÔo uposusthm�twn. Me thn Ðdia diadikasÐa me prin paÐrnoume th sunj kh(

∂S1

∂N1

)
E1,V1

=
(

∂S2

∂N2

)
E2,V2

pou emfanÐzetai se peript¸seic melèthc susthm�twn me di�forec f�seic, stic opoÐec metafè-
rontai swmatÐdia apì th mÐa f�sh sthn �llh (an bèbaia k�je f�sh jewrhjeÐ san uposÔsthma).

1.1.3 IsorropÐa sust matoc se dexamen  jermìthtac

JewroÔme ìti èqoume èna sÔnjeto sÔsthma pou apoteleÐtai apì dÔo uposust mata: to sÔ-
sthma pou mac endiafèrei kai to polÔ megalÔtero sÔsthma pou paÐzei to rìlo thc dexamen c
jermìthtac (heatbath). H dexamen  jermìthtac eÐnai arket� meg�lh ¸ste h jermokrasÐa
thc na paramènei stajer  kai upojètoume epÐshc ìti o ìgkoc kai o arijmìc swmatidÐwn tou
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sut matoc paramènoun stajer�. H mình allhlepÐdrash pou epitrèpoume loipìn eÐnai h an-
tallag  enèrgeiac metaxÔ twn dÔo susthm�twn.

TautopoioÔme tic mikrokatast�seic tou sust matìc mac me to deÐkth k = 1, 2, . . . kai tic
antÐstoiqec enèrgeiec tou sust matoc me Ek. Epeid  ìmwc pollèc diaforetikèc mikroka-
tast�seic antistoiqoÔn sthn Ðdia enèrgeia, h teleutaÐa den apoteleÐ qarakthristik  touc
idiìthta. 'Estw ìti to sÔsthma pern�ei apì mia seir� mikrokatast�sewn me enèrgeiec (pou
den emfanÐzontai aparaÐthta mia for� sthn akoloujÐa):

E1 ≤ E2 . . . ≤ Ek ≤ . . .

kai ac dialèxoume èna di�sthma δE arkoÔntwc mikrì ¸ste mìno mÐa apì tic parap�nw enèr-
geiec na an kei se autì. B�sei twn ìswn anafèrjhkan sthn isorropÐa monwmènou sust ma-
toc - kai afoÔ wc tètoio mporoÔme na antimetwpÐsoume to sÔnjeto sÔsthma thc paroÔsac
perÐptwshc - h pijanìthta na brejeÐ to sÔsthm� mac sth mikrokat�stash (k) energeiac Ek

eÐnai an�logh tou pl jouc twn mikrokatast�sewn thc dexamen c jermìthtac pou sumbadÐ-
zoun me aut n, afoÔ h sunolik  enèrgeia eÐnai stajer  E0. H dexamen  jermìthtac brÐsketai
epomènwc se mikrokat�stash enèrgeiac

(E0 − Ek, E0 − Ek + δE)

kai miac kai up�rqoun Ω2(E0 − Ek) tètoiec, ja isqÔei

pk = c · Ω2(E0 − Ek)

ìpou h c eÐnai stajer� kanonikopoÐhshc, o deÐkthc 2 deÐqnei ìti mil�me gia to deÔtero upo-
sÔsthma - th dexamen  - kai èqoume tèloc agno sei thn ex�rthsh tou statistikoÔ b�rouc
apì tic upìloipec stajerèc posìthtec. Gia th c, epib�llontac kanonikopoÐhsh èqoume

pk =
Ω2(E0 − Ek)∑
k Ω2(E0 − Ek)

K�nontac qr sh tou orismoÔ thc entropÐac 1.1 gia th dexamen  jermìthtac paÐrnoume loipìn

pk = c · eS2(E0−Ek)/kB (1.5)

Mèqri t¸ra antimetwpÐsame ta dÔo uposust mata isodÔnama, agno¸ntac tic idiìthtec tou
deÔterou wc dexamen c jermìthtac. Ja prèpei epomènwc na l�boume upìyin kai to teleutaÐo
epiqeÐrhma, pou metafr�zetai

Ek � E0

kai isqÔei gia ìlec tic mikrokatast�seic pou èqoun logik  pijanìthta na sumboÔn ìso ta dÔo
uposust mata eÐnai epaf . Epomènwc oi diakum�nseic thc enèrgeiac ephre�zoun me amelhtèo
trìpo th jermokrasÐa thc dexamen c kai ètsi mporeÐ na jewrhjeÐ stajer . AnaptÔssontac
kat� Taylor thn S2 èqoume

1
kB

S2(E0 − Ek) =
1
kB

S2(E0) −
Ek

kB

∂S2(E0)
∂E0

+
1
2

E2
k

kB

∂2S2(E0)
∂E2

0

+ . . .

kai dedomènou ìti apì thn isorropÐa monwmènou sust matoc èqoume

∂S2(E0)
∂E0

=
1
T

10
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ìpou T h jermokrasÐa thc dexamen c, krat¸ntac mìno to grammikì ìro tou Ek prokÔptei

1
kB

S2(E0 − Ek) =
1
kB

S2(E0) − β · Ek

ìpou mìlic eis�game thn par�metro jermokrasÐac

β ≡ 1
kBT

.

B�sei twn teleutaÐwn dÔo sqèsewn kai thc 1.5 èpetai h perÐfhmh katanom  Boltzmann

pk =
1
Z

e−βEk (1.6)

me stajer� kanonikopoÐhshc Z−1 ìpou Z h sun�rthsh epimerismoÔ tou sust matoc

Z =
∑

k

e−βEk . (1.7)

H katanom  aut  mac dÐnei thn pijanìthta na brejeÐ èna sÔsthma sthn mikrokat�stash (k)
ìtan topojethjeÐ se dexamen  jermìthtac me par�metro jermokrasÐac β = 1/kBT . 'Oson
afor� th sun�rthsh epimerismoÔ, aut  paÐzei kentrikì rìlo sth melèth susthm�twn ka-
jorismènhc jermokrasÐac kai o upologismìc thc me prosomoi¸seic Monte Carlo eÐnai èna
prìblhma to opoÐo xepern�tai me th qr sh thc polukanonik c mejìdou pou parousi�zetai
parak�tw sthn ergasÐa.

Me kat�llhlh omadopoÐhsh twn ìrwn b�sei enèrgeiac h Z ekfr�zetai wc

Z =
∑
Ek

n(Ek)e−βEk

ìpou eis�game epÐshc th sun�rthsh n(E) pou mac dÐnei to pl joc mikrokatast�sewn pou
antistoiqoÔn sth sugkekrimènh enèrgeia. Tìte h katanom  Boltzmanngr�fetai

p(Ek) =
1
Z

n(Ek) e−βEk

kai ekfr�zei thn pijanìthta na brejeÐ èna sÔsthma se mikrokat�stash enèrgeiac Ek.

1.1.4 H ènnoia thc statistik c sullog c (Ensembles)

H ènnoia thc statistik c   jermodunamik c sullog c eis qjh sto q¸ro thc statistik c
fusik c to 1878 apì ton Josiah Willard Gibbs. ApoteleÐ èna nohtì sÔnolo pano-
moiìtupwn susthm�twn pou antikatoptrÐzoun makrokatast�seic stic opoÐec mporeÐ na
brÐsketai to sÔsthma pou mac endiafèrei. Prìkeitai loipìn gia mia statik  dom  thn opoÐa
antimetwpÐzoume sunolik� san stigmiìtupo (ìpwc ja doÔme sthn epìmenh par�grafo se mia
prosomoÐwsh Monte Carlo de mporeÐ na antimetwpisteÐ ètsi kai katafeÔgoume se mia diadi-
kasÐa Markov). Apì fusik c pleur�c, h idèa thc sullog c epiqeireÐ na tupopoi sei to ex c
gegonìc: kat� th di�rkeia enìc peir�matoc, oi metr seic pou lamb�nontai - makroskopik¸n
posot twn bèbaia - parousi�zoun k�poia sqetik  diakÔmansh miac kai de mporeÐ na up�rxei
èlegqoc twn mikroskopik¸n qarakthristik¸n tou sust matoc. To mìno pou blèpei epo-
mènwc kaneÐc eÐnai mia seir� metr sewn pou qarakthrÐzoun diaforetikec makrokatast�seic.
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K�je stoiqeÐo thc sullog c eÐnai to sÔsthm� mac se k�poia apì autèc tic makrokatast�seic.

To mègejoc miac sullog c mporeÐ na eÐnai osod pote meg�lo kai sto �peiro ìrio mporeÐ
na perilamb�nei ìla ta stigmiìtupa tou sust matoc en¸ ekeÐno brÐsketai se k�je mikrokat�-
stash. Se arketèc fusik� endiafèrousec peript¸seic ìmwc, ìpwc autèc pou ja exet�soume,
k�ti tètoio den eÐnai aparaÐthto kai èna antiproswpeutikì mèroc thc sullog c mac arkeÐ.
Autì sumbaÐnei giatÐ mia mèsh tim  enìc megèjouc p�nw sth sullog  ephre�zetai ousiastik�
apì ta sust mata pou brÐskontai polÔ kont� sth mèsh tim ; ta upìloipa ja prokalèsoun
mìno mia diakÔmansh thn opoÐa oÔtwc   �llwc de mporoÔme na apofÔgoume afoÔ de ja è-
qoume potè se mia prosomoÐwsh �peirh sullog . Mìlic anafèrjhke kai to shmeÐo kleidÐ sth
qrhsimìthta miac statistik c sullog c:

o upologismoc thc mèshc tim c enìc megèjouc p�nw se ìla ta sust mata
pou th dièpoun (  toul�qiston se èna arkoÔntwc antiproswpeutikì deÐgma),
eÐnai isodÔnamoc me th diadikasÐa thc mètrhshc kat� th dienèrgeia tou
antÐstoiqou peir�matoc.

Ja anaferjoÔme sth sunèqeia stic basikèc sullogèc thc statistik c fusik c. MporeÐte
epÐshc na breÐte pio analutik  parousÐash sto MIT OpenCourseWare [22].

Mikrokanonik  sullog  (Microcanonical Ensemble)

Mikrokanonik  sullog  (NV E) onom�zetai h sullog  pou apoteleÐtai apì monwmèna su-
st mata me thn ènnoia ekeÐnwn pou suzht jhkan sthn par�grafo 2.1.2; sust mata dhlad 
me kajorismèna N,E. ApoteleÐ to shmeÐo ekkÐnhshc gia th statistik  mhqanik .

Kanonik  sullog  (Canonical Ensemble)

Kanonik  sullog , sullog  Gibbs   sullog  Boltzmann (NV T ) kaleÐtai h sullog  pou
apoteleÐtai apì sust mata pou brÐskontai se epaf  me polÔ megalÔterh dexamen  jermìthtac
ìpwc aut� pou suzht jhkan sthn par�grafo 2.1.3; sust mata dhlad  me kajorismèno N ,
dedomènh T kai metablht  E. H sullog  aut  apoteleÐ thn kinht rio dÔnamh thc statistik c
mhqanik c.

Megalokanonik  sullog  (Grand Canonical Ensemble)

Megalokanonik  sullog  kaleÐtai h sullog  apì sust mata ta opoÐa epÐshc brÐskontai se
epaf  me dexamen  jermìthtac kai epiplèon epitrèpetai kai h metabol  tou arijmoÔ swma-
tidÐwn. 'Ara èqoume dedomèna T, µ en¸ af nontai na metab�llontai ta E, N . H sullog 
aut  gÐnetai qr simh se peript¸seic pou all�zei o arijmìc twn swmatidÐwn, ìpwc l.q ìtan
up�rqoun diaforetikèc f�seic sto sÔsthma (nerì, atmìc, p�goc).

MporoÔn na oristoÔn fusik� kai �llec sullogèc, ìpwc h isìjermh-isobar c, h isentropik -
isobar c   h anoiqt , an�loga me touc periorismoÔc pou epib�lloume sto sÔsthma - domikì
lÐjo touc. H sullogèc pou ja mac apasqol soun kurÐwc sthn paroÔsa ergasÐa eÐnai h
kanonik  kai mia pou ja eis�goume se epìmeno kef�laio, h polukanonik .

1.2 StoiqeÐa mejìdou Monte Carlo

1.2.1 DeigmatolhyÐa me krit rio shmantikìthtac (Importance sam-
pling)

Gia na deigmatolhpt soume apodotik� sto q¸ro twn mikrokatastasewn ja prèpei na fron-
tÐsoume na kinoÔmaste se mia perioq  shmantik¸n gia to sÔsthma mikrokatast�sewn. Gia
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jermokrasÐa T = 1/β oi shmantikèc mikrokatast�seic antistoiqoÔn se timèc thc enèrgeiac
gia tic opoÐec h puknìthta pijanìthtac PB(E) eÐnai meg�lh. Qreiazìmaste epomènwc mia
diadikasÐa h opoÐa na par�gei mikrokatast�seic me to b�roc Boltzmann touc

w
(k)
B = e−βE(k)

Tìte to pl joc mikrokatast�sewn n(E) kai ta parap�nw b�rh sundu�zontai ètsi ¸ste h
pijanìthta na paraqjeÐ mia mikrokat�stash enèrgeiac E na eÐnai akrib¸c

PB = cB n(E) e−βE

H mèjodoc aut  deigmatolhyÐac pou epilègei thn (k) mikrokat�stash me pijanìthta

P
(k)
B = cB w

(k)
B

kaleÐtai deigmatolhyÐa me krit rio shmantikìthtac kai h stajer� cB apoteleÐ bèbaia stajer�
kanonikopoÐhshc.

Ja qrhsimopoi soume t¸ra èna sugkekrimèno sumbolismì gia na exet�soume kai na apo-
deÐxoume tic idiìthtec thc diadikasÐac pou brÐsketai sthn kardi� thc mejìdou Monte Carlo
kai h opoÐa ja mac kataskeu�sei to statistikì deÐgma.

DiadikasÐa Markov

Epeid  den eÐnai dunatì na par�goume mikrokatast�seic me thn parap�nw pijanìthta ap' eu-
jeÐac ja qrhsimopoi soume tic alusÐdec Markov, mia dunamik  diadikasÐa pou mac phgaÐnei
apì mia kat�stash kn se mia �llh kn+1 qwrÐc na qrei�zetai kamÐa plhroforÐa gia prohgoÔ-
menh kat�stash; lamb�noume loipìn stoqastik� mia qronoseir� mikrokatast�sewn. Autì
pou epiqeiroÔme na k�noume dhlad  eÐnai to ex c:

Ja antikatast soume th mèsh tim  thc kanonik c sullog c me th mèsh
tim  lhfjeÐsa p�nw se mia qronoseir� mikrokatast�sewn. Aut  h qrono-
seir� - h alusÐda Markov - orÐzei mia teqnht  dunamik  p�nw sto sÔsthm�
mac. 'Etsi o upologismìc miac mèshc tim c gia meg�louc qrìnouc (dhl.
meg�lh alusÐda) eÐnai isodÔnamoc me ekeÐnon miac mèshc tim c p�nw sth
sullog  kai prosomoi¸nei fusik� th diadikasÐa thc mètrhshc kat� th
dienèrgeia enìc alhjinoÔ peir�matoc.

KaloÔme kat�stash Boltzmann to katastatikì di�nusma ~PB = (P (k)
B ) me deÐkth

pou trèqei p�nw stic mikrokatast�seic. Apì mia mikrokat�stash (k) upojètoume ìti h
pijanìthta met�bashc sthn (`) se èna b ma eÐnai

W (`)(k) = W [k → `]

ìpou o pÐnakac met�bashc

W =
(
W (`)(k)

)
orÐzei th diadikasÐa Markov kai se autìn prèpei na epib�lloume epomènwc orismènouc perio-
rismoÔc ¸ste na exasfalÐsoume th sÔgklish thc diadikasÐac sthn kataskeu  tou zhtoÔmenou
deÐgmatoc. ApaitoÔme na ikanopoioÔntai oi parak�tw idiìthtec
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1. Ergodikìthta (ergodicity)

e−βE(k)
> 0 και e−βE(`)

> 0

pou dhl¸nei basik� ìti up�rqei akèraioc n > 0 t.¸: (Wn)(`)(k) > 0. H sunj kh aut 
exasfalÐzei ìti apì opoiad pote kat�stash kai an xekin soume, h diadikasÐa Markov
arg�   gr gora mporeÐ na ft�sei se opoiad pote �llh (autì prèpei na sumbaÐnei giatÐ
h katanom  Boltzmann dÐnei mh mhdenik  pijanìthta se ìlec tic mikrokatast�seic).
Prosoq : h sunj kh eggu�tai ìti up�rqei toul�qiston èna monop�ti th mia kat�stash
sthn �llh, ìqi ìti ìlec oi pijanìthtec met�baseic eÐnai mh mhdenikèc.

2. KanonikopoÐhsh (normalization)∑
`

W (`)(k) = 1

pou bebai¸nei ìti h diadikasÐa proqwr�ei; apì thn (k) ja p�me sÐgoura se k�poia �llh
(  Ðswc meÐnoume sthn Ðdia, an ` = k).

3. IsorropÐa   isozÔgish (balance)∑
k

W (`)(k) e−βE(k)
= e−βE(`)

dhlad  h dr�sh tou telest  W p�nw sthn kat�stash Boltzmann dÐnei thn kat�stash
pollaplasiasmènh epÐ 1 → idiokat�stash me idiotim  1.

OrÐzoume wc sullog  isorropÐac (equilibrium ensemble) Eeq thc diadikasÐac Markov th
sullog  ekeÐnh me katanom  pijanìthtac Peq t.¸

W Peq = Peq , i.e : P (`)
eq =

∑
k

W (`)(k) P (k)
eq

h opoÐa mac fèrnei sto shmeÐo kleidÐ thc mejìdou Monte Carlo. 'Opwc ja deÐxoume amèswc

Mia diadikasÐa Markov pou ikanopoieÐ tic parap�nw sunj kec èqei wc
monadik  sullog  isorropÐac th sullog  Boltzmann.

Ja orÐsoume arqik� thn apìstash metaxÔ dÔo sullog¸n E kai E ' (Ensemble). H k�je mia
apì tic sullogèc autèc apoteleÐtai fusik� apì pollèc mikrokatast�seic, p�nw stic opoÐec
èqoume <<karfits¸sei>> - ex' orismoÔ thc sullog c - thn antÐstoiqh pijanìthta emf�nis c
touc. Ja sumbolÐzoume me P (k) thn pijanìthta thc (k) sthn E kai P ′(k) thn pijanìtht� thc
sth sullog  E′. H apìstas  touc tìte ja eÐnai

||E − E′|| =
∑

k

∣∣∣P (k) − P ′(k)
∣∣∣ .

Upojètoume t¸ra ìti h E′ pro lje apì th dr�sh tou W p�nw sthn E kai ja sugkrÐnoume thn
apìstash twn dÔo apì thn kanonik  sullog . K�nontac qr sh thc idiìthtac thc isorropÐac
ja p�roume

||E′ − EB|| =
∑

k

∣∣∣P ′(k) − P
(k)
B

∣∣∣ =
∑

`

∣∣∣∣∣∑
k

W (`)(k)(P (k) − P
(k)
B )

∣∣∣∣∣
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h opoÐa b�sei thc trigwnik c anisìthtac (gia to pr¸to b ma), thc sunj khc kanonikopoÐhshc
kai thc anisìthtac W (`)(k) ≥ 0 (gia to deÔtero), dÐnei

||E − E′|| ≤
∑

`

∑
k

∣∣∣W (`)(k)(P (k) − P
(k)
B )

∣∣∣ =∑
k

∣∣∣P (k) − P
(k)
B

∣∣∣ = ||E − EB||

ìpou qrhsimopoi same kai to gegonìc ìti WPB = PB (afoÔ Peq ≡ PB).
Sunoptik�:

αν : E′ = WE → ||E − E′|| ≤ ||E − EB||

DeÐxame epomènwc ìti h kat�stash Boltzmann eÐnai èna stajerì shmeÐo thc diadikasÐac
Markov ; metakin same thn E kat� ||E − E′|| kai h apìstash thc apì thn EB parèmeine
Ðdia   elatt¸jhke! Ja mporoÔse kaneÐc na upojèsei epomènwc ìti an exasfalisteÐ ìti h
epanalambanìmenh dr�sh tou W den epifèrei p�nta thn isìthta sthn teleutaÐa sqèsh, h
dr�sh tou telest  W (  pÐnaka, an jewr sete to katastatikì di�nusma upì morf  pÐnaka
st lhc) sthn E, th <<spr¸qnei>> proc thn kanonik  sullog .

Ja exet�soume t¸ra thn prosèggish miac tuqaÐac kat�stashc sto stajerì autì shmeÐo.
Lìgw tou peperasmènou megèjouc tou sust matoc, ìqi o pÐnakac met�bashc W , all� o
W ≡ Wn, gia k�poio n ∈ N, ja eÐnai ergodikìc. Lègontac ergodikìc ennooÔme ìti ìla ta
stoiqeÐa tou ja eÐnai > 0 afoÔ mìno tìte ìlec oi mikrokatast�seic ja èqoun mh mhdenik 
pijanìthta na metaboÔn se k�poia �llh ìpwc prèpei. Pio sugkekrimèna ja isqÔei

1 > wmin = mink,`

(
W(k)(`)

)
> 0

Upojètoume gia tic katast�seic Boltzmann ìti

P ′ = WP

kai ja deÐxoume ìti apì autì èpetai

||E′ − EB|| ≤ (1 − wmin)||E − EB||.

Jètoume ε = ||E − EB|| (jumÐzontac ìti ta ε, E den parist�noun enèrgeia) kai akoloÔjwc
analÔoume to �jroisma thc apìstashc ||E−EB|| se ìrouc jetik c kai arnhtik c suneisfor�c
sthn apìluth tim :

P (k) − P
(k)
B > 0 και P (k) − P

(k)
B < 0

opìte

ε = ||E − EB|| =
∑

k∈K+

(
P (k) − P

(k)
B

)
+
∑

k∈K−

(
P

(k)
B − P (k)

)
kai lìgw thc sunj khc kanonikopoÐhshc gia tic dÔo sullogèc∑

k

P (k) =
∑

k

P
(k)
B = 1

ja isqÔei ∑
k∈K+

(
P (k) − P

(k)
B

)
=
∑

k∈K−

(
P

(k)
B − P (k)

)
=

ε

2
.
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'Opwc eÐpame ìmwc: WPB = PB, opìte

||E′ − EB|| =
∑

`

∣∣∣∣∣∣
∑

k∈K+

W(`)(k)
(
P (k) − P

(k)
B

)
+
∑

k∈K−

W(`)(k)
(
P

(k)
B − P (k)

)∣∣∣∣∣∣
=

∑
`∈L+

 ∑
k∈K+

W(`)(k)
(
P (k) − P

(k)
B

)
+
∑

k∈K−

W(`)(k)
(
P

(k)
B − P (k)

)
+

∑
`∈L−

 ∑
k∈K+

W(`)(k)
(
P

(k)
B − P (k)

)
+
∑

k∈K−

W(`)(k)
(
P (k) − P

(k)
B

)
≤ (1 − wmin)

ε

2
+ (1 − wmin)

ε

2
= (1 − wmin)ε .

me ta sÔnola L+ kai L− na orÐzontai wc ta sÔnola mikrokatast�sewn (`) gia ta opoÐa
ikanopoioÔntai oi profaneÐc anisìthtec pou epitrèpoun thn �rsh thc apìluthc tim c.

B�sei thc teleutaÐac anisìthtac kai dedomènou ìti epanalambanìmenh dr�sh tou W ja
d¸sei mia kat�stash

P t = WtP, t = 1, 2, . . .

ja l�boume gia th sÔgklish sth sullog  isorropÐac

||Et − EB|| ≤ e−λt ||E − EB||

gia λ = − ln(1 − wmin) > 0.
DeÐxame epomènwc ìti xekin¸ntac apì mia opoiad pote tuqaÐa mikrokat�stash, h sullog 
mac ja sugklÐnei ekjetik� me to <<qrìno>> (o opoÐoc proqwr�ei me b mata dr�shc tou W) sth
sullog  isorropÐac: kanonik  sullog    sullog  Boltzmann.

ArkeÐ epomènwc na kataskeu�soume mia diadikasÐa Markov pou na ikanopoieÐ tic 3 idiìth-
tec pou apait same na ikanopoioÔntai. Sun jwc ìmwc h idiìthta thc isorropÐac/isozÔgishc
ikanopoieÐtai èmmesa mèsw thc parak�tw isqurìterhc sunj khc
Leptomer c isozÔgish (detailed balance) :

W (`)(k)e−βE(k)
= W (k)(`)e−βE(`)

apì thn opoÐa me qr sh thc sunj khc kanonikopoÐhshc gia tic pijanìthtec met�baseic (ta
stoiqeÐa tou pÐnaka W ) èpetai �mesa h asjenèsterh sunj kh isorropÐac apì thn opoÐa
xekin same.

1.2.2 An�lush sfalm�twn se mia alusÐda Markov

'Opwc èqoume dei h ousi¸dhc diadikasÐa se mia prosomoÐwsh Monte Carlo eÐnai h diadikasÐa
Markov. B�sei aut c, oi katast�seic pou sugkrotoÔn met� to pèrac miac prosomoÐwshc th
sullog -deÐgma p�nw sthn opoÐa èqoume diex�gei metr seic èqoun paraqjeÐ stoqastik� (apì
k�je kat�stash dialègoume mia epìmenh qwrÐc plhroforÐa apì to pareljìn). Me ton trìpo
autì ìmwc antilamb�netai kaneÐc ìti dÔo katast�seic pou èqoun paraqjeÐ se dÔo geitonikèc
qronikèc stigmèc, dhlad  se sqetik� kontin� b mata Monte Carlo, den eÐnai anex�rthtec.
Antijètwc eÐnai polÔ pijanìn na eÐnai isqur� susqetismènec, ìpwc p.q an èqoume jewr sei
wc èna b ma Monte Carlo 1 Metropolis update kai kat� th di�rkeia tou teleutaÐou èqoun
all�xei mìno 1   2 spin. K�ti tètoio den antistoiqeÐ fusik� se k�ti pou ja ginìtan sto
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pragmatikì sÔsthma kat� th di�rkeia enìc peir�matoc   p�ntwc ja  tan exairetik� apÐjano
na sumbeÐ. An l�boume epomènwc up' ìyh mac th mètrhsh miac fusik c posìthtac me Ðdio
b�roc stic dÔo autèc katast�seic, èqoume eis�gei èna statistikì sf�lma sthn proso-
moÐwsh. Gia na ni¸soume megalÔterh sigouri� ìti èqei per�sei arketìc qrìnoc Monte Carlo
(sweeps, spin flip   otid pote �llo orÐzoume wc qrìno) ¸ste to sÔsthma na brÐsketai se mia
arkoÔntwc diaforetik  kat�stash - thn opoÐa na  tan sqedìn adÔnato na problèyoume an
gnwrÐzame thn prohgoÔmenh kat� thn opoÐa k�name mètrhsh - ja prèpei na dhmiourg soume
k�poio eÐdoc energoÔ qrìnou. O qrìnoc autìc ja prèpei na parèrqetai met� apì mia
axiìpisth mètrhsh mèqri thn epìmenh kai sunep¸c kajorÐzei th suqnìthta me thn opoÐa ja
prèpei na lamb�noume metr seic kai telik� th di�rkeia miac prosomoÐwshc.

Ektìc apì autìn to <<qronikì>> susqetismì,   kalÔtera autosusqetismì (autocorrelation)
up�rqei bèbaia kai o antÐstoiqoc qwrikìc susqetismìc (correlation). 'Omwc, epeid  o te-
leutaÐoc parousi�zei idiaÐtero endiafèron se metab�seic f�shc 2hc t�xhc kai ìqi se 1hc,
de ja asqolhjoÔme ekten¸c mazÐ tou par� mìno ja anafèroume ta sqetik� megèjh gia na
anadeiqjeÐ h antistoiqÐa tou me ton pr¸to.

AutosusqetismoÐ

O skopìc mac eÐnai na ektim soume thn anamenìmenh tim  f̂ miac fusik c posìthtac kai ekeÐ-
no pou mac apasqoleÐ ìpwc eÐpame eÐnai pìso qrìno Monte Carlo prèpei na af soume ¸ste
na thn ektim soume me k�poia epijumht  akrÐbeia.
Upojètoume ìti èqei epèljei isorropÐa kai èstw mia qronoseir� N metr sewn p�nw se mi-
krokatast�seic xi miac alusÐdac Markov

fi = fi(xi), i = 1, · · · , N

O deÐkthc i dhl¸nei th qronik  stigm  (dhl. to sweep   spin flip/update) kat� thn opoÐa
lamb�netai h mètrhsh kai o qrìnoc metaxÔ twn diadoqik¸n metr sewn fi, fi+1 jewreÐtai
p�nta stajerìc. H ektÐmhsh thc anamenìmenhc tim c gÐnetai wc sun jwc mèsw tou ektimht 

f̄ =
1
N

∑
fi . (1.8)

SumbolÐzontac me t = |i − j| thn profan  qronik  apìstash, orÐzetai h sun�rthsh au-
tosusqetismoÔ thc f̂

Ĉ(t) = Ĉij = 〈(fi − 〈fi〉) (fj − 〈fj〉)〉

h opoÐa lìgw grammikìthtac thc mèshc tim c gÐnetai

Ĉij = 〈fifj〉 − 〈fi〉〈fj〉 → Ĉ(t) = 〈f0ft〉 − f̂2 (1.9)

ìpou sthn teleutaÐa isìthta prokÔptei apì to analloÐwto se metafor� sto qrìno thc sul-
log c isorropÐac. 'Eqoume dhlad  apl¸c metafèrei kai antistoiqÐsei ton ènan apì touc dÔo
qronikoÔc deÐktec sto t = 0 af nontac ton �llo na kineÐtai sto qrìno.† Gia t → ∞ perimènei
kaneÐc thn asumptwtik  sumperifor�

Ĉ(t) ∼ exp
(
− t

τexp

)
†TonÐzetai ìti ston parap�nw orismì èqei paraleifjeÐ mia stajer� kanonikopoÐhshc thc opoÐac o rìloc

eÐnai genik� shmantikìc, apl� ìqi proc to parìn.
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ìpou ìpwc sunhjÐzetai kai se paremfer  fusik� sust mata emfanÐzetai ènac qarakthristikìc
qrìnoc thc exèlixhc tou fainomènou, pou sthn perÐptws  mac kaleÐtai ekjetikìc qrìnoc
autosusqetismoÔ τexp.
ParathreÐ kaneÐc ìti gia i = j (  isodÔnama t = 0) h (1.9) dÐnei san eidik  perÐptwsh thn
apìklish

Ĉ(0) = σ2(f) . (1.10)

Ja deÐxoume t¸ra ìti h apìklish tou ektimht  f̄ thc anamenìmenhc tim c f̂ pou orÐsthke
parap�nw sundèetai me tic sunart seic autosusqetismoÔ. 'Eqoume

σ2(f̄) = 〈
(
f̄ − f̂

)2
〉 (1.8)

=
1

N2

N∑
i=1

N∑
j=1

〈
(
fi − f̂

)(
fj − f̂

)
〉

=
1

N2

N∑
i=1

N∑
j=1

〈fifj − fif̂ + f̂2〉

h opoÐa lìgw grammikìthtac thc mèshc tim c kai tou gegonìtoc ìti h f̂ eÐnai ènac arijmìc
kai ìqi tuqaÐa metablht , dÐnei

σ2(f̄) =
1

N2

N∑
i=1

N∑
j=1

[
〈fifj〉 − f̂2

]
=

1
N2

N∑
i=1

N∑
j=1

Cij (1.11)

Sto teleutaÐo �jroisma h perÐptwsh |i−j| = 0 sumbaÐnei N forèc me antÐstoiqh suneisfor�
ekeÐnh thc (1.10). Oi upìloipec peript¸seic me |i− j| = t, me 1 ≤ t ≤ (N − 1), emfanÐzontai
2(N − t) forèc ètsi ¸ste

σ2(f̄) =
1

N2

[
N Ĉ(0) + 2

N−1∑
t=1

(N − t)Ĉ(t)

]
(1.12)

  isodÔnama gia ĉ(t) = Ĉ(t)/Ĉ(0)

σ2(f̄) =
σ2(f)

N

[
1 + 2

N−1∑
t=1

(
1 − t

N

)
ĉ(t)

]
(1.13)

Sto shmeÐo autì axÐzei na jumhjoÔme thn antÐstoiqh morf  thc apìklishc enìc ektimht 
anamenìmenhc tim c mh susqetizìmenwn tuqaÐwn metablht¸n. Th morf  aut  th dÐnei to
kentrikì oriakì je¸rhma sÔmfwna me to opoÐo

H puknìthta pijanìthtac tou arijmhtikoÔ mèsou f̂ sugklÐnei sthn Gka-
oussian  puknìthta pijanìthtac me apìklish

σ2(f̄) =
σ2(f)

N
(1.14)

SugkrÐnontac t¸ra tic exis¸seic (1.13) kai (1.14) blèpoume ìti diafèroun kat� ton par�-
gonta sthn agkÔlh. H apìklish dhlad  se susqetizìmenec metr seic eÐnai megalÔterh apì
thn antÐstoiqh se asusqètistec kat� ton par�gonta autìn. OrÐzetai epomènwc o oloklh-
rwmènoc qrìnoc autosusqetismoÔ

τint =

[
1 + 2

N−1∑
t=1

(
1 − t

N

)
ĉ(t)

]
(1.15)
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Stic perissìterec prosomoi¸seic pou dienergoÔntai sth statistik  fusik  endiafèretai ka-
neÐc gia to jermodunamikì ìrio N → ∞, sto opoÐo o τint paÐrnei th morf 

τint = 1 + 2
∞∑

t=1

ĉ(t) (1.16)

h opoÐa ìmwc kajist� adÔnato ton praktikì upologismì tou. Upojèste ìqi qrhsimopoioÔme
ton ektimht  τ̄int gia na ton ektim soume. Tìte

τ̄int = 1 + 2
∞∑

t=1

c̄(t)

kai sthn perÐptwsh aut 
σ2(τ̄int) → ∞

miac kai gia meg�lo t k�je c̄(t) suneqÐzei na prosjètei jìrubo, en¸ to s ma sb nei ekjetik�
me to t. MporoÔme ìmwc na jewr soume peperasmèno �jroisma orÐzontac ton t−exarthmèno
ektimht  tou τint

τ̄int = 1 + 2
t∑

t′=1

c̄(t′) (1.17)

kai na anazht soume èna par�juro sto t gia to opoÐo o τint eÐnai kat� to dunatìn anex�r-
thtoc tou t. Aut n thn tim  qrhsimopoioÔme wc τ̄int.

Oloklhrwmènoc qrìnoc autosusqetismoÔ kai binning

Parathr¸ntac tic exis¸seic (1.13), (1.14), (1.15), parathreÐ kaneÐc ìti o τint mporeÐ na
upologisteÐ wc o lìgoc

τint =
σ2(f̄)
σ2

s.i(f̄)
(1.18)

ìpou o paronomast c afor� se statistik� anex�rthta dedomèna: σ2
s.i(f̄) = σ2(f̄)/N . H

diadikasÐa binning gia thn ektÐmhsh tou oloklhrwmènou qrìnou autosusqetismoÔ xekin�ei
me to qwrismì thc qronoseir�c dedomènwn miac prosomoÐwshc se Nbs ≤ N bins, to kajèna
apì ta opoÐa perièqei

Nb =
[

N

Nbs

]
ìpou oi agkÔlec upodeiknÔoun akèraia diaÐresh ìpwc thn ennoeÐ h Fortran (akèraio mèroc
basik�). AntÐstoiqa

Nbs =
[

N

Nb

]
Ta nèa binned dedomèna eÐnai ta

fNb
j =

1
Nb

jNb∑
i=1+(j−1)Nb

fi

ìpou o deÐkthc i trèqei diadoqik� mèsa se k�je bin prospern¸ntac to èna met� to �llo
kai o j = 1. . . . , Nbs; eÐnai dhlad  h mèsh tim  twn dedomènwn se k�je bin. Gia auxanìmeno
mègejoc bin, �ra elatoÔmeno pl joc bins, oi autosusqetismoÐ metaxÔ twn binned dedomènwn
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exasjenoÔn kai èna asfalèc ìrio eÐnai na jewr soume Nb > τexp. T¸ra pou èqoume to nèo
set dedomènwn mporoÔme na upologÐsoume th mèsh tim  tou deÐgmatoc p�nw se ìla ta bins

f̄Nb
j =

1
Nbs

Nbs∑
j=1

fNb
j

mazÐ me to sf�lma σs.i(f̄) miac kai me th diadikasÐa pou akolouj same eÐmaste arket� kont�
sto na jewroÔme ta binned dedomèna asusqètista. 'Etsi gia �peirh qronoseir� arqik¸n
dedomènwn h ex. (1.18) ja gÐnei

τint = lim
Nb→∞

τNb
int = lim

Nb→∞

(
s2
f̄Nb

s2
f̄

)

ìpou h posìthta

(sr
2)

2 =
1

N − 1

N∑
i=1

(xr
i − x̄r)2

apoteleÐ ton amerìlhpto ektimht  thc apìklishc† Fusik� sta probl mata pou an-
timetwpÐzoume me prosomoi¸seic Monte Carlo ta dedomèna eÐnai p�nta peperasmènou pl jouc
kai wc ek toÔtou arkeÐ ènac arkoÔntwc meg�loc arijmìc dedomènwn an� bin Nb. AkoloÔjwc
gia na upologÐsoume to statistikì sf�lma tou τint arkeÐ na upologÐsoume ekeÐno tou arij-
mht  epeid  to antÐstoiqo sf�lma tou paronomast  sto ìrio meg�lou Nb eÐnai mikrìtero.
Dedomènou ìti briskìmaste sto asfalèc ìrio pou anafèrame prohgoumènwc kai oi auto-
susqetismoÐ èqoun gÐnei mikroÐ, ta binned dedomèna eÐnai proseggistik� Gkaousian� lìgw
tou kentrikoÔ oriakoÔ jewr matoc. Epomènwc to sf�lma tou s2

f̄Nb
eÐnai analutik� gnwstì

apì thn katanom  χ2. Katìpin mporoÔme an jèloume na sumperil�boume kai th diakÔmansh
tou paronomast .‡ Oi bajmoÐ eleujerÐac tou ektimht  ston arijmht  eÐnai to pl joc twn
anex�rthtwn (me thn ènnoia pou suzht jhke) bins, Nbs, en¸ gia ton paronomast  ja eÐnai

Neff =
N

τint

afoÔ met� apì k�je mètrhsh ja prèpei na parèljei τint gia na eÐmaste arkoÔntwc bèbaioi ìti
oi susqetismoÐ èpesan sto epijumhtì epÐpedo gia na jewrhjeÐ h epìmenh mètrhsh anex�rthth.
Ja jewr soume th sÔmbash

N = 2K , K ≥ 4 Nb = 2Kb , Kb = 0, 1, . . . , K − 5,K − 4

gia lìgouc eukolÐac kai ¸ste gia mègisto Kb = K − 4, to mikrìtero pl joc bins na eÐnai
24 = 16 kai b�sei thc katanom c Student ta diast mata empistosÔnhc tou sf�lmatoc na
proseggÐzoun arket� th Gkaousiann  tupik  apìklish (gia leptomèreiec bl. k�poio biblÐo
statistik c   to [4] gia �mesh sÔndesh kai me th mèjodo Monte Carlo).

Par�deigma mètrhshc twn parap�nw posot twn parousi�zetai sto kef�laio 3.

† 'Enac ektimht c kaleÐtai merolhptikìc (biased) ìtan h anamenìmenh tim  tou den tautÐzetai me thn
akrib . Sthn antÐjeth perÐptwsh kaleÐtai amerìlhptoc (unbiased).

‡Qrhsimopoi¸ntac thn katanom  F − ratio. Apl  anafor�, bl. k�poio sÔggramma statistik c   to [4].
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1.3 To q-state Potts montèlo

Sth genikìter  tou perÐptwsh to montèlo Potts orÐzetai mèsa se exwterikì magnhtikì pedÐo
p�nw se uperkubik� plègmata di�stashc d. H sun�rthsh enèrgeiac tou sust matoc orÐzetai
wc

−βE(k) = −βE
(k)
0 + HM (k)

ìpou

E
(k)
0 = −2 ·

∑
<ij>

Jij(q
(k)
i , q

(k)
j ) δ(q(k)

i , q
(k)
j ) +

2dN

q

ìpou
δ(qi, qj) = 1, if qi = qj or 0, if qi 6= qj

me to �jroisma na trèqei stouc plhsièsterouc geÐtonec kai

M (k) = 2 ·
N∑

i=1

δ(1, q(k)
i )

ìpou to �jroisma trèqei p�nw se ìlec tic plegmatikèc jèseic. O par�gontac 2 mprost� apì
ta parap�nw ajroÐsmata eis�getai ètsi ¸ste na up�rqei taÔtish me ton orismì tou montèlou
Ising me enèrgeia

E0 = −
∑
<ij>

sisj

p�nw se ìlec tic plegmatikèc jèseic. O par�gontac Boltzmann paÐrnei t¸ra th morf 

e−βE(k)
= e−βE

(k)
0 +HM(k)

.

To q
(k)
i kaleÐtai Potts spin   kat�stash Potts   q-state sun jwc, sthn plegmatik  jèsh i kai

paÐrnei timèc 1, . . . , q (sta progr�mmata pou ja qrhsimopoi soume paÐrnei timèc 0, . . . , q−1).
To exwterikì magnhtikì pedÐo eklègetai na allhlepidr� mìno me thn kat�stash qi = 1 kai me
kamÐa �llh kai oi sunart seic Jij(qi, qj) eÐnai oi stajerèc sÔzeuxhc metaxÔ twn katast�sewn
twn plegmatik¸n jèsewn i kai j. Gia

Jij(qi, qj) = J > 0

kai kat� sÔmbash J = 1, an�getai sto arqikì montèlo Potts kai gia q = 2 an�getai sto
montèlo Ising pou prosomoi¸nei ènan sidhromagn th. Genik� h eklog  tou J kajorÐzei th
fÔsh tou montèlou kai tìte oi q bajmoÐ eleujerÐac epitrèpoun thn prosomoÐwsh diafìrwn
endiaferìntwn susthm�twn. Prosoq  qrei�zetai ston orismì thc jermokrasÐac o opoÐoc
sumfwneÐ men me ekeÐnon tou montèlou Ising all� diafèrei kat� èna par�gonta 1/2 apì to
sun jh orismì kat� th melèth tou montèlou Potts

β = βIsing =
1
2
βPotts.

H anamenìmenh tim 
Mq0 = 〈δqi,q0〉

na brejeÐ   q-state sthn plegmatik  jèsh i Ðsh me q0, onom�zetai magn tish Potts wc
proc to q0.
H krÐsimh jermokrasÐa gia to montèlo Potts dÐnetai wc

βc =
1
Tc

=
1
2

ln(1 +
√

q)
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gia q = 2, 3, . . .

O algìrijmoc Metropolis gia to genikeumèno Potts montèlo dÐnei pijanìthtec met�bashc

f(l, k) = 1/q (if l = k), 1/(qN)∀l : q
(l)
i 6= q

(k)
i on site i, 0 else

kai katìpin h nèa kat�stash l gÐnetai dekt  me pijanìthta

w(l)(k) = min

(
1,

P
(l)
B

P
(k)
B

)

TonÐzetai ìti sta progr�mmata pou èqoun qrhsimopoihjeÐ sthn ergasÐa aut  douleÔoume
genik� me th dr�sh

iact(k) =
∑
<ij>

δ(q(k)
i , q

(k)
j )

kai �ra isqÔei

E
(k)
0 =

2dN

q
− d · iact(k) (1.19)

H epilog  aut  bohj�ei sth sullog  istogramm�twn kurÐwc miac kai h dr�sh paÐrnei mìno
akèraiec   mhdenikèc timèc kai sunep¸c mporeÐ na qrhsimopoihjeÐ apeujeÐac wc deÐkthc se
pÐnaka

iact = 0, 1, . . . , nlink

ìpou nlink to pl joc twn desm¸n tou plegmatoc (p.q gia 2-di�stato plègma me periodikèc
sunoriakèc sunj kec nlink = 2N). OrÐzetai tèloc h dr�sh an� desmì

act =
iact

nlink

pou sun jwc kanonikopoieÐtai sto [0, 1]. OmoÐwc h apìluth magn tish pou ja sunant soume
parak�tw kanonikopoieÐtai sun jwc sth magn tish ana plegmatik  jèsh.
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Kef�laio 2

Tropopoi seic kai prosj kec

Arqik� ja qreiasteÐ na k�noume orismènec tropopoi seic se k�poia apì ta arqeÐa thc biblio-
j khc ètsi ¸ste na ekteleÐ o k¸dikac tic epijumhtèc metr seic. KÔrioc gn¸mon�c mac kai
p�li eÐnai na metab�lloume ìso to dunatì ligìtero ton k¸dika thc biblioj khc kai fusik� na
diathr soume kat� to dunatì (ìpwc kai telik� sumbaÐnei) apar�llaqth th dom  thc. Autì
shmaÐnei ìti ìpote qrhsimopoieÐtai k�poia nèa metablht , ìpwc h apìluth tim  thc magn -
tishc sth routÐna tou metropolis update, aut  ja prèpei na topojethjeÐ sto kat�llhlo
arqeÐo paramètrwn kai qarakthristik¸n metablht¸n thc prosomoÐwshc (.par, .dat)   sto
kat�llhlo arqeÐo common blocks (.com).

TonÐzoume ìti ìtan den anafèretai sugkekrimènoc kat�logoc gia to e-
k�stote en lìgw arqeÐo, o kat�logoc /STMC/ForProg/MC Potts/ ja en-
noeÐtai, miac kai ekeÐ gÐnetai kai h perissìterh ergasÐa.

2.1 H genn tria yeudotuqaÐwn arijm¸n RanMar

Ac proqwr soume sthn pr¸th basik  tropopoÐhsh pou afor� sth leitourgÐa thc genn -
triac yeudotuqaÐwn arijm¸n. H genn tria pou ulopoieÐtai stic routÐnec tou katalìgou
/STMC/ForLib/ rmaset.f, ranmar.f eÐnai ekeÐnh twn Marsaglia, Zaman and Tsang[14]
(<<luxury>> level 2 thc RANLUX[12] 1, genn tria thn opoÐa ja parousi�soume lÐgo parak�-
tw). Wc proepilog , h ranmar qrhsimopoieÐ ta seeds (spìroi) iseed1 = 1, iseed2 = 0 pou
orÐzontai sto arqeÐo mc.par. 'Etsi me k�je arqikopoÐhsh thc genn triac me ta Ðdia aut�
seeds lamb�noume thn Ðdia akoloujÐa arijm¸n kai kat� sunèpeia ta Ðdia apotelèsmata stic
metr seic. 'Opote loipìn skopìc mac eÐnai na anapar�goume apotelèsmata kai sq mata apì
to sÔggrama tou Berg, ja qrhsimopoioÔme tic proepilogèc autèc. 'Omwc, sth genik  perÐ-
ptwsh pou mac endiafèrei na k�noume anex�rthta trexÐmata kai na aux�noume th bebaiìtht�
mac ìti den <étuqe>> na prokÔyei mia logik  mèsh tim  thc magn tishc ex' aitÐac thc sug-
kekrimènhc epilog c twn seeds, ja prèpei na qrhsimopoioÔme nèa k�je for�. K�ti tètoio
fusik� de dhmiourgeÐ prìblhma epanalhyimìthtac - toul�qiston sth dik  mac perÐptwsh -
afoÔ h ranmar èqei mia kal  perÐodo 2144. H routÐna /STMC/ForLib/rmaset.f arqikopoieÐ
th genn tria me 2 trìpouc.

1. Elègqei an up�rqei k�poio arqeÐo (to opoÐo thc èqoume per�sei wc ìrisma) apì to
opoÐo ja diab�sei tic trèqousec timèc twn paramètrwn, ìpwc autèc diamorf¸jhkan
met� to pèrac thc prohgoÔmenhc qr shc thc genn triac.

1 'Eqei metafrasteÐ kai se Intel PC Assembler k¸dika gia taqÔterh apìdosh tuqaÐwn arijm¸n[10].
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2. An den up�rqei to arqeÐo autì, dÐnei k�poiec proepilegmènec timèc stic paramètrouc
b�sei twn dÔo seeds.

Sthn perÐptws  mac ja k�noume qr sh thc pr¸thc leitourgÐac kai to arqeÐo pou ja qrhsi-
mopoi soume gia thn endi�mesh apoj keush twn tim¸n twn paramètrwn ja eÐnai to ranmar.d
(to opoÐo h Fortran antimetwpÐzei wc unformatted opìte kai de mporeÐte na to diab�sete
�mesa). Prèpei na gÐnoun ta ex c:

• Sto arqeÐo potts init.f, sthn perioq  Initialize:, kat� thn kl sh thc rmaset pern�me
wc èna epiplèon teleutaÐo ìrisma to alfarijmhtikì 'ranmar.d'.

• Sto arqeÐo potts hist.f, sto tèloc thc routÐnac prosjètoume mia kl sh sth routÐ-
na rmasave h opoÐa analamb�nei thn apoj keush twn paramètrwn sto prohgoÔmeno
arqeÐo.2

Ston katl�logo /STMC/ForLib up�rqoun epÐshc dÔo routÐnec gia thn apoj keush kai
epanan�gnwsh thc teleutaÐac kat�stashc thc genn triac. Prìkeitai gia tic: rmasave a.f,
rmaset a.f.

2.2 H genn tria yeudotuqaÐwn arijm¸n <<poluteleÐac >>
RanLux

Ja parousi�soume t¸ra mia deÔterh genn tria pou akoÔei sto ìnoma RanLux kai h opoÐa
par�gei yeudotuqaÐouc arijmoÔc poluteleÐac (random luxurious numbers). Autì ja to
k�noume ìqi epeid  qrei�zìmaste mia kalÔterh mhqan  tuqaÐwn arijm¸n, all� epeid :

1. ìpwc ja doÔme h RanLux leitourgeÐ se 5 epÐpeda <<tuqaiìthtac >> kai �ra dialègoume
to pio gr goro gia tic an�gkec thc k�je prosomoÐwshc,

2. eÐnai mia beltiwmènh exèlixh thc RanMar kai �ra mia kal  eukairÐa na tic doÔme pa-
r�llhla... en dr�sh kai

3. eÐnai ulopoihmènh paradosiak� se FORTRAN ìpwc kai ìloc o upìloipoc k¸dikac
pou ja qrhsimopoi soume kai wc ek toÔtou mac... prokaleÐ na th sundèsoume kai na
sugkrÐnoume touc qrìnouc twn prosomoi¸sewn all� kai ta statistik� apotelèsmata
se diaforetik� epÐpeda leitourgÐac thc.

Arqik� ja prèpei na kateb�sete ton k¸dika apì to internet3 kai na apojhkeÔsete sto
arqeÐo 'ranlux.F ', ìpou to kefalaÐo ′F ′ sthn kat�lhxh eÐnai aparaÐthto kai dhl¸nei thn
Ôparxh odhgi¸n proc ton proepexergast  sto en lìgw arqeÐo (enallaktik� ja to breÐte
sto sunodeutikì ulikì thc ergasÐac). Ja parathr sete ìti to arqikì komm�ti tou k¸dika
apoteleÐ prìsjeto interface pou èqei prostejeÐ apì ton k.Anagnwstìpoulo gia eukolÐa
sth qr sh kai ja to qrhsimopoi soume wc b�sh. MetakineÐste to arqeÐo ston kat�logo
/STMC/ForLib/.

Kat' arq�c afairoÔme apì to arqeÐo: potts hist.f ton k¸dika thc RanMar:

include ’../../ForLib/ranmar.f’
include ’../../ForLib/rmaset.f’
include ’../../ForLib/rmasave.f’

2H telik  morf  tou k¸dika ja parousiasteÐ parak�tw.
3Pio sugkekrimèna anazhteÐste to sqetikì arqeÐo sthn proswpik  selÐda tou K.Anagnwstìpoulou

http://www.physics.ntua.gr/~konstant/ph47/ ,ìso bèbaia diathreÐ th sugkekrimènh dieÔjunsh.
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kai prosjètoume ekeÐnon thc RanLux:

include ’../../ForLib/ranlux.f’

, ìpou to telikì ′f ′ èqei gÐnei pezì (bl.parak�tw). Prosjètoume sto arqeÐo: potts init.f tic
parak�tw grammèc sto tèloc tou tomèa dhl¸sewn:

C RANLUX declarations
integer ranlux_lev
common/ran_seed/iseed,ranlux_lev ! common block in ranlux.F

C Initialize:
C Ranlux

iseed=12345 !Updated
ranlux_lev=4 !Updated
call initranf(.false.) !Updated
xr=ranf() !Updated, first random number

C

Prosoq : ìtan qreiasteÐ na all�xei to ranlux lev ja prèpei na kalèsoume thn mèjodo
arqikopoÐhshc me alhjèc ìrisma: call initranf(.true.), kaj¸c mìno tìte - dhl. se èna kajarì
xekÐnhma me seed = iseed - lamb�nei upìyin thn allag  h genn tria. Ef' ìson thn èqoume
xekin sei me sto epijumhtì epÐpedo leitourgÐac, k�noume to ìrisma yeudèc ètsi ¸ste na
diab�zei thn nèa arqik  thc kat�stash apì to arqeÐo aaa.seed.

Met� apì ta parap�nw, k�je for� pou qreiazìmaste ènan tuqaÐo arijmì omoiìmorfa
katanemhmèno sto di�sthma (0, 1) kaloÔme thn ranf(). 'Etsi sto arqeÐo potts met.f gia
par�deigma, all�zoume ìlec tic kl seic sth ranmar me tic antÐstoiqec thc ranf().

Tèloc, an epiqeir sete na metaglwtÐssete to potts hist.f Ðswc l�bete arket� mhnÔmata
sf�lmatoc (errors) kai akìma perissìterec proeidopoi seic (warnings). Kai en¸ oi teleutaÐ-
ec eÐnai Ðsswnoc shmasÐac, prèpei na diorj¸soume ta l�jh! DÔo pr�gmata mporeÐ na èqoun
sumbeÐ kai gia ta dÔo eujÔnetai o metaglwttist c sac:

1. l�bate m numa sf�lmatoc <<Declaration after DATA>>,  

2. l�bate m numa sf�lmatoc <<Bad # line>>, dhl. o compiler den stèlnei ìpwc ja èprepe
tic odhgÐec proc ton proepexergast  (preprocessor directives) ston teleutaÐo.

An antimetwpÐsete ed¸ to 1. apì ta parap�nw, ja to antimetwpÐsete kai kat� th me-
tagl¸tissh twn routÐnwn sta epìmena kef�laia. H lÔsh eÐnai na frontÐsete sta arqeÐa
pou emfanÐzetai to sf�lma na brÐskontai ìlec oi dhl¸seic metablht¸n, paramètrwn ktl.
prin apì dhl¸seic DATA thc FORTRAN, pou praktik� shmaÐnei (bl. par�rthma B) ìti
ta arqeÐa <<.dat>> prèpei na brÐskontai met� apì ìla ta arqeÐa <<.com>> kai opoiad pote �llh
d lwsh.
'Oson afor� to sf�lma up' arijmìn 2, mporeÐte na k�nete qeirokÐnhta thn proepexergasÐa
me thn entol :

gcc -E ranlux.F > ranlux.f

apojhkeÔontac ton proepexergasmèno plèon k¸dika sto telikì phgaÐo arqeÐo FORTRAN.
MetaglwttÐste t¸ra to arqeÐo pou qrhsimopoieÐ (includes) to ranlux.f me thn entol :

f77 -O -w -o phist potts_hist.f

ìpou o -O diakìpthc (switch) energopoieÐ to epÐpedo beltistopoÐhshc tou compiler (optimization
level), o -w kìbei ìla ta proeidopoihtik� mhnÔmata pou sthn perÐptws  mac eÐnai ablab  kai
o -o kajorÐzei to ìnoma tou ektelèsimou arqeÐou.
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2.3 Metr seic (apìluthc) magn tishc

'Opwc eukola mporeÐ kaneÐc na dei, oi routÐnec pou epiteloÔn tic ousiastikèc ergasÐec (p.q
kataskeu  kai epexergasÐa istogramm�twn) sthrÐzontai se k�poia apì tic updating routines
pou ulopoioÔn algìrijmouc ìpwc ekeÐnoc twn Metropolis et al., ton algìrijmo Heatbath  
ton algìrijmo n-hit Metropolis. 'Omwc h routÐna pottsmet pou ulopoieÐ ton pr¸to apì touc
parap�nw, den upologÐzei thn (apìluth) magn tish par� mìno thn dr�sh (protim�tai apì thn
enèrgeia lìgw thc an�lhyhc thc teleutaÐac mìno akèraiwn tim¸n). Ja prèpei epomènwc na
prosjèsoume k¸dika gia ton upologismì thc magn tishc. H apìluth tim  thc magn tishc
gia to q-state Potts montèlo orÐzetai wc:

|M | = J − N − J

q − 1
=

q · J − N

q − 1

ìpou J to pl joc twn spins pou brÐskontai sthn pio <<dhmofil >> kat�stash tou plègmatoc,
ekeÐnh dhlad  pou kuriarqeÐ. Ja qreiasteÐ loipìn na sumperil�boume sto arqeÐo potts.com
k�poiec epiplèon metablhtèc kai tìte autì ja p�rei thn parak�tw nèa morf :

common /sites/ ista(ms)
c iamin,iamax: action minimum and maximum of the MC sweep.

common /links/ nlink, ialink(nd,ms),iact,iamin,iamax
common /delfct/ idel(0:nqm1,0:nqm1)

c acpt: counts accepted updates.
common /weights/ wrat(-n2d:n2d,0:mlink+n2d),acpt

c ia_min,ia_max: action minimum and maximum for a series of sweeps.
common /haction/ ha(0:mlink),ia_min,ia_max

c absm, J: absolute magnetization, spins in most popular state
common /magnet/ stcount, J, Jspin, stcount(nq), absm

Enallaktik� mporoÔme na topojet soume tic sqetikèc metablhtèc gia ton upologismì thc
apìluthc magn tishc sto arqeÐo Fortran k�je routÐnac pou tic qrei�zetai. Prosoq  epeid 
oi metablhtèc ìpwc dhl¸netai sto implicit.sta tou katalìgou biblioj khc, eÐnai pragmatikèc
mìno an xekin�ne apì sugkekrimènouc qarakt rec.

Oi tropopoi seic sthn kÔria routÐna pottshist.f faÐnontai sto parak�tw arqeÐo. Ousiastik�
èqoun apl� sumperilhfjeÐ 2 nèec mèjodoi pou apojhkeÔoun to teleutaÐo configuration met�
apì èna run kai to diab�zoun ek nèou me to xekÐnhma tou kainoÔriou.

program potts_hist
C Copyright, Bernd Berg, Dec 13 2000.
C MC prodcution run to create energy (action variable) histograms.

include ’../../ForLib/implicit.sta’
include ’../../ForLib/constants.par’
character cd*1,cq*2,cl*3
include ’lat.par’
include ’mc.par’
include ’potts.par’
include ’../../ForLib/lat.com’
include ’../../ForLib/potts.com’

C updated {
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common /magnet/ absm
C }

include ’lat.dat’

call potts_init(.false.) ! Initialize Potts Metropolis MC:
C

do iequi=1,nequi ! Sweeps for reaching equilibrium.
call potts_met

end do
C

write(cd,’(I1.1)’) nd
write(cq,’(I2.2)’) nq
write(cl,’(I3.3)’) nla(1)
open(iud1,file="p"//cd//"d"//cq//"q"//cl//".d",

& form="unformatted",status="unknown")
write(iud1) beta,nd,nq,nla,nlink,nequi,nrpt,nmean
do irpt=1,nrpt ! nrpt repititions of nmeas measurement sweeps.

acpt=zero
call razero(ha,0,nlink)
do imeas=1,nmeas

call potts_met
write(*,’(F12.5)’) absm

end do
acpt=acpt/(nmeas*ns)
write(iud1) ha,acpt,irpt
call write_progress(iud2,"irpt,iact,acpt:",irpt,iact,acpt)

end do
close(iud1)

C
stop
end

include ’potts_init.f’
include ’potts_met.f’

include ’../../ForLib/ipointer.f’
include ’../../ForLib/isfun.f’
include ’../../ForLib/ixcor.f’
include ’../../ForLib/lat_init.f’
include ’../../ForLib/nsfun.f’
include ’../../ForLib/write_progress.f’

C updated {
include ’../../ForLib/potts_old.f’
include ’../../ForLib/save_conf.f’

C }
include ’../../ForLib/potts_act.f’
include ’../../ForLib/potts_act_tab.f’
include ’../../ForLib/potts_ran.f’
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include ’../../ForLib/potts_wght.f’
include ’../../ForLib/razero.f’

include ’../../ForLib/ranmar.f’
include ’../../ForLib/rmaset.f’
include ’../../ForLib/rmasave.f’

h opoÐa k�nei bèbaia qr sh thc routÐnac pou ulopoieÐ ton algìrijmo Metropolis, pottsmet.
H teleutaÐa met� apì tic sqetikèc prosj kec gia upologismì thc (apìluthc) magn tishc (thn
opoÐa kai qrhsimopoioÔme kai wc par�metro t�xhc - order parameter) paratÐjetai parak�tw.

subroutine potts_met
include ’../../ForLib/implicit.sta’
include ’../../ForLib/constants.par’

C Copyright Bernd Berg, Nov 14 2000.
C Metropolis updating with sequential spin choice.

include ’lat.par’
include ’potts.par’
include ’../../ForLib/lat.com’
include ’../../ForLib/potts.com’

C Magnetization vars (move this section into potts.com maybe..)
integer i,J,Jspin, stcount
dimension stcount(nq)
common /magnet/ absm

C
q=nq*ONE
iamin=iact
iamax=iact
do is=1,ns

istaold=ista(is)
call ranmar(xr)
istanew=int(q*xr)
if(istanew.ne.istaold) then
idact=0
do id=1,nd

ista2=ista(ipf(id,is))
idact=idact+idel(ista2,istanew)-idel(ista2,istaold)
ista2=ista(ipb(id,is))
idact=idact+idel(ista2,istanew)-idel(ista2,istaold)

end do
if(idact.ne.0) then

call ranmar(xr)
if(xr.lt.wrat(idact,iact)) then
ista(is)=istanew
iact=iact+idact
acpt=acpt+one
iamin=min(iamin,iact)
iamax=max(iamax,iact)
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end if
else
ista(is)=istanew
acpt=acpt+one

end if
end if
ha(iact)=ha(iact)+one

end do
ia_min=min(ia_min,iamin)
ia_max=max(ia_max,iamax)

C Magnetization
C :stcount init

do i=1,nq
stcount(i)=0

end do
C :count the q-state occurences

do i=1,ns
stcount(ista(i)+1)=stcount(ista(i)+1)+1

end do
C :calculate noOf spins (J) in the most popular q-state

J=stcount(1)
do i=1,nq

if(J.lt.stcount(i)) J=stcount(i)
end do

C :find the most popular q-state (not necessary)
do i=1,nq

if(J.eq.stcount(i)) Jspin=i-1
end do

C :absolute magnetization
absm=(nq*J-ns)/nqm1

C OK
return
end

Tèloc parajètoume kai to arqeÐo pottsinit.f pou arqikopoieÐ mia prosomoÐwsh kai to opoÐo
èqei prosarmosteÐ ¸ste na leitourgeÐ orj� ìtan ekteloÔme mia seir�/akoloujÐa proso-
moi¸sewn (metab�llontac th jermokrasÐa gia par�deigma).

subroutine potts_init(lpr)
include ’../../ForLib/implicit.sta’
include ’../../ForLib/constants.par’

C Copyright, Bernd Berg, Nov 14 2000.
C Initializes arrays needed for generalized Potts Model MC calculation.

include ’lat.par’
include ’mc.par’
include ’potts.par’
include ’../../ForLib/lat.com’
include ’../../ForLib/potts.com’
dimension ix(nd)
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C Updated {
integer seq,first

C }

C Initialize:
if(lpr) call rmaset(iuo,iud1,iseed1,iseed2,’nexiste.pa’) ! ran-num
if(.not.lpr) call rmaset(-iuo,iud1,iseed1,iseed2,’nexiste.pa’)
call ranmar(xr) ! first random number
acpt=zero ! acceptance rate
ia_min=mlink
ia_max=0
call lat_init(ns,nd,ipf,ipb,nla,ix,nlink) ! lattice

call potts_act_tab(idel,nqm1) ! potts action table

C Updated {
C if (firsttime) then call potts_ran else call potts_old.

open(unit=1,file="seqmc.par", form="formatted",
& status="old")
read(1,100) seq, first

100 format(I2,I2)
if (seq.eq.1) then

if (first.eq.1) then
call potts_ran(ista,ns,nq)

else
call potts_old(ista,ns)

endif
else

call potts_ran(ista,ns,nq)
endif

C }
call potts_act(ista,ipf,idel,ns,nqm1,nd,iact) ! potts action
call potts_wght(wrat,beta,nlink,nd) ! potts weights
call razero(ha,0,nlink) ! initialize action histogram

C
if(.not.lpr) return
write(iuo,’(" Initial randon number: xr =",1F12.6)’) xr
write(iuo,’(" lat.par: nd,nq,nla =",1I2,1I3,3X,8I4)’)
& nd,nq,nla
write(iuo,’(" ms,mlink,nlink =",3I10)’) ms,mlink,nlink
write(iuo,’(" mc.par:")’)
write(iuo,’(1X,"iuo,iud1,iseed1,iseed2, beta")’)
write(iuo,’( 2I4, 2I7, 1F11.6)’)
& iuo,iud1,iseed1,iseed2,beta
write(iuo,’(" Initial action: iact =",1I10)’) iact
return
end
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2.4 DhmiourgÐa script gia ektèlesh diadoqik¸n proso-
moi¸sewn Monte Carlo.

Tèloc, gia na oloklhr¸soume to programmatistikì plaÐsio tou pr¸tou egqeir matoc mac,
dhlad  autoÔ pou ja mac d¸sei th dunatìthta na pragmatopoi soume eÔkola kanonikèc pro-
somoi¸seic (tic apokaloÔme kanonikèc gia anadeiknÔetai h diafor� touc apì mia polukanonik 
prosomoÐwsh h opoÐa ìpwc ja doÔme sta epìmena mporeÐ na mac d¸sei apotelèsmata pou an-
tistoiqoÔn se seir� kanonik¸n), ja prèpei na dhmiourg soume èna script pou ja anal�bei na
ekteleÐ diadoqikèc prosomoi¸seic Monte Carlo se èna f�sma jermokrasi¸n kai gia di�fora
megèjh tou plègmatoc an�loga me to tic ek�stote an�gkec mac. 'Opwc Ðswc ja antilhfjeÐte
sÔntoma, to pakèto STMC diajètei diaforetik� progr�mmata gia ton k�je skopì; an jè-
lete na p�rete mia qronoseir� enèrgeiac ja prèpei na metaglwttÐsete kai na trèxete �llo
prìgramma ap' ìti l.q gia na sullèxete èna istìgramma enèrgeiac. Ta progr�mmata aut�
dèqontai eÐsodo apì 4 arqeÐa paramètrwn genik� kai aut� eÐnai pou prèpei na all�zei kaneÐc
prin xekin sei mia nèa prosomoÐwsh. 'Eqoume 2 (logikèc) epilogèc

1. Na sugkentr¸soume ìlec tic paramètrouc se èna arqeÐo paramètrwn to opoÐo ìmwc
Ôstera ja prèpei na sumperil�boume se ìla ta progr�mmata pou tic qrei�zontai (kai
ìpwc ja deÐte eÐnai arket�). An epilèxoume aut  th lÔsh, tìte arkeÐ na gr�foume k�je
for� mèsa sto arqeÐo autì tic nèec timèc paramètrwn kai na metaglwttÐzoume ek nèou
ta progr�mmata pou mac endiafèroun.

2. Na qrhsimopoi soume mia epembatik c fÔshc mèjodo kai na all�zoume ta shmeÐa mèsa
sta 4 arqeÐa pou aforoÔn tic paramètrouc oi opoÐec mac endiafèroun. Autì mporeÐ
na gÐnei me qr sh k�poiwn idiaÐtera qr simwn ergaleÐwn tou Linux ìpwc h AWK∗   o
SED†.

Ed¸ ja epilèxoume th 2h lÔsh kai o lìgoc eÐnai basik� ìti jewreÐtai protimìtero na all�xei
h dom  tou k¸dika kat� to el�qisto dunatì. Autì epitrèpei sto qr sth pou epijumeÐ na
qrhsimopoi sei to sugkekrimèno   - akìma eidikìtera - diaforetikì komm�ti tou k¸dika pou
pijan¸c qrhsimopoieÐ ta arqeÐa paramètrwn, na mh qrei�zetai na peir�xei tÐpota prin kai
met� thn qr sh tou script gia na epanèljei sto arqikì perib�llon tou pakètou. 'Enac
deÔteroc lìgoc eÐnai fusik� na parousiastoÔn k�poia qr sima ergaleÐa ìpwc o SED all�
kai h qr sh twn Regular Expressions (oi opoÐec uposthrÐzontai plèon apì ta perissìtera
ergaleÐa diaqeÐrishc keimènou tou Linux kai se pollèc peript¸seic surrikn¸noun thn pro-
sp�jeia epexergasÐac keimènou).
Tèloc ja prèpei na dialèxei kaneÐc kai to floiì ston opoÐo ja douleÔei to script. Ed¸
epilègetai o floiìc bash ‡ apl¸c epeid  eÐnai h proepilog  sto sÔsthma pou ja trèxoume
tic prosomoi¸seic kai den emfanÐsthke h an�gkh gia qr sh neìterou floioÔ me perissìterec
dunatìthtec.

Antigr�foume loipìn sto f�kelo /STMC/ForProg/ to parak�tw bash script kai akoloujeÐ
h an�lus  tou.

∗Apì ta arqik� twn epwnÔmwn twn dhmiourg¸n thc: Alfred Aho, Peter Weinberger, kai Brian
Kernighan.

†Stream Editor.
‡Bourne-Again Shell: logopaÐgnio me b�sh to ìnoma tou Stephen Bourne o opoÐoc dhmioÔrghse ton

palaiìtero basikì floiì sh, Bourne shell, to 1978. O Bash dhmiourg jhke to 1987 apì ton Brian Fox.
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#! /bin/bash
# Invoke as : ./run.sh | tee logfile
# Process priority (max=-20, min=19) and timing :
# sudo nice -n -20 /usr/bin/time ./run.sh | tee logfile
# or use: sudo renice -20 <pid> (during the process)
# Time with: /usr/bin/time ./run.sh
# Canonical MC_Potts parameter files updating for successive runs
# 1. Global backup to folder Backup/
# (Backup all files at the beginning)
# 2. File backup to "foo.bak"
# (only the latter instance of the file is saved)

VERBOSE=0 #If set to 1 redirect output from mag.d !!
PRINT_CHANGES=0
#
# ************************ Variables *************************** #
# Variables
L=40 D=2 Q=10 #lat.par, lat.dat, potts.par
Seed1=1 Seed2=0 #mc.par
#Used only the 1st time, seeds normally updated using ’ranmar.d’

B=0.7130312 H=ZERO NH=1 NEQ=100 #mc.par
NR=32 NM=100 NS=10 #mc.par

Qs=(4 10)
Betas=(0.687 0.694 ... 0.850 0.850 ... 0.694 0.687)
Ls=(10 20 40)

# ******************** Arrange Backup folders ****************** #
# Global and Previous backup directories.
gdir="./Backup/global"
pdir="./Backup/prev"
# Number of chances to verify the overwriting procedure.
times=0
# Check whether a directory exists or not and overwrite/mkdir.
# Try to use zanity!
if [ -d $gdir -o -d $pdir ]; then

echo -n "Backup directories already exist. Overwrite? (y/n): "
read reply
while [ $reply != "y" -a $reply != "n" -a $times -lt 2 ]; do

echo -n "(y/n): "
read reply
times=$((times+1))

done
if [ $times -eq 2 ]; then

echo "Invalid input, please try again."
exit 0

fi
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if [ $reply = "n" ]; then
echo "Exiting."
exit 0

elif [ $reply = "y" ]; then
echo "Overwriting files."
# overwrite!

fi
else

mkdir Backup; mkdir Backup/global; mkdir Backup/prev;
echo "Backup directories in place. Writing files."

fi

# ************************************************************* #
# Backup original parameter files.
cat lat.par > $gdir/lat.par.bak
cat lat.dat > $gdir/lat.dat.bak
cat potts.par > $gdir/potts.par.bak
cat mc.par > $gdir/mc.par.bak
# Done
# Backup fortran files (updated fortran files, e.g potts_hist.f)
cat potts_hist.f > $gdir/potts_hist.f.bak
# Done

# Create file : seqmc.par : for consecutive mcmc simulations
seq=0
chmod_seq(){

echo -n "Updating parameter file: seqmc.par"
echo "$seq"> seqmc.par
echo " . . . [done]"

}

# Switch to silent mode (lpr=false)
if [ $VERBOSE -eq 0 ];then

echo -n "Switching to silent mode"
line=$(cat potts_hist.f | grep "call potts_init")

#if line.contains ’true’ then:
newline=$(echo "$line" | sed ’s/true/false/’)
cat potts_hist.f | sed ’s/’"$line"’/’"$newline"’/’ > tempfile
mv tempfile potts_hist.f
echo " . . . [done]"

fi

# ************************* Update params ************************
# ********* .bak files are moved into ./Backup/prev folder *******
# ****************************************************************
update_par() {

echo -n "Updating canonical MCMC parameter files . . . "
#File: lat.par
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sed -i.bak -e ’s/nd=[0-9][0-9]*/nd=’$D’/’ \
-e ’s/ml=[0-9][0-9]*/ml=’$L’/’ lat.par

#File: lat.dat
sed -i.bak ’s/\/[0-9]*\*[0-9]*/\/’$D’*’$L’/’ lat.dat

#File: potts.par
sed -i.bak ’s/\([^0-9]*\)[0-9]*/\1’$Q’/’ potts.par

#File: mc.par
sed -i.bak -e ’6 s/iseed1=[0-9][0-9]*/iseed1=’$Seed1’/’

-e ’s/iseed2=[0-9][0-9]*/iseed2=’$Seed2’/’ \
-e ’14 s/\([^=]*\)=[^,]*\([^=]*\)=[^,]*\([^=]*\)=[^,]*\([^=]*\) \

=[^\)]*/\1=’$B’\2=’$H’\3=’$NH’\4=’$NEQ’/’ \
-e ’15 s/\([^=]*\)=[^,]*\([^=]*\)=[^,]*\([^=]*\)=[^\)]*/\1=’$NR’\

\2=’$NM’\3=’$NS’/’ mc.par
echo "[done]"

#Move current files’ instances to Backup/prev
mv *.par.bak $pdir/; mv *.dat.bak $pdir/

# the last sed command on mc.par is complicated because
# beta could be: beta=0 (number) or beta=ZERO (string)
}

#clear "em.d" if it’s already there
if [ -f "em.d" ]; then

cat em.d > $pdir/em.d.bak
rm -f em.d

fi
#same for "m.d"
if [ -f "m.d" ]; then

cat m.d > $pdir/m.d.bak
rm -f m.d

fi

run(){
echo -e "*********\nRunning! b=$B L=$L d=$D q=$Q\n*************"
./phist > mag.d
less mag.d | ./jack -j 50 | grep -v ’#’ | \

awk -v b=$B -v N=$L*$L ’{print b, $1,$2,b*N*$3,b*N*$4}’ >> m.d

./panal | grep -m 1 "em" | awk -v beta=$B ’{print beta, $3,$5}’ >> em.d
#if u need energy histograms:
# echo "plot \"h2d10q020.d\" u 2:4 w his" > hplot.plt
# echo "pause -1">> hplot.plt
# gnuplot hplot.plt
}

# Print new files, i.e: status changed less than .5 min ago #
print_changes(){
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echo "Recently accessed files (updated & backed up):"
echo "****** Backup files ********"
find ./* -name "*.bak" -type f -cmin .5 -exec echo {} \;
echo "****** Parameter files *****"
find ./* -name "*.par" -type f -cmin .5 -exec echo {} \;
find ./* -name "*.dat" -type f -cmin .5 -exec echo {} \;
echo "****** Data files **********"
find ./* -name "*.d" -type f -cmin .5 -exec echo {} \;
echo "****** Scripts *************"
find ./* -name "*.sh" -type f -cmin .5 -exec echo {} \;

#anything else...
}

# Compile main programs for canonical Monte Carlo.
compile(){

f77 -O -o phist potts_hist.f
f77 -O -o panal ana_hist.f

}

# **** Run ***********
# Seed updated from ’ranmar.d’ (ranmar) or ’aaa.seed’ (ranlux)
# else use default seed from mc.par .
chmod_seq
for b in ${Betas[@]}
do

B=$b
update_par
compile
run
if [ $seq -eq 0 ]; then

seq=1
fi

#plot histograms or whatever (nothing here).
chmod_seq

# print_changes
done
# set default
seq=0
chmod_seq
# ************************

#echo -e "\a"
#check if betas[] is symmetric around beta_critical

(useful for the tail command next)
blen=$[${#Betas[@]}/2]
if [ $blen -eq 0 ]; then
echo "Not symmetric b array, plot manually."
echo "Exiting."
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exit 0
fi

#prepare gnuplot scripts
echo "set key top left">hyst.plt
echo "plot \"<head -n 17 m.d\" u 1:2:3 w err pt 5, \

\"<tail -n 17 m.d\" u 1:2:3 w err pt 1">>hyst.plt
echo "pause -1">>hyst.plt
gnuplot hyst.plt

#Magnetic susceptibility (not simultaneously with hyst.plt!)
#echo "plot \"<head -n 17 m.d\" u 1:4:5 w err" > susc.plt
#echo "pause -1">>susc.plt
#gnuplot susc.plt

An�lush tou script

To parap�nw eÐnai èna aplì script to opoÐo sthn paroÔsa ergasÐa qrhsimopoieÐtai gia thn
kataskeu  twn sqhm�twn (4.6),(4.7). H leitourgÐa tou ègkeitai sthn ananèwsh twn arqeÐwn
paramètrwn miac kanonik c prosomoÐwshc Monte Carlo me mia seir� tim¸n, thn epanalam-
banìmenh metagl¸tissh kai kl sh twn programm�twn pou mac endiafèroun kai tèloc thn
proetoimasÐa k�poiou gnuplot script gia gr goro sqediasmì kampÔlwn. Epitrèpei dhlad  th
qr sh twn basik¸n programm�twn gia diadoqikèc prosomoi¸seic Monte Carlo se èna f�sma
jermokrasi¸n.
Eisagwgik� mporeÐte na deÐte sta sqìlia twn pr¸twn gramm¸n k�poiouc trìpouc kl shc
tou; an prìkeitai na dienerg sete mia qronobìra prosomoÐwsh tìte Ðswc endiafèreste na
megistopoi sete thn proteraiìthta thc sqetik c diadikasÐac tou leitourgikoÔ   na th qro-
nometr sete. Oi dÔo diakìptec pou prostÐjentai akoloÔjwc aforoÔn tic plhroforÐec pou
epijumeÐte na emfanÐzontai sthn konsìla kat� to trèximo twn programm�twn. Oi plhrofo-
rÐec autèc mporeÐ na eÐnai eÐte ektÔpwsh twn treqìntwn paramètrwn (jermokrasÐa, mègejoc
plègmatoc, kat�stash thc genn triac tuqaÐwn arijm¸n ktl.),o diakìpthc VERBOSE, eÐte
plhroforÐec gia metabol  arqeÐwn kat� thn prosomoÐwsh, o diakìpthc PRINT CHANGES.
H teleutaÐa dunatìthta prostèjhke gia ton ex c lìgo: ston kat�logo twn programm�twn
up�rqoun polu�rijma arqeÐa Fortran , arqeÐa paramètrwn kai dedomènwn kai se mia proso-
moÐwsh ja tropopoihjoÔn k�poia apì aut� kai ja emfanistoÔn k�poia nèa. 'Etsi gia na mhn
y�qnei kaneÐc na entopÐsei ta nèa arqeÐa metr sewn mporeÐ na epilèxei na ektup¸nontai; h
sqetik  mèjodoc eÐnai h print changes(). Sto amèswc epìmeno komm�ti d lwshc metablht¸n
dhl¸nontai oi par�metroi thc prosomoÐwshc. Sthn perÐptws  mac de qrei�zetai na peir�xou-
me th jermokrasÐa miac kai aut  eis�getai mèsw tou pÐnaka Betas. Oi �lloi dÔo pÐnakec Qs,
Ls de qrhsimopoioÔntai gia tic an�gkec thc ergasÐac all� se mia pijan  epèktash tou script
(gia proèktash megèjouc sust matoc p.q) ja  tan qr simoi. Katìpin taktopoioÔntai ta ar-
qeÐa pou prìkeitai na tropopoihjoÔn se dÔo fakèlouc asfaleÐac. O ènac krat�ei ta arqik�
arqeÐa kai o �lloc ta arqeÐa sthn kat�stash pou brÐskontan prin to xekÐnhma thc amèswc
prohgoÔmenhc prosomoÐwshc. Sth sunèqeia dhmiourgeÐtai to arqeÐo seqmc.par pou apoteleÐ
th shmaÐa gia na katalabaÐnei to script all� kai oi routÐnec pou trèqoun an briskìmaste
en mèsw diadoqik¸n prosomoi¸sewn   dienergeÐtai apl� mia (to arqeÐo perièqei apl� to 1  
to 0). Amèswc met� gÐnetai qr sh tou diakìpth/shmaÐac pou anafèrame prohgoumènwc kai
an eÐnai sto 0 all�zoume me qr sh tou sed th sqetik  shmaÐa flag tou progr�mmatoc (lpr,
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i.e: logical print). Aut  h shmaÐa eÐnai orat  apì ìlec tic routÐnec kai shmatodoteÐ thn
ektÔpwsh analutik¸n plhrofori¸n. Wc proepilog  ed¸ thn èqoume sto 0 (ìqi ektÔpwsh).
Ston tomèa ananèwshc paramètrwn pou èpetai, gÐnetai h pio dusnìhth ergasÐa. Ed¸ epembaÐ-
noume sta 4 arqeÐa paramètrwn pou mac endiafèroun kai all�zoume tic timèc twn paramètrwn
pou metab�llontai kat� thn akoloujÐa prosomoi¸sewn. O qr sthc dhlad  arkeÐtai sthn
eisagwg  twn epijumht¸n paramètrwn kai tou f�smatoc jermokrasi¸n, pio sugkekrimèna,
ston tomèa dhl¸sewn sthn arq  to script kai h mèjodoc update par() analamb�nei na gr�yei
tic allagèc sta swst� shmeÐa twn arqeÐwn (gia leptomèreiec sth qr sh twn entol¸n tou
sed kai twn regular expressions pou qrhsimopoioÔntai, anazht ste odhgoÔc sto diadÐktuo).
Sto epìmeno komm�ti diagr�fontai tuqìn up�rqonta arqeÐa metr sewn enèrgeiac kai magn -
tishc afoÔ pr¸ta krathjeÐ èna antÐgrafo asfaleÐac. Oi mèjodoi compile(), run() k�noun
ta profan : metaglwttÐzoun ta dÔo basik� gia to skopì mac progr�mmata kai ta trèqoun
antÐstoiqa. Prìkeitai gia ta progr�mmata sullog c kanonik¸n istogramm�twn kai an�lu-
s c touc gia mètrhsh thc mèshc dr�shc, enèrgeiac kai apìluthc magn tishc. Oi metr seic
apìluthc magn tishc anakateujÔnontai sto arqeÐo mag.d, to opoÐo kai epexergazìmaste me
qr sh thc awk kai tou jack (gia jacknife an�lush sfalm�twn) me ta telik� apotelèsmata
na kateujÔnontai sto arqeÐo m.d. Oi antÐstoiqec metr seic enèrgeiac/dr�shc gr�fontai sto
em.d. H mèjodoc print changes(), pou energopoieÐtai apì thn om¸numh shmaÐa, ektup¸nei
met� th dienèrgeia thc seir�c prosomoi¸sewn ta onìmata twn arqeÐwn pou tropopoi jhkan
(sumperilambanomènwn kai twn neodhmiourghjèntwn bèbaia). H kathgoriopoÐhsh eÐnai fusi-
k� aujaÐreth kai kajìlou aparaÐthth.
To kurÐwc komm�ti tou script brÐsketai upì ton tÐtlo Run kai apl� kaleÐ me th seir� tic
prohgoÔmenec mejìdouc. Stic teleutaÐec grammèc kataskeu�zontai dÔo gnuplot scripts gia
th dhmiourgÐa thc kampÔlhc brìqou ustèrhshc kai thc magnhtik c epidektikìthtac (bl. ta
sq mata pou anafèrjhkan sthn arq  thc an�lushc).
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Kef�laio 3

Endeiktik  qr sh tou pakètou STMC

Sto parìn kef�laio ja parousi�soume orismènec endeiktikèc qr seic thc STMC ektel¸ntac
prosomoi¸seic tou montèlou Potts (kai fusik� tou q=2 Potts pou tautÐzetai me to montèlo
Ising) stic 2 kai 3 diast�seic, sugkrÐnontac ìpou autì eÐnai dunatì ta apotelèsmata thc
prosomoÐwshc me thn analutik  lÔsh. Ta analutik� apotelèsmata dÐnontai apì to prìgram-
ma /STMC/ForProg/Ferdinand/ferdinand.f pou sthrÐzetai sthn ergasÐa twn Ferdinand,
Fisher [8] (1989) kai tic anaforèc ekeÐ (gia th metagl¸ttish tou progr�mmatoc bl. Par�r-
thma B).
TonÐzoume ìti ìpou qrhsimopoieÐtai sthn ergasÐa o ìroc sweep ja ennoeÐtai
diapèrash tou plègmatoc pou episkèptetai 1 for� k�je plegmatik  jèsh.
Gia thn anaparagwg  twn sq m�twn paratÐjentai analutik� ta b mata sto Par�rthma B.
Tuqìn apoklÐseic apì thn akrib  morf  touc sto sÔggrama tou Berg (ìtan aut� up�rqoun
kai ekeÐ) ja ofeÐlontai sthn trèqousa kat�stash thc genn triac yeudo-tuqaÐwn arijm¸n
RanMar,   sth qr sh thc enallaktik c mac genn triac RanLux. An epijumeÐte p�ntwc na
anapar�gete akrib¸c k�poio sq ma tou biblÐou den èqete par� na katarg sete tic tropo-
poi seic twn paragr�fwn 2.1, 2.2.

3.1 To montèlo q=2 Potts (Ising model)

Ja xekin soume me thn apl  l yh twn qronoseir¸n (time series) thc enèrgeiac an� spin
k�nontac qr sh arqik� tou perissìtero dhmofiloÔc algorÐjmou Metropolis.

Gia thn paragwg  qronoseir¸n qrhsimopoioÔme to prìgramma potts ts.f to opoÐo k�nei qr sh
thc routÐnac potts met.f gia thn ektèlesh twn sweeps. To prìgramma lamb�nei qronoseirèc
thc dr�shc kai thc enèrgeiac an� spin (twn opoÐwn h sqèsh metatrop c eÐnai h (1.19)) gia
<<yuqrì>> kai <<jermì>> xekÐnhma. Sto sq ma (3.1) parousi�zontai oi qronoseirèc mazÐ me thn
akrib  mèsh tim  kai mporoÔme apì autì na k�noume mia prìqeirh ektÐmhsh gia ton arijmì
twn sweeps gia na ft�sei to sÔsthma se isorropÐa, pou ed¸ mporoÔme na jewr soume wc ta
100 pr¸ta. Ja epanal�boume t¸ra th diadikasÐa me to prìgramma paragwg c qronoseir¸n
potts met r.f , to opoÐo k�nei epÐshc qr sh tou algorÐjmou Metropolis, ìqi ìmwc me diado-
qikì pèrasma twn spin tou plègmatoc (sequential updating) all� me tuqaÐa epilog  touc
kat� th di�rkeia tou sweep. Katarq�c eÐnai safèc ìti h routÐna katanal¸nei perissìtero
upologistikì qrìno afoÔ qrei�zetai na upologÐzei ènan tuqaÐo arijmì an� sweep (mia sÔg-
krish kajar� upologistikoÔ qrìnou mporeÐ na gÐnei me to prìgramma /bin/time tou Linux).
Oi qronoseirèc faÐnontai sto sq ma (3.2) kai pèran thc parap�nw parat rhshc parathreÐ
kaneÐc ìti me mia pr¸th mati� den eÐnai dunatì na sugkrÐnei thn apìdosh twn dÔo tÔpwn
diapèrashc tou plègmatoc. Parak�tw epiqeireÐtai mia sÔgkrish mèsw mètrhshc tou oloklh-



To montèlo q=2 Potts (Ising model)

rwmènou qrìnou autosusqetismoÔ. AkoloÔjwc ja trèxoume mia kanonik  prosomoÐwsh

-2

-1.5

-1

-0.5

 0

 0  50  100  150  200

e
0

s

Sweeps

Ising energy per spin time-series (sequential updating)

Random Start
Ordered Start

Exact

Sq ma 3.1: Qronoseirèc 200 sweeps thc enèrgeiac an� spin gia <<jermì>> kai <<yuqrì>> xekÐnhma
sto montèlo Ising (random/ordered start antÐstoiqa). Plègma 80×80, jermokrasÐa β = 0.4,
diadodik  ananèwsh plegmatik¸n jèsewn. H eujeÐa gramm  parist�nei thn akrib  mèsh tim 
e0s = −1.10608.

Monte Carlo gia na metr soume th mèsh tim  thc enèrgeiac an� spin sto 2d Ising montèlo.
Jètoume th jermokrasÐa sto β = 0.4 kai qrhsimopoioÔme plègma 20× 20. H statistik  mac
eÐnai 10000 sweeps gia epÐteuxh isorropÐac kai 64 × 5000 sweeps metr sewn†. Me aut  thn
epilog  paramètrwn tropopoioÔme ta basik� arqeÐa paramètrwn lat.dat, lat.par, potts.par,
mc.par kai metaglwttÐzoume ta progr�mmata potts hist.f kai ana hist.f. H prosomoÐwsh
dienergeÐtai me qr sh kai twn dÔo gennhtri¸n tuqaÐwn arijm¸n kai ta apotelèsmata gia th
mèsh tim  thc enèrgeiac ana spin kai tou qrìnou qr shc tou epexergast  (sthn parènjesh)
eÐnai

ē0s = −1.11718 ± 0.00134 (RanMar : 14.14user sec)

kai

ē0s = −1.11692 ± 0.00138 (RanLux Level 4 : 111.98user sec)

me thn akrib  tim  na dÐnetai sto [8]

ēs = −1.117834

†Prosoq : to gegonìc ìti sto arqeÐo mc.par ta sweeps metr sewn ekfr�zontai wc ginìmena (pl joc
epanal yewn)×(pl joc metr sewn) den eÐnai tuqaÐo. To pl joc epanal yewn antistoiqeÐ se pl joc bins
en¸ to pl joc metr sewn se mègejoc bin, kajorÐzoun epomènwc katalutik� th statistik  thc prosomoÐw-
shc.
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Sq ma 3.2: 'Opwc to sq. (3.1) all� me Metropolis tuqaÐac epilog c spin. O upologistikìc
qrìnoc aux�netai en¸ proc to parìn de faÐnetai k�poio qarakthristikì pou na epitrèpei th
sÔgkrish twn dÔo algorÐjmwn.

Ac metaglwttÐsoume t¸ra p�li to prìgramma potts hist.f, aut  th for� sthn exeligmènh
tou morf  ìpwc diamorf¸jhke sto prohgoÔmeno kef�laio ¸ste na metr�ei kai thn apìluth
magn tish. AnakateujÔnoume thn èxodo twn metr sewn magn tishc sto arqeÐo mag.d kai
upologÐzoume th mèsh tim  kai to sf�lma me to prìgramma jack pou analamb�nei thn an�lush
jackknife. Me thn entol 

./jack -j 64 -n 400 mag.d

me 64 jack bins kai me kanonikopoi sh an� plegmatik  jèsh, paÐrnoume

〈|M |〉/N = 0.31665 ± 0.00623

H qronoseir� thc parap�nw mètrhshc parousi�zetai sto sq ma (3.3). OmoÐwc rujmÐzoume
ta arqeÐa paramètrwn gia to 3d Ising montèlo se plègma 14 × 14 × 14 sth jermokrasÐa
β = 0.22165 h opoÐa eÐnai polÔ kont� sto krÐsimo shmeÐo tou orÐou L → ∞. Me ta
proepilegmèna seeds tou pakètou STMC paÐrnoume

ē0s = −1.0427 vs ē0s = −1.04369

me to deÔtero apotèlesma na dÐnetai akrib¸c sto [Alvec et al. (1990)]. Me an�log  rÔjmish
twn paramètrwn mporoÔme na sullèxoume to istìgramma tou 3d q = 3 Potts montèlou sthn
yeudokrÐsimh jermokrasÐa β = 0.275229525. Epanalamb�noume thn prohgoÔmenh diadikasÐa
kai me tic 2 genn triec yeudotuqaÐwn arijm¸n kai paÐrnoume tic mèsec timèc gia th dr�sh kai
thn enèrgeia an� spin

ē0s = −1.39748 ± 0.01207 (RanMar : 1269.94user sec)
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Sq ma 3.3: Qronoseir� apìluthc magn tishc an� spin sto 2d Ising montèlo se jermokrasÐa
β = 0.4 kai plègma 20 × 20 . 'Eginan 10000 sweeps gia isorropÐa kai 64 × 5000 sweeps
metr sewn.

actm = 0.566247195 ± 0.002013040 (RanMar)

ē0s = −1.41327 ± 0.01265 (RanLux Level 4 : 9005.50user sec)

actm = 0.56887 ± 0.00210 (RanLux)

kai brÐskontai se sumfwnÐa me th bibliografÐa. To antÐstoiqo istìgramma parousi�zetai sto
sq ma (4.4) epìmenou kefalaÐou sta plaÐsia thc parousÐashc thc polukanonik c mejìdou.

3.2 To 2d montèlo q = 4, 10 Potts

Me parìmoio trìpo mporoÔme na dialèxoume ta q, d gia thn perÐptwsh pou mac endiafèrei
kai na all�xoume apl� ta arqeÐa paramètrwn. Sunoptik� paratÐjentai ta apotelèsmata
prosopoÐwshc gia to q = 4 kai q = 10 Pottsstic dÔo diast�seic.
Gia thn pr¸th perÐptwsh se β = 0.53361 ekteloÔme 400000 sweeps gia isorropÐa kai 64 ×
200000 sweeps metr sewn. H mèsh tim  thc dr�shc prokÔptei

actm = 0.646057 vs actm = 0.64604

me th deÔterh tim  na eÐnai apotèlesma mètrhshc polÔ uyhl c statistik c se plègma 120×120
[Caselle et al. (1999)].
Tèloc sto q = 10 Potts me qr sh kai p�li tou algìrijmou Metropolis se β = 0.62 me 40000
sweeps gia isorropÐa kai 64×20000 sweeps metr sewn, upologÐzoume gia exakrÐbwsh kurÐwc

actm = 0.321772
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3.3 Mètrhsh qrìnou autosusqetismoÔ

Sto kef�laio 1 anaferj kame sthn Ôparxh autosusqetism¸n stic qronoseirèc dedomènwn
apì mia alusÐda Markov kai eÐdame k�poiec mejìdouc pou mac exasfalÐzoun praktik� ane-
x�rthtec metr seic. Ja xekin soume me èna par�deigma upologismoÔ thc sun�rthshc auto-
susqetismoÔ kai tou oloklhrwmènou qrìnou autosusqetismoÔ gia dedomèna pou par�gontai
apì mia diadikasÐa Metropolis gia paragwg  kanonik� katanemhmènwn dedomènwn.

JewroÔme th diadikasÐa Markov

x′ = x + 2αxr − a

me x to gegonìc upì epexergasÐa, xr ènan omoiìmorfa katanemhmèno tuqaÐo arijmì sto [0, 1)
kai α > 0 mia par�metroc pou sqetÐzetai me thn apìdosh tou algorÐjmou. 'Ena nèo gegonìc
x′ gÐnetai dektì me thn pijanìthta Metropolis

Paccept(x′) = 1, αν x′2 ≤ x2

kai
Paccept(x′) = exp [−(x′2 − x2)/2], αν x′2 > x2.

An to x′ aporrifjeÐ, tìte to x katametr�tai xan�; ètsi h diadikasÐa Metropolis eis�gei ènan
qrìno autosusqetismoÔ.
Dialègontac thn par�metro α = 3 (pou èqei exakribwjeÐ na dÐnei lìgo apodoq c ∼ 50%)
kai gia K = 17 - akolouj¸ntac to sumbolismì tou kefalaÐou 1 - qrhsimopoioÔme ta pro-
gr�mmata paragwg c dedomènwn pou anafèrontai sto Par�rthma B gia na kataskeu�soume
to sq ma (3.4). ParathroÔme ìti h sun�rthsh autosusqetismoÔ gia ta tuqaÐa gkaousia-
n� dedomèna, ìpwc anamènetai, kineÐtai ex' arq c gÔrw apì to mhdèn. Autì deÐqnei ìti ta
dedomèna eÐnai asusqètista. AntÐjeta, ta dedomèna thc diadikasÐac Metropolis qrei�zontai
k�poio qrìno (ed¸ perÐpou 10 sweeps) ¸ste na meiwjeÐ epark¸c o autosusqetismìc touc.
Autì shmaÐnei ìti an k�noume mia mètrhsh p�nw se k�poio gegonìc thc akoloujÐac Markov
pou exet�zoume, ja prèpei na perimènoume k�poio qrìno (∼ τint) ¸ste na epanal�boume mia
axiìpisth mètrhsh. Dhlad  h diadikasÐa thc mètrhshc kajist� anaxiìpista ta epìmena ge-
gonìta gia to qrìno autì.

En suneqeÐa upologÐzetai o oloklhrwmènoc qrìnoc autosusqetismoÔ gia K = 17, se
antistoiqÐa me to prohgoÔmeno sq ma, kai h akraÐa perÐptwsh K = 21 gia na exakribwjeÐ
h sumperifor� tou τint se oriakèc peript¸seic. To apotèlesma parousi�zetai sto sq ma
(3.5). Ta shmeÐa thc p�nw kampÔlhc kai stic dÔo peript¸seic prokÔptoun apì ton akrib 
upologismì tou τint mèsw thc sqèshc (1.17) kai ta shmeÐa pou antistoiqoÔn sthn orizìntia
kampÔlh sto τint ≈ 1 eÐnai o oloklhrwmènoc qrìnoc autosusqetismoÔ twn tuqaÐwn gkaou-
sian¸n arijm¸n. 'Opwc faÐnetai apì to pr¸to sweep ta dedomèna aut� mporeÐ na jewrhjoÔn
asusqètista. Tèloc, oi kampÔlec sto k�tw mèroc twn sqhm�twn parist�noun ton ektimht 
tou τint ìpwc prokÔptei apì th diadikasÐa binning. Oi perib�llousec thc kentrik c kampÔ-
lhc apoteloÔn to �nw kai k�tw ìrio se mia tupik  apìklish.

Ja epistrèyoume t¸ra sto er¸thma pou anèkuye sthn arq  tou kefalaÐou, an dhlad  eÐnai
pio apodotik  h diadoqik  ananèwsh twn spin   tuqaÐa (sequential vs random updating). Gia
na apofanjoÔme ja k�noume mia mètrhsh tou oloklhrwmènou qrìnou autosusqetismoÔ sto
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Sq ma 3.4: H sun�rthsh autosusqetismoÔ thc qronoseir�c Metropolis gia thn kanonik 
katanom  mazÐ me ekeÐnh miac gkaousian c genn triac tuqaÐwn arijm¸n (k�tw). To sq ma
anapar�qjhke ìpwc emfanÐzetai sto [4].

Ising montèlo kai se plègma 20× 20 kai 40× 40 sth β = 0.4 qrhsimopoi¸ntac ta antÐstoiqa
progr�mmata paragwg c qronoseir¸n diadoqik c kai tuqaÐac anab�jmishc. Sto sq ma (3.6)
parathroÔme thn uperoq  thc diadoqik c anab�jmishc tou plègmatoc ènanti thc tuqaÐac.
Parìlo pou oi kampÔlec twn oloklhrwmènwn qrìnwn autosusqetismoÔ den èqoun ft�sei
akìma se plateau, den anamènetai na all�xei h sqetik  touc di�taxh kai �ra to sumpèrasm�
mac eÐnai asfalèc. EpÐshc parathreÐtai h aÔxhsh tou τint me to L, k�ti pou exakrib¸netai
kai an efarmìsete ta progr�mmata tou sunodeutikoÔ k¸dika gia di�fora megèjh plègmatoc.
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Sq ma 3.5: O oloklhrwmènoc qrìnoc autosusqetismoÔ thc diadikasÐac Metropolis pou exe-
t�zetai. P�nw: Meg�lo pl joc dedomènwn (K=21), apeujeÐac upologismìc kai mèjodoc
binning gia ton τint. EpÐshc faÐnetai k�tw o τint gia tuqaÐouc gkaousianoÔc arijmoÔc. K�-
tw: Pl joc dedomènwn ìpwc sto sq. (3.4), K=17. To sq ma anapar�qjhke me to STMC
ìpwc emfanÐzetai sto [4].
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Sq ma 3.6: SÔgkrish twn dÔo trìpwn anab�jmishc tou plègmatoc mèsw tou oloklhrwmènou
qrìnou autosusqetismoÔ. H efarmog  ègine sto montèlo Ising 2 diast�sewn sth jermokra-
sÐa β = 0.4. To sq ma anapar�qjhke me to STMC ìpwc emfanÐzetai sto [4].
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Kef�laio 4

H polukanonik  sullog 

4.1 H an�gkh gia mia nèa prosèggish sta b�rh

Kat� th melèth susthm�twn pou parousi�zoun metab�seic f�shc 1hc t�xhc (pou eÐnai h perÐ-
ptwsh sthn paroÔsa ergasÐa), idiaÐtero endiafèron parousi�zei h exètash thc sumperifor�c
megej¸n sth metabatik  perioq . Stic kanonikèc prosomoi¸seic Monte Carlo (canonical
simulations), oi sun jeic algìrijmoi deigmatolhptoÔn sto q¸ro twn katast�sewn tou su-
st matoc (configurations) me ta b�rh Boltzmann:

p ∝ e−βE (4.1)

ta opoÐa eÐnai bèbaia a-priori gnwst�. 'Omwc, gia sust mata me met�bash f�shc 1hc t�xhc h
epilog  aut  dhmiourgeÐ sobar� probl mata sthn akrÐbeia twn metr sewn sthn perioq  thc
met�bashc. Gia na gÐnei safèc to prìblhma kai ta qarakthristik� tou ekeÐna pou od ghsan
sthn kataskeu  nèwn mejìdwn pèran twn sumbatik¸n Monte Carlo prosomoi¸sewn, para-
jètoume k�poia paradeÐgmata pou anadeiknÔoun thn isqur  katastol  sthn opoÐa upìkeintai
oi metabatikèc katast�seic se mia met�bash f�shc 1hc t�xhc †.

Gia q = 10 to montèlo Potts emfanÐzei met�bash f�shc 1hc t�xhc sthn krÐsimh jermo-
krasÐa βt = 1/2 ln(1 +

√
10) = 0.7130312 kai sto sq ma 4.1 parousi�zetai to istìgramma

dr�shc ìpwc autì emfanÐsthke sthn ergasÐa twn [B.A.Berg, T.Neuhaus (1991)][6]. Sto Ðdio
sq ma parousi�zetai kai h parìmoia dom  dipl c koruf c (doubly-peaked) tou istogr�mma-
toc enèrgeiac an� spin sto q = 20 Potts gia βt = 1/2 ln(1 +

√
20) = 0.849834512, ìpwc

ekeÐnh emfanÐsthke sthn ergasÐa twn [A.Billoire, T.Neuhaus, B.A.Berg (1993)][7]. Para-
threÐ kaneÐc ìti oi endi�mesec katast�seic katapièzontai ìlo kai perissìtero me thn aÔxhsh
tou megèjouc tou plègmatoc kai epiplèon apì k�poio L kai Ôstera, gia q = 20, emfanÐze-
tai mia epÐpedh perioq  (plateau‡) h opoÐa diaplatÔnetai me to L. Sta sq mata 4.2 kai 4.3
parousi�zoume dÔo atnÐstoiqa istogr�mmata ìpwc epiqeir same na anapar�goume me qr sh
tou pakètou STMC, ekeÐna gia q = 4, 10. H statistik  mac eÐnai

• q = 10 : 100000 sweeps gia isorropÐa kai 64× 100000 sweeps metr sewn. H apìklish
ofeÐletai sthn arket� qeirìterh statistik  miac kai oi prosomoi¸seic eÐqan  dh gÐnei
arket� qronobìrec gia tic prodiagrafèc tou sust matoc (ta Ðdia sumper�smata ìmwc

†Gia mia sunoptik  kai arket� paidagwgik  parousÐash o anagn¸sthc parapèmpetai kai stic shmei¸seic
tou Kari Rummukainen sthn istoselÐda tou [16] kai ekeÐnec tou Kai Nordlund sthn istoselÐda [15] pou
ja breÐte kai se sÔndesmo thc prohgoÔmenhc.

‡Mia endiafèrousa sqetik  parat rhsh eÐnai ìti aut  h sumperifor� mporeÐ na enisqujeÐ me qr sh
plegm�twn me epimhkumènh th mia di�stash [9]. Me ton trìpo autì h epÐpedh perioq  dieurÔnetai kai gÐnetai
pio eÔkoloc o upologismìc tou Pmin.



H polukanonik  mèjodoc

Sq ma 4.1: Arister�: PL(βt, S) gia epilegmèna L sto 2d 10�state Potts. H klÐmaka
eÐnai logarijmik  kai ta mègista eÐnai kanonikopoihmèna sto 1. Dexi�: lnPL(βt, E) gia
epilegmèna L sto 2d 20�state Potts.

ex�gontai kai apì aut�). ParatÐjentai epÐshc kai ta diagr�mmata qrìnou ektèleshc
tou progr�mmatoc sullog c twn istogramm�twn sunart sei tou L.

• q = 4 : 400000 sweeps gia isorropÐa kai 64 × 200000 sweeps metr sewn.

Stic 3 diast�seic, anapar�gontac istìgramma tou [4] k�nontac qr sh tou sunodeutikoÔ k¸di-
ka Fortran, trèqoume thn prosomoÐwsh gia to 3d 3-state Potts montèlo qrhsimopoi¸ntac ton
algìrijmo 1-hit Metropolis sth jermokrasÐa β = 0.275229525 se plègma 243. Af noume
20000 per�smata (sweeps) gia na ft�sei to sÔsthma sthn isorropÐa kai katìpin ekteloÔme
64×10000 per�smata gia na p�roume metr seic. B�sei aut¸n, kataskeu�zoume to istìgram-
ma dr�shc tou sq matoc (4.4). ParathreÐste ìti oi dÔo korufèc den eÐnai isoüyeÐc kai gia
to lìgo autì mil�me gia yeudokrÐsimh jermokrasÐa; h krÐsimh eÐnai ekeÐnh pou antistoiqeÐ se
P 1

max = P 2
max (bl. sq ma 4.1).

4.2 H polukanonik  mèjodoc

H idèa ìti mporoÔn na dienerghjoÔn prosomoi¸seic Monte Carlo me a-priori �gnwsta b�rh
up rqe apì th dekaetÐa tou 70' ìtan h ergasÐa twn [G.M. Torrie, J.P. Valleau (1977)][19]
prìteine th mèjodo Umbrella Sampling. H eurÔterh idèa epanefeurèjhke kai sta epìmena
qrìnia all� mìno gia polÔ exeidikeumènec peript¸seic kai ègine telik� eurèwc apodekt  me
th doulei� twn Berg kai Neuhaus [5][6]. 'Ektote qrhsimopoieÐtai me auxanìmeno rujmì se
di�fora pedÐa thc èreunac ìpwc h Fusik , h QhmeÐa kai h Domik  BiologÐa.

Autì pou telik� petuqaÐnei kaneÐc me mia polukanonik  prosomoÐwsh eÐnai na p�rei kanonikèc
anamenìmenec timèc (me ton ìro kanonikèc ennooÔntai autèc pou prokÔptoun apì sumbati-
kèc/kanonikèc prosomoi¸seic Monte Carlo) pou antistoiqoÔn se èna f�sma jermokrasi¸n.
K�ti tètoio den eÐnai dunatì mèsa apì mia kanonik  prosomoÐwsh, kat� thn opoÐa mporeÐ
kaneÐc na k�nei metr seic mìno gia èna sugkekrimèno T kai me qr sh teqnik¸n anazÔgishc
na parekteÐnei (extrapolate) ta apotelèsmata se mia mikr  perioq  thc jermokrasÐac aut c.
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Sq ma 4.2: Arister�: PL(βt, e/s) gia epilegmèna L sto 2d 4�state Potts. Dexi�: Mè-
trhsh qrìnou ektèleshc User Time ìpwc dÐnetai apì to /usr/bin/time sunart sei tou
antÐstoiqou megèjouc plègmatoc. ParatÐjetai antÐ pÐnaka, qwrÐc fusik  shmasÐa. 'Eginan
100000 sweeps gia isorropÐa kai 32 × 100000 sweeps metr sewn.

Par' ìlo pou eÐqe emfanisteÐ h an�gkh gia an�ptuxh miac nèac teqnik c, èna tuqerì... atÔ-
qhma bo jhse thn taqeÐa apodoq  thc polukanonik c mejìdou. Sugkekrimèna, sto 2d q = 7
montèlo Potts eÐqan upologisteÐ se dÔo diaforetikèc ergasÐec ektimhtèc thc epifaneiak c
t�shc oi opoÐoi dièferan kat� mia olìklhrh t�xh megèjouc; sth mÐa me sumbatikì Monte
Carlo kai sthn �llh me thn polukanonik  mèjodo. 'Omwc thn Ðdia qroni� kai lÐgo kairì af'
ìtou eÐqan oloklhrwjeÐ oi prosomoi¸seic, ex qjhsan oi akribeÐc timèc gia tic epifaneiakèc
t�seic sto 2d q− state Potts. Ta akrib  apotelèsmata brèjhkan se exairetik  sumfwnÐa me
ekeÐna apì thn polukanonik  prosomoÐwsh kai autì èdwse shmantik  ¸jhsh sth nèa mèjodo.

Mia diexodik  anaskìphsh thc mejìdou se arket� shmeÐa thc opoÐac sthrÐzetai kai h parak�-
tw parousÐash mporeÐ na brei o anagn¸sthc sto [2]. Wc gnwstìn oi kanonikèc prosomoi¸seic
Monte Carlo deigmatolhptoÔn sto q¸ro twn mikrokatast�sewn me to b�roc Boltzmann thn
mikrokat�stashc (k)

ŵB(k) = wB(E(k)) = e−βE(k)
(4.2)

ìpou E(k) h enèrgeia thc mikrokat�stashc kai β = 1/T h par�metroc jermokrasÐac se
mon�dec t.¸: kB = 1. Tìte

P (E) = cB wB(E) = cB n(E) e−βE (4.3)

ìpou n(E) h fasmatik  puknìthta mikrokatast�sewn kai h stajer� exasfalÐzei th sunj kh
kanonikopoÐhshc gia thn katanom  pijanìthtac.
'Estw L to mègejoc tou plègmatoc ètsi ¸ste plègma m kouc L na apoteleÐtai apì Ld spins.
'Opwc sumbaÐnei kai sto sq ma (4.4) se metab�seic f�shc 1hc t�xhc up�rqoun yeudokrÐsimec
jermokrasÐec βps

c (L) gia tic opoÐec to istìgramma enèrgeiac sqhmatÐzei mia dom  dipl c
koruf c kai up�rqei k�poia tim  βc(L) gia thn opoÐa oi dÔo korufèc gÐnontai isoüyeÐc

E1
max < E2

max → P (E1
max) = P (E2

max)
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Sq ma 4.3: Arister�: lnPL(βt, e/s) gia epilegmèna L sto 2d 10�state Potts. Dexi�:
Mètrhsh qrìnou ektèleshc User Time ìpwc dÐnetai apì to /usr/bin/time sunart sei tou
antÐstoiqou megèjouc plègmatoc. ParatÐjetai antÐ pÐnaka, qwrÐc fusik  shmasÐa. 'Eginan
500000 sweeps gia isorropÐa kai 32 × 500000 sweeps metr sewn.

Tètoia paradeÐgmata parousi�zontai sta sq mata (4.1), (4.2), (4.3). ParateÐ kaneÐc ìti sthn
perioq  kont� sto el�qisto gia k�poio Emin an�mesa apì tic dÔo korufèc oi mikrokatast�-
seic katastèllontai ekjetik� kai pio sugkekrimèna mporeÐ na upologisteÐ

Pmin = P (Emin) = cf Lp e−fsA (4.4)

ìpou fs h epifaneiak  t�sh kai A h el�qisth epif�neia metaxÔ twn f�sewn, A = 2Ld−1

gia Ld plègma kai cf , p eÐnai stajerèc me thn p = d−1 sthn prosèggish triqoeidoÔc kÔmatoc.
'Etsi, gia na upologÐsei kaneÐc epifaneiak  t�sh prèpei na upologÐsei tic posìthtec

fs(L) = − 1
A(L)

lnR(L), µε R(L) =
Pmin(L)
Pmax(L)

(4.5)

kai na qrhsimopoi sei klim�kwsh megèjouc sust matoc (f inite size scaling: FSS) gia pa-
rèktash thc t�shc gia L → ∞.

'Omwc, ìpwc ja èqete  dh parathr sei, gia meg�la sust mata h sumbatik  prosomoÐwsh
Monte Carlo pou katal gei sthn (4.3) ja episkefjeÐ el�qista tic endiafèrousec gia mac
mikrokatast�seic sthn E = Emin - afoÔ h n(E) ekeÐ eÐnai el�qisth - kai wc ek toÔtou o
ektimht c tou R(L) ja èqei polÔ meg�lo sf�lma. To fainìmeno autì thc ekjetik c meÐw-
shc thc statistik c me to mègejoc tou plègmatoc sthn perioq  met�bashc èqei onomasteÐ
uperkrÐsimh kajustèrhsh (supercritical slowing down). 'Opwc mporeÐte eÔkola na
diapist¸sete, h profan c epilog  pou lÔnei to prìblhma eÐnai na dialèxoume ta b�rh ètsi
¸ste na antistajmÐzoun thn n(E) sthn katanom  pijanìthtac (4.3)  , akìma kalÔtera, na
thn apaloÐfoun. Ja prèpei epomènwc na eis�goume b�rh pou na sumperifèrontai san 1/n(E),
dhlad 

ŵ1/n(k) = w1/n(E(k)) =
1

n(E(k))
(4.6)
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Sq ma 4.4: 3d 3-state Potts montèlo se plègma 243 sthn yeudokrÐsimh jermokrasÐa βps
t =

0.275229525. To sq ma anapar�qjhkei me ton k¸dika tou STMC ìpwc emfanÐzetai sto [4].

pou ja apoteloÔn fusik� to idanikì ìrio thc prosèggishc pou ja epiqeir soume. Kai lème
prosèggish afoÔ telik� ja prèpei na dialèxoume èna sÔnolo paramètrwn mèsw twn opoÐwn
ja proseggÐsoume ta b�rh aut�. H epilog  aut c thc prosèggishc pou orÐzei kai thn
polukanonik  sullog  eÐnai h

ŵmu(k) = wmu(E(k)) = e−b(E(k))E(k)+α(E(k)) (4.7)

ìpou b(E) h mikrokanonik  jermokrasÐa se enèrgeia E kai h α(E) eÐnai k�poio eÐdoc qh-
mikoÔ dunamikoÔ. Prèpei na tonisteÐ ìti proseggÐseic se par�gontec b�rouc 1/n(E) eÐqan
 dh qrhsimopoihjeÐ sth mèjodo Umbrella Sampling sthn opoÐa anaferj kame kai parap�nw.
EÐnai h sugkekrimènh parametropoÐhsh mèsw twn b, α pou sunist� thn
polukanonik  mèjodo. Epiplèon, idiaÐtera shmantik  eÐnai h omal  ex�rthsh thc b(E)
apì to ìrism� thc, miac kai prìkeitai na th qrhsimopoi soume se suntelestèc b�rouc oi
opoÐoi bèbaia de jèloume na metab�llontai apìtoma.

Me thn prosèggish (4.7) epomènwc sta b�rh (4.6) deigmatolhptoÔme mia nèa polukanoni-
k  katanom 

Pmu(E) = cmu n(E) wmu(E) ≈ cmu (4.8)

ìpou katafèrame sunep¸c proseggistik� na apaloÐyoume thn n(E). Gia na l�boume t¸ra
thn epijumht  kanonik  katanom  (4.3) anazugÐzoume se ekeÐnh

P (E) =
cβ

cmu

Pmu(E)
wmu(E)

e−βE (4.9)
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h opoÐa isìthta eÐnai austhr  (kai ìqi proseggistik ) miac kai ta b�rh wmu(E) pou qrh-
simopoioÔntai sthn prosomoÐwsh eÐnai gnwst� akrib¸c. 'Eqontac petÔqei thn prosèggish
se mia sqedìn stajer  katanom 1, o mèsoc arijmìc mikrokatast�sewn den exart�tai plèon
isqur� apì thn enèrgeia kai kajÐstatai dunat  h akrib c mètrhsh tou lìgou R(L) thc (4.5)

R(L) = Rmu(L)
wmu(Ei

max) e−βcEmin

wmu(Emin) e−βcEmax
, µε Rmu(L) =

Pmu(Emin)
Pmu(Ei

max)
(4.10)

ìpou o deÐkthc i trèqei sta dÔo mègista kai to statistikì sf�lma kajorÐzetai apì ton pa-
r�gonta Rmu, pol/smèno apl� me to stajerì par�gonta pou akoloujeÐ.

Sq ma 4.5: 2d q = 10 Potts se plègma 70×70.
Parousi�sthke sto [6].

Autì pou petÔqame eÐnai ìti t¸ra ta sf�l-
mata tou Rmu(L) den p�sqoun apì uper-
krÐsimh kajustèrhsh afoÔ h polukanoni-
k  prosomoÐwsh episkèptetai tic mikroka-
tast�seic me Emin, praktik�, tìso suqn�
ìso kai ekeÐnec me E1

max   E2
max. 'Eqoume

dhlad , epoptik�, petÔqei na metatrèyoume
to kanonikì istìgramma ìpwc faÐnetai sto
sq ma (4.5)

Ja mporoÔse k�poioc se autì to shmeÐo na
enÐstatw ìti to epiqeÐrhma pou akolouj -
same apì thn eisagwg  twn proseggisti-
k¸n bar¸n mèqri ed¸ eÐnai kuklikì: ta b�rh
(4.6) eÐnai a-priori �gnwsta all� akìma kai
sthn perÐptwsh pou  tan gnwst�, ja mpo-
roÔse k�poioc me thn epilog  wmu(E(k)) =
w1/n(E(k)) na l�bei

Rmu =
Pmu(Emin)
Pmu(Emax)

= 1

opìte den ja sunètreqe lìgoc na gÐnei prosomoÐwsh; h posìthta ja  tan akrib¸c gnwst .
Gia to lìgo autì h polukanonik  mèjodoc ègkeitai se dÔo b mata

1. Lamb�noume ènan leitourgikì ektimht  ŵmu twn bar¸n ŵ1/n, dhlad  tètoio pou h
prosèggish (4.7) na eÐnai arket� kal  ¸ste na exasfalÐzei kÐnhsh sto epijumhtì f�sma
enèrgeiac. Fusik� apoklÐseic thc Pmu apì thn idanik  sumperifor� (= cmu) kat� èna
par�gonta, p.q: 10, eÐnai anektèc.

2. DienergoÔme mia kanonik  prosomoÐwsh Monte Carlo me ta b�rh ŵmu(k) kai ètsi pa-
r�gontai mikrokatast�seic sthn polukanonik  sullog . Gia na p�roume anamenìmenec
timèc thc kanonik c sullog c, anazugÐzoume se ekeÐnh kai qrhsimopoioÔme k�poia mè-
jodo upologismoÔ sfalm�twn, genik� th jacknife.

EÐmaste ètoimoi na xekin soume se praktikì epÐpedo me tic polukanonikèc prosomoi¸seic.
To pr¸to kai shmantikìtero empìdio sto drìmo mac eÐnai ìti se antÐjesh me ta b�rh (4.2)

1 'Opwc apodeiknÔetai exakoloujeÐ na up�rqei ekjetik  meÐwsh all� me polÔ mikrìtero qarakthristikì
qrìno.
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twn kanonik¸n prosomoi¸sewn pou eÐnai gnwst�, ta ŵmu(k) den eÐnai. Gia to skopì autì,
se diakrit� sust mata mikroÔ èwc mètriou megèjouc o B.Berg proteÐnei thn genik  anadrom 
pou analÔetai sthn amèswc epìmenh par�grafo. AfoÔ kajoristoÔn ta polukanonik� b�rh
h prosomoÐwsh gÐnetai kat� ta gnwst�. To deÔtero kai saf¸c mikrìtero empìdio pou su-
nant�ei kaneÐc, eÐnai ìti plèon oi anamenìmenec timèc twn endiaferìntwn megej¸n den eÐnai
aploÐ arijmhtikoÐ mèsoi twn paragìmenwn <<metr sewn>>, all� qrei�zontai lÐgo poluplokìte-
rec exis¸seic. Gia par�deigma, gia katast�seic pou par�gontai me ton algìrijmo Metropolis
sthn kanonik  sullog , o ektimht c thc enèrgeiac eÐnai apl� o arijmhtikìc mèsoc

Ē =
1
n

n∑
i=1

Ei

en¸ gia ton Ðdio ektimht  upologismèno p�nw sthn polukanonik  sullog  ja eÐnai

Ē(β) =
∑n

i=1 Eiw−1
mu(Ei)e−βEi∑n

i=1 w−1
mu(Ei)e−βEi

.

H duskolÐa ìmwc eÐnai ousiastik� programmatistik  kai eÐnai fusik� amelhtèa dedomènou ìti
to kèrdoc mac eÐnai meg�lo: mporoÔme pia na p�roume �mesa ektimhtèc thc eleÔjerhc enèrgeiac
kai thc entropÐac, egqeÐrhma pou ja  tan polÔ duskolìtero me tic aplèc mejìdouc.

4.2.1 Anadrom  gia ta b�rh

Skopìc mac eÐnai h parousÐash miac anadrom c[3] pou dÐnei leitourgikoÔc ektimhtèc wmu(k)
twn paragìntwn b�rouc ŵ1/n(k).

Mia <<afel c>> anadrom 

Ja xekin soume me th diatÔpwsh miac aplöik c idèac h opoÐa par' ìlo pou ìpwc ja diapi-
st¸sete amèswc apotugq�nei, emperièqei thn ousÐa tou egqeir matìc mac. ProteÐnetai na
xekin�ei kaneÐc thn anadrom  sthn �takth (disordered) f�sh tou sust matoc kaj¸c tìte
mporeÐ autì na kineÐtai eleÔjera k�tw apì Monte Carlo updates. Ac k�noume th mhdenik 
prosomoÐwsh me ta b�rh

w0(k) = 1, ∀k

H pio profan c anadrom  pou ja proseggÐzei ta b�rh (4.6) eÐnai h ex c: h n-ost  prosomoÐ-
wsh ja pragmatopoieÐtai me ton ektimht  wn(k) kai ja par�gei to istìgramma Hn(E). Tìte
ja jewroÔme ektimht  n + 1 gia ta b�rh

wn+1(k) =
wn(k)

Hn(E(k))
. (4.11)

SkefteÐte ìti h diakrit  sun�rthsh H(E) paÐrnei meg�lec timèc gia tic suqn� emfanizìmenec
enèrgeiec (kai tic antÐstoiqec katast�seic profan¸c) kai mikrèc gia tic sp�nia emfanizìme-
nec. H parap�nw anadrom  epomènwc enisqÔei sto b ma n + 1 ekeÐnec tic katast�seic pou
emfanÐsthkan sp�nia sto b ma n; ìso pio mikr   tan h suqnìtht� touc tìso megalÔterh
pijanìthta ja èqoun na emfanistoÔn sto epìmeno b ma. Aut  h aplöik  prosèggish ìmwc
apotugq�nei gia treic basikoÔc lìgouc

1. P¸c na antimetwpÐsoume thn perÐptwsh pou Hn(E) = 0   mikrì?
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2. K�je sullog  tou Hn(E) istogr�mmatoc xekin�ei me mhdenik  statistik . An upo-
tejeÐ ìti k�poioc mac dÐnei ta akrib  b�rh (4.6) kai ta qrhsimopoioÔme sth mhdenik 
prosomoÐwsh: w0(k) = w1/n(k), tìte to w1(k) ja eÐnai qeirìtero. Ja eÐnai par�sita
apì to w1/n(k).

3. Ta arqik� b�rh w0(k) = 1 antistoiqoÔn se �peirh jermokrasÐa kai de leitourgoÔn sto
ìrio E(k) → Eg, ìpou Eg eÐnai h kat�stash el�qisthc enèrgeiac (groundstate) tou
sust matoc h opoÐa proseggÐzetai sto ìrio thc mhdenik c jermokrasÐac.

Parak�tw parousi�zetai h telik  anadrom  pou xepern�ei ta parap�nw probl mata.

H leitourgik  anadrom 

'Opwc èqoume  dh anafèrei, sumfèrei na tupopoi sei kaneÐc thn anadrom  mèsw twn poso-
t twn b(E), α(E), epomènwc xekin�me me th sqèsh orismoÔ

w(k) = e−S(E(k)) = e−b(E(k))E(k)+α(E(k)) (4.12)

ìpou S(E) h mikrokanonik  entropÐa. H parap�nw epilog  eÐnai diaisjhtik� orj  miac kai
prosdÐdei se mikrokatast�seic megalÔterhc entropÐac (  ataxÐac an jèlete) mikrìtera b�rh,
mh epitrèpontac ètsi sto sÔsthma na egklwbisteÐ se mia apì tic dÔo perioqèc enèrgeiac stic
opoÐec to Ðdio protim� na brÐsketai. Autì pou epiqeiroÔme loipìn eÐnai na <<peir�xoume>> ton
ekjèth tou b�rouc Boltzmann ¸ste na sumperifèretai ìpwc h mikrokanonik  entropÐa.
IsqÔei epÐshc o orismìc thc mikrokanonik c jermokrasÐac

b(E) =
1

T (E)
=

∂S(E)
∂E

(4.13)

ìpwc kai ekeÐnoc thc adi�stathc, mikrokanonik c eleÔjerhc enèrgeiac

α(E) =
F (E)
T (E)

=
E

T (E)
− S(E) = b(E)E − S(E) (4.14)

Epeid  ìmwc h ènnoia thc parag¸gou eÐnai elafr¸c dusnìhth gia ènan upologist  (ston
opoÐo ìla ta probl mata antimetwpÐzontai se mia <<diakritopoihmènh>> algorijmik  morf ),
ja jewr soume th diakrit  posìthta enèrgeiac ε kai tìte o orismìc (4.13) ja gÐnei

b(E) =
S(E + ε) − S(E)

ε
(4.15)

Me exÐswsh twn ekjet¸n sthn (4.12) ja p�roume

S(E) = b(E(k))E(k) − α(E(k)) (4.16)

Ja èqoume loipìn

S(E) − S(E − ε) = b(E)E − b(E − ε)(E − ε) − α(E) + α(E − ε)
(4.15)
= εb(E − ε)

  telik�
α(E − ε) = α(E) + [b(E − ε) − b(E)] · E (4.17)

'Eqoume t¸ra deÐxei k�ti idiaÐtera bolikì: to α(E) prosdiorÐzetai mèsw tou b(E) me apros-
dioristÐa miac prosjetik c stajer�c. 'Etsi, an orÐsw mia tim  ekkÐnhshc gia to α(E), pr�gma
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to opoÐo kai ja k�nw jètontac α(Emax) = 0, tìte autì metatrèpetai se mia fixarismènh pa-
r�metro thc prosomoÐwshc. An dÐnetai dhlad  to b, to α èpetai �mesa. QrhsimopoioÔme
epomènwc san arqik  sunj kh gia thn pr¸th prosomoÐwsh (n = 0), thn epilog  paramètrwn

b0(E) = b0 ≥ 0
α0(E) = 0 (4.18)

Ja qrhsimopoi soume sunep¸c to bn(E) gia th n-ost  prosomoÐwsh kai èstw Hn(E) ta
antÐstoiqa istogr�mmata enèrgeiac. Gia na apofeuqjeÐ h perÐptwsh Hn(E) = 0 (deÐte thn
perÐptwsh twn glassy systems kai thc mejìdou entropic sampling ìpou emfanÐzetai epÐshc
autì to prìblhma), qrhsimopoioÔme thn apeikìnish

Hn(E) → Ĥn(E) = max [h0,H
n(E)] (4.19)

me 0 < h0 < 1 (to ìrio h0 → 0 den prèpei na jewrhjeÐ asfalèc proc to parìn all� telik�
ja gÐnei). Me thn antikat�stash aut  ja metatrèyoume akoloÔjwc thn exÐswsh (4.11) se
mia exÐswsh gia ta b(E). Proc toÔto orÐzoume to b�roc

wn+1
0 (E) = e−Sn+1

0 (E) = c · wn(E)
Ĥn(E)

(4.20)

ìpou sth sqèsh aut  kai sta epìmena, o deÐkthc 0 anafèretai se posìthtec pou den apoteloÔn
akìmh telikì ektimht  apì th n-ost  prosomoÐwsh. O par�gontac c exasfalÐzei ìti h
Sn+1

0 (E) mporeÐ na gÐnei ektimht c thc mikroskopik c entropÐac

Sn+1
0 (E) = − ln c + Sn(E) + ln Ĥn(E) (4.21)

'Omwc apì thn (4.13):

bn+1
0 (E) =

Sn+1
0 (E + ε) − Sn+1

0 (E)
ε

(4.22)

bn
0 (E) =

Sn
0 (E + ε) − Sn

0 (E)
ε

me thn pr¸th na dÐnei

bn+1
0 (E) =

[
− ln c + Sn(E + ε) + ln Ĥn(E + ε)

]
−
[
− ln c + Sn(E) + ln Ĥn(E)

]
ε

(4.23)

=
Sn(E + ε) − Sn(E)

ε
+

ln Ĥn(E + ε) − ln Ĥn(E)
ε

me telikì apotèlesma

bn+1
0 (E) = bn(E) +

ln Ĥn(E + ε) − ln Ĥn(E)
ε

(4.24)

H ektim tria thc apìklishc tou bn+1
0 (E) dÐnetai apì th sqèsh

σ2
[
bn+1
0 (E)

]
= σ2 [bn(E)] +

σ2
[
ln Ĥn(E + ε)

]
ε

+
σ2
[
ln Ĥn(E)

]
ε
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sthn opoÐa ìmwc

σ2 [bn(E)] = 0

afoÔ prìkeitai gia mia sun�rthsh gnwst  apì thn prohgoÔmenh (n-ost ) prosomoÐwsh. H
ex�rthsh thc diakÔmanshc metafèretai apokleistik� sto H(E) ef' ìson

σ2
[
ln Ĥn

]
= σ2 [lnHn] = [ln (Hn + ∆Hn) − lnHn]2

ìpou to ∆Hn eÐnai h diakÔmansh tou istogr�mmatoc kai aux�nei me thn tetragwnik  rÐza tou
arijmoÔ twn entries: ∆Hn ∼

√
Hn. K�nontac thn prosèggish ìti geitonik� istogr�mmata

èqoun tautìshmouc qrìnouc autosusqetismoÔ, paÐrnoume thn exÐswsh

σ2
[
bn+1
0 (E)

]
=

[ln (Hn + ∆Hn) − lnHn]2

ε

∣∣∣∣
(E+ε)

+
[ln (Hn + ∆Hn) − lnHn]2

ε

∣∣∣∣
(E)

kai telik�

σ2
[
bn+1
0 (E)

]
=

c′

Hn(E + ε)
+

c′

Hn(E)
= c′ · Hn(E + ε) + Hn(E)

Hn(E + ε) · Hn(E)
(4.25)

ìpou c′ �gnwsth stajer�. Parathr ste ìti to 2o mèloc apeirÐzetai ìtan èna apì ta isto-
gr�mmata èqei mhdenik  statistik , dhlad : Hn(E) = 0   Hn(E + ε) = 0.

Briskìmaste pia polÔ kont� sto stìqo mac, thn anadromik  tupopoÐhsh tou b(E) dhla-
d . To statistikì b�roc tou bn+1

0 (E) eÐnai antistrìfwc an�logo thc apìklis c tou kai
agno¸ntac thn �gnwsth (kai �neu statistik c shmasÐac) pollaplasiastik  stajer� c′, orÐ-
zoume

gn
0 (E) =

Hn(E + ε) · Hn(E)
Hn(E + ε) + Hn(E)

(4.26)

pou t¸ra h perÐptwsh tou mhdenismoÔ k�poiou H(E) de dhmiourgeÐ prìblhma miac kai apl�
mhdenÐzei to b�roc. H n−ost  prosomoÐwsh pragmatopoi jhke qrhsimopoi¸ntac to bn(E).
MporoÔme t¸ra na sundu�soume ta bn+1

0 (E) kai bn(E) b�sei twn antÐstoiqwn statistik¸n
bar¸n touc ston zhtoÔmeno ektimht 

bn+1(E) = ĝn(E) · bn(E) + ĝn
0 (E) · bn+1

0 (E) (4.27)

ìpou ta ĝ apoteloÔn ta kanonikopoihmèna b�rh

ĝn
0 (E) =

gn
0 (E)

gn(E) + gn
0 (E)

, ĝn(E) = 1 − ĝn
0 (E) (4.28)

kai prosdiorÐzontai apì thn anadromik  sqèsh

gn+1(E) = gn(E) + gn
0 (E) (4.29)

an dialèxoume thn aparaÐthth b�sh thc anadrom c: g0(E) = 0. Antikajist¸ntac sthn (4.27)
to bn+1

0 (E) apì thn (4.24) gia na apaloifeÐ, paÐrnoume amèswc

bn+1(E) = bn(E) + ĝn
0 (E) · ln Ĥn(E + ε) − ln Ĥn(E)

ε
(4.30)
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Se antÐjesh me thn arqik  prìqeirh prosèggish tou probl matoc (4.11), h teleutaÐa sqèsh
anadrom c emperièqei ìlh thn plhroforÐa. ParathroÔme epiplèon ìti to ìrio h0 → 0 tou
orismoÔ thc Ĥ (4.19) eÐnai pia asfalèc epeid 

ĝn
0 −−−→

h0→0
0

kai ètsi de ja qreiasteÐ na p�rei k�poia ter�stia tim  to b(E) (autì ja  tan prìblhma
giatÐ oi upologistèc de qeirÐzontai swst� osod pote meg�louc arijmoÔc, uperqeilÐzoun p.q
to bit pros mou prokeimènou na katafèroun na apojhkeÔsoun ènan arijmì k�nont�c ton na
faÐnetai arnhtikìc).

KleÐnontac, h teleutaÐa sqèsh mporeÐ na metatrapeÐ se anadrom  gia touc lìgouc twn gei-
tonik¸n bar¸n orÐzontac

Rn(E) = ε · bn(E)
(4.15)
= eSn(E+ε)−Sn(E) =

e−Sn(E)

e−Sn(E+ε)
=

wn(E)
wn(E + ε)

(4.31)

pou sto n+1 b ma ja d¸sei

Rn+1(E) = eεbn+1(E) (4.30)
= exp

[
ĝn
0 (E) · ln

(
Ĥn(E + ε)

Ĥn(E)

)]

kai h teleutaÐa sqèsh katal gei sthn telik  sqèsh anadrom c

Rn+1(E) = Rn(E) ·

(
Ĥn(E + ε)

Ĥn(E)

)ĝn
0 (E)

(4.32)

h opoÐa parousi�zei endiafèron ìtan tÐjetai jèma periorismènhc RAM.

4.3 Efarmogèc stic metab�seic f�shc 1hc t�xhc

4.3.1 Brìqoi ustèrhshc se prosomoÐwsh Monte Carlo

'Enac trìpoc na <<metr sei>> kaneÐc to q�sma Emin−Ei
max pou emfanÐzetai kat� mia met�bash

f�shc 1hc t�xhc eÐnai na dienerg sei kanonikèc prosomoi¸seic se èna f�sma jermokrasi¸n,
arqik� proc th mÐa kateÔjunsh kai akoloÔjwc proc thn antÐjeth epistrèfontac sthn arqik 
tim  thc β (βmin  βmax  βmin). An frontÐsei na diathr sei mikrì ton arijmì twn swe-
eps, ètsi ¸ste na mh deigmatolhpteÐ swst� sto q¸ro twn katast�sewn all� na egklwbÐzetai
hjelhmèna se k�poia perioq , tìte gÔrw apì thn krÐsimh jermokrasÐa ja parathr sei th dh-
miourgÐa k�poiou eÐdouc brìqou ustèrhshc. To prìblhma emfanÐzetai èntona sth βc kai
ègkeitai sto gegonìc ìti <<phgaÐnontac>> to sÔsthma egklwbÐzetai (basik� den prolabaÐnei na
xefÔgei) sthn pr¸th perioq  gÔrw apì to Ei

max en¸ <<epistrèfontac>> sth 2h gÔrw apì to
E2

max. 'Etsi h mèsh tim  thc magn tishc (h opoÐa parousi�zei ki aut  an�logh sumperifor�
me thn enèrgeia sthn perioq  met�bashc) sthn perioq  aut  ja kuriarqeÐtai apì tic timèc thc
magn tishc tou antÐstoiqou uposunìlou tou q¸rou twn katast�sewn. Me thn parap�nw
mèjodo, akìma kai me apl  parat rhsh tou eÔrouc tou parap�nw brìqou, mporeÐ na gÐnei mia
ektÐmhsh thc isqÔoc thc met�bashc f�shc, gia to an eÐnai dhlad  asjen c (Ei

max − Emin

mikrì)   isqur  (Ei
max − Emin meg�lo). Aut  h dunatìthta den prèpei na jewrhjeÐ tetrim-

mènh miac kai mèqri prin k�poia qrìnia h dienèrgeia prosomoi¸sewn meg�lou arijmoÔ sweeps
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 tan apagoreutik� qronobìra diadikasÐa gia k�poion qwrÐc prìsbash se eparkeÐc pìrouc
(exeidikeumènouc upologistèc ktl.).

Gia na anadeiqjeÐ to teqnikì sthn ousÐa tou autì prìblhma (teqnikì miac kai èqoume  -
dh dhmiourg sei ton algìrijmo pou mac bohj�ei na to xeper�soume) ja qrhsimopoi soume to
script pou parousi�sthke sto 2o kef�laio efarmìzont�c to sthn perÐptwsh tou montèlou
2d Potts gia q = 4, 10.

Stic dÔo diast�seic to q ≤ 4 Potts anafèretai sto [Bazavov et al.(2008)] na emfanÐzei
met�bash f�shc 2hc t�xhc kai gia q > 5 1hc. Par' ìla aut� h dom  dipl c koruf c tou
sq matoc (4.2) upodeiknÔei pijan¸c asjen  met�bash 1hc t�xhc kai dÐnei èna ènausma gia
na epiqeir soume na exet�soume an to epiqeÐrhma uposthrÐzetai kai apì emf�nish brìqou
ustèrhshc.

To script mporeÐ na qrhsimopoihjeÐ gia na par�gei mia seir� istogramm�twn apìluthc magn -
tishc gia k�je jermokrasÐa kai th mèsh apìluth magn tish sunart sei thc β. Proetoim�zei
epÐshc, proairetik�, dedomèna gia ton upologismì thc magnhtik c epidektikìthtac all� ar-
qik� oi sqetikèc entolèc eÐnai anenergèc (sa sqìlia). Autì sumbaÐnei giatÐ ja prèpei na
apofasÐsei kaneÐc poia apì tic dÔo metr seic ja diex�gei. H pr¸th, gia thn an�deixh tou
brìqou ustèrhshc, apaiteÐ polÔ mikrì arijmì sweeps en¸ h deÔterh, gia th χ, meg�lo arijmì
sweeps.

4.3.2 AnazÔgish sthn kanonik  sullog  kai metr seic endiaferous¸n
posot twn

O skopìc mac t¸ra eÐnai na katafèroume me mia polukanonik  prosomoÐwsh na kalÔyoume
ta istogr�mmata dr�shc kanonik¸n prosomoi¸sewn pou antistoiqoÔn se èna f�sma jermo-
krasi¸n†

βmin ≤ β ≤ βmax (4.33)

Oi par�metroi pou kajorÐzoun thn el�qisth kai th mègisth tim  thc dr�shc ston k¸dik� mac
(namin, namax) ja prèpei tìte na eÐnai tètoiec ¸ste na perilamb�noun olìklhra ta akraÐa
kanonik� istogr�mmata gia βmin, βmax

namin � act(βmin) act(βmax) � namax

Dedomènhc t¸ra miac qronoseir�c n mikrokatast�sewn pou par qjh apì thn polukanonik 
prosomoÐwsh, me to deÐkth i na trèqei p�nw stic mikrokatast�seic, mporoÔme na p�roume
ton ektimht  thn posìthtac O

O =
∑n

i=1 O(i) exp [−βE(i) + b(E(i))E(i) − α(E(i))]∑n
i=1 exp [−βE(i) + b(E(i))E(i) − α(E(i))]

ìpou parathr¸ntac to ekjetikì antilambanìmaste ìti ousiastik� epanafèrame ton par�gon-
ta Boltzmann stic mikrokatast�seic (basik� afairoÔme apì ton ekjèth thn tropopoÐhsh
pou eis�game sthn (4.7)). Gia diakrit� sust mata, ìpwc sthn perÐptws  mac, arkeÐ na a-
pojhkeÔsoume istogr�mmata enèrgeiac antÐ gia qronoseirèc ìtan prìkeitai na upologÐsoume

†AntÐstrofa ja mporoÔse kaneÐc na fantasteÐ to polukanonikì istìgramma na dhmiourgeÐtai apì thn
upèrjesh poll¸n kanonik¸n istogramm�twn geitonik¸n jermokrasi¸n agno¸ntac tic perioqèc pio ftwq c
statistik c makri� apì thn koruf .
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Sq ma 4.6: Brìqoc ustèrhshc gÔrw apì thn krÐsimh jermokrasÐa βc = 0.7130312 sto 2d q =
10 Potts gia mègejoc plègmatoc L = 20. Ektelèsjhkan 100 sweeps gia isorropÐa kai 32×100
sweeps metr sewn. To teqnikì autì prìblhma prokaleÐtai apì anepark  deigmatolhyÐa lìgw
kajustèrhshc sto energeiakì fr�gma kont� sthn βc.

sunart seic thc enèrgeiac, miac kai gia O(i) = f(E(i)) h parap�nw exÐswsh gÐnetai epÐshc

f =
∑

E f(E)hmu(E) exp [−βE + b(E)E − α(E)]∑
E hmu(E) exp [−βE + b(E)E − α(E)]

(4.34)

ìpou bèbaia mazèyame ìlec tic mikrokatast�seic pou antistoiqoÔn se Ðdia enèrgeia kai a-
jroÐsame se ìlec tic enèrgeiec.

Mètrhsh enèrgeiac kai eidik c jermìthtac

Ja diex�goume akoloÔjwc, kai b�sei twn parap�nw, metr seic fusik¸n posot twn me qr sh
tou pakètou STMC. 'Opwc mporeÐte na deÐte kai sto Par�rthma B to prìgramma pou die-
nergeÐ thn polukanonik  prosomoÐwsh eÐnai to p mu.f kai ekeÐno pou analamb�nei thn
an�lush twn polukanonik¸n dedomènwn to ana pmu.f . To teleutaÐo sthrÐzetai kurÐwc
sth routÐna /STMC/ForLib/potts zln.f h opoÐa upologÐzei tic aparaÐthtec posìthtec pou
eÐnai sunart seic tou logarÐjmou thc sun�rthshc epimerismoÔ. Lìgw tou kentrikoÔ rìlou
thc routÐnac stic metr seic, paratÐjetai parak�tw kai akoloujoÔn k�poia dieukrinistik�
sqìlia.

SUBROUTINE POTTS_ZLN(nlink,namin,beta0,b,ha,hasum,iopt,
& Zln,Aln,A2ln)

C Copyright Bernd Berg, May 12 2002.
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Sq ma 4.7: Brìqoc ustèrhshc gÔrw apì thn krÐsimh jermokrasÐa βc = 0.5493061 sto
2d q = 4 Potts gia mègejoc plègmatoc L = 20. Ektelèsjhkan 100 sweeps gia isorropÐa kai
32×100 sweeps metr sewn. To sq ma autì faÐnetai na sumfwneÐ me prìsfath bibliografÐa
kai mh emf�nish met�bashc pr¸thc t�xhc. Akìmh kai gia megalÔtero plègma den eÐnai saf c
h Ôparxh brìqou ustèrhshc. Parìla aut� sto sq ma (4.2) h emf�nish thc qarakthristik c
dom c dipl c koruf c eÐnai xek�jarh.

C Potts model ln of the partition function Z and related variables.
include ’implicit.sta’
include ’constants.par’
dimension b(0:nlink),ha(0:nlink),hasum(0:nlink)

C
iloop_ha=0 ! Counts runs through the ha(iact).gt.half loop.
if(namin.le.0) stop "POTTS_ZLN: namin false."
do iact=0,nlink

ha(iact)=hasum(iact)-ha(iact) ! Jackknife histogram.
if(ha(iact).gt.half) then
iloop_ha=iloop_ha+1
if(iloop_ha.eq.1) then
a=-(beta0-b(iact))*namin ! Ferdinand-Fisher normalization.
Zln=log(ha(iact))+two*((beta0-b(iact))*iact+a)
Zln1_max=Zln
Aln=Zln+log(iact*one)
A2ln=Zln+two*log(iact*one)

else
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a=a+(b(iact)-b(iact_old))*iact_old
Zln1=log(ha(iact))+two*((beta0-b(iact))*iact+a)
Zln1_max=max(Zln1_max,Zln1)
Aln1=Zln1+log(iact*one)
A2ln1=Zln1+two*log(iact*one)
Zln=addln(Zln,Zln1)
Aln=addln(Aln,Aln1)
A2ln=addln(A2ln,A2ln1)

end if
iact_old=iact

end if
end do

C
if(iopt.ne.1) return

C
C iact probability density at beta0: (Zln1_max used only here.)

iloop_ha=0
hsum=zero
do iact=0,nlink

if(ha(iact).gt.half) then
iloop_ha=iloop_ha+1
if(iloop_ha.eq.1) then

a=-(beta0-b(iact))*namin
else

a=a+(b(iact)-b(iact_old))*iact_old
end if
Zln1=log(ha(iact))+two*((beta0-b(iact))*iact+a)-Zln1_max
if(Zln1.gt.0.01d00) stop "Zln1."
ha(iact)=exp(Zln1)
hsum=hsum+ha(iact)
iact_old=iact

else
ha(iact)=zero

end if
end do
do iact=0,nlink

ha(iact)=ha(iact)/hsum
end do

C
return
end

Ac esti�soume arqik� thn prosoq  mac sto pr¸to misì thc routÐnac (pr¸to do-loop) sto
opoÐo gÐnetai o upologismìc twn posot twn Zln, Aln, A2ln pou qrei�zontai gia ton upo-
logismì thc anamenìmenhc tim c thc dr�shc kai thc 2hc rop c thc (gi' autì kai o par�gontac
2 mprost� apì ton antÐstoiqo log�rijmo). Autì pou k�nei sthn ousÐa eÐnai to ex c: Gia
k�je tim  thc dr�shc je¸rhse to antÐstoiqo jackknife istìgramma kai èlegxe ìti den eÐnai
mhdenikì to entry. An aut  eÐnai h pr¸th epan�lhyh tìte eis gage th stajer� kanoniko-
poÐshc a (gia sumfwnÐa me ta analutik� apotelèsmata) kai ekq¸rhse tic pr¸tec timèc stic
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endiafèrousec metablhtèc, alli¸c ekq¸rhse stic metablhtèc timèc b�sei twn prohgoÔmenwn
tim¸n touc. Gia na gÐnoun katanohtèc oi basikèc posìthtec Zln (fusikìc log�rijmoc thc
sun�rthshc epimerismoÔ) kai Aln, deÐte tic se sqèsh me ton tÔpo (4.34) an f(E) = E. H
deÔterh parist�nei to log�rijmo tou arijmht  pou ousiastik� diafèrei mìno kat� ton pa-
r�gonta E (dr�shc ed¸) kai epomènwc kat� èna logarijmikì ìro apì thn Zln. Sto deÔtero
mèroc thc h routÐna k�nei me parìmoia logik  thn anazÔgish apì to polukanonikì istìgramma
se kanonikì gia k�poia jermokrasÐa β pou anafèretai ston k¸dika wc beta0.

Sthrizìmenoi sta parap�nw progr�mmata ekteloÔme polukanonik  prosomoÐwsh gia to 2d, q =
10 Potts kai sqedi�zoume to polukanonikì istìgramma mazÐ me to anazugismèno sthn yeu-
dokrÐsimh jermokrasÐa βps

c = 0.71. H statistik  mac eÐnai 100000 sweeps gia epÐteuxh
isorropÐac kai 32 × 100000 sweeps metr sewn. To apotèlesma faÐnetai sto sq ma (4.8).

Epanalamb�noume th diadikasÐa gia to montèlo Ising (q=2 Potts) se plègma 20× 20. Ekte-
loÔme 10000 sweeps gia isorropÐa kai 32×10000 sweeps metr sewn. Sto sq ma (4.10) faÐne-
tai to polukanonikì istìgramma kai ta anazugismèna stic treic jermokrasÐec β = 0, 0.2, 0.4.

ParathreÐste t¸ra ìti apì to sqedìn epÐpedo polukanonikì istìgrama èqoume anazugÐsei
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Sq ma 4.8: Polukanonikì istìgramma dr�shc kai to anazugismèno sthn kanonik  sullog 
gia βps

c = 0.71 sto 2d q = 10 Potts se plègma 20 × 20. Dienerg jhkan 100000 sweeps
gia isorropÐa kai 32 × 100000 sweeps metr sewn. Oi mh isoüyeÐc korufèc upodeiknÔoun
thn yeudokrÐsimh fÔsh thc jermokrasÐac. To sq ma anapar�qjhke me qr sh tou pakètou
STMC ìpwc emfanÐzetai sto [4].

gia na p�roume ekeÐno pou ja paÐrname me mia kanonik  prosomoÐwsh sthn krÐsimh jermokra-
sÐa (pou gia q = 10 eÐnai βc = 0.7130312). Poi� eÐnai loipìn h diafor�? Gia na gÐnei autì
apìluta safèc deÐte to epìmeno sq ma (4.9). H ousÐa autoÔ tou <<kÔklou>> pou k�name mèsw
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Sq ma 4.9: Kanonikèc katanomèc magn tishc ìpwc prokÔptoun apì kanonik  prosomoÐwsh
kai apì polukanonik  me anazÔgish (200000 metr seic)[16]. EÐnai emfanèc ìti mèsw thc
polukanonik c mejìdou h diakÔmansh tou istogr�mmatoc sthn kentrik  perioq  tou Pmin

èqei gÐnei el�qisth, se antÐjesh me ekeÐnh thc kanonik c prosomoÐwshc Monte Carlo.

thc polukanonik c mejìdou eÐnai ìti t¸ra to kanonikì istìgramma dièpetai apì omoiìmor-
fh statistik  kaj¸c oi katast�seic ekeÐnec pou fainomenik� eÐnai katapièsmènec (sthn
perioq  tou elaqÐstou dhl.), de diafèroun ousiastik� sthn akrÐbeia pou prosfèroun se me-
tr seic endiaferìntwn megej¸n apì tic upìloipec. B�sei twn posot twn pou upologÐzei
loipìn to prìgramma an�lushc twn polukanonik¸n dedomènwn, ex�gontai oi anamenìmenec
timèc thc dr�shc kai thc 2hc rop c thc, actm, a2ctm

actm =
iact

nlink
=

exp (Aln − Zln)
nlink

, a2ctm =
iact2

nlink
=

exp (A2ln − Zln)
nlink2

(4.35)

ìpou nlink to pl joc twn desm¸n sto plègma (ètsi ¸ste h dr�sh na upologÐzetai an�
mon�da allhlepÐdrashc). UpologÐzontai akoloÔjwc oi eidik  jermìthta

C =
dÊ

dT
= β2(〈E2〉 − 〈E〉2)

kai se sqèsh me th metablht  thc dr�shc pou qrhsimopoieÐtai ston k¸dika pou qrhsimopoieÐ-
tai sthn ergasÐa

C = β2Nd2(a2ctm − actm2)

gia to montèlo Ising kai an�loga gia diaforetik� q (bl. sqèsh dr�shs-enèrgeiac).

Mètrhsh eleÔjerhc enèrgeiac kai entropÐac
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Sq ma 4.10: Polukanonikì istìgramma thc enèrgeiac an� spin kai kanonik� anazugismèna
istogr�mmata gia β = 0, β = 0.2, β = 0.4 sto Ising montèlo se plègma 20 × 20. 10000
sweeps gia isorropÐa kai 32 × 10000 sweeps metr sewn. To sq ma anapar�qjhke me qr sh
tou pakètou STMC ìpwc emfanÐzetai sto [4].

Mia polukanonik  prosomoÐwsh epitrèpei thn orj  kanonikopoÐhsh thc sun�rthshc epimeri-
smoÔ an h jermokrasÐa β = 0 perilamb�netai sto f�sma (4.33). Gia ìla ta β to parap�nw
epitugq�netai an jewr sei kaneÐc thn antikat�stash

Zln → Zln + Zln dif

ìpou Zln h metablht  pou suzht jhke sthn teleutaÐa an�lush routÐnac kai Zln dif h dia-
for� metaxÔ tou lnZ ìpwc upologÐzetai met� apì polukanonik  prosomoÐwsh kai anazÔgish
sth β = 0, kai tou akriboÔc apotelèsmatoc

Z(0) = qN → lnZ(0) = N ln q

pou prokÔptei an β = 0. Me th Z kanonikopoihmènh akoloujeÐ amèswc h eleÔjerh
enèrgeia Helmholtz

F = −β−1 lnZ

kai h entropÐa

S =
F − E

T
= β(F − E)

thc kanonik c sullog c me ta F, Z, S na anafèrontai, an kai ìqi ekpefrasmèna, se anamenì-
menec timèc. Stic metr seic pou diex�gontai gia th dhmiourgÐa twn sqhm�twn sta opoÐa ja
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anaferjoÔme amèswc èqoun upologisteÐ antÐ twn parap�nw oi posìthtec

f = F/N, s = S/N, c = C/N

kaj¸c epÐshc sta diagr�mmata eleÔjerhc enèrgeiac an� spin faÐnetai kai h asumptwtik  tim 

fas =
2d

q
− 2d − β−1 ln q

N

h opoÐa prokÔptei an apì to ìrio thc sun�rthshc epimerismoÔ gia β → ∞

Z(β → ∞) = q exp (β2dN − β2d
N

q
).

Qrhsimopoi¸ntac tic polukanonikèc metr seic pou diex�game gia th dhmiourgÐa twn polu-
kanonik¸n istogramm�twn, kai me qr sh tou progr�mmatoc ana pmu.f (bl. Par�rthma B)
kataskeu�zoume ta sq mata (4.11), (4.12). FaÐnontai oi metr seic gia th dr�sh, thn eidik 
jermìthta, thn eleÔjerh enèrgeia kai thn entropÐa sta montèla Ising kai q = 10 Potts.
Sthn perÐptwsh tou Ising èginan 10000 sweeps gia epÐteuxh isorropÐac kai 32 × 10000 swe-
eps metr sewn se plègma 20× 20 en¸ sth deÔterh perÐptwsh aux same ta sweeps kat� èna
par�gonta 10.
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Sq ma 4.11: Dr�sh, eidik  Jermìthta, eleÔjerh enèrgeia kai entropÐa sto 2d Ising. FaÐnon-
tai mazÐ kai oi kampÔlec twn analutik¸n apotelesm�twn. 'Eginan 10000 sweeps gia epÐteuxh
isorropÐac kai 32× 10000 sweeps metr sewn se plègma 20× 20. Ta sq mata parousi�sth-
kan pr¸th for� sto [Berg (2003)] kai èqoun anaparaqjeÐ me qr sh twn programm�twn tou
pakètou STMC.
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Sq ma 4.12: Dr�sh, eidik  Jermìthta, eleÔjerh enèrgeia kai entropÐa sto 2d q = 10
Potts. Sthn kampÔlh eleÔjerhc enèrgeiac parousi�zetai kai h asumptwtik  thc sumperifor�.
'Eginan 100000 sweeps gia epÐteuxh isorropÐac kai 32×100000 sweeps metr sewn se plègma
20× 20. Ta sq mata parousi�sthkan pr¸th for� sto [Berg (2003)] kai èqoun anaparaqjeÐ
me qr sh twn programm�twn tou pakètou STMC.

4.3.3 Mètrhsh epifaneiak c t�shc

'Opwc èqoume  dh anafèrei, se mia met�bash f�shc 1hc t�xhc to sÔsthma protim� na brÐsketai

Sq ma 4.13: Katast�seic kajar c kai mikt c
f�shc.

se mia perioq  katast�sewn enèrgeiac E1
max

me mikrèc apoklÐseic kai se mia deÔterh pe-
rioq  pou antistoiqeÐ se enèrgeia E2

min (ì-
pou ta min, max anafèrontai stic korufèc
twn istogramm�twn). Oi katast�seic pou
antistoiqoÔn stic endi�mesec enèrgeiec ìpwc
eÐdame katapièzontai ekjetik� periorÐzontac
to sÔsthma se mia apì tic dÔo <<f�seic>> gia
shmantikì qrìno (an�loga me to mègejoc
tou plègmatoc). To to sÔsthma brÐsketai
se k�poia apì tic dÔo kajarèc f�seic an�lo-
ga me th jermokrasÐa; gia β < βc epikrateÐ h
mÐa kai gia β > βc h �llh. Gia na brejeÐ to
sÔsthma sthn endi�mesh perioq  ja prèpei
na sqhmatistoÔn <<miktèc>> katast�seic pou
ja apoteloÔntai kai apì tic dÔo kajarèc f�-
seic (bl. sq ma (4.13)), kai oi opoÐec diaqw-
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H polukanonikh sullogh

rÐzontai apì epif�neiec (interfaces). H
epif�neia aut  fèrei epiplèon eleÔjerh enèrgeia

fA = fsA

ìpou A to embadì thc epif�neiac kai fs h epifaneiak  t�sh (surface tension), h mètrhsh
thc opoÐac apoteleÐ mia apì tic shmantikìterec efarmogèc thc polukanonik c mejìdou sth
statistik  fusik . Gia dÔo diast�seic kai se plègma me periodikèc sunoriakèc sunj kec
A = 2L kai ètsi blèpei kaneÐc p¸c prokÔptei h ekjetik  katapÐesh twn katast�sewn mikt c
f�shc

Pmin/Pmax ∼ efs2L

Gia na diex�goume metr seic thc epifaneiak c t�shc ìpwc h teleutaÐa orÐzetai apì thn (4.5)
ja prèpei na upologÐsoume bèbaia me k�poio trìpo to lìgo R(L) kai thn posìthta A(L)
gia auxanìmeno mègejoc plègmatoc L. Trèqoume epomènwc thn polukanonik  prosomoÐwsh
gia to dedomèno di�sthma energei¸n sullègontac to polukanonikì istìgramma kai katìpin
anazugÐzontac paÐrnoume to kanonikì istìgramma (akrib¸c ìpwc sto sq ma (4.8)). To opoÐo
ìmwc t¸ra mporeÐ na mac d¸sei akrib  tim  tou lìgou R(L). Prosoq  qrei�zetai sthn
anazÔgish miac kai to kanonikì istìgramma pou ja p�roume prèpei na antistoiqeÐ sthn krÐsimh
kai ìqi se k�poia yeudokrÐsimh jermokrasÐa, prèpei dhlad  oi dÔo korufèc na eÐnai isoüyeÐc.
Gia to skopì autì mia pr¸th prosèggish eÐnai na trèxoume thn anazÔgish se èna f�sma
jermokrasi¸n konta sthn krÐsimh. Epanalamb�nontac tèloc gia diaforetikèc timèc tou L
paÐrnoume metr seic thc epifaneiak c t�shc kai en suneqeÐa thc eleÔjerhc enèrgeiac. Tètoiec
metr seic èqoun pragmatopoihjeÐ sta [7] gia eleÔjerh enèrgeia sto q = 10, q = 20 Potts
sq ma (4.14) kai sto [6] gia epifaneiak  t�sh sto q = 10 Potts, sq ma (4.15). H akrib c

Sq ma 4.14: Metr seic eleÔjerhc enèrgeiac sto q = 10 kai q = 20 Potts ìpwc parousi�zetai
sto [7].

mètrhsh bèbaia thc eleÔjerhc enèrgeiac ìpwc èqei gÐnei stic ergasÐec autèc proüpojètei mia
arket� leptomerèsterh kai qronobìra an�lush (ft�nei se arket� meg�la megèjh plègmatoc)
pou den epiqeireÐtai sthn paroÔsa ergasÐa. Par' ìla aut� th dunatìthta na diexaqjeÐ h
mètrhsh thn prosfèrei h polukanonik  mèjodoc b�sei thc logik c pou parousi�same.
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Sq ma 4.15: Metr seic epifaneiak c t�shc sto q = 10 Potts ìpwc parousi�zontai sto [6].
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EpÐlogoc

Autì pou epiqeir jhke sthn paroÔsa diplwmatik  eÐnai, arqik�, na epiqeirhjeÐ mia ekteta-
mènh kai sqetik� austhr  parousÐash twn basik¸n arq¸n thc mejìdou Monte Carlo kai oi
dunatìthtec pou aut  prosfèrei. AkoloÔjwc, ègine prosp�jeia na anadeiqjeÐ, sta plaÐsia
pou to epètrepe o qrìnoc, h qr sh tou pakètou STMC gia mètrhsh diafìrwn megej¸n kai na
emploutisteÐ katall lwc gia metr seic magn tishc sto genikeumèno Potts montèlo ìpwc kai
gia th dienèrgeia seir�c prosomoi¸sewn Monte Carlo me stìqo metr seic brìqwn ustèrh-
shc, magnhtik c epidektikìthtac kao istogramm�twn. Epiqeir jhke epiplèon mia eisagwgik 
an�lush thc eurèwc qrhsimopoioÔmenhc gia metab�seic f�shc 1hc t�xhc Polukanonik c Me-
jìdou kai twn dunatot twn pou aut  prosfèrei.

H aÐsjhsh pou af nei se k�poion h enasqìlhsh me genikeumèna montèla ìpwc to montè-
lo Potts eÐnai ekeÐnh twn polu�rijmwn dunatot twn gia exereÔnhsh pou emfanÐzontai kat�
th melèth twn endiaferous¸n idiot twn tou. H exakrÐbwsh  dh uparqìntwn apotelesm�twn
eÐnai epÐshc mia polÔ endiafèrousa kai kajìlou tetrimmènh ergasÐa. H fÔsh thc mejìdou
Monte Carlo eÐnai �krwc dunamik , me mikrèc allagèc sta sust mata na apaitoÔn pijan¸c
meg�lec allagèc ston upologistikì trìpo antimet¸pis c touc, kai h Polukanonik  Mèjodoc
endeÐknutai gia mia tètoia melèth. To shmantikìtero pleonèkthma thc mejìdou eÐnai ìti pa-
rèqei th jermodunamik  gia èna olìklhro eÔroc jermokrasi¸n se mia kai mìno prosomoÐwsh,
en¸ paradosiak� ja qrei�zontan arketèc kanonikèc prosomoi¸seic gia metr seic se ìlo to
f�sma. To shmantikì meionèkthm� thc eÐnai ìti apousi�zoun genik� sen�ria anadrom c gia
prosarmog  twn bar¸n se k�je perÐptwsh sust matoc, ìpwc kai ta antÐstoiqa progr�mmata
an�lushc. Aut� ìmwc eÐnai empìdia pou xepern¸ntai.



Par�rthma Aþ

Fortran

Sto par�rthma autì anafèrontai ta basik� qarakthristik� thc Fortran. Sta plaÐsia
thc perigraf c aut c ja èqei k�poioc thn eukairÐa na dei ta shmantikìtera pleonekt mata
kai meionekt mata thc gl¸ssac, all� kai touc lìgouc gia touc opoÐouc apoteleÐ (  toul�-
qiston apoteloÔse mèqri prin merik� qrìnia) suqn� thn protim¸menh lÔsh gia episthmonikèc
efarmogèc, ìtan kaneÐc endiafèretai gia upologistik  taqÔthta.

H Fortran eÐnai mia apì tic palaiìterec gl¸ssec programmatismoÔ pou suneqÐzoun na
qrhsimopoioÔntai. AnaptÔqjhke arqik� apì thn IBM kat� th dekaetÐa tou '50 kai to ìnom�
thc proèrqetai apì to IBM Mathematical Formula Translating System. Prìkeitai gia mia
prostaktik  sunarthsiak  gl¸ssa genikoÔ skopoÔ kai endeÐkneitai gia arijmhtikoÔc upo-
logismoÔc (numerical computation) kai episthmonik  upologistik  (scientific computing).
'Eqei de apotelèsei epÐ dekaetÐec thn agaphmènh gl¸ssa twn episthmìnwn se kl�douc ìpwc
h metewrologÐa, h an�lush peperasmènwn stoiqeÐwn, h upologistik  reustomhqanik , h upo-
logistik  fusik  kai h upologistik  qhmeÐa, kai èqei genikìtera kuriarq sei se probl mata
High Performance Computing ìpwc aut� pou sunant¸ntai se poikÐlec ptuqèc twn efarmo-
smènwn episthm¸n.

Oi kÔrioi lìgoi pou èqei epibi¸sei h Fortran mèqri tic mèrec mac eÐnai oi ex c:

• eÐnai polÔ dhmofil c stouc kÔklouc twn episthmìnwn kai twn mhqanik¸n

• up�rqei �fjonoc k¸dikac se biblioj kec, uyhl c poiìthtac, testarismènoc kai pl -
rwc diorjwmènoc (debugged) (gia par�deigma, èna meg�lo posostì tou k¸dika sth
Netlib[1] eÐnai grammèno se Fortran)

• up�rqoun  dh poll� ètoima episthmonik� progr�mmata kai efarmogèc mhqanik¸n se
Fortran

• exakoloujeÐ na eÐnai sqetik� eÔkolh sthn ekm�jhsh kai th qr sh thc

• h meg�lh prosp�jeia pou èqei katablhjeÐ sthn teleiopoÐhsh twn compilers thc For-
tran èqei odhg sei sthn paragwg  exairetik� gr gorou k¸dika, kajist¸ntac thn thn
kalÔterh gl¸ssa an h taqÔthta eÐnai to mìno pou endiafèrei

H pio diadedomènh èkdosh thc Fortran eÐnai h Fortran77, kurÐwc lìgw twn compilers
(p.q: f77, g77) kai twn idiaÐtera apotelesmatik¸n epipèdwn beltistopoÐhshc (optimization
levels) pou diajètoun. Akìma kai sthn èkdosh aut  ìmwc, diajètei shmantik� meionekt mata
ta shmantikìtera apì ta opoÐa - sta plaÐsia tou episthmonikoÔ programmatismoÔ - eÐnai:



Fortran

• den prosfèretai h dunatìthta dunamik c katanom c thc mn mhc (dynamic memory
allocation) kai gia na trèxei kaneÐc èna megalÔtero - wc proc th qrhsimopoioÔmenh
mn mh - prìblhma prèpei na k�nei xan� compile

• den up�rqoun domèc (structures)   sundedemèna sustatik� (miac kai den up�rqoun
pointers)

• den uposthrÐzetai h prìsbash qamhloÔ epipèdou sta jemelei¸deic leitourgÐec eisì-
dou/exìdou (I/O primitives)

• o qeirismìc twn alfarijmhtik¸n (Strings) den eÐnai �mesoc

Par� ta probl mat� thc, h Fortran77 paramènei èna isqurì ergaleÐo afoÔ oi di�doqoÐ thc,
Fortran90 kai Fortran95 den kat�feran na exaplwjoÔn gr gora kai na tÔqoun thc an�loghc
prosoq c kai beltistopoÐhshc. 'Omwc, ta teleutaÐa qrìnia parathreÐtai mia strof  ìlo kai
megalÔterou mèrouc tou endiaferìmenou koinoÔ proc th Fortran90, sthn opoÐa èqoun  dh
kalufjeÐ elleÐyeic thc prohgoÔmenhc èkdoshc: up�rqoun pointers, eÐnai dunat  h dunamik 
katanom  mn mhc, up�rqei beltiwmèno suntaktikì gia qeirismì pin�kwn kai k�poia stoiqeÐa
antikeimenostref  programmatismoÔ. O k¸dikac ètsi gÐnetai perissìtero euan�gnwstoc kai
majhmatikopoihmènoc.

Prèpei p�ntwc na tonisteÐ ìti pollèc forèc se upologistik� apaithtikèc ergasÐec axÐzei
ton kìpo na dhmiourg sei kaneÐc,   na anazht sei ètoima ta upostr¸mata routÐnwn pou ja
tou epitrèyoun na kalÔyei tic ìpoiec arqikèc elleÐyeic se programmatistik� qarakthristi-
k�. 'Etsi me lÐgh epiplèon doulei� mporeÐ na apolaÔsei tic dunatèc epidìseic thc Fortran77
parak�mptontac tic <<tupikèc>> duskolÐec.
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Par�rthma Bþ

Odhgìc qr shc tou pakètou STMC

Se arket� shmeÐa sthn ergasÐa aut  èqoume k�nei qr sh tou k¸dika pou sunodeÔei to [4],
eÐte gia na ektelèsoume k�poia prosomoÐwsh me kÔrio endiafèron se akrib  mètrhsh k�poiou
megèjouc eÐte apl� gia na parousi�soume k�poio endiafèron di�gramma pou exuphreteÐ ton
ek�stote skopì mac. Gia to lìgo autì ja parajèsoume sto par�rthma autì ton akrib 
trìpo me ton opoÐo qrhsimopoi jhkan ta komm�tia tou k¸dika stic parap�nw peript¸seic,
me skopì na bohjhjeÐ o anagn¸sthc pou epijumeÐ na ton qrhsimopoi sei kai den skopeÔei na
diatrèxei exonuqistik� to biblÐo gia na antilhfjeÐ to rìlo twn diafìrwn metablht¸n, com-
mon blocks, arqeÐwn klp. EÐnai epÐshc arket� qr simo gia mia deÔterh qr sh tou k¸dika
kai anaparagwg  twn Ðdiwn apotelesm�twn qwrÐc na qrei�zetai na èrjei kaneÐc p�li antimè-
twpoc me ta Ðdia probl mata. De ja esti�soume fusik� ed¸ thn prosoq  mac ston trìpo
me ton opoÐo leitourgeÐ ènac algìrijmoc   sto rìlo thc k�je metablht c - k�ti to opoÐo
gÐnetai sto [4] - all� stic tropopoi seic pou apaitoÔntai gia thn k�je perÐptwsh, thn eÐsodo
pou pijan¸c paÐrnei k�poio prìgramma kai thn èxodì tou. TonÐzetai de ìti o trìpoc me ton
opoÐo èqoun ektelesteÐ ta parap�nw de sunist� se kamÐa perÐptwsh to bèltisto, par� mìno
mia proswpik  prosèggish. Oi epexhg seic dÐnontai an� kef�laio kai h dom  touc ja gÐnei
faner  sto mejèpìmeno kef�laio B.2. Ac doÔme ìmwc pr¸ta ta basik� qarakthristik� tou
pakètou programm�twn gia Monte Carlo statistik c fusik c STMC, ¸ste na dieukolunjeÐ
h parousÐash kai katanìhsh tou k¸dika.

Bþ.1 Basik� qarakthristik� tou STMC

Bþ.2 Odhgìc anaparagwg c apotelesm�twn

Katarq�c, h platfìrma sthn opoÐa trèqoun ta progr�mmata eÐnai:

Ubuntu 9.10, Intel Pendium 4 CPU: 3.00 GHz 64-bit, DDRAM2 2x512 Mb

kai o compiler pou qrhsimopoieÐtai eÐnai o fort77 Version 1.15 miac kai autìc jewreÐtai pio
diadedomènoc apì touc pio sÔgqronouc f90, f95 gia ergasÐec tètoiou eÐdouc. EpÐshc, ìpou
qrhsimopoieÐtai k�poio epÐpedo beltistopoÐhshc tou compiler, autì eÐnai to f77 -0.

K�ti pou prèpei na tonisteÐ akìma eÐnai ìti arketèc prosomoi¸seic gÐnontai me qr sh thc
RanLux antÐ thc proepilegmènhc RanMar. 'Etsi stic odhgÐec k�je sq matoc ja anafèretai
kai h genn tria pou qrhsimopoi jhke. Par' ìla aut� - ektìc an anafèretai diaforetik� -
kai oi dÔo qrhsimopoioÔntai me tuqaÐa arqikopoÐhsh k�je for�, opìte an prospaj sete na
anapar�gete k�poio sq ma ja prèpei na qrhsimopoi sete ta ètoima dedomèna pou sunodeÔoun
thn ergasÐa; diaforetik� ja up�rqoun mikro-apoklÐseic.

Genik�, gia to sqediasmì grafhm�twn qrhsimopoieÐtai to gnuplot[18]:



Odhgoc qrhshc tou paketou STMC

G N U P L O T
Version 4.2 patchlevel 5
last modified Mar 2009
System: Linux 2.6.31-21-generic

en¸ gia thn ìpoia epexergasÐa eikìnwn pou èqoun qrhsimopoihjeÐ apì ergasÐec   to diadÐktuo,
èqei qrhsimopoihjeÐ to GIMP (GNU Image Manipulator Program) [17].

Ja mac faneÐ polÔ qr simo na krat soume se èna arqeÐo (p.q: pltform.plt - prosoq  sthn
kat�lhxh!) mia genik  fìrma entol¸n thn opoÐa ja kaloÔme gia na k�nei thn prokatarktik 
doulei�. Mia morf  tou arqeÐou autoÔ eÐnai h parak�tw:

#eps enhanced allows for greek letters
#e.g: "{/Symbol b}" -> beta, super/sub-scripts
set term postscript eps enhanced "Helvetica" 26
set output "img3.1.eps"
set autoscale
set key right top
set size 1.5,1.5
set title "Ising energy per spin time-series"
set xlabel "Sweeps"
set ylabel "e_{0s}"

kai eÐnai prosarmosmènh gia th dhmiourgÐa tou graf matoc qronoseir¸n 3.1. 'Etsi loipìn,
prin k�noume plot ta dedomèna tou arqeÐou pou mac endiafèrei   miac sun�rthshc kaloÔme
to parap�nw script mèsa apì to gnuplot me thn entol :

call "pltform.plt"

(B�sei thc pr¸thc gramm c to gr�fhma ja apojhkeuteÐ sto arqeÐo pou kajorÐzetai sth
deÔterh, epomènwc de ja deÐte k�poio par�juro me thn eikìna na anoÐgei apì mìno tou).

Bþ.2.1 Kef�laio 3

Upologismìc qronoseir¸n gia to montèlo Ising me diadoqik  anab�jmish plègmatoc.
Gia ton upologismì thc akriboÔc lÔshc ja prèpei na metaglwttÐsoume to arqeÐo /STMC/
ForProg/Ferdinand/ferdinand.f . An o compiler sac d¸sei m nhma sf�lmatoc (gia orismì
pÐnaka metablhtoÔ megèjouc), metaglwttÐste me ènan pio sÔgqrono ìpwc o f95. 'Oson afor�
thn paragwg  twn dedomènwn, paratÐjetai to parak�tw skarÐfhma (ìpwc ja sumbaÐnei kai
gia k�je sq ma):

Programs: potts_ts.f
Changed : lat.dat, lat.par, potts.par, mc.par
Input : from changed files
Output : potts_ts.d : energy per spin + action timeseries for random

+ordered start

call "pltform.plt"
y(x)=-1.10608
plot "./potts_ts.d" using 1:2 title "Ordered Start" with line 1, \

"potts_ts.d" using 1:3 title "Random Start" with line 2, \
y(x) title "Exact" with line 3
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Odhgìc anaparagwg c apotelesm�twn

ìpou bèbaia oi pl�giec grammèc de qrei�zontai an gr�yete thn entol  se mia gramm  kai apì
dw kai mproc ja qrhsimopoioÔme mìno ta arqik� gr�mmata apì tic odhgÐec proc to gnuplot,
p.q: w l antÐ gia with line.

TuqaÐa anab�jmish.

Programs: potts_ts_r.f
Changed : lat.dat, lat.par, potts.par, mc.par
Input : from changed files
Output : potts_ts.d : energy per spin timeseries for random

+ordered start

call "pltform.plt"
y(x)=-1.10608
plot "./potts_ts.d" u 1:2 ti "Ordered Start" w l 1, \

"potts_ts.d" u 1:3 ti "Random Start" w l 2, \
y(x) title "Exact" w l 3

Bþ.2.2 Kef�laio 4

Istìgramma dr�shc se yeudokrÐsimh jermokrasÐa.
Genn tria: RanMar

Programs: potts_hist.f, ana_hist.f, gnuplot(plot "foo.d" \
using 2:4:5 with err)

Changed : lat.dat, lat.par, potts.par, mc.par
Input : from changed files
Output : energy(action) histogram data

An�deixh tou energeiakoÔ fr�gmatoc sto Potts q = 4 gia auxanìmeno mègejoc plègmatoc.
Oi korufèc megÐstou eÐnai kanonikopoihmènec sthn pr¸th koruf  tou istogr�mmatoc gia
L = 70. Oi st lec 3,5 twn sqetik¸n arqeÐwn perilamb�noun to istìgramma enèrgeiac an�
spin en¸ oi 2,4 to istìgramma dr�shc.
Genn tria: RanLux, level 4

Programs: potts_hist.f, ana_hist.f,
Changed : lat.dat, lat.par, potts.par, mc.par
Input : from changed files
Output : energy(action) histogram data (h2d04q0*.d)
Plotting: call "./pltform.plt" #properly modified

plot [-2.5:-1.6][11000:27000] \
"./h2d04q024.d" u 3:($5+22000) ti "L=24" w his,\
"./h2d04q032.d" u 3:($5+19000) ti "L=32" w his,\
"./h2d04q038.d" u 3:($5+16500) ti "L=38" w his,\
"./h2d04q050.d" u 3:($5+12142) ti "L=50" w his,\
"./h2d04q060.d" u 3:($5+8000) ti "L=60" w his,\
"./h2d04q070.d" u 3:5 ti "L=70" w his

An�deixh tou energeiakoÔ fr�gmatoc sto Potts q = 10 gia auxanìmeno mègejoc plègmatoc.
Genn tria: RanLux, level 4
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Programs: potts_hist.f, ana_hist.f,
Changed : lat.dat, lat.par, potts.par, mc.par
Input : from changed files
Output : energy(action) histogram data (h2d10q0*.d)
Plotting: call "./pltform.plt" #properly modified

plot [:][4.5:11] \
"./h2d10q070.d" u (-$3):(log($5)) ti "L=70" w his, \
"./h2d10q060.d" u (-$3):(log($5)) ti "L=60" w his, \
"./h2d10q050.d" u (-$3):(log($5)) ti "L=50" w his, \
"./h2d10q038.d" u (-$3):(log($5)+.7) ti "L=38" w his,\
"./h2d10q032.d" u (-$3):(log($5)+.9) ti "L=32" w his,\
"./h2d10q024.d" u (-$3):(log($5)+1.8) ti "L=24" w his

Efarmog  thc polukanonik c mejìdou sto montèlo Ising 2 diast�sewn se plègma 202, sqe-
diasmìc tou polukanonikoÔ istogr�mmatoc kai twn anazugismènwn istogramm�twn sthn ka-
nonik  sullog .
Genn tria: RanMar me proepilegmèno seed.

Programs: p_mu.f, ana_pmuh.f
Changed : lat.dat, lat.par, potts.par, mc.par, muca.par
Input : from changed files
Output : Action histogram data, canonically reweighted histograms
Plotting: call "pltform.plt" #properly modified

plot [0.5:-2][0:] \
"./hmu2d02q020.d" u 1:2:3 ti "multicanonical" w err,\
"./hb2d02q020.d" u 1:2:5 ti "{/Symbol b}=0" w err,\
"./hb2d02q020.d" u 1:4:5 ti "{/Symbol b}=0.2" w err,\
"./hb2d02q020.d" u 1:6:7 ti "{/Symbol b}=0.4" w err

Par�jesh twn istogramm�twn tou prohgoÔmenou sq matoc ìpwc sullègontai me dienèrgeia
kanonik  prosomoÐwshc Monte Carlo.
MetaferjeÐte ston kat�logo STMC/Assignments/a0303 02/ kai diab�ste to arqeÐo rea-
dme.

Programs: potts_hist.f, ana_h01.f (ana_hist.f: modified)
Changed : lat.dat, lat.par, potts.par, mc.par, muca.par
Input : from changed files
Output : Action histogram data
Plotting: call "pltform.plt" #properly modified

plot [0.4:-2][0:6000] \
"./h2d02q2.d" u 3:4:5 w err ti "MC {/Symbol b}=0.2",\
"./h2d02q4.d" u 3:4:5 w err ti "MC {/Symbol b}=0.4"

Efarmog  thc polukanonik c mejìdou sto montèlo q = 10 Potts 2 diast�sewn se plègma
202, sqediasmìc tou polukanonikoÔ istogr�mmatoc kai tou kanonik� anazugismènou sthn
krÐsimh jermokrasÐa.
Genn tria: RanMar me proepilegmèno seed.

Programs: p_mu.f, ana_pmuh.f
Changed : lat.dat, lat.par, potts.par, mc.par, muca.par
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Input : from changed files
Output : multicanonical action histogram & canonically

reweighted histogram data
Plotting: call "pltform.plt" #properly modified

set log y
plot [.3:][40:2000] \

"./hmu2d10q020.d" u 1:3:4 ti "Multicanonical" w err,\
"./hb2d10q020.d" u 1:5:6 ti "{/Symbol b}=0.71" w err

Efarmog  thc polukanonik c mejìdou sth l yh metr sewn mèshc dr�shc, eidik c jermì-
thtac, eleÔjerhc enèrgeiac kai entropÐac gia to montèlo Ising 2 diast�sewn. Sthn perÐptwsh
aut  kai mìno parousi�zontai ta dedomèna pou par�gei h mèjodoc se antiparabol  me ta
akrib  apotelèsmata ìpwc èqoun parousiasteÐ sto [8]. H sumfwnÐa eÐnai apìluth.

Programs: p_mu.f, ana_pmu.f (Multicanonical data),
/STMC/ForProg/Ferdinand/ferdinand.f
(Exact results for Ising). Compile with f95

Changed : lat.dat, lat.par, potts.par, mc.par, muca.par
Input : from changed files
Output : multicanonical data for 2d Ising. Applied for:

Mean Action per spin, Specific Heat per spin,
Free Energy per spin, Entropy per spin

Plotting: call "pltform.plt" #properly modified
#Free Energy per spin

plot [:][-10:-1] "./F2d02q020.d" u 1:3:4 w err ti "Ising Free Energy",
"./ferdi.D" u 1:2 w l ti "Exact"

#Specific Heat per spin
plot "./C2d02q020.d" u 1:3:4 w err ti "Ising Specific Heat per spin",

"./ferdi.D" u 1:6 w l ti "Exact"
#Entropy:

plot "./S2d02q020.d" u 1:3:4 w err ti "Ising Entropy",
"./ferdi.D" u 1:5 w l ti "Exact"

#Mean Action
plot "./a2d02q020.d" u 1:3:4 w err ti "Ising mean Action"

Me ton Ðdio trìpo mporeÐ kaneÐc na p�rei tic parap�nw kampÔlec kai gia ta q = 4, 10 Potts
qwrÐc bèbaia ta analutik� apotelèsmata.
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