
4h ErgasÐa � LÔseic

1
Duo swmatÐdia me Ðsec m�zec sugkroÔontai elastik� (h olik  kinhtik  enèrgeia twn swmatidÐwn
diathreÐtai). DeÐxte ìti an arqik� to èna eÐqe taqÔthta mhdèn, tìte met� thn kroÔsh an kai ta dÔo
s¸mata kinoÔntai, oi taqÔthtec twn dÔo swmatidÐwn sqhmatÐzoun gwnÐa 90o .

(BajmoÐ 4)

LÔsh:

Apì thn arq  diat rhshc thc orm c èqoume :

m~v1 + 0 = m~v′1 + m~v′2

⇒ ~v1 = ~v′1 + ~v′2 (1)

Apì thn arq  diat rhshc thc enèrgeiac èqoume:

1
2
m~v2

1 =
1
2
m~v′21 +

1
2
m~v′22

⇒ ~v2
1 = ~v′21 + ~v′22 (2)

Apì thn (1) èqoume :

v2
1 = (~v′1 + ~v′2) · (~v′1 + ~v′2) = v′21 + v′22 + 2~v′1 · ~v′2 (3)

Qrhsimopoi¸ntac thn (2) sumperaÐnoume ìti:

~v′1 · ~v′2 = 0

'Ara oi taqÔthtec twn dÔo swmatidÐwn met� thn kroÔsh eÐnai k�jetec ~v1⊥~v2 .

2
'Ena s¸ma m�zac m = 0, 1 kg kremiètai apì thn �krh enìc n matoc m kouc 0, 9 m. To s¸ma apokt�
orizìntia taqÔthta v0 = 6m/s kai diagr�fei troqi� p�nw se katakìrufo epÐpedo. Na upologisteÐ
h t�sh sto n ma se sun�rthsh me th gwnÐa poÔ sqhmatÐzei me thn katakìrufo. Gia poia gwnÐa to
s¸ma egkataleÐpei thn kuklik  tou troqi�?

(BajmoÐ 4)

LÔsh:

'Estw ìti briskìmaste p�nw sto s¸ma pou kineÐtai. Se mia tuqaÐa jèsh pou h aktÐna sqhmatÐzei gwnÐa φ me thn
katakìrufh p�nw sto s¸ma energoÔn oi dun�meic tou b�rouc, ~B, thc t�shc, ~T kai h fugìkentroc dÔnamh, ~F . 'Opwc
faÐnetai sto sq ma to b�roc mporeÐ na analujeÐ se dÔo sunist¸sec, thn aktinik  ~B1 kai thn efaptomenik  ~B2. Apì
thn isorropÐa tou s¸matoc kat� thn dieÔjunsh thc aktÐnac èqoume:

T = B1 + F = B cos φ + F (4)
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Sq ma 2:

All�

F =
mv2

R
. (5)

Thn taqÔthta v thn upologÐzoume apì thn arq  diat rhshc thc enèrgeiac.

1
2
mv2

0 =
1
2
mv2 + mg(R−R cos φ)

⇒ v2 = v2
0 − 2gR(1− cos φ)

kai antikajist¸ntac stic (4) kai (5) brÐskoume

T =
mv2

0

R
−mg(2− 3 cos φ) =

0, 1× 36
0, 9

− 0, 1× 10(2− 3 cos φ) = 2 + 3 cos φ N

To s¸ma ja egkataleÐyei thn kuklik  troqi� sto shmeÐo ìpou T = 0

⇒ cos φ = −2
3

⇒ φ = 131, 8o

3
Na exetasteÐ to posì thc enèrgeiac poÔ katanal¸nei mÐa hlektrokÐnhth sk�la poÔ èqei taqÔthta v
ìtan (a) o �njrwpoc poÔ anebaÐnei stèketai akÐnhtoc p�nw thc   (b) badÐzei p�nw s' aut  me sqetik 
taqÔthta V ′. Poia eÐnai h isqÔc kai stic dÔo peript¸seic?

(BajmoÐ 4)

LÔsh:

(a)
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θ
d

Sq ma 3:

Efìson o �njrwpoc eÐnai akÐnhtoc p�nw sthn sk�la gia na anèbei se Ôyoc d = ` sin θ katanal¸netai enèrgeia
E = mgd. Gia na ft�sei sthn koruf  thc qrei�zetai

t =
d

v sin θ

kai h isqÔc pou katanal¸netai eÐnai

P =
E

t
= mgv sin θ

(b)
Efìson o �njrwpoc badÐzei se sqèsh me thn sk�la me mia sqetik  taqÔthta V ′ o qrìnoc pou qrei�zetai gia na
anèbei sto telikì Ôyoc d eÐnai

t′ =
d

(v + V ′) sin θ

Sthn di�rkeia autoÔ tou qrìnou èna skalop�ti anebaÐnei katakìrufa èna Ôyoc

h = vt′ sin θ =
vd

v + V ′

en¸ o �njrwpoc anebaÐnei badÐzontac èna Ôyoc

d− h = V ′t′ sin θ =
V ′d

v + V ′
.

H enèrgeia pou katanal¸netai apì thn sk�la eÐnai

mgh = mg
vd

v + V ′

en¸ o �njrwpoc par�gei èrgo Ðso me

mg(d− h) = mg
V ′d

v + V ′

H sunolik  enèrgeia pou apaiteÐtai gia thn metakÐnhsh tou anjr¸pou se Ôyoc d eÐnai

mgh + mg(d− h) = mgd

pou eÐnai Ðsh me thn enèrgeia pou qrei�zetai kai sthn perÐptwsh (a). H isqÔc pou par�getai apì thn sk�la eÐnai

P =
mgh

t′
=

mg vd
v+V ′

d
(v+V ′) sin θ

= mgv sin θ

Ac shmei¸soume ìti h isqÔc pou apaiteÐtai apì thn sk�la eÐnai h Ðdia kai stic dÔo peript¸seic en¸ to èrgo pou
par�getai apì thn sk�la sthn deÔterh perÐptwsh eÐnai mikrìtero apì autì pou par�getai sthn pr¸th perÐptwsh.
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4
SwmatÐdio m�zac m1 kai orm c p1 sugkroÔetai elastik� me �llo swmatÐdio m�zac m2 kai orm c p2,
en¸ aut� kinoÔntai me antÐjeth kateÔjunsh. An to pr¸to swmatÐdio met� thn sÔgkroush sqhmatÐzei
gwnÐa θ1 me thn arqik  tou kateÔjunsh, gr�yte tic exis¸seic diat rhshc thc enèrgeiac kai orm c
kai deÐxete ìti to mètro thc orm c tou pr¸tou swmatidÐou met� th kroÔsh eÐnai mia apì tic rÐzec
tou triwnÔmou:

x2(1 + γ)− 2x(p1 − p2) cos θ1 + (p1 − p2)2 − (γp2
1 + p2

2) = 0

ìpou γ = m2/m1.
(BajmoÐ 5)

LÔsh:

m1 p1 m2p2

p’1

p’2

�1

�2

Sq ma 4:

Apì th diat rhsh thc orm c stouc �xonec x, y ja èqoume:

x-dieÔjunsh : p1 − p2 = p′1 cos θ1 − p′2 cos θ2

⇒ p′2 cos θ2 = p′1 cos θ1 − (p1 − p2)

p′22 cos2 θ2 = p′21 cos2 θ1 + (p1 − p2)2 − 2(p1 − p2)p′1 cos θ1 (6)

y-dieÔjunsh : p′1 sin θ1 = p′2 sin θ2

⇒ p′21 sin2 θ1 = p′22 sin2 θ2

⇒ p′22 cos2 θ2 = p′22 − p′21 sin2 θ1 (7)

kai apì th diat rhsh thc enèrgeiac ja èqoume:

p2
1

2m1
+

p2
2

2m2
=

p′21
2m1

+
p′22
2m2
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⇒ m2

m1
p2
1 + p2

2 =
m2

m1
p′21 + p′22

⇒ γp2
1 + p2

2 = γp′21 + p′22 ⇒ p′22 = γp2
1 + p2

2 − γp′21 (8)

Apì tic exis¸seic (6) kai (7) ja èqoume:

p′22 − p′21 sin2 θ1 = p′21 cos2 θ1 + (p1 − p2)2 − 2p′1 cos θ1(p1 − p2)

⇒ p′22 = p′21 + (p1 − p2)2 − 2p′1 cos θ1(p1 − p2) (9)

Sundu�zontac tic sqèseic (8) kai (9) ja èqoume:

γp′21 + p′21 − 2p′1(p1 − p2) cos θ1 + (p1 − p2)2 − (γp2
1 + p2

2) = 0

5
Af noume mÐa sfaÐra na pèsei apì Ôyoc 10m. An to 80% thc mhqanik c enèrgeiac se k�je anap dhsh
thc sfaÐrac sto èdafoc metatrèpetai se jermìthta, na brejeÐ met� apì pìso qrìno ja hrem sei h
sfaÐra.

(DÐnetai ìti:
∞∑

n=1

xn =
x

1− x

gia |x| < 1)
(BajmoÐ 5)

LÔsh:

Arqik� h sfaÐra èqei mìno dunamik  enèrgeia Ðsh me mgh.'Ustera apì thn pr¸th anap dhsh h sfaÐra ja ft�sei
se Ôyoc h1 kai h dunamik  thc enèrgeia ja eÐnai

mgh1 = 0, 2mgh

⇒ h1 = 0, 2h

Sth deÔterh anap dhsh ja ft�sei se Ôyoc h2 = 0, 2h1 = 0, 22h, sthn trÐth se Ôyoc h3 = 0, 2h2 = 0, 23h klp. O
qrìnoc thc pr¸thc anap dhshc eÐnai

t =

√
2h

g
=

√
210
10

= 1, 41

Apì thn pr¸th wc th deÔterh anap dhsh mesolabeÐ qrìnoc

t1 = 2

√
2h1

g
= 2

√
0, 4h

g
= 0, 2

1
2 2t

Me to Ðdio skeptikì brÐskoume:

t2 = 2

√
2h2

g
= 0, 2 2t
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t3 = 2

√
2h3

g
= 0, 2

3
2 2t

O sunolikìc qrìnoc pou anaphd� h sfaÐra eÐnai

toλ = t + t1 + t2 + t3 + . . . = t + 2t(0, 2
1
2 + 0, 2

2
2 + 0, 2

3
2 + . . .) =

t + 2t
0, 2

1
2

1− 0, 2
1
2

= 2, 612t = 3, 69 s

6
Na brejeÐ h dunamik  enèrgeia V (x) tou sust matoc twn dÔo elathrÐwn tou sq matoc 6, ìtan h
orizìntia metatìpish x eÐnai mikr  se sqèsh me to arqikì m koc `0 twn elathrÐwn. H stajer� k�je
elathrÐou eÐnai k.

(IsqÔei ìti: Gia mikrèc timèc tou x mporoÔme na k�noume thn prosèggish (1 + x)n ' 1 + nx)
(BajmoÐ 6)

Sq ma 6:

LÔsh:

H dÔnamh epanafor�c tou k�je elathrÐou eÐnai

f = −k(`− `0)
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H sunistamènh dÔnamh ~F twn dÔo elathrÐwn èqei mètro

F =
√

f2 + f2 + 2f2 cos (π − 2φ) = 2f sinφ

kai dieÔjunsh −x̂. 'Ara
~F = −2l(`− `0) sinφx̂ (10)

'Omwc

sinφ =
x

`
kai ` =

√
`2
0 + x2

kai antikajist¸ntac sthn (10) èqoume

~F = −2k

(
1− `0√

`2
0 + x2

)
xx̂ (11)

Gia mikrì x èqoume:
1√

`2
0 + x2

=
1
`0
− x2

2`3
0

+ . . .

kai h (11) gÐnetai

~F = −2k

[
1− `0

(
1
`0
− x2

2`3
0

)]
xx̂ = − k

`2
0

x3x̂

'Omwc
dV = −Fdx

⇒ V =
∫
−Fdx + stajer� =

kx4

4`2
0

+ stajer�

Epeid  gia x = 0 h dunamik  enèrgeia eÐnai mhdèn profan¸c h stajer� olokl rwshc eÐnai mhdèn. 'Ara

V =
k

4`2
0

x4

7
SwmatÐdio m�zac m b�lletai kat� m koc orizìntiac epif�neiac me arqik  taqÔthta mètrou v0. To
swmatÐdio upìkeitai se olik  antÐstash mètrou F = kmxv, ìpou v, x eÐnai to mètro thc taqÔthtac
kai thc jèshc tou antÐstoiqa se tuqoÔsa qronik  stigm  kai k jetik  stajer�. (a) UpologÐste thn
apìstash, s, pou dianÔei to swmatÐdio mèqri na hrem sei wc sun�rthsh twn gnwst¸n megej¸n.
(b) Epanal�bete to er¸thma (a) sthn perÐptwsh pou h olik  antÐstash eÐnai thc morf c F = kmxv2.

(BajmoÐ 6)

LÔsh:

(a)
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H exÐswsh kÐnhshc gia to swmatÐdio ja eÐnai:

m
dv

dt
= −mkvx

⇒ dv

dt
= −kxv

⇒ dv

dx

dx

dt
= −kxv

⇒ v
dv

dx
= −kxv

⇒
∫ v

v0

dv = −k

∫ s

0
xdx

⇒ v = v0 −
k

2
s2

'Otan to s¸ma ja stamat sei v = 0 kai epomènwc h sqèsh thc taqÔthtac kai jèshc ja eÐnai:

0 = v0 −
k

2
s2

⇒ s =

√
2v0

k

(b)

Sthn perÐptwsh pou h dÔnamh pou askeÐtai sto swmatÐdio eÐnai F = −mkxv2, h exÐswsh kÐnhshc ja eÐnai:

m
dv

dt
= −mkxv2

⇒ v
dv

dx
= −kxv2

⇒
∫ v

v0

dv

v
= −k

∫ s

0
xdx

⇒ ln
(

v

v0

)
= −k

2
s2

⇒ v = v0e
−ks2/2

Gia v = 0 èpetai ìti s →∞.

8



XI

XE

YEYI

Sq ma 8:

8
'Enac �njrwpoc me m�za 70 kg pat�ei ep�nw se mia zugari� h opoÐa brÐsketai se asansèr pou kineÐtai
katakìrufa me k�poia epit�qunsh. Pìso b�roc ja deÐxei h zugari� an h epit�qunsh tou asansèr
eÐnai: (a) 0 m/s2, (b) 1, 2 m/s2, (g) −9, 8 m/s2.
Na perigr�yte tic dun�meic pou askoÔntai ston �njrwpo autìn gia èna parathrht  pou brÐsketai
(i) akÐnhtoc sto èdafoc kai (ii) akÐnhtoc sto asansèr.

(BajmoÐ 6) LÔsh:

Ac jewr soume ìti ~aI , ~a eÐnai h epit�qunsh metroÔmenh sto adraneiakì sÔsthma anafor�c S, kai sto sÔsthma tou
asansèr S′ antÐstoiqa. Apì ton metasqhmatismì twn epitaqÔnsewn ja èqoume:

~aI = ~a + ~a0 (12)

ìpou ~a0 eÐnai h epit�qunsh tou asansèr. An pollaplasi�soume me thn m�za m kai tic duo pleurèc thc exÐswshc
(12) ja èqoume:

m~aI = m~a + m~a0

⇒ m~a = m~aI −m~a0

An ~N eÐnai h dÔnamh pou exaskeÐ to d�pedo ston �njrwpo, tìte h sunolik  dÔnamh ston �njrwpo mèsa sto asansèr
ja eÐnai mhdèn (¸ste na up�rqei isorropÐa):

~F = ~N + m(~aI − ~a0) = 0 (13)

(a)
An h epit�qunsh sto asansèr eÐnai ~a0 = 0, tìte ja èqoume:

~a0 = 0

⇒ ~a = ~aI

⇒ ~N + m~aI = 0

9



⇒ ~N = −m~aI

⇒ Nŷ = mgŷ

⇒ N = 686N

ìpou ~aI = −gŷ eÐnai h epit�qunsh metroÔmenh apì ènan parathrht  pou brÐsketai akÐnhtoc sto èdafoc (dhlad 
eÐnai h epit�qunsh thc barÔthtac, g). Oi dun�meic pou askoÔntai ston �njrwpo gia ènan parathrht  pou brÐsketai
akÐnhtoc sto èdafoc kai gia ènan pou eÐnai akÐnhtoc sto asansèr deÐqnontai sto sq ma (9a), ìpou ja èqoume thn
dÔnamh thc barÔthtac m~g kai thn dÔnamh tou dapèdou ~N .

(a)

S’ S

N N

mg mg

(c)

S’ S

−mg

mg mg

S’ S

N N

mgmg −ma0

(b)

Sq ma 9:

(b)
An ~a0 = 1, 2ŷ m/s2, ja èqoume apì thn sqèsh (12):

~a = ~aI − ~a0 = −(9, 8 + 1, 2)ŷ = −11ŷ

kai epomènwc h dÔnamh ~N ja eÐnai:
~N = m~a = 770ŷ N

Oi dun�meic pou askoÔntai ston �njrwpo gia ènan parathrht  pou brÐsketai akÐnhtoc sto asansèr oi dun�meic eÐnai:

• h dÔnamh ~N pou askeÐ to d�pedo tou asansèr,

• h dÔnamh barÔthtac m~g

• h upojetik  dÔnamh −m~a0

Oi dun�meic pou askoÔntai ston �njrwpo gia ènan parathrht  pou brÐsketai akÐnhtoc sto èdafoc ja eÐnai ìpwc
faÐnontai sto sq ma (9b), dhlad  den ja up�rqei h upojetik  dÔnamh −m~a0

(g)
An ~a0 = −9, 8ŷ m/s2 dhlad  èqoume eleÔjerh pt¸sh, tìte h epit�qunsh gia ton �njrwpo mèsa sto asansèr ja
eÐnai:

~a = ~aI − ~a0 = 0

⇒ ~N = 0

Oi dun�meic pou askoÔntai ston �njrwpo gia ènan parathrht  pou brÐsketai akÐnhtoc sto èdafoc ja eÐnai ìpwc
faÐnontai sto sq ma (9c), dhlad  den ja up�rqei mìno h dÔnamh thc barÔthtac.
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9
Duo swmatÐdia me Ðsec m�zec m kinoÔntai ètsi ¸ste ta dianÔsmata jèshc touc na eÐnai:

~r1 = (t2 + 3t− 5)x̂ + (3t + 7)ŷ + (21− 2t2)ẑ

kai
~r2 = (25− t− t2)x̂ + (5t + 1)ŷ + (2t2 − 5t)ẑ

(a) ApodeÐxete ìti ta swmatÐdia ja sugkrousjoÔn kai upologÐste pìte ja sumbeÐ h kroÔsh.
(b) DiathreÐtai h orm  tou sust matoc?
(g) An h kroÔsh eÐnai plastik , na breÐte thn taqÔtht� touc met� thn kroÔsh kai thn katopin  touc
jèsh sunart sei tou qrìnou.

(BajmoÐ 9)

LÔsh:

(a)
Gia na sugkrousjoÔn ta dÔo swmatÐdia ja prèpei ~r1(tΣ) = ~r2(tΣ) ìpou tΣ o qrìnoc thc sÔgkroushc.
Gia tic treic suntetagmènec èqoume:

x̂ : x1(tΣ) = x2(tΣ)

⇒ t2Σ + 3tΣ − 5 = −t2Σ − tΣ + 25

⇒ t2Σ + 2tΣ − 15 = 0 (14)

ŷ : y1(tΣ) = y2(tΣ)

⇒ 3tΣ + 7 = 5tΣ + 1

⇒ tΣ = 3s (15)

ẑ : z1(tΣ) = z2(tΣ)

⇒ −2t2Σ + 21 = 2t2Σ − 5tΣ

⇒ 4t2Σ − 5tΣ − 21 = 0 (16)

(14) ⇒ tΣ =

{
3s

−5s Mh fusik  lÔsh
(17)

(16) ⇒ tΣ =

{
3s

−7
4s Mh fusik  lÔsh

(18)

'Ara ta swmatÐdia ja sugkrousjoÔn met� apì tΣ = 3s

(b)
Oi taqÔthtec twn dÔo swmatidÐwn eÐnai antÐstoiqa:

~v1(t) =
d~r1(t)

dt
= (2t + 3)x̂ + 3ŷ − 4tẑ (19)
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~v2(t) =
d~r2(t)

dt
= (−2t− 1)x̂ + 5ŷ + (4t− 5)ẑ (20)

Oi epitaqÔnseic kai oi dun�meic pou droun p�nw sta dÔo swmatÐdia eÐnai antÐstoiqa:

~a1(t) =
d~v1(t)

dt
= 2x̂− 4ẑ

⇒ ~F1 = m~a1 = m(2x̂− 4ẑ)

~a2(t) =
d~v2(t)

dt
= −2x̂ + 4ẑ

⇒ ~F2 = m~a2 = m(−2x̂ + 4ẑ)

Apì tic (9) kai ( 9) èqoume

~FOL = ~F1 + ~F2 = 0

'Ara den up�rqei exwterik  dÔnamh sto sÔsthma twn dÔo swmatidÐwn kai epeid 

~FOL =
~POL
dt

= 0

'Ara h orm  tou sust matoc eÐnai stajer .
'Alloc trìpoc:

~POL = ~P1 + ~P2 = m~v1 + m~v2

Antikajist¸ntac tic taqÔthtec apì tic (19) kai (20) brÐskoume:

~POL = m(2x̂ + 8ŷ − 5ẑ)

Ap' ìpou blèpoume ìti h orm  eÐnai stajer .
(g)
Apì thn diat rhsh thc orm c èqoume :

~PPrin = ~PMeta

Epeid  èqoume plastik  kroÔsh isqÔei:

~PMeta = 2m~v′

⇒ m(2x̂ + 8ŷ − 5ẑ) = 2m~v′

⇒ ~v′ = x̂ + 4ŷ − 5
2
ẑ

Sto shmeÐo thc kroÔshc èqoume:

~r(3s) = ~r1(3s) = ~r2(3s) = 13x̂ + 16ŷ + 3ẑ

12



gia to sÔsthma twn dÔo swmatidÐwn met� thn plastik  kroÔsh (t ≥ 3s) èqoume :

~r′(t ≥ 3s) = ~r(3s) + ~v′(t− 3) = (10 + t)x̂ + 4(1 + t)ŷ +
1
2
(21− 5t)ẑ

10
S¸ma kineÐtai se mia di�stash me dunamik  enèrgeia pou dÐnetai apì thn sqèsh:

U(x) = k(x3 − x2 − 25x + 25)

ìpou k eÐnai mia jetik  stajer�. BreÐte th dÔnamh wc sun�rthsh thc jèshc. BreÐte ta shmeÐa
isorropÐac prosdiorÐzontac to eÐdoc thc. An k�poia qronik  stigm  to s¸ma brÐsketai sth jèsh
x = 2 me olik  mhqanik  enèrgeia E = 25k, breÐte ta ìria thc kÐnhshc tou s¸matoc kai perigr�yte
en suntomÐa thn kÐnhsh tou.

(BajmoÐ 8)

Sq ma 10:

LÔsh:

H dÔnamh dÐnetai apì thn sqèsh:
~F = −~∇U

Sthn perÐptws  mac to dunamikì exart�tai mìno apì to x �ra èqoume:

F = −∂U

∂x
= −(3x2 − 2x− 25)k (21)
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Sta shmeÐa isorropÐac èqoume F = 0. Apì thn sqèsh (21)èqoume:

x =
2±

√
304

6

⇒


x1 = 3.24

x2 = −2.57

Apì to sq ma eÐnai profanèc ìti to shmeÐo x2 eÐnai shmeÐo astajoÔc isorropÐac kai to shmeÐo x1

shmeÐo eustajoÔc isorropÐac. H sunolik  mhqanik  enèrgeia tou s¸matoc mac dÐnetai ìti eÐnai
E = U + K = 25k, ìpou U eÐnai h dunamik  enèrgeia kai K h kinhtik . Sta ìria thc kÐnhshc h
kinhtik  enèrgeia mhdenÐzetai �ra èqoume E = U �ra:

25k = (x3 − x2 − 25x + 25)k

⇒ x3 − x2 − 25x = 0 (22)

⇒ x(x2 − x− 25) = 0

⇒


x = 0

x2 − x− 25 = 0

�ra oi lÔseic thc (22) eÐnai:

(22) ⇒



x1 = 0

x2 = 1+
√

101
2 = 5, 52

x3 = 1−
√

101
2 = −4, 52

Epeid  to s¸ma brÐsketai sto shmeÐo x = 2 mporeÐ na kinhjeÐ mìno sthn jetik  perioq  tou x �ra
mporeÐ na kinhjeÐ mìno metaxÔ twn shmeÐwn x1 = 0 kai x2 = 5, 52

11
(a) 'Ena swmatÐdio m�zac m kineÐtai sto dunamikì pedÐo tou sq matoc 11. Arqik� (t = 0) brÐsketai
sth jèsh xA me taqÔthta −vAx̂ . DeÐxte ìti met� p�rodo qrìnou tπ to swmatÐdio ja brejeÐ kai p�li
sth jèsh xA me taqÔthta vAx̂ ìpou vA > 0 . DeÐxte ìti tπ < 2(xA − xE)/vA , ìpou xE prosdiorÐzetai
apì thn sqèsh U(xE) = E, ìpou E eÐnai h olik  enèrgeia tou swmatidÐou. (b) DeÐxte ìti h kÐnhsh tou
swmatidÐou ìtan h olik  tou enèrgeia, E, eÐnai polÔ mikr , 0 < E � U0, eÐnai armonik  periodik .
Poia eÐnai h qwrik  perioq  kai poia h perÐodoc thc kÐnhshc? (g) 'Estw ìti h olik  enèrgeia tou
swmatidÐou eÐnai arket� meg�lh all� mikrìterh tou U0, 0 � E < U0. Perigr�yte poiotik� thn
kÐnhsh tou swmatidÐou. D¸ste èna akribèc k�tw ìrio thc periìdou, kai èna polÔ proseggistikì
tÔpo gia to mègejoc thc.

14



x0
xA

U0

U(x)

x0

E

x1

E

x2 x3

Sq ma 11:

(BajmoÐ 9)

LÔsh:

(a)
To swmatÐdio kineÐtai proc t' arister� mèqri to xE, anakl�tai kai epistrèfei. Sthn prokeimènh
perÐptwsh to xE ≡ x1. Sthn jèsh xA èqei thn arqik  kinhtik  enèrgeia all� ja kineÐtai me antÐjeth
for�. H mègisth kinhtik  sthn diadrom  xA → xE → xA eÐnai:

1
2
mv2(x0) = U0 +

1
2
mv2

A

kai kumaÐnetai:
1
2
mv2

A <
1
2
mv2 < U0 +

1
2
mv2

A

�ra o qrìnoc pou qrei�zetai gia thn diadrom  xA → xE → xA eÐnai

t <
2(xA − xE)

vA

(b)
'Otan E � U0 to swmatÐdio kineÐtai kont� sto x0. An anaptÔxoume to dunamikì se seir� Taylor
gÔrw apì to shmeÐo x0 kai p�roume mìno touc treic pr¸touc ìrouc èqoume:

U = U(x0) +
(

dU

dx

)
x0

(x− x0) +
1
2

(
d2U

dx2

)
(x− x0)2

All�

U(x0) = 0 kai

(
dU

dx

)
x0

= 0

'Ara

U =
1
2
k(x− x0)2 ìpou k =

(
d2U

dx2

)
15



pou eÐnai to dunamikì tou armonikoÔ talantwt , �ra to s¸ma ja ekteleÐ tal�ntwsh gÔrw apì to
shmeÐo x0. H perÐodoc thc tal�ntwshc eÐnai:

T =
2π

ω
ìpou ω =

√
k

m

⇒ T = 2π

(
U ′′(x0)

m

)− 1
2

O q¸roc kÐnhshc tou swmatidÐou eÐnai:

−xE < x < xE

H sunolik  tou enèrgeia eÐnai:

E =
1
2
U ′′(x0)x2

E

⇒ xE =

√
2E

U ′′(x0)

(g)
'Otan 0 � E < U0 h mègisth tim  pou mporeÐ na p�rei h taqÔthta eÐnai

√
(2E)/m �ra h taqÔthta tou

s¸matoc ja eÐnai:

0 < v <
√

(2E)/m

kai h perÐodoc gia thn kÐnhsh metaxÔ twn shmeÐwn x2 kai x3 eÐnai:

T >
2(x3 − x2)√

2E
m

12
'Ena s¸ma m�zac m mporeÐ na kineÐtai p�nw sto orizìntio epÐpedo xy, qwrÐc tribèc. Th qronik 
stigm  t = 0 brÐsketai sto shmeÐo (x = 0, y = 0) kai èqei taqÔthta ~v(0) = v0ŷ, ìpou v0 > 0. P�nw sto
s¸ma askeÐtai h dÔnamh ~F = (α− βt)x̂− βtŷ, ìpou α, β > 0 stajerèc.
(a) Diatup¸sate thn exÐswsh kÐnhshc tou s¸matoc.
(b) UpologÐste thn taqÔthta, ~v(t) tou s¸matoc sunart sei tou qrìnou.
(g) UpologÐste tic suntetagmènec x(t), y(t) tou s¸matoc sunart sei tou qrìnou.
(d) BreÐte th sqèsh pou prèpei na sundèei tic stajerèc α, β kai v0, ¸ste na mporèsei to s¸ma na
xanaper�sei apì to shmeÐo x = 0, y = 0.

(BajmoÐ 10)

LÔsh:

(a)
H exÐswsh kÐnhshc tou s¸matoc eÐnai:

16



~F = m
d~v

dt

⇒ m
d~v

dt
= (α− βt)x̂− βtŷ (23)

(b)
Apì thn sqèsh (23) èqoume:

dvx

dt
=

(α− βt)
m

⇒ vx =
(

αt

m
− βt2

2m

)
(24)

dvy

dt
= −βt

m

⇒ vy =
(

v0 −
βt2

2m

)
(25)

(g)
Oloklhr¸nontac tic sqèseic (24) kai (25) brÐskoume tic suntetagmènec tou dianÔsmatoc jèsewc
tou s¸matoc :

x(t) =
αt2

2m
− βt3

6m
(26)

y(t) = v0t−
βt3

6m
(27)

(d)
Gia na xanaper�sei to s¸ma apì to shmeÐo (x, y) = (0, 0) prèpei h (26) kai h (27) na mhdenÐzontai.
'Ara:

x(t) = 0

⇒
(

α

2m
− βt

6m

)
t2 = 0 (28)

y(t) = 0

⇒
(

v0 −
βt2

6m

)
t = 0 (29)

Apì tic (28) kai (29) blèpoume ìti oi lÔseic eÐnai t = 0 (pou eÐnai h ¸ra ekkÐnhshc) kai

t =
3α

β
(30)

antikajist¸ntac thn sqèsh (30) sthn (29) brÐskoume:

v0 =
3α2

2βm

17



13
'Ena s¸ma m�zac m af netai me mhdenik  arqik  taqÔthta sthn epif�neia miac lÐmnhc (polÔ meg�-
lou b�jouc) kai sunèqeia bujÐzetai katakìrufa proc ton pujmèna thc lÐmnhc. Sto s¸ma exaskoÔ-
ntai oi akìloujec dun�meic: to b�roc tou ~B = mgẑ, h �nwsh ~A = −Aẑ kai mia dÔnamh antÐstashc
−γ~v, ìpou γ eÐnai mÐa stajer� kai ~v h taqÔthta tou s¸matoc. To monadiaÐo di�nusma ẑ èqei dieÔ-
junsh katakìrufh proc ton pujmèna thc lÐmnhc. Upojètoume ìti A < mg. (a) Gr�yte thn exÐswsh
kÐnhshc tou s¸matoc gia t > 0. (b) BreÐte th jèsh tou s¸matoc (dhl. thn apìstash apì thn epif�-
neia thc lÐmnhc) gia t > 0. (g) UpologÐste thn kinhtik  enèrgeia tou swmatidÐou gia t � 1/λ, ìpou
λ ≡ γ/m. (d) UpologÐste to èrgo thc b�rouc ~B = mgẑ mèqri thn qronik  stigm  t, upojètontac ìti
t � 1/λ. Sqoli�ste ta apotelèsmata twn erwt sewn (g) kai (d) sqetik� me th diat rhsh thc olik c
enèrgeiac.

(BajmoÐ 12)

LÔsh:

(a) Apì ton deÔtero nìmo tou Newton lamb�nontac up' ìyin ìlec tic dun�meic pou askoÔntai sto
s¸ma, ja èqoume:

m
dv

dt
= mg −A− γv

⇒ dv

dt
= f − λv

ìpou f ≡ g −A/m kai λ ≡ γ/m.
H exÐswsh mporeÐ na oloklhrwjeÐ gr�fontac:

dv

f − λv
= dt

∫ v(t)

0

dv

f − λv
=
∫ t

0
dt

⇒
∫ v(t)

0

d(f − λv)
f − λv

= −λ

∫ t

0
dt

⇒ ln
(

f − λv

f

)
= −λt

⇒ v =
f

λ
− f

λ
e−λt =

f

λ
(1− e−λt) (31)

(b) H jèsh tou s¸matoc, z(t) mporeÐ na brejeÐ oloklhr¸nontac thn sqèsh (31):

dz

dt
= v =

f

λ
− f

λ
e−λt ⇒

∫ z

0
dz =

∫ t

0

(
f

λ
− f

λ
e−λt

)
dt ⇒

z(t) =
f

λ
t +

f

λ2
e−λt − f

λ2

(g)

18



Gia thn sunj kh t � 1/λ èqoume:
t � 1/λ

⇒ λt � 1

⇒ e−λt � 1

⇒ v(t) ' f

λ

'Ara h kinhtik  enèrgeia, T = (1/2)mv2 tou s¸matoc ekfr�zetai wc:

T =
1
2
mv2 =

1
2
m

(
f

λ

)2

=
1
2
m

(
mg −A

γ

)2

ìpou antikatast same f = g −A/m kai λ = γ/m.
(d)
OmoÐwc gia thn jèsh, z(t) tou s¸matoc ìtan t � 1/λ ja èqoume:

z(t) ' f

λ2
λt− f

λ2
=

f

λ2
(λt− 1)

⇒ z(t) ' f

λ
t '

(
mg −A

γ

)
t

'Ara to èrgo thc barutik c dÔnamhc mèqri k�poia qronik  stigm  t ja eÐnai:

W = mgz(t) =
(

mgf

λ

)
t = mg

(
mgf

λ

)
t

kai ìpwc blèpoume aux�netai grammik� me ton qrìno, antÐjeta me thn kinhtik  enèrgeia pou para-
mènei stajer .

H diafor� ofeÐletai sthn Ôparxh thc �nwshc kai thc antÐstashc, mèsw twn opoÐwn to èrgo tou
b�rouc meÐwn to èrgo thc �nwshc (W (b�roc - �nwsh)) metab�lletai se jermìthta.

14
'Ena swmatÐdio m�zac m kineÐtai se èna monodi�stato dunamikì pedÐo. H dunamik  tou enèrgeia
eÐnai:

U(x) = D
[
e−2a(x−x0) − 2e−a(x−x0)

]
ìpou x0, D kai a eÐnai jetikèc posìthtec.
(a) UpologÐste thn el�qisth tim  thc dunamik c enèrgeiac kai th jèsh pou sumbaÐnei.
(b) UpologÐste tic oriakèc timèc thc U(x) gia x → −∞ kai x → +∞, kai sqedi�ste poiotik� thn
U(x).
(g) Gia poiec timèc thc olik c enèrgeiac E to swmatÐdio ja paramènei fragmèno se mia perioq 
tou q¸rou? Sqedi�ste thn antÐstoiqh perioq  se mia tupik  perÐptwsh.
(d) Gia poiec timèc thc olik c enèrgeiac to swmatÐdio diafeÔgei sto �peiro? UpologÐste thn oriak 
taqÔthta (se �peirh apìstash) apì to je¸rhma thc diat rhshc thc enèrgeiac.

(BajmoÐ 12)
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U(x)

x
0X1(E) X2(E)

-D

E

U0

B

F F

Sq ma 14:

LÔsh:

(a)
Sto shmeÐo thc el�qisthc tim c thc dunamik c enèrgeiac ja prèpei dU/dx = 0. 'Ara

dU

dx
= 0

⇒ 2aD
[
e−a(x−x0) − e−2a(x−x0)

]
= 0

⇒ −a(x− x0) = −2a(x− x0)

⇒ x = x0

H tim  thc el�qisthc dunamik c enèrgeiac ja eÐnai:

U(x0) = −D

Sto shmeÐo autì (x = x0) h dÔnamh, F ja eÐnai:

F = −dU

dx
= 0

sunep¸c to swmatÐdio ja isorropeÐ.
(b)
Oi oriakèc timèc thc dunamik c enèrgeiac ja eÐnai:

U(x → +∞) → 0 (32)
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ef' ìson oi ekjetikèc sunart seic dÐnoun:

e−a(x−x0) x→+∞−→ 0

kai
e−2a(x−x0) x→+∞−→ 0

Sthn perÐptwsh pou to x → −∞ èqoume:

U(x) ∼= De−2a(x−x0) x→−∞−→ +∞

H dunamik  enèrgeia U(x) mporeÐ na parastajeÐ poiotik� ìpwc faÐnetai sto sq ma (14), ìpou to
U0 (to shmeÐo pou h dunamik  enèrgeia tèmnei to k�jeto �xona) eÐnai:

U(0) = D(e2ax0 − 2eax0) = Deax0(eax0 − 2) > 0

(g)
ParathroÔme ìti an h enèrgeia tou swmatidÐou eÐnai:

−D < E < 0

to swmatÐdio ja eÐnai fragmèno metaxÔ twn shmeÐwn x1(E) kai x2(E). Aut� ta dÔo shmeÐa prosdio-
rÐzontai apì thn sunj kh

U(x) = E

⇒ E

D
=
[
e−2a(x−x0) − 2e−a(x−x0)

]
⇒ y2 − 2y − E

D
= 0

ìpou h nèa metablht  y eÐnai:
y = e−a(x−x0)

Oi duo rÐzec tou triwnÔmou ja eÐnai ta shmeÐa x1(E) kai x2(E):

x1(E) = x0 −
1
a

ln

(
1−

√
1 +

E

D

)

x2(E) = x0 −
1
a

ln

(
1 +

√
1 +

E

D

)
Gia èna tuqaÐo shmeÐo B ìpwc faÐnetai sto Sq ma (14) ja èqoume U > E kai epomènwc h kinhtik 

enèrgeia, K tou swmatidÐou ja eÐnai:
E − U < 0

⇒ K < 0

⇒ v2 < 0

to opoÐon eÐnai adÔnaton.
(d)
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Sthn perÐptwsh pou h enèrgeia eÐnai jetik  to swmatÐdio mporeÐ na diafÔgei kai h oriak  taqÔthta
diafug c ja brejeÐ me thn bo jeia tou jewr matoc thc diat rhshc thc enèrgeiac:

E∞ = K∞ + U∞ = E =
1
2
mv2

∞ + 0

ìpou h E∞ eÐnai h enèrgeia tou swmatidÐou sto �peiro. Epomènwc h oriak  taqÔthta ja eÐnai:

v∞ =

√
2E

m
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