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 Part 1:  Introduction

Understand better the dynamics of 
strongly-coupled chiral gauge theories

A challenge for theorists



WHY

We live in a chiral world    

e.g.,    
DNA spirals

  Standard models of the fundamental interactions                            

 GUTs  SU(5),   SO(10) …   ? 

(*) (**)  are chiral gauge theories, but weakly coupled:
well-understood in perturbation theory 

(*)   to be regarded as a (very good) low-energy effective action

(ii)

(i)

(iii)

Gauge-anomaly 

cancellatio
n 

 masses, neutrinos, families, … , Higgs, … ?????

♦

♦

♦    Surprisingly little is known today about strongly-coupled (asymptotically-free) chiral 
gauge theories 

Left-rig
ht

symmetry

broken(spontaneously)

Left-rig
ht

symmetrl-

♦ Cfr.  vectorlike theories,   e.g.,

   QCD (50 years of successful studies);
              susy gauge theories (Seiberg-Witten solution  ~ 30 yrs) 

(*)

(**)
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 Some  examples:  SU(N)  gauge theories w fermions

χ[ij] , η̃
B j , B = 1, 2, . . . , (N − 4) ,

¯

+ (N − 4)

(i) ψ{ij} , ηBi , (i, j = 1, 2, . . . , N , B = 1, 2, . . . , N + 4) ,

⊕ (N + 4)
¯

ψ{ij} , χ[ij] , ηAi , A = 1, 2, . . . 8 ,

Bolognesi, KK, Shifman ’18

Bolognesi, KK  ’19

Bolognesi, KK, Luzio  ’20-‘23

(ii)

(iii)

(iv)

(1,0) model

(1,1) model

(0,1) model

Bars, Y
ankielowicz  (BY)

Georgi-G
lashow (GG)

⊕

¯

⊕ 8×
¯

.

N − 4

k
⊕

N + 4

k

¯us consider

tion, N−4
k
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⊕
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ψχη
mode

l
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ψη
mode

l
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χη
mode

l

(v)
⌦
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ψ0
s ∼ (N= even) 

(  +   p pairs                   )  ∼ ⊕
¯

(vi) (QCD) 
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Nf (η ⊕ η̃)

(vii)
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Nf λ (adjoint QCD) 
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N+4
k

χ[ij]

  ((“theoretical laboratories”)



 A well-known tool - ’t Hooft anomaly matching conditions -  

          unfortunately, is not sufficiently stringent

🔵

🔵

model

model
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ψη
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χη

e.g.,



ψ{ij} , ηBi , B = 1, 2, . . . , N + 4 ,
SU(N)c ⇥ SU(N + 4)f ⇥ U(1) ,

(A) Confining,  SU(N+4)x U(1) symmetric phase (no condensates)

massless baryons  ~  B[AB] = ψijηAi η
B
j , A,B = 1, 2, . . . , N + 4

Color-flavor locked (Higgs) phase

hψ{ijηBi i = C δjB , j, B = 1, 2, . . . N

SU(N)cf ⇥ SU(4)f ⇥ U 0(1)

Appelquist, Duan, Sannino, ‘00  

The anomaly matching OK, 

The low-energy degrees of
N2+7N

2
massless baryons

e
2

massless baryon

h 8N + 1 Nambu-Goldstone

Bars, Yankielovicz ‘81

Appelquist, Cohen, Schmaltz, Shrock ‘99 

(B)

⊕ (N + 4)
¯

Massless baryons and (NG) bosons in L.E.♦
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“ψη
”

Back to p.7 

fields SU(N)cf SU(4)f U 0(1)

UV ψ
N(N+1)

2
· (·) 1

ηA1

¯
⊕

¯

N2
· (·) −1

ηA2 4 ·
¯

N · −
1
2

IR B[A1B1]

¯

N(N�1)
2

· (·) −1

B[A1B2] 4 ·
¯

N · −
1
2

fields SU(N)c SU(N + 4) U(1)

UV ψ
N(N+1)

2
· (·) N + 4

ηA (N + 4) ·
¯

N · �(N + 2)

IR B[AB] (N+4)(N+3)
2

· (·) �N
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G =
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G → G
0
=

 (&)  
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ψη model



Standard ’t Hooft anomaly matching in the case (A)

fields SU(N)c SU(N + 4) U(1)

ψ
N(N+1)

2
· (·) N + 4

ηA (N + 4) ·
¯

N · �(N + 2)

B[AB] (N+4)(N+3)
2

· (·) �N

Table 6: Chirally symmetric phase of the (1, 0) model

Anomaly AUV (ψ, η) AIR(B)
SU(N + 4)3 N N + 4� 4

U(1)SU(N + 4)2 �(N + 2) ·N �N · (N + 4� 2)

U(1)3 (N + 4)3N(N+1)
2

� (N + 2)3N(N + 4) �N3 (N+4)(N+3)
2

U(1) (N + 4)N(N+1)
2

� (N + 2)N(N + 4) �N
(N+4)(N+3)

2

N+2 SU(N + 4)2 0 N + 2

N+4 SU(N + 4)2 N 2 · (N + 4� 2)

Table 7: UV -IR Anomaly matching in Chirally symmetric phase

Back to p.7 



 Part 2:    Anomalies and Dynamics:  

      new, more powerful constraints     (’18-’23) 

1.                anomaly× (Z2)F
,

3.    Strong anomaly and phases

2.   (Dynamical) Higgs phase

4.   Dynamical Abelianization 

5.   More general DSB

0.   Tools:  generalized symmetries and anomalies



Tool:  

🔵

From 0-form symm. (acting on local operators)
to k-form symmetries (acting on line, surface, etc operators)

e.g.  the center ZN   symmetry in SU(N) YM 

Gaiotto, Kapustin, Seiberg, W
illet,

Gaiotto, Kapustin, Komargodski, Seiberg,

Aharony, Seiberg, Tachikawa, 

Poppitz,  K
ikuchi, Tanizaki, Sakai, Shimizu, Yonekura, 

’05  -  

e
i
H
γ
A
→ ΩN e

i
H
γ
A
, ΩN = e

2πi/N
∈ N

Wilson loop

Polyakov loop

♦

Generalized symmetries

♦ “Gauging” the 1-form discrete ZN  symmetry    

(*)

� �

NB(2)
c = dB(1)

c ,

ea = a+
1

N
B(1)

c

e

B(2)
c → B(2)

c + d�c , B(1)
c → B(1)

c +N�c ,

ea → ea+ �c .

1

8π2

Z
Σ4

trF 2
−→

1

8π2

Z
Σ4

tr (F̃ (ã)− B(2)
c )2 fractional  1/N   ’t Hooft

Flux

CP/T broken at 
<latexit sha1_base64="afyJB5m/JEHOjv7gU10Zy5kgWIw=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRrwYpgoYySOQhEitaXzbJKeezdbdGiqLwFbRQ0SFa/oWCf8EJLiAw1WhmVzs7QaykJdf9cHILi0vLK/nVwtr6xuZWcXunbqPECKyJSEWmGYBFJTXWSJLCZmwQwkBhIxheTf3GPRorI31Loxj9EPpa9qQASqW7Ng2Q4KIdy06x5JbdGfhf4mWkxDJUO8XPdjcSSYiahAJrW54bkz8GQ1IonBTaicUYxBD62EqphhCtP54lnvCDxAJFPEbDpeIzEX9ujCG0dhQG6WQINLDz3lT8z2sl1Dv3x1LHCaEW00MkFc4OWWFkWgXyrjRIBNPkyKXmAgwQoZEchEjFJO2mkPbhzX//l9SPyt5p+eTmuFS5zJrJsz22zw6Zx85YhV2zKqsxwTR7ZE/s2XlwXpxX5+17NOdkO7vsF5z3Lz3ulVE=</latexit>

θ = π  (SU(N) YM)
Gaiotto, Kapustin, 

Komargodski, Seiberg, ‘17
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(even N)

♦



ex of the representation R, see Appendix A.

g., F 2
≡ F∧F = 1

2
F

µνF
ρσdxµdxνdxρdxσ =

Throughout, the si
1

2
✏µνρσF

µν
F ρσ

d
4
x, e

Differential fo
rm

notatio
n



Gauging 1-form (color-flavor locked)  ZN   center symmetry

1-form (color-flavor locked)  ZN    🔵

X

i

q
(i)
k = −

Nk

N
, ∀k

🔵 Gauging it

� �

NB(2)
c = dB(1)

c , ea = a+
1

N
B(1)

c

e

B(2)
c → B(2)

c + d�c , B(1)
c → B(1)

c +N�c ,

ea → ea+ �c .

Ã → Ã− �c , A0 → A0 +
N

2
�c

I
�c =

2⇡`

N
,

1-form gauge fn

SU(N)  ->  U(N)

U(1)ψη × (Z2)F
.

<latexit sha1_base64="1KjEuEfx8L3OyW7YdR7bWPyxIEo=">AAAB/HicbVDLSgNBEJz1GeMr6lGRwSB4Crsi6jHoxaOC0WCyhN6x1cHZ2WGmVwhLvPkHXvXkTbxKfsWDX+BPuHkc1Finoqqbrq7IKOnI9z+8sfGJyanpwkxxdm5+YbG0tHzmktQKrIlEJbYegUMlNdZIksK6sQhxpPA8uj3s+ed3aJ1M9Cm1DYYxXGt5JQVQLl00jZO8iQS8VSr7Fb8PPkqCISlX17onXw/r3eNW6bN5mYg0Rk1CgXONwDcUZmBJCoWdYjN1aEDcwjU2cqohRhdm/cQdvpk6oIQbtFwq3hfx50YGsXPtOMonY6Ab99frif95jZSu9sNMapMSatE7RFJh/5ATVuZVIL+UFomglxy51FyABSK0koMQuZjm3RTzPoK/34+Ss+1KsFvZOQnK1QM2QIGtsg22xQK2x6rsiB2zGhNMs0f2xJ69e+/Fe/XeBqNj3nBnhf2C9/4Ns2GYkg==</latexit>

ψη model

Gauge inv. kin. terms

d+RS(ãc −
1

N
B(1)

c ) +
N + 4

2
(Ã+

1

N
B(1)

c ) + A0 −
1

2
B(1)

c

d− (ãc −
1

N
B(1)

c )−
N + 2

2
(Ã+

1

N
B(1)

c )− (A0 −
1

2
B(1)

c )
(%)
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♦♦♦

Pei
H
L
a
→ e

2πi
N Pei

H
L
a ; ψk

→ e
2πiNk

N ψk , N ⊂ SU(N) ;

Πi e
i
H
L
Ai →

⇣

e2πi
P

i,k q
(i)
k

⌘

Πi e
i
H
L
Ai ; ψk

→ e2πi
P

i q
(i)
k ψk , Ui(1) ;



1.                 anomaly

All BY and GG models  have a non anomalous            symmetry  (fermion parity)♦

e “ψη model”
<latexit sha1_base64="K5WrUMKnCy7FzGXFVO1DQQH6EE0=">AAACCHicbVC5TsNAFFyHK4TLHB3NigiJhshGXGUEDWWQyCHFlrXevIRV1od2n5GClR/gK2ihokO0/AUF/4LtpICEqWZn3tO8HT+WQqNlfRmlhcWl5ZXyamVtfWNzy9zeaekoURyaPJKR6vhMgxQhNFGghE6sgAW+hLY/vM799gMoLaLwDkcxuAEbhKIvOMNM8sw9J9bCE5Q6GNFjOnl5ZtWqWQXoPLGnpEqmaHjmt9OLeBJAiFwyrbu2FaObMoWCSxhXnERDzPiQDaCb0ZAFoN20uH5MDxPNsvAYFBWSFiL83khZoPUo8LPJgOG9nvVy8T+vm2D/0k1FGCcIIc+DUEgogjRXIqsFaE8oQGT55UBFSDlTDBGUoIzzTEyynipZH/bs7+dJ66Rmn9fObk+r9atpM2WyTw7IEbHJBamTG9IgTcLJI3kmL+TVeDLejHfjYzJaMqY7u+QPjM8f4PqYzg==</latexit>

ψi → −ψi

instanton #

♦ In type I models,  the symmetry group space is disconnected:  

× (Z2)F
,

× (Z2)F
,

:  In type I models  (*) (e.g.,  even N                      ),                

<latexit sha1_base64="b1pKJ+Qw1Nk4bfuoKdVMGM6WxHc="></latexit>

⊂ L
↑
+

Type I  models (*)
 :

 all B
Y and GG models 

with N, p even

Type II: others  

<latexit sha1_base64="iuxmjgfPOjzF95NfxY8jq4dLB/8=">AAACC3icdVA9SwNBEN2L3/EramFhsxgECwl3IZqkC9pYRjAayIUwtxnjkt27Y3dOkCM/wV9hq5Wd2PojLPwvXmIEFX3V470ZZt4LYiUtue6bk5uZnZtfWFzKL6+srq0XNjYvbJQYgS0Rqci0A7CoZIgtkqSwHRsEHSi8DIYnY//yBo2VUXhOtzF2NQxCeSUFUCb1Ctt+bKWPBP6Bf5D6RnMd9VGNeoWiW6rXyoe1OndL7gQZqdbLNa/KvalSZFM0e4V3vx+JRGNIQoG1Hc+NqZuCISkUjvJ+YjEGMYQBdjIagkbbTScBRnwvsUARj9FwqfhExO8bKWhrb3WQTWqga/vbG4t/eZ2ErmrdVIZxQhiK8SGSCieHrDAyawZ5XxokgvHnyGXIBRggQiM5CJGJSVZVPuvjKzT/n1yUS95RqXJWKTaOp80ssh22y/aZx6qswU5Zk7WYYCN2zx7Yo3PnPDnPzsvnaM6Z7myxH3BePwDUSJsc</latexit>

ψη
mode

l

Even N

♦ In type II BY and GG models,  no Z2    and      

<latexit sha1_base64="vtDzZaE9QRNmNhL78Qxs+SCvGdM="></latexit>

∆S =
X
i

ci ×
1

8π2

Z
Σ4

tri Fµν F̃
µν

× (±π) = 2πZ

<latexit sha1_base64="B9+TFS4pkAALl4TPyQArYN5iZOE="></latexit>X

i

ci = 2Z 6= 0

<latexit sha1_base64="k5+3FxXMAusdTpnFBFG2R2HBAYw=">AAACA3icdVC7SkNBEN3rM8ZHopY2i0GwCntNYmIhiDaWCuYBSQh7N6Mu2ftgd1aQkNKvsNXKTmz9EAv/xb3XCCp6YOBwzgwzc4JESYOMvXkzs3PzC4u5pfzyyupaobi+0TKx1QKaIlax7gTcgJIRNFGigk6igYeBgnYwOkn99g1oI+PoAm8T6If8KpKXUnB00qBY6BkbDiQVrg4pZYNiiZX9aqV20KCOsEptr+bIQaPOWIP6ZZahRKY4GxTfe8NY2BAiFIob0/VZgv0x1yiFgkm+Zw0kXIz4FXQdjXgIpj/ODp/QHWs4xjQBTaWimQjfJ8Y8NOY2DFxnyPHa/PZS8S+va/Gy0R/LKLEIkUgXoVSQLTJCS5cI0KHUgMjTy4HKiAquOSJoSbkQTrQuorzL4+tp+j9p7ZX9/XLtvFo6Op4mkyNbZJvsEp/UyRE5JWekSQSx5J48kEfvznvynr2Xz9YZbzqzSX7Ae/0ABkGWrw==</latexit>X

i

ci = 0

♦♦

No new results w.r.t.  the conventional ’t Hooft anomaly algorithm

Type I models:   gauging of the 1-form  color-flavor locked ZN   symmetry  

<latexit sha1_base64="iuxmjgfPOjzF95NfxY8jq4dLB/8=">AAACC3icdVA9SwNBEN2L3/EramFhsxgECwl3IZqkC9pYRjAayIUwtxnjkt27Y3dOkCM/wV9hq5Wd2PojLPwvXmIEFX3V470ZZt4LYiUtue6bk5uZnZtfWFzKL6+srq0XNjYvbJQYgS0Rqci0A7CoZIgtkqSwHRsEHSi8DIYnY//yBo2VUXhOtzF2NQxCeSUFUCb1Ctt+bKWPBP6Bf5D6RnMd9VGNeoWiW6rXyoe1OndL7gQZqdbLNa/KvalSZFM0e4V3vx+JRGNIQoG1Hc+NqZuCISkUjvJ+YjEGMYQBdjIagkbbTScBRnwvsUARj9FwqfhExO8bKWhrb3WQTWqga/vbG4t/eZ2ErmrdVIZxQhiK8SGSCieHrDAyawZ5XxokgvHnyGXIBRggQiM5CJGJSVZVPuvjKzT/n1yUS95RqXJWKTaOp80ssh22y/aZx6qswU5Zk7WYYCN2zx7Yo3PnPDnPzsvnaM6Z7myxH3BePwDUSJsc</latexit>

ψη
mode

l

Odd N

<latexit sha1_base64="iohm4xSpHB45z6dJ6m3IdC1dCig=">AAACAHicdVDLSgNBEJyNrxhfUY9eBoPgKewmWZMchKAXjxHMA5IYZiedOGT2wUyvEEIufoVXPXkTr/6JB//F2RhBRQsaiqpuuru8SAqNtv1mpZaWV1bX0uuZjc2t7Z3s7l5Th7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vPF54rduQWkRBlc4iaDns1EghoIzNNL1Ke1GvilBE/SzOTvvlIputUINsYtuwTWkWinbdoU6eXuOHFmg3s++dwchj30IkEumdcexI+xNmULBJcwy3VhDxPiYjaBjaMB80L3p/OoZPYo1w5BGoKiQdC7C94kp87We+J7p9Bne6N9eIv7ldWIcVnpTEUQxQsCTRSgkzBdproSJA+hAKEBkyeVARUA5UwwRlKCMcyPGJp+MyePrafo/aRbyzknevSzlameLZNLkgBySY+KQMqmRC1InDcKJIvfkgTxad9aT9Wy9fLamrMXMPvkB6/UDw9aVbg==</latexit>

= ±π

The confining, symmetric vacuum  (&)   is inconsistent

(%)

($)

<latexit sha1_base64="ccdhHrRvcl4V3KCWFvQYG1NYvn8=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJyrIj8uoiaKhQECRBSkx0vmzCKeeH7tagKMon0EJFh2j5Hgr+BdsYCRBMNZrZ1c6OG0qh0bLejNzC4tLySn61sLa+sblV3N7p6CBSHNo8kIG6cpkGKXxoo0AJV6EC5rkSuu7kJPG7t6C0CPxLnIbgeGzsi5HgDGPp4uy6PCiWLLNRqdr1CrVMK0VMGlW7XK9RO1NKJENrUHzvDwMeeeAjl0zrnm2F6MyYQsElzAv9SEPI+ISNoRdTn3mgnVkadU4PIs0woCEoKiRNRfi+MWOe1lPPjSc9hjf6t5eIf3m9CEd1Zyb8MELweXIIhYT0kOZKxB0AHQoFiCxJDlT4lDPFEEEJyjiPxSgupRD38fU0/Z90yqZdNSvnR6XmcdZMnuyRfXJIbFIjTXJKWqRNOBmTe/JAHo0748l4Nl4+R3NGtrNLfsB4/QDXl5JI</latexit>

N
2

<latexit sha1_base64="6WHwP9TCsDZtVNrJjtHZBt2/ZpA=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgad0N5nULevEkEcwDkhhmJ504ZPbBTK8QlnyDVz15E69+jgf/xUlcQUXrVFR109XlRVJodJw3K7O0vLK6ll3PbWxube/kd/daOowVhyYPZag6HtMgRQBNFCihEylgvieh7U3O5377DpQWYXCN0wj6PhsHYiQ4QyM13ZPLm+IgX3DsWqnsVkvUsZ0FDKmV3WK1Qt1UKZAUjUH+vTcMeexDgFwyrbuuE2E/YQoFlzDL9WINEeMTNoauoQHzQfeTRdgZPYo1w5BGoKiQdCHC942E+VpPfc9M+gxv9W9vLv7ldWMcVfuJCKIYIeDzQygkLA5proRpAehQKEBk8+RARUA5UwwRlKCMcyPGppac6ePrafo/aRVtt2yXrk4L9bO0mSw5IIfkmLikQurkgjRIk3AiyD15II/W1Hqynq2Xz9GMle7skx+wXj8AuH+SvA==</latexit>

1/N2

 (*)

<latexit sha1_base64="uVYDOw9AsbGfa4XjtHIjH5fJYDM="></latexit>

G =
SU(N)× SU(N + 4)× Uψη(1)× Z2

ZN

Bolognesi, KK, Luzio  ‘19

Maste
r formula fo

r BY, GG

Bolognesi, K
K, Luzio, ’21, ’22 
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In IR,  the massless baryons do not support the Z2   anomaly

because 

with !

No problem in

Higgs phase 

∆S(Mixed anomaly) = (±π) ·
X

fermions

⇣

d(R)N (R)2 −N ·D(R)
⌘ 1

8π2

Z

Σ4

�

B(2)
c

�2

☞



Objection to  (%), ($)

A0  singular  (Z2   vortex) !! 

Propose: use No  Z2   anomaly  !!!?    

….   But  (*) is a trivial  Z2    holonomy  
                                               !!

(*)

ψ ! ψ , η ! η ,

Cure:   consider            model with a regulator Dirac pair          and    
<latexit sha1_base64="r9r0GLm/x+guU7kf4dZzJ17iXfA=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CHFVrS+bMIp54fu1kiRyU/QQkWHaPkZCv4FO7iAhKlGM7va2fFjJQ3Z9qdVWlpeWV0rr1c2Nre2d6q7e20TJVpgS0Qq0l0fDCoZYoskKezGGiHwFXb88XXudx5QGxmFdzSJ0QtgFMqhFECZ1HVjI10k6Fdrdt2egS8SpyA1VqDZr365g0gkAYYkFBjTc+yYvBQ0SaFwWnETgzGIMYywl9EQAjReOss75UeJAYp4jJpLxWci/t5IITBmEvjZZAB0b+a9XPzP6yU0vPRSGcYJYSjyQyQVzg4ZoWVWBPKB1EgEeXLkMuQCNBChlhyEyMQka6aS9eHMf79I2id157x+dntaa1wVzZTZATtkx8xhF6zBbliTtZhgij2xZ/ZiPVqv1pv1/jNasoqdffYH1sc36rqUlw==</latexit>

ψη
<latexit sha1_base64="4r6bxdyCEnVsUioA/NI6MyR/A2I=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJAkU24lVG0FAGiTykxETnyyaccj47d2ukyErDV9BCRYdo+RMK/gXbuICEqUYzu9rZ8UIpDNr2p1VYWFxaXimultbWNza3yts7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmjq9RvPYA2IlC3OAnB9dlQiYHgDBPpbnxE4y4K2Qc6ntJeuWJX7Qx0njg5qZAc9V75q9sPeOSDQi6ZMR3HDtGNmUbBJUxL3chAyPiIDaGTUMV8MG6cpZ7Sg8gwDGgImgpJMxF+b8TMN2bie8mkz/DezHqp+J/XiXBw4cZChRGC4umh5EPIDhmuRVIH0L7QgMjS5ECFopxphghaUMZ5IkZJP6WkD2f2+3nSPK46Z9XTm5NK7TJvpkj2yD45JA45JzVyTeqkQTjR5Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BVfiWaQ==</latexit>

q, q̃

 a singlet scalar      w/ Yukawa     (“X - ray model”) 
<latexit sha1_base64="D07XIaYbkkkGNhpvdZVdAYwVIVo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjJI5CElVnS+bJIj5/Ppbo0UrPwDLVR0iJa/oeBfcIwLSJhqNLOrnZ1AS2HRdT+dwtLyyupacb20sbm1vVPe3WvaKDYcGjySkWkHzIIUChooUEJbG2BhIKEVjK9nfusBjBWRusOJBj9kQyUGgjNMpWZXjwSlvXLFrboZ6CLxclIhOeq98le3H/E4BIVcMms7nqvRT5hBwSVMS93YgmZ8zIbQSaliIVg/ydJO6VFsGUZUg6FC0kyE3xsJC62dhEE6GTIc2XlvJv7ndWIcXPqJUDpGUHx2CIWE7JDlRqQ1AO0LA4hslhyoUJQzwxDBCMo4T8U47aWU9uHNf79ImidV77x6dntaqV3lzRTJATkkx8QjF6RGbkidNAgn9+SJPJMX59F5dd6c95/RgpPv7JM/cD6+AXTWkyI=</latexit>

φ
<latexit sha1_base64="FyPPnSAJ6xgYPAKLxrwyze9KsZo="></latexit>

∆L = g φqq̃ + h.c.
<latexit sha1_base64="qFkvSsQ/ubWQz6ZrH1H9r1m+y4U="></latexit>

hφi = v � Λψη

SU(N)c SU(N + 4) U(1)ψη U(1)V U0(1) Ũ(1)

ψ (·) N+4

2
0 1 N+4

2

η
¯

�N+2

2
0 �1 �N+2

2

q (·) 0 1 1 N+2

2

q̃
¯

(·) 0 �1 1 �N+2

2

φ (·) (·) 0 0 �2 0

SU(N)c × Ũ(1)× U0(1)

N

Ã� (B
(2)
c )2🔵

δSδα =
C̃

8π2

Z

Σ4

(B(2)
c )2 δα

A0 � (B
(2)
c )2🔵

δSδα0
=

C0

8π2

Z
Σ4

(B(2)
c )2 δα0 , C0 = N2(N + 3) (%) ($)

Bolognesi, KK, Luzio 

JHEP ’23  in press

Mixed anomalies

           anomaly× (Z2)F
,v

Smith, Karasik, Lohitsiri, T
ong,  ’20 
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♦

<latexit sha1_base64="Nnn2VsvFvj3rMmklQNSp9OOp9Q0="></latexit>I
A0 = 2π −→

I
B

(1)
c

= 4π :

<latexit sha1_base64="Y0TPHTwiWyZ5bTDztVsQmLQE3OI="></latexit>I
B

(1)
c

= 2π ;

I
A0 =

2π

2
BKL ‘19



2.  (Dynamical) Higgs phase

Color-flavor locked VEV

⊕ (N + 4)
¯

E.g.,             
<latexit sha1_base64="EUP1h+vomrQH6LIbqmE8ffcBQr4=">AAACC3icbVC7TsNAEDyHVwivAAUFzSkRElVkI15lBA0lSIREiqOwvmzCKXe2dbdGiix/Al9BCxUdouUjKPgXnJACCFONZna1OxPESlpy3Q+nMDe/sLhUXC6trK6tb5Q3t25slBiBDRGpyLQCsKhkiA2SpLAVGwQdKGwGw/Ox37xHY2UUXtMoxo6GQSj7UgDlUre8c3vrx1b6SFDhqW8011EPVdYtV92aOwGfJd6UVNkUl93yp9+LRKIxJKHA2rbnxtRJwZAUCrOSn1iMQQxhgO2chqDRdtJJgIzvJRYo4jEaLhWfiPhzIwVt7UgH+aQGurN/vbH4n9dOqH/aSWUYJ4ShGB8iqXByyAoj82aQ96RBIhh/jlyGXIABIjSSgxC5mORVlfI+vL/pZ8nNQc07rh1dHVbrZ9NmimyXVdg+89gJq7MLdskaTLCMPbIn9uw8OC/Oq/P2PVpwpjvb7Bec9y9N4ZrE</latexit>

“ψη”model

hψ{ijηBi i = C δjB , j, B = 1, 2, . . . N

SU(N)cf ⇥ SU(4)f ⇥ U 0(1)

The conventional anomaly matching manifest

The low-energy degrees of
N2+7N

2
massless baryons

e
2

massless baryon

h 8N + 1 Nambu-Goldstone

Massless baryons and (NG) bosons in L.E.

fields SU(N)cf SU(4)f U 0(1)

UV ψ
N(N+1)

2
· (·) 1

ηA1

¯
⊕

¯

N2
· (·) −1

ηA2 4 ·
¯

N · −
1
2

IR B[A1B1]

¯

N(N�1)
2

· (·) −1

B[A1B2] 4 ·
¯

N · −
1
2

<latexit sha1_base64="ZUcYScMLhjlTBLqJRMEE9+wCt2A=">AAACCXicbVC7TsNAEDyHVwgvA6KiOREhUUU2ioAGKYIilEEiDyk20fmyCaecH7pbI0VWvoCvoIWKDtHyFRT8C7ZxAYGpRjO72tnxIik0WtaHUVpYXFpeKa9W1tY3NrfM7Z2ODmPFoc1DGaqexzRIEUAbBUroRQqY70noepPLzO/eg9IiDG5wGoHrs3EgRoIzTKWBudek1MGQ0uZt4kRK+DCj53RgVq2alYP+JXZBqqRAa2B+OsOQxz4EyCXTum9bEboJUyi4hFnFiTVEjE/YGPopDZgP2k3y+DN6GGuWRohAUSFpLsLPjYT5Wk99L530Gd7peS8T//P6MY7O3EQEUYwQ8OwQCgn5Ic2VSHsBOhQKEFmWHKgIKGeKIYISlHGeinFaVCXtw57//i/pHNfsk1r9ul5tXBTNlMk+OSBHxCanpEGuSIu0CScJeSRP5Nl4MF6MV+Pte7RkFDu75BeM9y+1I5ik</latexit>

G → G
0
=

🔵

🔵 (%)OK  with the Z2  anomaly        = impossibility of  
gauging 1-form  ZN  

<latexit sha1_base64="lV25roTL3I7q4IdAkg1F6xPcslw="></latexit>

SU(N)× Uψη × Z2

ZN

It is  “matched” in the IR:               hence  the 1-form  ZN    

  symmetry itself  is spontaneously broken.   

<latexit sha1_base64="WlWyfuTYppmWGm3IwvH2IsPQ5uo=">AAACBHicdVA9SwNBEN2LXzF+nVraLAZBm+MumkvSBW0sI5goJCHMraMu2ftgd06QI62/wlYrO7H1f1j4X7zECCr6qsd7M8ybFyRKGnLdN6swMzs3v1BcLC0tr6yu2esbHROnWmBbxCrW5wEYVDLCNklSeJ5ohDBQeBYMj8b+2Q1qI+PolG4T7IdwFclLKYByaWDbvD3IeomRPSQY7Xp7A7vsOl690vDr3HUqtUp1389Jo+Y1/Ab3HHeCMpuiNbDfexexSEOMSCgwpuu5CfUz0CSFwlGplxpMQAzhCrs5jSBE088myUd8JzVAMU9Qc6n4RMTvGxmExtyGQT4ZAl2b395Y/MvrpnRZ72cySlLCSIwPkVQ4OWSElnklyC+kRiIYJ0cuIy5AAxFqyUGIXEzzjkp5H19P8/9Jp+J4vlM9OSg3D6fNFNkW22a7zGM11mTHrMXaTLAbds8e2KN1Zz1Zz9bL52jBmu5ssh+wXj8A2KmXyg==</latexit>

Uψη(1)

N.B.   For confining, symmetric vacuum (&),        means a matching failure  (inconsistency)🔵 (%)
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Appelquist, D
uan, Sannino,  ’00

Bolognesi, KK, Luzio,  JHEP ’20



3.    Strong anomaly and phases

♦ QCD  (Nf =2)  and the UA(1)  problem 
ssociated w

(m⌘ � m⇡, (UA(1)  vs  SUA(2) NG bosons)

, hUi =

tive action

hψ̄RψLi 6= 0, ?

🔵 Ans.  

🔵

’t H
ooft  ‘7

4

Witten ’79, ‘80

Venezian
o ‘79

Leff: Rosenzweig, S
chechter, Trahern  ‘80

Di Vecchia, Venezian
o ‘80

L = L0 + L̂ ,

L̂ =
i

2
q(x) log detU/U † +

N

a0F 2
π

q2(x)� θ q(x)
q(x) =

g2

32π
2
F
a
µν
F̃
a,µν ,

the pi
on decay

reproduced by the log det  term    

Anomalous 
UA(1) variation

Kawarab
ayas

hi, Ohta  ’
80

(m⌘

Q: Does (a multi-valued)                         make sense?  

!

) log detU/U †

♦

   Ans: Yes, as 

Nath, Arnowitt  ‘
81

<latexit sha1_base64="8yRL+zBBu8zpNMQsPVTKpPR1lew="></latexit>

U = hUi e
i
t
a

π
a

+t
0
η

Fπ = const. [1+ i

Fπ

(taπa + t
0
η) + . . .]

Invert the logic:     Leff  with the strong-anomaly log term implies
tive action

hψ̄RψLi 6= 0,, hUi = i.e.,   XSB  with massless pions

<latexit sha1_base64="1I/gx5o5dKiq9hvHNkEGaFa72nE="></latexit>

U(2)L
× U(2)R

→
SU(2)V

× U(1)V

<latexit sha1_base64="3vJb8Byj/JuPoKA1YaA0LOyKuvM="></latexit>

∂µJ
µ
A = Nf

g2

32π2
Fµν F̃

µν ;

Z
d4x

g2

32π2
Fµν F̃

µν = Z

<latexit sha1_base64="IYI+RK1QLZE5+g2x3DiNO9B9//s="></latexit>

∆S = 2Nfα

10/30



Apply the same logic in chiral gauge theories

Demand that the low-energy effective degrees of freedom 
(i.e. the phase) be such that Leff   with the strong-anomaly term

🔵

can be written in terms of them

Bolognesi, KK, Luzio,  JHEP ’20

♦ e.g.  the            model  : an SU(N) theory with fermions
<latexit sha1_base64="FiDyh4ZZCB7ytDCrHYch/LEgWOE=">AAAB/nicbVDLTgJBEJzFF+IL9ehlAjHxRHYNUY9ELx4xkUfCbqB3aGDC7CMzvSaEkPgVXvXkzXj1Vzz4Ly64BwXrVKnqTleXHytpyLY/rdza+sbmVn67sLO7t39QPDxqmijRAhsiUpFu+2BQyRAbJElhO9YIga+w5Y9v5n7rAbWRUXhPkxi9AIahHEgBlEpur+eKkXSRoMS7xbJdsRfgq8TJSJllqHeLX24/EkmAIQkFxnQcOyZvCpqkUDgruInBGMQYhthJaQgBGm+6yDzjp4kBiniMmkvFFyL+3phCYMwk8NPJAGhklr25+J/XSWhw5U1lGCeEoZgfIqlwccgILdMykPelRiKYJ0cuQy5AAxFqyUGIVEzSdgppH87y96ukeV5xLirVu2q5dp01k2cnrMTOmMMuWY3dsjprMMFi9sSe2Yv1aL1ab9b7z2jOynaO2R9YH9/5BZWo</latexit>

“χη”

⊕ (N − 4)
¯

Georgi-
Glash

ow

i

2
q(x) log(�⌘)N�4��+ h.c. ,

Strong-anomaly effective action

q(x) =
g2

32π2
F a
µνF̃

a,µν

(�⌘)N�4�� ⌘ ✏i1i2...iN ✏m1m2...mN−4
(�⌘)i1m1(�⌘)i2m2 . . . (�⌘)iN−4mN−4�iN−3iN−2�iN−1iN

<latexit sha1_base64="orl37EBJ4IjpXDIHadA0rRcbA1I=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIRAhqkCBoKiiCRB0qsaH3ZJKecH7pbI0WWv4IWKjpEy8dQ8C84wQUkTDWa2dXOjhcpaci2P63C0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNr6d+6xG1kWFwT5MIXR+GgRxIAZRJD0l3BMRv08teuWJX7Rn4InFyUmE56r3yV7cfitjHgIQCYzqOHZGbgCYpFKalbmwwAjGGIXYyGoCPxk1mgVN+FBugkEeouVR8JuLvjQR8Yya+l036QCMz703F/7xOTIMLN5FBFBMGYnqIpMLZISO0zJpA3pcaiWCaHLkMuAANRKglByEyMc6qKWV9OPPfL5LmSdU5q57enVZqV3kzRXbADtkxc9g5q7EbVmcNJpjPntgze7FS69V6s95/RgtWvrPP/sD6+AYL1ZSc</latexit>

L̂ =

h�⌘i 6= 0 , h��i 6= 0 : dynamical Higgs phase! 

Cfr. confining chirally symmetric vacuum with massless baryons
<latexit sha1_base64="NCQbAc8XKjmsJjImiazaH7iS8NU=">AAACCXicbVC7SgNREL3rM8ZXVKxsLgbBKuxKUMsQG8sI5gHZEGZvJskldx/cOyuEJV/gV9hqZSe2foWF/+LumkITTzEczplhZo4XKWnItj+tldW19Y3NwlZxe2d3b790cNgyYawFNkWoQt3xwKCSATZJksJOpBF8T2Hbm9xkfvsBtZFhcE/TCHs+jAI5lAIolfql4zp3jfS5K8aSu0iQl36pbFfsHHyZOHNSZnM0+qUvdxCK2MeAhAJjuo4dUS8BTVIonBXd2GAEYgIj7KY0AB9NL8nPn/Gz2ACFPELNpeK5iL8nEvCNmfpe2ukDjc2il4n/ed2Yhte9RAZRTBiIbBFJhfkiI7RMc0E+kBqJILscuQy4AA1EqCUHIVIxToMqpnk4i98vk9ZFxbmsVO+q5Vp9nkyBnbBTds4cdsVq7JY1WJMJlrAn9sxerEfr1Xqz3n9aV6z5zBH7A+vjG5EkmS4=</latexit>

B ∼ χηη (                  )  only,  fails
Fermion zero-mode counting

N=5

Venezian
o  ‘8

1

♦ Dynamical Higgs phase favored also in the            model 
<latexit sha1_base64="2Armfjbo29WISIyATr/FGrtgfGA=">AAAB/nicdVBNS8NAEN34WetX1aOXpUXwVNISmnoTvXhUsFZoSjtZR126SZbdiSCl4K/wqidv4tW/4sH/YhojqOg7Pd6bYd68UCtpyXXfnJnZufmFxdJSeXlldW29srF5ZpPUCOyIRCXmPASLSsbYIUkKz7VBiEKF3XB0OPW7N2isTOJTutXYj+AqlpdSAGVSwIfDQFsZIEF1UKm59T3fb3o+d+tujoy02q7X8nijUGqswPGg8h5cJCKNMCahwNpew9XUH4MhKRROykFqUYMYwRX2MhpDhLY/zjNP+E5qgRKu0XCpeC7i940xRNbeRmE2GQFd29/eVPzL66V02e6PZaxTwlhMD5FUmB+ywsisDOQX0iARTJMjlzEXYIAIjeQgRCamWTvlrI+vp/n/5KxZb7Tq3olX2z8omimxbVZlu6zBfLbPjtgx6zDBNLtnD+zRuXOenGfn5XN0xil2ttgPOK8ffCuWAA==</latexit>

“ψη”

as well as in all generalized BY and GG models N even or odd

($)
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4.    Dynamical Abelianization 

♦                model:    SU(N) theory with Weyl fermions
<latexit sha1_base64="CAWxKZFaM0YsOCFU8wlplN1GjMI=">AAACAHicbVC7TsNAEDyHVwivACXNKRESVWQjBJQRNJRBIg8pDtH6sklOOT90t0aKojR8BS1UdIiWP6HgX7CNC0iYajSzq50dL1LSkG1/WoWV1bX1jeJmaWt7Z3evvH/QMmGsBTZFqELd8cCgkgE2SZLCTqQRfE9h25tcp377AbWRYXBH0wh7PowCOZQCKJHuK25kpCvG0kWCSr9ctWt2Br5MnJxUWY5Gv/zlDkIR+xiQUGBM17Ej6s1AkxQK5yU3NhiBmMAIuwkNwEfTm2Wp5/w4NkAhj1BzqXgm4u+NGfjGTH0vmfSBxmbRS8X/vG5Mw8veTAZRTBiI9BBJhdkhI7RM6kA+kBqJIE2OXAZcgAYi1JKDEIkYJ/2Ukj6cxe+XSeu05pzXzm7PqvWrvJkiO2IVdsIcdsHq7IY1WJMJptkTe2Yv1qP1ar1Z7z+jBSvfOWR/YH18A7fGlqY=</latexit>

”ψχη”

G = SU(N)⇥
U(1)ψχ ⇥ Ũ(1)⇥ SU(8)

N ⇥ 8/N∗

⊕

¯

⊕ 8×
¯

      with nonanomalous U(1) symmetries

Ũ(1) : ψ → e2iαψ , χ → e−2iαχ , η → e−iαη ,

U(1)ψχ : ψ → ei
N−2

N∗
βψ , χ → e−iN+2

N∗
βχ , η → η ,

🔵 Assume : 

hψikχkji = Λ
3

0

B

@

c1
. . .

cN

1

C

A

i

j

@

cn 2 ,
X

n

cn = 0

Fate of the symmetries and the structure of  Leff

Cfr.  S
eiberg-W

itten solutions in     =
2 

susy m
odels (e

lementary
 adj sca

lar)

<latexit sha1_base64="/1n7STFoEsn4sCaxThKVYuJxVmU=">AAAB+3icdVDLSgNBEJyNrxhfUY9eBoPgKWwk5nELevEkEcxDkhB6J504ZPbBTK8QlnyFVz15E69+jAf/xd01gorWqajqpqvLCZQ0ZNtvVmZpeWV1Lbue29jc2t7J7+61jR9qgS3hK193HTCopIctkqSwG2gE11HYcabnid+5Q22k713TLMCBCxNPjqUAiqWbqC9A8cs5H+YLdrFesSunNW4X7RQxqdeqdrnGSwulwBZoDvPv/ZEvQhc9EgqM6ZXsgAYRaJJC4TzXDw0GIKYwwV5MPXDRDKI08JwfhQbI5wFqLhVPRfy+EYFrzMx14kkX6Nb89hLxL68X0rg2iKQXhISeSA6RVJgeMkLLuAnkI6mRCJLkyKXHBWggQi05CBGLYVxNLu7j62n+P2mfFEuVYvmqXGicLZrJsgN2yI5ZiVVZg12wJmsxwVx2zx7YozW3nqxn6+VzNGMtdvbZD1ivHzWPlLo=</latexit>

N

Bolognesi, K
K, Shifman ‘18
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Eichten, Peccei, Preskill, Zeppenfeld, ‘86
Goity, Peccei, Zeppenfeld, ‘85



SU(N)×
SU(8)f × Ũ(1)× U(1) �

N × 8/N∗

−→

QN−1

`=1
U(1)` × SU(8)f × Ũ(1)

QN−1

`=1 ` × N × 2

🔵

<latexit sha1_base64="IGbMq76lJpAYh7/7WverKEvPOvU=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFAGiiqChDBJOIiVWdL5swinnh+7WSJGVkq+ghYoO0fIhFPwLtnEBCVONZna1s+NFUmi0rE+jtLK6tr5R3qxsbe/sVs29/Y4OY8XB4aEMVc9jGqQIwEGBEnqRAuZ7Erre9Drzuw+gtAiDO5xF4PpsEoix4AxTaWhWkwEKOQLqzOv2Cb0cmjWrYeWgy8QuSI0UaA/Nr8Eo5LEPAXLJtO7bVoRuwhQKLmFeGcQaIsanbAL9lAbMB+0mefA5PY41w5BGoKiQNBfh90bCfK1nvpdO+gzv9aKXif95/RjHF24igihGCHh2KP0S8kOaK5E2AnQkFCCyLDlQEVDOFEMEJSjjPBXjtKJK2oe9+P0y6Zw27LNG87ZZa10VzZTJITkidWKTc9IiN6RNHMJJTJ7IM3kxHo1X4814/xktGcXOAfkD4+MbzjKWhg==</latexit>

Ũ(1) :

<latexit sha1_base64="w0qq1ulmqVU75ou8djdZtTX57/I=">AAACFHicbVC7TsNAEDyHd3gZKGlOREhUkY0ioIygoQwSCZHiKFofm3DifLbu1khRRMsn8BW0UNEhWnoK/oVzcMFritNoZld7M3GmpKUgePcqM7Nz8wuLS9XlldW1dX9js2PT3Ahsi1SlphuDRSU1tkmSwm5mEJJY4UV8fVL4FzdorEz1OY0z7Ccw0nIoBZCTBj6PFOiRQh5lVvJIXLnHlIpGHvCBXwvqwRT8LwlLUmMlWgP/I7pMRZ6gJqHA2l4YZNSfgCEpFN5Wo9xiBuIaRthzVEOCtj+ZJrnlu7kFSnmGhkvFpyJ+35hAYu04id1kAnRlf3uF+J/Xy2l41J9IneWEWhSHSLqMxSErjHQVIb+UBomg+DlyqbkAA0RoJAchnJi7zqquj/B3+r+ks18PD+qNs0ateVw2s8i22Q7bYyE7ZE12ylqszQS7Yw/skT15996z9+K9fo1WvHJni/2A9/YJmZaddA==</latexit>

hψχi 6= 0

non anom.;  unbroken

🔵 non anom.;  broken
<latexit sha1_base64="3avsVST7ryUq8nxqnuKGZdidh3Y=">AAACA3icbVBNT8JAFNziF+IHqEcvG4kJXkhriHokevGIiQUSSsh2ecCGbbvZfTUhDUd/hVc9eTNe/SEe/C+2lYOCc5rMvJc3b3wlhUHb/rQKa+sbm1vF7dLO7t5+uXJw2DZRrDm4PJKR7vrMgBQhuChQQldpYIEvoeNPbzK/8wDaiCi8x5mCfsDGoRgJzjCVBpWyW3POBomnjPD4RMwHlapdt3PQVeIsSJUs0BpUvrxhxOMAQuSSGdNzbIX9hGkUXMK85MUGFONTNoZeSkMWgOknefA5PY0Nw4gq0FRImovweyNhgTGzwE8nA4YTs+xl4n9eL8bRVT8RoYoRQp4dQiEhP2S4FmkjQIdCAyLLkgMVIeVMM0TQgjLOUzFOKyqlfTjL36+S9nnduag37hrV5vWimSI5JiekRhxySZrklrSISziJyRN5Ji/Wo/VqvVnvP6MFa7FzRP7A+vgG2RiXNQ==</latexit>

U(1)ψχ

🔵

<latexit sha1_base64="rf/XGgzFkHSZTktqnZhSh6fqAYM=">AAAB+3icbVA9TwJBEN3DL8Qv1NJmIzHBhtwZopZEG0tM5MMAIXPLgBv29i67cybkcr/CVis7Y+uPsfC/eCCFgq96eW8m8+b5kZKWXPfTya2srq1v5DcLW9s7u3vF/YOmDWMjsCFCFZq2DxaV1NggSQrbkUEIfIUtf3w99VuPaKwM9R1NIuwFMNJyKAVQJt03yt5pPwGd9oslt+LOwJeJNyclNke9X/zqDkIRB6hJKLC247kR9RIwJIXCtNCNLUYgxjDCTkY1BGh7ySxwyk9iCxTyCA2Xis9E/L2RQGDtJPCzyQDowS56U/E/rxPT8LKXSB3FhFpMD5FUODtkhZFZE8gH0iARTJMjl5oLMECERnIQIhPjrJpC1oe3+P0yaZ5VvPNK9bZaql3Nm8mzI3bMysxjF6zGblidNZhgAXtiz+zFSZ1X5815/xnNOfOdQ/YHzsc3qI2UXw==</latexit>

U(1)an anom.;  unbroken

Manifest symmetry in IR 

1 NG boson (     ) ;  massless fermions  

strong anomaly effective action 

<latexit sha1_base64="j7RZCKL/kvJXBdc7mrVuliVwRVs=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRBYEgRvRi0eM8kiAkNmhwQmzu5OZXg3Z8Ale9eTNePV7PPgvziImarROlarudHV5SgqDrvvmpJaWV1bX0uuZjc2t7Z3s7l7LhJHm0OShDHXHYwakCKCJAiV0lAbmexLa3uQ88du3oI0Ig2ucKuj7bByIkeAMrXTVU2KQzbl5t1J2T6rUkjksqdWqRbdMCwslRxZoDLLvvWHIIx8C5JIZ0y24Cvsx0yi4hFmmFxlQjE/YGLqWBswH04/nUWf0KDIMQ6pAUyHpXITvGzHzjZn6np30Gd6Y314i/uV1IxxV+7EIVIQQ8OQQCgnzQ4ZrYTsAOhQaEFmSHKgIKGeaIYIWlHFuxciWkrF9fD1N/yetYr5wmi9dlnL1s0UzaXJADskxKZAKqZML0iBNwsmY3JMH8ujcOU/Os/PyOZpyFjv75Aec1w9OWZKT</latexit>

π

🔵 unbroken “discrete”  symmetries

IR

U(1)1

UV

N

8

8

U(1)2 U(1)N−1
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♦ Let us now check the D.A. against the mixed-anomalies

G = SU(N)⇥
U(1)ψχ ⇥ Ũ(1)⇥ SU(8)

N ⇥ 8/N∗

Gauge the color-flavor locked 1-form                                                  symmetry. 🔵

∩

N = SU(N) ∩ Ũ(1)

Ũ(1) U(1)ψχ ( N+2)ψ ( N−2)χ SU(8)η N⇤ 4/N⇤

Mixed Anomalies X X X X X X X

Dyn. Abel. X X X X X X X

Assumption of the dynamical Abelianization is consistent  

Various mixed anomalies: (p.63) 

Bolognesi, K
K, Luzio ‘22

cfr. 

Sheu, Shifman  ‘22
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5.  More general dynamical symmetry breaking  DSB
<latexit sha1_base64="w0qq1ulmqVU75ou8djdZtTX57/I=">AAACFHicbVC7TsNAEDyHd3gZKGlOREhUkY0ioIygoQwSCZHiKFofm3DifLbu1khRRMsn8BW0UNEhWnoK/oVzcMFritNoZld7M3GmpKUgePcqM7Nz8wuLS9XlldW1dX9js2PT3Ahsi1SlphuDRSU1tkmSwm5mEJJY4UV8fVL4FzdorEz1OY0z7Ccw0nIoBZCTBj6PFOiRQh5lVvJIXLnHlIpGHvCBXwvqwRT8LwlLUmMlWgP/I7pMRZ6gJqHA2l4YZNSfgCEpFN5Wo9xiBuIaRthzVEOCtj+ZJrnlu7kFSnmGhkvFpyJ+35hAYu04id1kAnRlf3uF+J/Xy2l41J9IneWEWhSHSLqMxSErjHQVIb+UBomg+DlyqbkAA0RoJAchnJi7zqquj/B3+r+ks18PD+qNs0ateVw2s8i22Q7bYyE7ZE12ylqszQS7Yw/skT15996z9+K9fo1WvHJni/2A9/YJmZaddA==</latexit>

hψχi 6= 0 (adj. repr) but 
<latexit sha1_base64="E3ossIT3Q4HMBV9a9PkJkVzR4PM="></latexit>

hψχi = diag. (c11n1
, c21n2

, . . .) ,
X

i

cini = 0

🔵 SU(N) models with N � 4

k
�

N + 4

k

¯

🔵 N = 5, k = 1: GC = SU(5) ! SU(3)⇥ SU(2)⇥ U(1)

GF = SU(9)⇥ U0(1) ! SU(8)⇥ U0(1)
0

⇥

� 9

¯

,

<latexit sha1_base64="XNp4mmwOQpCC4796h4o6aikommQ=">AAACA3icdVA9SwNBEN3zM8avqKXNYhCS5tg7Y0waEW0sFY0GkhDm1lEX9z7YnRNCSOmvsNXKTmz9IRb+Fy8xgoq+6vHeDPPmBYlWloR4cyYmp6ZnZnNz+fmFxaXlwsrqmY1TI7EhYx2bZgAWtYqwQYo0NhODEAYaz4Obg6F/fovGqjg6pV6CnRCuInWpJFAmdQvL7QAJeOmkUdoql3dFt1AUrrflV/w6F66o+KLmZ6Re3alVqtxzxQhFNsZRt/DevohlGmJEUoO1LU8k1OmDISU1DvLt1GIC8gausJXRCEK0nf4o+IBvphYo5gkarjQfifh9ow+htb0wyCZDoGv72xuKf3mtlC5rnb6KkpQwksNDpDSODllpVNYI8gtlkAiGyZGriEswQIRGcZAyE9OsonzWx9fT/H9y5rte1d0+rhT39sfN5Ng622Al5rEdtscO2RFrMMlSds8e2KNz5zw5z87L5+iEM95ZYz/gvH4AIY6WIA==</latexit>

β(SU(3)) > 0
<latexit sha1_base64="IVgUuPc7jUDjbX7zZ1bzrwipX88=">AAACA3icdVA9SwNBEN3zM8avqKXNYhBic+ydMSZgEbSxVDRGSEKY24y6uPfB7pwgIaW/wlYrO7H1h1j4X7zECCr6qsd7M8ybFyRaWRLizZmYnJqemc3N5ecXFpeWCyurZzZOjcSGjHVszgOwqFWEDVKk8TwxCGGgsRlcHwz95g0aq+LolG4T7IRwGakLJYEyqVtYbgdIwEsnjZK/tbUnuoWicL1tv+zXuHBF2RdVPyO1ym61XOGeK0YosjGOuoX3di+WaYgRSQ3WtjyRUKcPhpTUOMi3U4sJyGu4xFZGIwjRdvqj4AO+mVqgmCdouNJ8JOL3jT6E1t6GQTYZAl3Z395Q/MtrpXRR7fRVlKSEkRweIqVxdMhKo7JGkPeUQSIYJkeuIi7BABEaxUHKTEyzivJZH19P8//Jme96FXfnuFys74+bybF1tsFKzGO7rM4O2RFrMMlSds8e2KNz5zw5z87L5+iEM95ZYz/gvH4AHNuWHQ==</latexit>

β(SU(2)) < 0

🔵
<latexit sha1_base64="zI9K/5+kdgxOVobyRS+Uir3MLvA=">AAAB+3icbVDLSsNAFJ34rPVVdelmsAgupCRFqwiFohtXUsE+pA1lMr2tQyeTMHMjlNCvcKsrd+LWj3Hhv5jELrT1rA7n3Ms993ihFAZt+9NaWFxaXlnNreXXNza3tgs7u00TRJpDgwcy0G2PGZBCQQMFSmiHGpjvSWh5o6vUbz2CNiJQdzgOwfXZUImB4AwT6f6mWjmmo2r5olco2iU7A50nzpQUyRT1XuGr2w945INCLpkxHccO0Y2ZRsElTPLdyEDI+IgNoZNQxXwwbpwFntDDyDAMaAiaCkkzEX5vxMw3Zux7yaTP8MHMeqn4n9eJcHDuxkKFEYLi6SEUErJDhmuRNAG0LzQgsjQ5UKEoZ5ohghaUcZ6IUVJNPunDmf1+njTLJadSOr09KdYup83kyD45IEfEIWekRq5JnTQIJz55Is/kxZpYr9ab9f4zumBNd/bIH1gf31DEk4Q=</latexit>

N = 6, k = 2 : No breaking w IR-free NonAbelian groups 

Non Abelian IR-free subgroup(s) 

surviving in the IR?  

SU(N) → SU(n)×
. . .

🔵

2 �

¯

� (N + 12)
¯

.
SU(N) theory  with

N [n∗] SU(N) → · · ·

3 2 SU(3) → SU(2)× U(1)

4 2 SU(4) → SU(2)× SU(2)× U(1)

5 2 SU(5) → SU(2)× SU(2)× U(1)2

6 2 SU(6) → SU(2)× SU(2)× SU(2)× U(1)2

...
...

...

N → ∞ [n∗] SU(N) →
Q

7

1
SU([n∗])× SU(N − 7[n∗])× U(1)7

Bolognesi, K
K, Luzio ‘23

15/30



IR

[n∗]

UV

N

N + 12

[n∗] [n∗]

N + 12



SU(5) model with GC = SU(5) ! SU(3)⇥ SU(2)⇥ U(1)

fields SU(3) SU(2) U(1) SU(9) U0(1)

UV ψij (·) 4 (·) 9
N+2

ψiJ �1 (·) 9
N+2

ψJK (·) �6 (·) 9
N+2

χA
ij

¯

= (·) �4 � 1
N�2

χA
iJ

¯
1 � 1

N�2

χA
JK (·) (·) 6 � 1

N�2

Table 1: ψχ model, N = 5, k = 1. A = 1, 2, . . . , 9, i, j = 1, 2, 3; J,K = 4, 5.

fields SU(3) SU(2) U(1) SU(8) U0(1)
0

IR ψij (·) 4 (·)

ψJK (·) �6 (·)

χ9
ij

¯

= (·) �4 (·)

χB
ij

¯

= (·) �4

χB
iJ

¯
1

χ9
JK (·) (·) 6 (·)

χB
JK (·) (·) 6

φB ⇠ <(ψiJχB
Ji) (·) (·) (·)

πB ⇠ =(ψiJχB
Ji) (·) (·) (·)

π9 ⇠ =(ψiJχ9
Ji) (·) (·) (·) (·)

Table 2: N = 5, k = 1, ψχ model: massless fermions. B = 1, 2, . . . , 8.

! ⇥

� 9

¯

,

hψχ(9)i / diag(2v, 2v, 2v,�3v,�3v)



???

fields SU(3) SU(2) UY (1) SU(3)

IR uc

R
(·) −

4

3

qL
1

3

ec
R

(·) (·) 2

dc
R

¯
(·) 2

3

ψL (·) −1

νc

R
(·) (·) 0

φ (·) 1 (·)

?



 Part 3:  Criteria for confinement and 

              other phases  



🔵 In chiral BY and GG models, a putative  confinement phase  with fully unbroken  

global symmetries (no condensates forming) is inconsistent.

🔵  BY and GG models are (likely) in color-flavor locked dynamical Higgs phase; 

🔵 In QCD  (vector-like)  the SU(3) color is confined. 

🔵

<latexit sha1_base64="CAWxKZFaM0YsOCFU8wlplN1GjMI=">AAACAHicbVC7TsNAEDyHVwivACXNKRESVWQjBJQRNJRBIg8pDtH6sklOOT90t0aKojR8BS1UdIiWP6HgX7CNC0iYajSzq50dL1LSkG1/WoWV1bX1jeJmaWt7Z3evvH/QMmGsBTZFqELd8cCgkgE2SZLCTqQRfE9h25tcp377AbWRYXBH0wh7PowCOZQCKJHuK25kpCvG0kWCSr9ctWt2Br5MnJxUWY5Gv/zlDkIR+xiQUGBM17Ej6s1AkxQK5yU3NhiBmMAIuwkNwEfTm2Wp5/w4NkAhj1BzqXgm4u+NGfjGTH0vmfSBxmbRS8X/vG5Mw8veTAZRTBiI9BBJhdkhI7RM6kA+kBqJIE2OXAZcgAYi1JKDEIkYJ/2Ukj6cxe+XSeu05pzXzm7PqvWrvJkiO2IVdsIcdsHq7IY1WJMJptkTe2Yv1qP1ar1Z7z+jBSvfOWR/YH18A7fGlqY=</latexit>

”ψχη”In                 and other models with                  in adj repr.  
<latexit sha1_base64="MZCi+3wXQoqbVpHwYdbuW7PIDdE=">AAACFHicbVC7TgMxEPTxDOEVoKSxiJCoojvEq0TQUAaJPKRcFO05m2Dh853sPaQoouUT+ApaqOgQLT0F/4IvSQEJU1ijmV2tZ6JUSUu+/+XNzS8sLi0XVoqra+sbm6Wt7bpNMiOwJhKVmGYEFpXUWCNJCpupQYgjhY3o7jL3G/dorEz0DQ1SbMfQ17InBZCTOiUeKtB9hTxMreShuHWPGSs81Mj9TqnsV/wR+CwJJqTMJqh2St9hNxFZjJqEAmtbgZ9SewiGpFD4UAwziymIO+hjy1ENMdr2cJTkge9nFijhKRouFR+J+HtjCLG1gzhykzHQrZ32cvE/r5VR76w9lDrNCLXID5F0GfNDVhjpKkLelQaJIP85cqm5AANEaCQHIZyYuc6Kro9gOv0sqR9WgpPK8fVR+fxi0kyB7bI9dsACdsrO2RWrshoT7JE9sxf26j15b9679zEenfMmOzvsD7zPH5kJnXU=</latexit>

hψχi 6= 0

Dynamical Abelianization (Coulomb phase)

More general DSB   (nonAbelian IR gauge group)

What is confinement ? 

17/30
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 Color confinement ?

Particles with color (e.g., quarks) cannot be freely propagating,
i.e.,  “confined” inside color-singlet hadrons (mesons and baryons).   

Def. A

Wilson-loop,  Polyakov-loop  criteria

Center symmetry

♦
<latexit sha1_base64="jfTOW+PNlfhUZKgaNfT9Xd5qPrk="></latexit>

W (γ) = Tr{P e
i
H
γ
Aµdx

µ

}

♦

<latexit sha1_base64="70BYAsH0XA0koT9XamKOGVneD9Y="></latexit>

lim
γ→∞

hW (γ)i =

(

e
−A confinement

e
−L Higgs

<latexit sha1_base64="qMzrW5YhLgqC8L11H6AblVJbQIk="></latexit>

P (r) =
1

N
Tr {T e

i
R

β

0
dτA0(r,τ)}

<latexit sha1_base64="YiYIiUbpPk764DCLMvoyi99lTn0=">AAACHHicbVDLSsNAFJ3UV62vqks3g0Wom5JIUZdFN66kgn1gE8pkeluHTh7M3Agl9Bf8BL/Cra7ciVvBhf9iEgNq61kdzrmXe+5xQyk0muaHUVhYXFpeKa6W1tY3NrfK2zttHUSKQ4sHMlBdl2mQwocWCpTQDRUwz5XQccfnqd+5A6VF4F/jJATHYyNfDAVnmEj9crVZjW13SNX00MaA0tj2GN66Lr2Z9i8p/XH75YpZMzPQeWLlpEJyNPvlT3sQ8MgDH7lkWvcsM0QnZgoFlzAt2ZGGkPExG0EvoT7zQDtx9tGUHkSaJXFCUFRImonweyNmntYTz00m07x61kvF/7xehMNTJxZ+GCH4PD2EQkJ2SHMlkqqADoQCRJYmByp8ypliiKAEZZwnYpR0V0r6sGa/nyfto5p1XKtf1SuNs7yZItkj+6RKLHJCGuSCNEmLcHJPHskTeTYejBfj1Xj7Hi0Y+c4u+QPj/QupCaAP</latexit>

P (r) → ZNP (r)
<latexit sha1_base64="6Kd7PGeY9bJhAoeWYv3f62CB1/E="></latexit>

lim
β→∞

|hP (r)i| = 0
Center sy

mmetry 
unbroken

(Confinement)

Def. B

<latexit sha1_base64="kMj2/zlahvmsE5NTyQeUUny1Zws=">AAACF3icdZC7SkNBEIb3eDfeopY2i0GwCiciMem8NJYKxgSSGOZsJrq45+LurCCHPICP4FPYamUntpYWvot74hFU9C+W4ftnmJ0/SJQ05Ptv3tj4xOTU9MxsYW5+YXGpuLxyamKrBTZErGLdCsCgkhE2SJLCVqIRwkBhM7g8yPzmNWoj4+iEbhLshnAeyYEUQA71iqW9XtoJ7ZDzDl5Zec2dcnQGnJ9kj+vyy7V6vepXuV/2R3JFvbbjEK/kpMRyHfWK751+LGyIEQkFxrQrfkLdFDRJoXBY6FiDCYhLOMe2KyMI0XTT0TFDvmENUMwT1FwqPoL4fSKF0JibMHCdIdCF+e1l8C+vbWlQ66YySixhJLJFJBWOFhmhpUsJeV9qJILs58hlxAVoIEItOQjhoHWxFVweX0fz/4vTrXKlWt4+3i7t7ufJzLA1ts42WYXtsF12yI5Ygwl2y+7ZA3v07rwn79l7+Wwd8/KZVfZD3usHA7ueKA==</latexit>

Aµ
≡ A

a

µ
T
a

<latexit sha1_base64="jf1ZZ4vX8SWjdwjQ6uSaIqi7OWQ="></latexit>

hP (
r)i

= ZQ
/Z

= e
−

βF

<latexit sha1_base64="S731c+4XbUNuhjpdssZcnB8sRvA="></latexit>

lim
T�

R

|hW
(R,

T )i
| ⇠

e
�TV (R)

<latexit sha1_base64="+mhtFDLCVfmCwovi9H+hbL+QbHo="></latexit>

Aµ
=
t
aA

a

µ
dx

µ

area law

perimeter law

♦ Lattice simulation               SU(N) YM is in confinement phase!

♦ But  there is nothing to confine in  YM theory  !!

🔵 massless quarks               no center symmetry;  the string splits, area law lost  
🔵 what distinguish Confinement and Higgs phase (both  perimeter law) ?  
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♦ Def. A  is also problematic.  Gauge non-invariant (colored) operators/states  
       as gauge invariant ones,  in a given gauge.

🔵 e.g., Weinberg-Salam  SU(2)xU(1) theory 

Higgs VEV                                               really meanshφi =

✓

v

0

◆

, v 6= 0 . h

2
X

i=1

φi ∗φii 6= 0

Also,  the neutrino and electron in                          :
<latexit sha1_base64="FXtXiL51xlJl6hzlmqDqGvVh3sg="></latexit>

⌫L ∼ �† ·  L , eL ∼ ✏αβ  
α
L
�β

o ψL =

✓

νL

eL

◆

really mean 
’t Hooft 

♦ Does it mean that there are no distinctions  (Higgs and confinement)?  

No,  There are differences in the spectrum

o

not)
is no

t e

del w
ith (6.8)

is in
confi

n

h

2
X

1

φ
i ∗φ

i i 6= 0 ,
hφi =

0 ,

, etc
). The

attem
pt to

r

ils to
repro

d

d

Abbott, Farhi ‘81

Brout-Englert-H
iggs ‘64

CMS, Atlas  ‘12

🔵 In         model, the NG boson  
N
X

n,j

ψnjηnj = Tr(ψη) / 1+
i

F
(0)
⇡

φ0 + . . .
<latexit sha1_base64="feUza+rCKOpiMzgYpXedfzlBhGc=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJRBIg8ptqL1ZRNOOT90t0aKQn6CFio6RMvPUPAv2MYFJEw1mtnVzo4fK2nItj+t0srq2vpGebOytb2zu1fdP+iYKNEC2yJSke75YFDJENskSWEv1giBr7DrT64zv/uA2sgovKNpjF4A41COpABKpZ4bG+kiwaBas+t2Dr5MnILUWIHWoPrlDiORBBiSUGBM37Fj8magSQqF84qbGIxBTGCM/ZSGEKDxZnneOT9JDFDEY9RcKp6L+HtjBoEx08BPJwOge7PoZeJ/Xj+h0aU3k2GcEIYiO0RSYX7ICC3TIpAPpUYiyJIjlyEXoIEIteQgRComaTOVtA9n8ftl0jmrO+f1xm2j1rwqmimzI3bMTpnDLliT3bAWazPBFHtiz+zFerRerTfr/We0ZBU7h+wPrI9v6miUlg==</latexit>

ψη

~    gauge-invariant  Uk` ⌘ ψkjη`j
<latexit sha1_base64="Fcge0W1YwVgCyIgRQL01XI3zImc=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2ioAygoYySDiJlETR+bIJp5wfulsjRVY+ghYqOkTL11DwL9jGBSRMNZrZ1c6OFylpyLY/rdLK6tr6RnmzsrW9s7tX3T9omzDWAl0RqlB3PW5QyQBdkqSwG2nkvqew401vMr/ziNrIMLinWYQDn08COZaCUyp1+iMk5p4NqzW7budgy8QpSA0KtIbVr/4oFLGPAQnFjek5dkSDhGuSQuG80o8NRlxM+QR7KQ24j2aQ5HHn7CQ2nEIWoWZSsVzE3xsJ942Z+V466XN6MIteJv7n9WIaXw0SGUQxYSCyQyQV5oeM0DLtAdlIaiTiWXJkMmCCa06EWjIuRCrGaTGVtA9n8ftl0j6vOxf1xl2j1rwuminDERzDKThwCU24hRa4IGAKT/AML1ZivVpv1vvPaMkqdg7hD6yPbyxqk4g=</latexit>

detU, Dynamical Higgs phase

but the “confining” system,                                            has a different symmetry.     
<latexit sha1_base64="RlDls9/Xuyeyj4++PgrsrR9lp3c=">AAACN3icbVDLSgNBEJz1bXxFPXoZDIKHEHYlqBchmItHBaNCNoTeSRsHZ2eXmV4hhHyQn+BXeNWDeBOv/oGzcQm+ei7V1dX0VEWpkpZ8/9mbmp6ZnZtfWCwtLa+srpXXNy5skhmBLZGoxFxFYFFJjS2SpPAqNQhxpPAyum3m88s7NFYm+pwGKXZi6Gt5LQWQo7rlZqhA9xXysIfEWzw0RauR+1XOw2r++ESVWhkiwUR35FTdcsWv+ePif0FQgAor6rRbfgl7ichi1CQUWNsO/JQ6QzAkhcJRKcwspiBuoY9tBzXEaDvDsdkR38ksUMJTNFwqPibx+8YQYmsHceSUMdCN/T3Lyf9m7YyuDztDqdOMUIv8EEnnMD9khZEuReQ9aZAI8p8jl5oLMECERnIQwpGZi7Xk8gh+u/8LLvZqwX6tflavNI6LZBbYFttmuyxgB6zBTtgpazHB7tkje2LP3oP36r1571/SKa/Y2WQ/yvv4BI/zqYc=</latexit>

hdetUi 6= 0, hψηi = 0,

🔵 Dynamical Higgs phase and Elitzur’s theorem 
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Def. C Confinement =  dual superconductivity (dual Meissner effect)
’t Hooft  ’8

1 

Seiberg, Witten  ‘94

 A particle has el. and mag.   q. numbers   

Def. C  is also problematic: ♦

<latexit sha1_base64="3NC5p5cgd/Ix4mgaIfplhj2WWoQ=">AAACEHicdVC7TgMxEPTxDOEVoITCIkIKTXRHEkK6CBrKILgQKQmRzyxg4XvI3kOKojR8Al9BCxUdouUPKPgXfMchAYKpRjO7nvV4kRQabfvNmpicmp6Zzc3l5xcWl5YLK6ttHcaKg8tDGaqOxzRIEYCLAiV0IgXM9yScetcHiX96A0qLMDjBYQR9n10G4kJwhkYaFDbckrN9tkN7OvY0ID12S5XtwSh9eDwoFO2yXa9UGw1qSApDGo16rValTqYUSYbWoPDeOw957EOAXDKtu44dYX/EFAouYZzvxRoixq/ZJXQNDZgPup+F0a1YMwxpBIoKSVMRvm+MmK/10PfMpM/wSv/2EvEvrxvjxV5/JIIoRgh4EoRCQhqkuRKmHqDnQgEiSy4HKgLKmWKIoARlnBsxNn3lTR9fn6b/k/ZO2dkt146qxeZ+1kyOrJNNUiIOqZMmOSQt4hJObsk9eSCP1p31ZD1bL5+jE1a2s0Z+wHr9AG9im9Q=</latexit>

U(1)2 ⊂ SU(3)color
<latexit sha1_base64="BT6krH/99ZYLvYAG3y89Xdva5pA=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FQkLAbfEGaoI1lBPOAZFlmJ9c4ODO7zNwVJFj4CX6FrVZ2YusnWPgv7sYt1Hiqwzn3cu85YSyFRdf9cAozs3PzC8XF0tLyyupaeX2jY6PEcGjzSEamFzILUmhoo0AJvdgAU6GEbnh9mvndGzBWRPoCb2PwFRtpcSk4w1QKypUdHXh7VAf1BlUZU0F9lw4ae5TSoFx1a+4EdJp4OamSHK2g/DkYRjxRoJFLZm3fc2P0x8yg4BLuSoPEQsz4NRtBP6WaKbD+eBLijm4nlmFEYzBUSDoR4efGmClrb1WYTiqGV/avl4n/ef0EL4/9sdBxgqB5dgiFhMkhy41I2wE6FAYQWfY5UKEpZ4YhghGUcZ6KSVpXKe3D+5t+mnTqNe+wdnC+X22e5M0USYVskR3ikSPSJGekRdqEk3vySJ7Is/PgvDivztv3aMHJdzbJLzjvX4iRmMc=</latexit>

(n1, n2;m1,m2) , U(1)1 e m charges =   
<latexit sha1_base64="WK7amD1ODpe8vrNWysfTkJVv1V8="></latexit>

n1e1,m1g1, e1g1 = n/2Def.   Dirac unit  between two particles
<latexit sha1_base64="O1bdZKSXFLHz3jG1XK53BixfvKk="></latexit>

D ≡

X

i

(n
(1)
i

m
(2)
i

− n
(2)
i

m
(1)
i

)

Criterion    .  <latexit sha1_base64="W2jMTkXRdklRxO/pTrEabeyQL0Y="></latexit>

hM (1)i 6= 0 Particles (2) with                                    are confined

e.g.
<latexit sha1_base64="hocgRd35uOaDdMwuhPlIf1ajloM="></latexit>

hM(0,0;1;0)i 6= 0,

(magnetic monopole condensation)

<latexit sha1_base64="S6GOjKfDovTfn0qJ1Cf2rxIhSXE="></latexit>

Quark(1,0;0;0) is confined!

(Dirac)

🔵 The idea involves Abelian monopoles

🔵

<latexit sha1_base64="YuLKQ4XutSTs+67aa4pLCIMOPWw="></latexit>

hMa
b i = δ

a
bΛ 6= 0 ! Confinement XSB ! SU(Nf )V

But   too many NG bosons;  also doubling of the Regge trajectories

 Confinement = NonAblelian dual Meissner effect ? ☞

<latexit sha1_base64="VrJ+jPoogeT6Q70WU/E30UnSRYY="></latexit>

D 6= 0 Mod 3

Condensation of (strongly-coupled) NonAbelian monoples ? 20/30
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♦

(Tentative)

The phase of an SU(N) gauge theory NOT determined by the underlying 
 pure SU(N) YM theory (in the “confinement phase”),

♦ BUT by  elementary (scalar), composite (bifermion), or solitonic 
condensates and by the type of NG  bosons they produce:

🔵 No colored NG bosons Confinement (e.g., YM, QCD, Susy QCD/YM)

🔵 N2 -1 colored NG bosons   Higgs phase (e.g., BY and GG models, GWS)

🔵 N (N -1)  colored NG bosons Dynamical Abelianization (        ,              Susy )

🔵 Other groups of colored NG bosons Partial Higgs/confinement/Coulomb 
 (being explored..)

<latexit sha1_base64="1+/8aCUKwKKA3mS3rpBtSruku6k=">AAAB/nicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dAorq2vrG8XN0tb2zu5eef+gaZPUCGyIRCWmHYJFJWNskCSFbW0QolBhKxzd5H7rAY2VSXxPY41BBINY9qUAyiTf11b6Yih9JOiWK27VnYEvE29OKmyOerf85fcSkUYYk1BgbcdzNQUTMCSFwmnJTy1qECMYYCejMURog8ks85SfpBYo4RoNl4rPRPy9MYHI2nEUZpMR0NAuern4n9dJqX8VTGSsU8JY5IdIKpwdssLIrAzkPWmQCPLkyGXMBRggQiM5CJGJadZOKevDW/x+mTTPqt5F9fzuvFK7njdTZEfsmJ0yj12yGrtlddZggmn2xJ7Zi/PovDpvzvvPaMGZ7xyyP3A+vgH9J5ZO</latexit>

ψχη

New criteria 

(Coulomb phase, or  dual Higgs)

<latexit sha1_base64="1IJ0fzL6+P23Kl/LfDad5uO6noA=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHaJr4sJ0Ysng4k8IhDSOzQ4YXZ2M9NrQjb4FV715M149V88+C8uyEHBOlWqutPV5UdKWnLdTyezsLi0vJJdza2tb2xu5bd3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5divP6CxMtS3NIywHUBfy54UQKl0l7QEKH49Oi918gW36E7A54k3JQU2RaWT/2p1QxEHqEkosLbpuRG1EzAkhcJRrhVbjEAMoI/NlGoI0LaTSeIRP4gtUMgjNFwqPhHx90YCgbXDwE8nA6B7O+uNxf+8Zky9s3YidRQTajE+RFLh5JAVRqZVIO9Kg0QwTo5cai7AABEayUGIVIzTbnJpH97s9/OkVip6J8Xjm6NC+WLaTJbtsX12yDx2ysrsilVYlQmm2RN7Zi/Oo/PqvDnvP6MZZ7qzy/7A+fgGcOSUzg==</latexit>

N = 2
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 Part 4:       Supersymmetry and   

        strongly-coupled gauge theories            

Montonen-Olive duality 

Susy instanton calculus, 

Veneziano-Yankielovicz, 

Seiberg’s duality in SQCD, 

Seiberg-Witten, 

Witten-Olive,   Witten 

Generalized KK anomaly, 

Argyres-Douglas, SCFT, EHIY 

Argyres-Plesser-Seiberg-Witten   

GST duality,  

SCFT and confinement 

(Susy-inspired) results on 

NonAbelian vortices and monopoles

’80 - ’2
2”SUSY 40”

Some reflections
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 Part 4:       Supersymmetry and   

        strongly-coupled gauge theories            

Montonen-Olive duality 

Susy instanton calculus, 

Veneziano-Yankielovicz, 

Seiberg’s duality in SQCD, 

Seiberg-Witten, 

Witten-Olive,   Witten 

Generalized Konishi anomaly, 

Argyres-Douglas, SCFT, EHIY 

Argyres-Plesser-Seiberg-Witten   

GST duality,  

SCFT and confinement 

(Susy-inspired) results on 

NonAbelian vortices and monopoles

’80 - ’2
2

Some reflections
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🔵

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1 SQCD

♦
<latexit sha1_base64="gAQQCf1vCw5746OPEzlrtcA2KGQ=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKTYis6XTTjl7mzu1kiRlYKvoIWKDtHyKRT8C45xAQlTjWZ2tbMTxlJYdN1PZ2FxaXlltbRWXt/Y3Nqu7Oy2bJQYDk0eych0QmZBCg1NFCihExtgKpTQDkdXU7/9AMaKSN/iOIZAsaEWA8EZZlLg9wGpor4G6tJeperW3Bx0nngFqZICjV7ly+9HPFGgkUtmbddzYwxSZlBwCZOyn1iIGR+xIXQzqpkCG6R56Ak9TCzDiMZgqJA0F+H3RsqUtWMVZpOK4Z2d9abif143wcFFkAodJwiaTw+hkJAfstyIrA2gfWEAkU2TAxWacmYYIhhBGeeZmGT1lLM+vNnv50nruOad1U5vTqr1y6KZEtknB+SIeOSc1Mk1aZAm4eSePJFn8uI8Oq/Om/P+M7rgFDt75A+cj2+3TZVw</latexit>

detm 6= 0

♦

Seiberg’s EM duality, phases, SCFT

<latexit sha1_base64="RmDZm1wexELiMQHmoeb4GEqfFcc=">AAACFnicbVA9SwNBEN3z2/h1ammzGASrcCd+NYJoY6lgNJCEMLeZxCV7e8funBBCen+Cv8JWKzuxtbXwv7gXD9Toa+bxZoaZ96JUSUtB8O5NTE5Nz8zOzZcWFpeWV/zVtSubZEZgVSQqMbUILCqpsUqSFNZSgxBHCq+j3mnev75FY2WiL6mfYjOGrpYdKYCc1PI3Gwp0VyF3NY7a8F3Nl37EW345qAQj8L8kLEiZFThv+R+NdiKyGDUJBdbWwyCl5gAMSaFwWGpkFlMQPehi3VENMdrmYORlyLcyC5TwFA2Xio9E/LkxgNjafhy5yRjoxo73cvG/Xj2jzmFzIHWaEWqRHyLp/OWHrDDShYS8LQ0SQf45cqm5AANEaCQHIZyYudRKLo9w3P1fcrVTCfcrexe75eOTIpk5tsE22TYL2QE7ZmfsnFWZYHfsgT2yJ+/ee/ZevNev0Qmv2Flnv+C9fQKNf56J</latexit>

hλλi =

<latexit sha1_base64="0+tRsW1j3T+1Ba9Jef6F2PicnJg="></latexit>

hQQ̃i ! 1 , Nf < Nc (run-away vacua)

Taylor-Veneziano-Yankielowicz ‘83 

KK ’84 

Affleck-Dine-Seiberg ’84 

Amati, KK, Meurice, Rossi, Veneziano,  ’88 

<latexit sha1_base64="qhPtBlmfPYjVLJTTmMM3ZK8iTik="></latexit>

hλλi , hQQ̃i ! 0 , Nf > Nc

<latexit sha1_base64="0G/xGgTjnHyFyuQBqXmXHACVSv0=">AAAB/3icdVC7SkNBFNwbXzG+opY2i0GwCnvFvLQJ2lhGMA9ILmHv5iQu2ftw91whhBR+ha1WdmLrp1j4L25iBBWdapg5hzln/FhJg4y9OamFxaXllfRqZm19Y3Mru73TMFGiBdRFpCLd8rkBJUOoo0QFrVgDD3wFTX94PvWbt6CNjMIrHMXgBXwQyr4UHK3kBbSDEWWUdk7pSTebY/lKuVgqVijLu0XmFsqWsIpbqjDq5tkMOTJHrZt97/QikQQQolDcmLbLYvTGXKMUCiaZTmIg5mLIB9C2NOQBGG88O3pCDxLDbXYMmkpFZyJ83xjzwJhR4NvJgOO1+e1Nxb+8doL9sjeWYZwghGIahFLBLMgILW0bQHtSAyKfXg5UhlRwzRFBS8qFsGJi68nYPr6epv+TxpGtKl+4PM5Vz+bNpMke2SeHxCUlUiUXpEbqRJAbck8eyKNz5zw5z87L52jKme/skh9wXj8AUAOVNA==</latexit>

m → 0 :

<latexit sha1_base64="+Ffe7evsjINxuK7jgULB40lxhCs=">AAAB/3icdVDLSgNBEJz1GeMr6tFLYxA8hVnRPBQh6MWjgjGBZJHZsRMHZx/O9AoSPPgVXvXkTbz6KR78FycxgorWqajqpqsrTLWyxPmbNzY+MTk1nZvJz87NLywWlpZPbZIZiQ2Z6MS0QmFRqxgbpEhjKzUoolBjM7w8GPjNazRWJfEJ3aQYRKIXq66SgpwURAB7ABygsws7Z4UiL9Wq5Uq5Brzkl7m/XXWE1/xKjYNf4kMU2QhHZ4X3znkiswhjklpY2/Z5SkFfGFJS422+k1lMhbwUPWw7GosIbdAfhr6F9cwKSiBFA0rDUMTvG30RWXsThW4yEnRhf3sD8S+vnVG3GvRVnGaEsRwcIqVxeMhKo1wbCOfKIJEYJEdQMUhhBBEaBUJKJ2aunrzr4+tp+J+cbrqqStvHW8X6/qiZHFtla2yD+azC6uyQHbEGk+yK3bMH9ujdeU/es/fyOTrmjXZW2A94rx8a15Ry</latexit>

m = 0 : QMS  (flat directions)

Seiberg ’94 

Nf < Nc Nc Nc + 1 ≤ Nf < 3Nc

2

3Nc

2
< Nf ≤ 3Nc > 3Nc

Phases No vacua finite vacua Free magnetic phase SCFT Infrared free

IR Deg. freedom - M,B, B̄ M,B, B̄ Q, Q̃ or q, q̃,M Q, Q̃

(Exact)

23/30
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2. 
<latexit sha1_base64="rf5wxAP9jtB3hC+8v+bnnUqZKYc=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGXxch6MWTRDAPSELonXTikNkHM71CWIJf4VVP3sSr3+LBf3F33YNG61RUddPV5YZKGrLtD6uwsLi0vFJcLa2tb2xulbd3WiaItMCmCFSgOy4YVNLHJklS2Ak1gucqbLuTy9Rv36M2MvBvaRpi34OxL0dSACVSN+4JUPx6dl7jg3LFrtoZ+F/i5KTCcjQG5c/eMBCRhz4JBcZ0HTukfgyapFA4K/UigyGICYyxm1AfPDT9OIs84weRAQp4iJpLxTMRf27E4Bkz9dxk0gO6M/NeKv7ndSManfVj6YcRoS/SQyQVZoeM0DLpAvlQaiSCNDly6XMBGohQSw5CJGKUlFNK+nDmv/9LWrWqc1I9vjmq1C/yZopsj+2zQ+awU1ZnV6zBmkywgD2yJ/ZsPVgv1qv19j1asPKdXfYL1vsXyyaU+A==</latexit>

N = 2 SYM,  SQCD
Seiberg-Witten ‘94

SCFT (superconformal th)

♦

♦

SU(3) 

NF  =4   SQCD

Argyres-Douglas ‘95SYM

SU(3) 

<latexit sha1_base64="PExgZdid5hWaz4b0aPUrWrFI5ms="></latexit>

4u
3
= 27ṽ

2
, ṽ = v ± 2Λ

3

<latexit sha1_base64="nNxA+Mro4Jh5/V0KEXPzKU3oWxE="></latexit>

u ⌘ TrhΦ
2i, v ⌘ TrhΦ

3i, etc.

<latexit sha1_base64="XtGbW8RlU2l7AQT+m2wtbSnXrFU="></latexit>

n
(1) = (1, 0; 0, 0)

<latexit sha1_base64="oeKfWTM57YSIvje05r2hgiiZ8Zo="></latexit>

n
(2) = (0, 0;−1, 0)

<latexit sha1_base64="HZbgs3pcKKuPQNhhYVcsWW6zMXs="></latexit>

n
(3) = (1, 0;−1, 0)

Nonlocal U(1) SCFT 

Auzzi, Grena, KK  ’02

<latexit sha1_base64="9DhO6QVR+WQq5sxffocGqf8vfIU="></latexit>

u = 3m
2
, v = 2m

3

Nonlocal 
SU(2) x U(1) SCFT 

♦ Argyres-Plesser-Seiberg-Witten, Eguchi-Hori-Ito-Yang, Gaiotto, … … 



SCFT  points of   
<latexit sha1_base64="rf5wxAP9jtB3hC+8v+bnnUqZKYc=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGXxch6MWTRDAPSELonXTikNkHM71CWIJf4VVP3sSr3+LBf3F33YNG61RUddPV5YZKGrLtD6uwsLi0vFJcLa2tb2xulbd3WiaItMCmCFSgOy4YVNLHJklS2Ak1gucqbLuTy9Rv36M2MvBvaRpi34OxL0dSACVSN+4JUPx6dl7jg3LFrtoZ+F/i5KTCcjQG5c/eMBCRhz4JBcZ0HTukfgyapFA4K/UigyGICYyxm1AfPDT9OIs84weRAQp4iJpLxTMRf27E4Bkz9dxk0gO6M/NeKv7ndSManfVj6YcRoS/SQyQVZoeM0DLpAvlQaiSCNDly6XMBGohQSw5CJGKUlFNK+nDmv/9LWrWqc1I9vjmq1C/yZopsj+2zQ+awU1ZnV6zBmkywgD2yJ/ZsPVgv1qv19j1asPKdXfYL1vsXyyaU+A==</latexit>

N = 2  SQCD  with SU(N), USp(2N)

Carlino, KK, Murayama  ‘00

Di Pietro, Giacomelli ‘11

Argyres, Plesser,Seiberg  ‘96

 35



3.    IR CFT (conformally inv fixed points)  ~  confinement

Naively, diametrically opposite concepts♦

In systems with parameters  (NF , g, QMS),  however, 
 they may be close to each other, as the parameters are varied

 Small relevant deformation (perturbation, or produced by the system itself) 

CFT Confinement
Seiberg-Witten ‘94

♦  The same degrees of freedom describing the CFT f.p. describe confinement 
vacuum nearby

♦ Interesting nonAbelian CFT’s  are strongly coupled  (cfr. Abelian dual superconductor) 

        A difficulty!

🔵

🔵

Nielsen-Froggart

26/30

☞

<latexit sha1_base64="z8d2BvKIf9YgkWoR+G56KeHPJLM="></latexit>

∆L = µΦ
2 |F + h.c.deviation of the RG flow:

Banks-Zacks,

SQCD  Seiberg



Confinement and RG flow

red curves= deformations

by some relevant operators
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4.    How to study strongly-coupled conformal IR fixed points   

         (and show near-by confinement)

♦

S duality in exact conformal theories (w arbitrary g) 

Argyres-Seiberg ‘07

🔵

GST  duality:  apply Argyres-Seiberg to the SCFT IR  fixed points 

<latexit sha1_base64="k4bxI8uTsiV9JC6au1242IKi7QY="></latexit>

g = ∞ ↔ gD = 1/g ∼ 0

Gaiotto-Seiberg-Tachikawa  ‘11

Giacomelli  ‘12

<latexit sha1_base64="A5GGQtJ3u2L45f4jqc+b1aElXtg=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8LbvRzeMgBL14EgWjYhKkd2x1yOzsMtMryBK/wquevIlX/8WD/+ImRlDROhVV3XR1hYmSljzvzRkbn5icmi7MFGfn5hcWS0vLxzZOjcCWiFVsTkOwqKTGFklSeJoYhChUeBL2dgf+yQ0aK2N9RLcJdiO40vJSCqBcOss6AhTf729vnZfKntuoB/VKwD3X94JKYzMnjWpQrdW473pDlNkIB+el985FLNIINQkF1rZ9L6FuBoakUNgvdlKLCYgeXGE7pxoitN1smLjP11MLFPMEDZeKD0X8vpFBZO1tFOaTEdC1/e0NxL+8dkqX9W4mdZISajE4RFLh8JAVRuZVIL+QBolgkBy51FyAASI0koMQuZjm3RTzPr6e5v+T44rrV93gcKvc3Bk1U2CrbI1tMJ/VWJPtsQPWYoJpds8e2KNz5zw5z87L5+iYM9pZYT/gvH4ABIeVMQ==</latexit>

N = 4

🔵

<latexit sha1_base64="0TEzc5ysAvaRLMwhg7GXQ8VGHQU="></latexit>

N = 2, NF = 4

GST   allows us to study  a singular SCFT,  to deform it  to get 

confinement and XSB Giacomelli, KK,   ‘12,’13

Bolognesi, Giacomelli, KK ‘16
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4.    How to study strongly-coupled conformal IR fixed points   

         (and show near-by confinement)

♦

S duality in exact conformal theories (w arbitrary g) 

Argyres-Seiberg ‘07

🔵

GST  duality:  apply Argyres-Seiberg to the SCFT IR  fixed points 

<latexit sha1_base64="k4bxI8uTsiV9JC6au1242IKi7QY="></latexit>

g = ∞ ↔ gD = 1/g ∼ 0

Gaiotto-Seiberg-Tachikawa  ‘11

Giacomelli  ‘12

<latexit sha1_base64="A5GGQtJ3u2L45f4jqc+b1aElXtg=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8LbvRzeMgBL14EgWjYhKkd2x1yOzsMtMryBK/wquevIlX/8WD/+ImRlDROhVV3XR1hYmSljzvzRkbn5icmi7MFGfn5hcWS0vLxzZOjcCWiFVsTkOwqKTGFklSeJoYhChUeBL2dgf+yQ0aK2N9RLcJdiO40vJSCqBcOss6AhTf729vnZfKntuoB/VKwD3X94JKYzMnjWpQrdW473pDlNkIB+el985FLNIINQkF1rZ9L6FuBoakUNgvdlKLCYgeXGE7pxoitN1smLjP11MLFPMEDZeKD0X8vpFBZO1tFOaTEdC1/e0NxL+8dkqX9W4mdZISajE4RFLh8JAVRuZVIL+QBolgkBy51FyAASI0koMQuZjm3RTzPr6e5v+T44rrV93gcKvc3Bk1U2CrbI1tMJ/VWJPtsQPWYoJpds8e2KNz5zw5z87L5+iYM9pZYT/gvH4ABIeVMQ==</latexit>

N = 4

🔵

<latexit sha1_base64="0TEzc5ysAvaRLMwhg7GXQ8VGHQU="></latexit>

N = 2, NF = 4

GST   allows us to study  a singular SCFT,  to deform it  to get 

confinement and XSB Giacomelli, KK,   ‘12,’13

Bolognesi, Giacomelli, KK ‘16
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RG flows

N=2 SCFT
Real-world  QCD  

N=0  SCFT

aUV =
11NfNc

360
+

31

180
(N2

c − 1)

−

aIR =
N2

f − 1

360
.

SU(N), NF =2N-1

aUV =
7N

2
−N − 5

24

aN=2SCFT =
7N(N − 1)

24

aIR =
(2N − 1)2 − 1

48

cUV =
4N

2
−N − 2

12

cN=2SCFT =
N(N − 1)

3

cIR =
(2N − 1)2 − 1

24

�

cUV =
1

20
NfNc +

N2

c � 1

10
;

cIR =
N2

f � 1

120
;

Nf <
11

2
Nc

Bolognesi, Giacomelli, KK ‘16

in adjoint repr of GF

<latexit sha1_base64="LyGJIIh5pdtHV9Z0n7W6duAvsYs="></latexit>

ui
= 0 mi

= Λ/N



THE END

Thank you for your attention !



1.    

🔵

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1 SYM  

KK-Ricco ‘03

adj mass 

perturbation, 

Konishi-anomaly, 

decoupling

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1

🔵 OK  w/  results from SQCD  (weak instanton calc.)   
’83, ‘85

Davies,Hollowood,Khoze,Mattis ‘99

Squark, gaugino condensates, K anomaly, decoupling of quarks

cfr.  4/5 puzzle 

🔵

<latexit sha1_base64="ita0yDVz8FD6K4KEQUEJSunpgAE=">AAACE3icbVC7TsNAEDzzJrwClBSciJCoIhvxKhE0lEEiASmxovVlCSfOZ+tujRRFKfkEvoIWKjpEywdQ8C+cjSWe0+xodle7M1GqpCXff/PGxicmp6ZnZitz8wuLS9XllZZNMiOwKRKVmIsILCqpsUmSFF6kBiGOFJ5H18d5//wGjZWJPqNBimEMfS0vpQByUre63lGg+wq5q3HUg69qCr1brfl1vwD/S4KS1FiJRrf63uklIotRk1BgbTvwUwqHYEgKhaNKJ7OYgriGPrYd1RCjDYeFkRHfzCxQwlM0XCpeiPh9YwixtYM4cpMx0JX93cvF/3rtjC4PwqHUaUaoRX6IpDOdH7LCSJcQ8p40SAT558il5gIMEKGRHIRwYuYiq7g8gt/u/5LWdj3Yq++e7tQOj8pkZtga22BbLGD77JCdsAZrMsFu2T17YI/enffkPXsvn6NjXrmzyn7Ae/0AN8Kd7g==</latexit>

hλλi

<latexit sha1_base64="mcpDh2o2mxFac1GkZgWOJx6YkGg="></latexit>

hλλi 6= 0 , Z2N ! Z2 XSB & N vacua (SU(N) Witte
n 

🔵

<latexit sha1_base64="FpWPJCOgr5u5uGP/NIGtxItra+A=">AAACGXicbVA9SwNBEN3z2/gVtbRZDAGrcCd+lUEbSwWjgSSEuc0kLtnbO3bnhBDyC/wJ/gpbrezE1srC/+JePFATXzOPNzPMvBcmSlry/Q9vZnZufmFxabmwsrq2vlHc3Lq2cWoE1kSsYlMPwaKSGmskSWE9MQhRqPAm7J9l/Zs7NFbG+ooGCbYi6GnZlQLISe1iualA9xRyV6OwAz/V5LpG7reLJb/ij8GnSZCTEstx0S5+NjuxSCPUJBRY2wj8hFpDMCSFwlGhmVpMQPShhw1HNURoW8OxnREvpxYo5gkaLhUfi/h7YwiRtYModJMR0K2d7GXif71GSt2T1lDqJCXUIjtE0lnMDllhpMsJeUcaJILsc+RScwEGiNBIDkI4MXXBFVwewaT7aXK9XwmOKoeXB6XqaZ7MEtthu2yPBeyYVdk5u2A1Jtg9e2RP7Nl78F68V+/te3TGy3e22R9471/n0p/J</latexit>

hλλi 6= 0 Toron?    

Seiberg-Witten

🔵

<latexit sha1_base64="yGsXBBYmiqk6ioWaJ7QB4wrk88Y="></latexit>

∆LN=0 = mλλλ+ h.c.

KK ’93 

Evans, Hsu, Schwetz ’93 

Di Vecchia, Veneziano  ’8
0

Mixed anomaly    ’
17

SU(2) YM

(Exact)

Shifman, Vainshtein, Zakharov,



(ii) model

χ[ij] , η̃B j , B = 1, 2, . . . , (N − 4)

Georgi-Glashow SU(5) GUT

Appelquist, Duan, Sannino, ‘00  

Poppitz  

SU(N)c × SU(N − 4)f × U(1)

massless 
baryons:

Confinement with no XSB

B{CD} = χ[ij] η̃
i C η̃j D

Color-flavor locked dyn. Higgs

hχ[ij]η̃
B ji = const.Λ3δBi

BKS ‘18

(1) ! SU(N � 4)cf ⇥ U(1)0 ⇥ SU(4)c

fields SU(N)c SU(N � 4) U(1)

χ

¯

N(N�1)
2

· (·) N � 4

η̃A (N � 4) · N · �(N � 2)

B{AB} (N�4)(N�3)
2

· (·) �N

The same massless baryons          do the job  

But             still around and strongly coupled

Tumbling (?):  SU(4) confined

No NG bosons;  complementarity (?) 

looks consistent

¯

⌦ !
¯

� . . . .

¯

⌦

¯

!

¯

� . . .

fields SU(4)c SU(N � 4)cf U 0(1)

χi1j1
(N�4)(N�5)

2
· (·)

¯

N

χi1j2 (N � 4) ·
¯

4 ·
¯ N

2

χi2j2

¯

4·3
2
· (·) 0

η̃A, i1 (N � 4)2 · (·) � �N

η̃A, i2 (N � 4) · 4 · �N
2

B{AB} (N�4)(N�3)
2

· (·) �N

(A)

(B)

¯

+ (N − 4)

Dark Matter?

<latexit sha1_base64="WyEc1cBSExNksHJX4+g++g+y8WY=">AAAB/nicdVDLTgJBEJzFF+IL9ehlAjHxRBayAbwRvXjERB4JS6B3aGDC7CMzvSaEkPgVXvXkzXj1Vzz4Ly6IiRqtU6WqO11dXqSkIdt+s1Jr6xubW+ntzM7u3v5B9vCoacJYC2yIUIW67YFBJQNskCSF7Ugj+J7Clje5XPitW9RGhsENTSPs+jAK5FAKoERyeb/virF0kSDXy+btwnmlUnIq3C7YSySkXLWdssOLKyXPVqj3su/uIBSxjwEJBcZ0inZE3RlokkLhPOPGBiMQExhhJ6EB+Gi6s2XmOT+NDVDII9RcKr4U8fvGDHxjpr6XTPpAY/PbW4h/eZ2YhtXuTAZRTBiIxSGSCpeHjNAyKQP5QGokgkVy5DLgAjQQoZYchEjEOGknk/Tx9TT/nzRLhWK54Fw7+drFqpk0O2E5dsaKrMJq7IrVWYMJFrF79sAerTvryXq2Xj5HU9Zq55j9gPX6AVYmleg=</latexit>

“χ
η”

to p.7

🔵

 (&)  



 Theoretical laboratories :  chiral SU(N) gauge theories with Weyl fermions

Nχ

Nψ

ψχη

χ̃η

ψη

(I)

(II)

(III)

( ¯III)

(̄I)

(ĪI)

ψ̃χ̃η̃

ψ̃η̃

χη̃

Figure 1: All the possible (Nψ, Nχ) models that are AF at large N .

N’s   constrained 

by gauge-anomaly  

-free condition 

AF or CFT?

(battle fields?)

Nψ ⊕N
ψ̃

¯
⊕Nχ̃ ⊕Nχ

¯

⊕Nη̃ ⊕Nη

¯
⊕Nadj

... :

ψ ψ̃ χ̃ χ η̃ η λ

*** 
*** 
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 Part 4:       Supersymmetry and   

        strongly-coupled gauge theories            

Montonen-Olive duality 

Susy instanton calculus, 

Veneziano-Yankielovicz, 

Seiberg’s duality in SQCD, 

Seiberg-Witten, 

Witten-Olive,   Witten 

Generalized KK anomaly, 

Argyres-Douglas, SCFT, EHIY 

Argyres-Plesser-Seiberg-Witten   

GST duality,  

SCFT and confinement 

(Susy-inspired) results on 

NonAbelian vortices and monopoles

’80 - ’2
2”SUSY 40”

Some reflections
22/30



1.    

🔵

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1 SYM  

KK-Ricco ‘03

adj mass 

perturbation, 

Konishi-anomaly, 

decoupling

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1

🔵 OK  w/  results from SQCD  (weak instanton calc.)   
’83, ‘85

Davies,Hollowood,Khoze,Mattis ‘99

Squark, gaugino condensates, K anomaly, decoupling of quarks

cfr.  4/5 puzzle 

🔵

<latexit sha1_base64="ita0yDVz8FD6K4KEQUEJSunpgAE=">AAACE3icbVC7TsNAEDzzJrwClBSciJCoIhvxKhE0lEEiASmxovVlCSfOZ+tujRRFKfkEvoIWKjpEywdQ8C+cjSWe0+xodle7M1GqpCXff/PGxicmp6ZnZitz8wuLS9XllZZNMiOwKRKVmIsILCqpsUmSFF6kBiGOFJ5H18d5//wGjZWJPqNBimEMfS0vpQByUre63lGg+wq5q3HUg69qCr1brfl1vwD/S4KS1FiJRrf63uklIotRk1BgbTvwUwqHYEgKhaNKJ7OYgriGPrYd1RCjDYeFkRHfzCxQwlM0XCpeiPh9YwixtYM4cpMx0JX93cvF/3rtjC4PwqHUaUaoRX6IpDOdH7LCSJcQ8p40SAT558il5gIMEKGRHIRwYuYiq7g8gt/u/5LWdj3Yq++e7tQOj8pkZtga22BbLGD77JCdsAZrMsFu2T17YI/enffkPXsvn6NjXrmzyn7Ae/0AN8Kd7g==</latexit>

hλλi

<latexit sha1_base64="mcpDh2o2mxFac1GkZgWOJx6YkGg="></latexit>

hλλi 6= 0 , Z2N ! Z2 XSB & N vacua (SU(N) Witte
n 

🔵

<latexit sha1_base64="FpWPJCOgr5u5uGP/NIGtxItra+A=">AAACGXicbVA9SwNBEN3z2/gVtbRZDAGrcCd+lUEbSwWjgSSEuc0kLtnbO3bnhBDyC/wJ/gpbrezE1srC/+JePFATXzOPNzPMvBcmSlry/Q9vZnZufmFxabmwsrq2vlHc3Lq2cWoE1kSsYlMPwaKSGmskSWE9MQhRqPAm7J9l/Zs7NFbG+ooGCbYi6GnZlQLISe1iualA9xRyV6OwAz/V5LpG7reLJb/ij8GnSZCTEstx0S5+NjuxSCPUJBRY2wj8hFpDMCSFwlGhmVpMQPShhw1HNURoW8OxnREvpxYo5gkaLhUfi/h7YwiRtYModJMR0K2d7GXif71GSt2T1lDqJCXUIjtE0lnMDllhpMsJeUcaJILsc+RScwEGiNBIDkI4MXXBFVwewaT7aXK9XwmOKoeXB6XqaZ7MEtthu2yPBeyYVdk5u2A1Jtg9e2RP7Nl78F68V+/te3TGy3e22R9471/n0p/J</latexit>

hλλi 6= 0 Toron?    

Seiberg-Witten

🔵

<latexit sha1_base64="yGsXBBYmiqk6ioWaJ7QB4wrk88Y="></latexit>

∆LN=0 = mλλλ+ h.c.

KK ’93 

Evans, Hsu, Schwetz ’93 

Di Vecchia, Veneziano  ’8
0

Mixed anomaly    ’
17

SU(2) YM

(Exact)

Shifman, Vainshtein, Zakharov,



🔵

<latexit sha1_base64="e2QtGsmQcgMuPHFxrrjtvjCV3+8=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTbi1SBF0FChIJGHSKJofdmEU85n626NFFnhK2ihokO0/AsF/4IdUkDCVKOZXe3s+JGSllz305mbX1hcWs6t5FfX1jc2C1vbNRvGRmBVhCo0DR8sKqmxSpIUNiKDEPgK6/7gMvPrD2isDPUtDSNsB9DXsicFUCrdJS0Bil+Pzr1OoeiW3DH4LPEmpMgmqHQKX61uKOIANQkF1jY9N6J2AoakUDjKt2KLEYgB9LGZUg0B2nYyTjzi+7EFCnmEhkvFxyL+3kggsHYY+OlkAHRvp71M/M9rxtQ7aydSRzGhFtkhkgrHh6wwMq0CeVcaJIIsOXKpuQADRGgkByFSMU67yad9eNPfz5LaYck7KR3fHBXLF5NmcmyX7bED5rFTVmZXrMKqTDDNntgze3EenVfnzXn/GZ1zJjs77A+cj29vVZTN</latexit>

N = 1 SQCD

♦
<latexit sha1_base64="gAQQCf1vCw5746OPEzlrtcA2KGQ=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKTYis6XTTjl7mzu1kiRlYKvoIWKDtHyKRT8C45xAQlTjWZ2tbMTxlJYdN1PZ2FxaXlltbRWXt/Y3Nqu7Oy2bJQYDk0eych0QmZBCg1NFCihExtgKpTQDkdXU7/9AMaKSN/iOIZAsaEWA8EZZlLg9wGpor4G6tJeperW3Bx0nngFqZICjV7ly+9HPFGgkUtmbddzYwxSZlBwCZOyn1iIGR+xIXQzqpkCG6R56Ak9TCzDiMZgqJA0F+H3RsqUtWMVZpOK4Z2d9abif143wcFFkAodJwiaTw+hkJAfstyIrA2gfWEAkU2TAxWacmYYIhhBGeeZmGT1lLM+vNnv50nruOad1U5vTqr1y6KZEtknB+SIeOSc1Mk1aZAm4eSePJFn8uI8Oq/Om/P+M7rgFDt75A+cj2+3TZVw</latexit>

detm 6= 0

♦

Seiberg’s EM duality, phases, SCFT

<latexit sha1_base64="RmDZm1wexELiMQHmoeb4GEqfFcc=">AAACFnicbVA9SwNBEN3z2/h1ammzGASrcCd+NYJoY6lgNJCEMLeZxCV7e8funBBCen+Cv8JWKzuxtbXwv7gXD9Toa+bxZoaZ96JUSUtB8O5NTE5Nz8zOzZcWFpeWV/zVtSubZEZgVSQqMbUILCqpsUqSFNZSgxBHCq+j3mnev75FY2WiL6mfYjOGrpYdKYCc1PI3Gwp0VyF3NY7a8F3Nl37EW345qAQj8L8kLEiZFThv+R+NdiKyGDUJBdbWwyCl5gAMSaFwWGpkFlMQPehi3VENMdrmYORlyLcyC5TwFA2Xio9E/LkxgNjafhy5yRjoxo73cvG/Xj2jzmFzIHWaEWqRHyLp/OWHrDDShYS8LQ0SQf45cqm5AANEaCQHIZyYudRKLo9w3P1fcrVTCfcrexe75eOTIpk5tsE22TYL2QE7ZmfsnFWZYHfsgT2yJ+/ee/ZevNev0Qmv2Flnv+C9fQKNf56J</latexit>

hλλi =

<latexit sha1_base64="0+tRsW1j3T+1Ba9Jef6F2PicnJg="></latexit>

hQQ̃i ! 1 , Nf < Nc (run-away vacua)

Taylor-Veneziano-Yankielowicz ‘83 

KK ’84 

Affleck-Dine-Seiberg ’84 

Amati, KK, Meurice, Rossi, Veneziano,  ’88 

<latexit sha1_base64="qhPtBlmfPYjVLJTTmMM3ZK8iTik="></latexit>

hλλi , hQQ̃i ! 0 , Nf > Nc

<latexit sha1_base64="0G/xGgTjnHyFyuQBqXmXHACVSv0=">AAAB/3icdVC7SkNBFNwbXzG+opY2i0GwCnvFvLQJ2lhGMA9ILmHv5iQu2ftw91whhBR+ha1WdmLrp1j4L25iBBWdapg5hzln/FhJg4y9OamFxaXllfRqZm19Y3Mru73TMFGiBdRFpCLd8rkBJUOoo0QFrVgDD3wFTX94PvWbt6CNjMIrHMXgBXwQyr4UHK3kBbSDEWWUdk7pSTebY/lKuVgqVijLu0XmFsqWsIpbqjDq5tkMOTJHrZt97/QikQQQolDcmLbLYvTGXKMUCiaZTmIg5mLIB9C2NOQBGG88O3pCDxLDbXYMmkpFZyJ83xjzwJhR4NvJgOO1+e1Nxb+8doL9sjeWYZwghGIahFLBLMgILW0bQHtSAyKfXg5UhlRwzRFBS8qFsGJi68nYPr6epv+TxpGtKl+4PM5Vz+bNpMke2SeHxCUlUiUXpEbqRJAbck8eyKNz5zw5z87L52jKme/skh9wXj8AUAOVNA==</latexit>

m → 0 :

<latexit sha1_base64="+Ffe7evsjINxuK7jgULB40lxhCs=">AAAB/3icdVDLSgNBEJz1GeMr6tFLYxA8hVnRPBQh6MWjgjGBZJHZsRMHZx/O9AoSPPgVXvXkTbz6KR78FycxgorWqajqpqsrTLWyxPmbNzY+MTk1nZvJz87NLywWlpZPbZIZiQ2Z6MS0QmFRqxgbpEhjKzUoolBjM7w8GPjNazRWJfEJ3aQYRKIXq66SgpwURAB7ABygsws7Z4UiL9Wq5Uq5Brzkl7m/XXWE1/xKjYNf4kMU2QhHZ4X3znkiswhjklpY2/Z5SkFfGFJS422+k1lMhbwUPWw7GosIbdAfhr6F9cwKSiBFA0rDUMTvG30RWXsThW4yEnRhf3sD8S+vnVG3GvRVnGaEsRwcIqVxeMhKo1wbCOfKIJEYJEdQMUhhBBEaBUJKJ2aunrzr4+tp+J+cbrqqStvHW8X6/qiZHFtla2yD+azC6uyQHbEGk+yK3bMH9ujdeU/es/fyOTrmjXZW2A94rx8a15Ry</latexit>

m = 0 : QMS  (flat directions)

Seiberg ’94 

Nf < Nc Nc Nc + 1 ≤ Nf < 3Nc

2

3Nc

2
< Nf ≤ 3Nc > 3Nc

Phases No vacua finite vacua Free magnetic phase SCFT Infrared free

IR Deg. freedom - M,B, B̄ M,B, B̄ Q, Q̃ or q, q̃,M Q, Q̃

(Exact)
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2. 
<latexit sha1_base64="rf5wxAP9jtB3hC+8v+bnnUqZKYc=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGXxch6MWTRDAPSELonXTikNkHM71CWIJf4VVP3sSr3+LBf3F33YNG61RUddPV5YZKGrLtD6uwsLi0vFJcLa2tb2xulbd3WiaItMCmCFSgOy4YVNLHJklS2Ak1gucqbLuTy9Rv36M2MvBvaRpi34OxL0dSACVSN+4JUPx6dl7jg3LFrtoZ+F/i5KTCcjQG5c/eMBCRhz4JBcZ0HTukfgyapFA4K/UigyGICYyxm1AfPDT9OIs84weRAQp4iJpLxTMRf27E4Bkz9dxk0gO6M/NeKv7ndSManfVj6YcRoS/SQyQVZoeM0DLpAvlQaiSCNDly6XMBGohQSw5CJGKUlFNK+nDmv/9LWrWqc1I9vjmq1C/yZopsj+2zQ+awU1ZnV6zBmkywgD2yJ/ZsPVgv1qv19j1asPKdXfYL1vsXyyaU+A==</latexit>

N = 2 SYM,  SQCD
Seiberg-Witten ‘94

SCFT (superconformal th)

♦

♦

SU(3) 

NF  =4   SQCD

Argyres-Douglas ‘95SYM

SU(3) 

<latexit sha1_base64="PExgZdid5hWaz4b0aPUrWrFI5ms="></latexit>

4u
3
= 27ṽ

2
, ṽ = v ± 2Λ

3

<latexit sha1_base64="nNxA+Mro4Jh5/V0KEXPzKU3oWxE="></latexit>

u ⌘ TrhΦ
2i, v ⌘ TrhΦ

3i, etc.

<latexit sha1_base64="XtGbW8RlU2l7AQT+m2wtbSnXrFU="></latexit>

n
(1) = (1, 0; 0, 0)

<latexit sha1_base64="oeKfWTM57YSIvje05r2hgiiZ8Zo="></latexit>

n
(2) = (0, 0;−1, 0)

<latexit sha1_base64="HZbgs3pcKKuPQNhhYVcsWW6zMXs="></latexit>

n
(3) = (1, 0;−1, 0)

Nonlocal U(1) SCFT 

Auzzi, Grena, KK  ’02

<latexit sha1_base64="9DhO6QVR+WQq5sxffocGqf8vfIU="></latexit>

u = 3m
2
, v = 2m

3

Nonlocal 
SU(2) x U(1) SCFT 

♦ Argyres-Plesser-Seiberg-Witten, Eguchi-Hori-Ito-Yang, Gaiotto, … … 



SCFT  points of   
<latexit sha1_base64="rf5wxAP9jtB3hC+8v+bnnUqZKYc=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKewGXxch6MWTRDAPSELonXTikNkHM71CWIJf4VVP3sSr3+LBf3F33YNG61RUddPV5YZKGrLtD6uwsLi0vFJcLa2tb2xulbd3WiaItMCmCFSgOy4YVNLHJklS2Ak1gucqbLuTy9Rv36M2MvBvaRpi34OxL0dSACVSN+4JUPx6dl7jg3LFrtoZ+F/i5KTCcjQG5c/eMBCRhz4JBcZ0HTukfgyapFA4K/UigyGICYyxm1AfPDT9OIs84weRAQp4iJpLxTMRf27E4Bkz9dxk0gO6M/NeKv7ndSManfVj6YcRoS/SQyQVZoeM0DLpAvlQaiSCNDly6XMBGohQSw5CJGKUlFNK+nDmv/9LWrWqc1I9vjmq1C/yZopsj+2zQ+awU1ZnV6zBmkywgD2yJ/ZsPVgv1qv19j1asPKdXfYL1vsXyyaU+A==</latexit>

N = 2  SQCD  with SU(N), USp(2N)

Carlino, KK, Murayama  ‘00

Di Pietro, Giacomelli ‘11

Argyres, Plesser,Seiberg  ‘96



        IR CFT (conformally inv fixed points)  ~  confinement

Naively, diametrically opposite concepts♦

In systems with parameters  (NF , g, QMS),  however, 
 they may be close to each other, as the parameters are varied

 Small relevant deformation (perturbation, or produced by the system itself) 

CFT Confinement
Seiberg-Witten ‘94

♦  The same degrees of freedom describing the CFT f.p. describe confinement 
vacuum nearby

♦ Interesting nonAbelian CFT’s  are strongly coupled  (cfr. Abelian dual superconductor) 

        A difficulty!

🔵

🔵

Nielsen-Froggart

☞

<latexit sha1_base64="z8d2BvKIf9YgkWoR+G56KeHPJLM="></latexit>

∆L = µΦ
2 |F + h.c.deviation of the RG flow:

Banks-Zacks,

SQCD  Seiberg



Confinement and RG flow

red curves= deformations

by some relevant operators



    How to study strongly-coupled conformal IR fixed points   

         (and show near-by confinement)

♦

S duality in exact conformal theories (w arbitrary g) 

Argyres-Seiberg ‘07

🔵

GST  duality:  apply Argyres-Seiberg to the SCFT IR  fixed points 

<latexit sha1_base64="k4bxI8uTsiV9JC6au1242IKi7QY="></latexit>

g = ∞ ↔ gD = 1/g ∼ 0

Gaiotto-Seiberg-Tachikawa  ‘11

Giacomelli  ‘12

<latexit sha1_base64="A5GGQtJ3u2L45f4jqc+b1aElXtg=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8LbvRzeMgBL14EgWjYhKkd2x1yOzsMtMryBK/wquevIlX/8WD/+ImRlDROhVV3XR1hYmSljzvzRkbn5icmi7MFGfn5hcWS0vLxzZOjcCWiFVsTkOwqKTGFklSeJoYhChUeBL2dgf+yQ0aK2N9RLcJdiO40vJSCqBcOss6AhTf729vnZfKntuoB/VKwD3X94JKYzMnjWpQrdW473pDlNkIB+el985FLNIINQkF1rZ9L6FuBoakUNgvdlKLCYgeXGE7pxoitN1smLjP11MLFPMEDZeKD0X8vpFBZO1tFOaTEdC1/e0NxL+8dkqX9W4mdZISajE4RFLh8JAVRuZVIL+QBolgkBy51FyAASI0koMQuZjm3RTzPr6e5v+T44rrV93gcKvc3Bk1U2CrbI1tMJ/VWJPtsQPWYoJpds8e2KNz5zw5z87L5+iYM9pZYT/gvH4ABIeVMQ==</latexit>

N = 4

🔵

<latexit sha1_base64="0TEzc5ysAvaRLMwhg7GXQ8VGHQU="></latexit>

N = 2, NF = 4

GST   allows us to study  a singular SCFT,  to deform it  to get 

confinement and XSB Giacomelli, KK,   ‘12,’13

Bolognesi, Giacomelli, KK ‘16



RG flows

N=2 SCFT
Real-world  QCD  

N=0  SCFT

aUV =
11NfNc

360
+

31

180
(N2

c − 1)

−

aIR =
N2

f − 1

360
.

SU(N) SQCD,  NF =2N-1

aUV =
7N

2
−N − 5

24

aN=2SCFT =
7N(N − 1)

24

aIR =
(2N − 1)2 − 1

48

cUV =
4N

2
−N − 2

12

cN=2SCFT =
N(N − 1)

3

cIR =
(2N − 1)2 − 1

24

�

cUV =
1

20
NfNc +

N2

c � 1

10
;

cIR =
N2

f � 1

120
;

Nf <
11

2
Nc

Bolognesi, Giacomelli, KK ‘16

in adjoint repr of GF

<latexit sha1_base64="LyGJIIh5pdtHV9Z0n7W6duAvsYs="></latexit>
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Back to p.26



To sum up:    Susy gauge theories

          Deep insights and understanding on:

Quantum monopoles and dyons; Dualities

(S)CFT,  IR fixed-points

Deform                    to learn dynamics of non-Susy theories ?  No (t easy…)
<latexit sha1_base64="n/vOGTXKuiSN5pyB0ZVeSm2sy8M="></latexit>

∆L(N=0)

Hint:   Confinement in QCD ~   close to nontrivial CFT  

♦ Bifermion condensates  
<latexit sha1_base64="6ouNmXVqpJx4F7HiagAHrfR7+k4="></latexit>

hψηi , hχηi , hψχi , hq̄RqLi (QCD)

all vanish by supersymmetry:  Susy must be sp.ly broken
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mq = 0

♦ Interesting possible phases (dynamical Higgs, Abelianization, etc.)  in 
chiral gauge theories :    all out of reach of Susy cousins

☞

But

🔵

♦

♦

♦

🔵

♦ QMS (flat directions) in susy systems:  where to start ?   
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+ . . .
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AF or CFT

αNψ ,Nχ
=

0

B

B

B

B

B

B

B
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π
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89N
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1

C

C

C

C

C

C

C

A

+O(1/N2) .

Up to 2 loops:    

<latexit sha1_base64="JGiTNp5gpnCocPK0LywqNWbrdo4="></latexit>

α < 0 : AF ; α > 0 : CFT
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Nψ, Nχ = 1, 2, . . . 6

Back to p.5

β(g) = �
g

4π

✓

β0
α

(4π)
+ β1

⇣ α

4π

⌘2

+ ...

◆

Actually all terms are of the same order in 1/N…   Need ’t Hooft ’s 
1/N expansion 



A : ψ
⇣ ⌘

ψ
⇣ ⌘

forming ;

B : χ

✓ ¯ ◆

χ

✓ ¯ ◆

forming

¯

;

C : η
⇣

¯
⌘

η
⇣

¯
⌘

forming
¯

;

D : χ

✓ ¯ ◆

η
⇣

¯
⌘

forming

¯

;

E : ψ
⇣ ⌘

χ

✓ ¯ ◆

forming an adjoint representation (φ̃) ;

F : ψ
⇣ ⌘

η
⇣

¯
⌘

forming (φ);

G : η̃
⇣ ⌘

η
⇣

¯
⌘

forming (·) (singlet) .

A :
2(N2

− 4)

N
−

(N + 2)(N − 1)

N
−

(N + 2)(N − 1)

N
= −

2(N + 2)

N
;

B :
2(N + 1)(N − 4))

N
−

(N + 1)(N − 2)

N
−

(N + 1)(N − 2)

N
= −

4(N + 1)

N
;

C :
(N + 1)(N − 2))

N
−

N2
− 1

2N
−

N2
− 1

2N
= −

N + 1

N
;

D :
3(N + 1)(N − 3))

2N
−

N2
− 1

2N
−

(N + 1)(N − 2)

N
= −

2N + 2

N
;

E : N −

(N + 2)(N − 1)

N
−

(N + 1)(N − 2)

N
= −

N2
− 4

N
;

F :
N2

− 1

2N
−

N2
− 1

2N
−

(N + 2)(N − 1)

N
= −

(N + 2)(N − 1)

N
;

G : 0−
N2

− 1

2N
−

N2
− 1

2N
= −

N2
− 1

N
,

MAC like thinking

♦

♦

♦

♦

♦

♦

(QCD)

(QCD)

Back to p.14

Raby-Dimopoulos-Susskind ‘80



(Nψ, Nχ) = (1, 0) model: a review(i)

ψ{ij} , ηBi , B = 1, 2, . . . , N + 4 ,
SU(N)c ⇥ SU(N + 4)f ⇥ U(1) ,

(A) Confining,  SU(N+4)x U(1) symmetric phase with no condensates

massless baryons  ~  B[AB] = ψijηAi η
B
j , A,B = 1, 2, . . . , N + 4

CF locked (Higgs) phase 

hψ{ijηBi i = C δjB , j, B = 1, 2, . . . N

SU(N)cf ⇥ SU(4)f ⇥ U 0(1)

Appelquist, Duan, Sannino, ‘00  

The anomaly matching OK, 

The low-energy degrees of
N2+7N

2
massless baryons

e
2

massless baryon

h 8N + 1 Nambu-Goldstone

Bars, Yankielovicz ‘81

Appelquist, Cohen, Schmaltz, Shrock ‘99 

(B)

⊕ (N + 4)
¯

Massless baryons and (NG) bosons in L.E.♦
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“ψη
”

Back to p.8 

fields SU(N)cf SU(4)f U 0(1)

UV ψ
N(N+1)

2
· (·) 1

ηA1

¯
⊕

¯

N2
· (·) −1

ηA2 4 ·
¯

N · −
1
2

IR B[A1B1]

¯

N(N�1)
2

· (·) −1

B[A1B2] 4 ·
¯

N · −
1
2

fields SU(N)c SU(N + 4) U(1)

UV ψ
N(N+1)

2
· (·) N + 4

ηA (N + 4) ·
¯

N · �(N + 2)

IR B[AB] (N+4)(N+3)
2

· (·) �N
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G =
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