Geometric Quantum Field Theories

APOSTOLOS PILAFTSIS

Department of Physics and Astronomy, University of Manchester,
Manchester M13 9PL, United Kingdom

CORFU 2023
Corfu, Greece, September 2023

Based on: K Finn, S Karamitsos, AP, PRD102 (2020) 045014 [arXiv:1910.06661]
EPJC81 (2021) 572 [arXiv:2006.05831]

— Viola Gattus, AP, arXiv:2307.01126

Related works: S Karamitsos, AP, NPB907 (2016) 785; NPB927 (2018) 219



Outline:

e Brief History on Covariant or Geometric Methods in QFT

e Grand Covariance in Quantum Gravity

e The Fermion problem and Supermanifolds

e Supergeometric Effective Actions

e Conclusions & Future Directions

CORFU 2023 Geometric Quantum Field Theories A PILAFTSIS



e Brief History on Covariant Methods in QFT

e B DeWitt '67: ... The Manifestly Covariant Quantum Field Theory,
introducing the well-known Background Field Method.

e S Weinberg '68, ... J Honerkamp '72 . . .:
Geometry of Field Space and Amplitudes in Non-linear o-Models

— Little Higgs Models, SMEFT C HEFT, Multifield Inflation . . .

o L Alvarez-Gaumé, DZ Friedman, S Mukhi '81:
Geometry and UV Finiteness of SUSY Non-linear o-Models

o G Vilkovisky '84, B DeWitt '85,
Gauge Independence of Covariant VDW Effective Action

e MK Gaillard '86: Gauge-Covariant Derivative Approach to EFT

— Universal effective action, threshold effects in SMEFT . . .
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e JM Cornwall '82, JM Cornwall, J Papavassiliou '89, AP '97:

Pinch Technique: a Gauge-Covariant Diagrammatic Approach
to Off-Shell Amplitudes

= Effective gluon mass, Non-Abelian effective charges,
Unstable particle dynamics and High-energy unitarity of Amplitudes

e G Sigl, G Raffelt '93, PSB Dev, P Millington, AP, D Teresi '14:
Flavour Covariant Transport Equations

= Neutrino flavour dynamics in astrophysics and cosmology,
Leptogenesis . . .

e D Teresi, AP '13:

Symmetry Improved Cornwall-Jackiw-Tomboulis Effective Action

= Massless Goldstones, 2nd order phase transitions for Q(/V) theories,
RG exactness and IR safe effective potentials . . .
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Goerge’s Legacy of Corfu Summer Institutes

from Plato

NTER (MY ACADEMY)
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e Grand Covariance in Quantum Gravity [G Vilkovisky '84, B DeWitt, '85;
K Finn, S Karamitsos, AP, '19]

s = [ v=g [— TR 1 Lhan(e) (Ve )(V.eP) — Vie)|.

S = S|guw.; [(), k(p),V(p)|: classical action
f(e), kap(p), V(e): model functions
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e Grand Covariance in Quantum Gravity [G Vilkovisky '84, B DeWitt, '85:
K Finn, S Karamitsos, AP, '19]

s = [atey=g |- TER & Shante) g (eT6?) - Vi),

S = S|gu, p; (@), k(e),V(p)|: classical action
fle), kap(w), V(e): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

ot — FH=3M(x¥), with ds® = g, datds” =g, d¥"dT”

(ii) Field reparametrizations

uv — g,ul/ — gpﬂ/(QmAa@) = 92(90) Juv

et = = NG, p) = P (p)
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e Grand Covariance in Quantum Gravity [G Vilkovisky '84, B DeWitt, '85;
K Finn, S Karamitsos, AP, '19]

s = [atey=g |- L8R & Shante) g TueT6?) - Vi),

S = S[gu, p; (@), k(e),V(p)|: classical action
fle), kap(w), V(e): model functions

Grand or Frame Covariance:

(i) Spacetime diffeomorphisms

o — T =3(2¥), with ds® =g, =g, dztdz"
N - = —

“~”

Not invariant under (ii)

(ii) Field reparametrizations
Juv — g,tw — g,LW(gFoAaQO) — 92(90) 9uv

Pt = = NG, p) = P ()
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— Introduce new model function /() to restore (i)

Juv

()

ds® = Guv dxtdx” ,  with g, =
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— Introduce new model function /() to restore (i)

ds* = g, dztdz”, with g, = 5295;)
— Transformation of model functions
Up) = Q)
fle) = Q72 f(e),
Eag(e) = [kap —6/(In0) a(n€),p +3f a(n€),5 + 30 Q) 4f.5| 0% 0%,
Vi) = Q*V(p).
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— Introduce new model function /() to restore (i)

Juv

()

ds® = Guv dxtdx” ,  with g, =

— Transformation of model functions

Up) = QUp),
fle) = Q72 f(e).

Eag(e) = [kap —6/(In0) a(n€),p +3f a(n€),5 + 30 Q) 4f.5| 0% 0%,
Vi) = Q*V(p).

— Frame invariance of the classical action S:

~ ~

SGuw, @ L(@), F(0), k(0), V()] = Slgu, i l(@), f(0), k(p),V(e)] *

Models related by a frame transformation define an equivalence class

[K Falls, M Herrero-Valea '19]
*S = [dr\/—gL = [d"x\/—g L isindependent of £(¢) (only at tree level).
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— Coordinates of the Grand Configuration Space

i — Gl _ ([ 9"(=) b _ _
¢ = ¢ (xy) = <¢A(xA)),W|thz—{I,x]},I—{,LW,A},:U[—{:U,:I:A}.
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— Coordinates of the Grand Configuration Space

i — Gl _ (9" (z) Hho _ _
¢ = ¢ (x7) = (gbA(xA)),Wlch—{[,x[},I—{,LLV,A},CIJ[—{LE,CCA}.

— The Grand Configuration Space Metric

_ gMV 52‘9 2 fP/.Ll/pO' _éfB g 1/) (D)
i = — — - — E 47 H 5 _ ’
Yii = D 5(0,8)3(0,09) (—%f,A Gpo kan (z1 =)

where §P)(x; — z ;) = 6P)(x; — x5)/\/—7 is frame invariant, and

1
Puvpoe = Guv)(po) = 9 (gup Gov + Guo Gov — X Guv gpa)

Is the gravitational field-space metric.

Condition on the inverse metric G(#¥)(po).

Gv)pa) — gangBy grp o Gp)y(n) =— «a=0orl.
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— Quantum Effective Action

o (37161) = [109) exp {1 [s16] + 5 i -] |
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— Quantum Effective Action

o (716l ) = [ 100 exp {£[s16) + 5 ] |

Not invariant under frame transformations
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— Quantum Effective Action

1 ) oIl
o (171¢)) = [ 1l exp {75101 + Bt |
h h %
Not invariant under frame transformations.

— VDW Quantum Effective Action

exp (%P[gp]) = /[ﬁcb} M[P] exp{i[S[cb] + 51(;[@] Ei[so,@]” :

=t

with ¢ = (" @),

DP| = exp[Z/dDzC v —g(x) lan)I(:c)] , M[P] = Vpp\/@ (Gij) ,

and Vgp is the Faddeev—Popov determinant [for SU(NN ), see Rebhan '87].
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— One- and Two-Loop VDW Effective Actions

[consistent with P Ellicott, T Toms '89]

IMg] = Sndet(V'VsS),
ENOOLS
1 ab A cd

= —gATAMVEV V. Va)S

1
4 1_2 AabACdAef (V(avcve)s) (V(bvde)S) ;

1

with A% = (V,V,5) " = Abe,
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— One- and Two-Loop VDW Effective Actions

[consistent with P Ellicott, T Toms '89]

IMg] = Sndet(V'VsS),
ENOOLS
1 ab A cd

= —gATAMVEV V. Va)S

1
_|_ 1_2 AabACdAef (V(avcve)S) (V(deVf)S) 3

with A% = (V,V,8) " = Abe.

— Grand Covariance of the VDW Effective Action
[K Finn, S Karamitsos, AP, '19]

~ ~

Llp; ((d), f(#),kap(¢),V($)] = L) (9), [(P), kan(d), V()]

with @ = (9" ).
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e The Fermion problem and Supermanifolds

The Effective Action Bryce De Witt ‘85

14 DISCUSSION

This completes the basic outline of how Vilkovisky’s idea fo

invariant scalar effective action works, or can be made to woly
‘ discussing the advantages of such an effective action, I shall ta

some of its possible defects. First of all, how unique is it? I do 1
it is in principle as unique as Vilkovisky has claimed. Choices
made for three quantities: the starting metric v, the functional
measure ux[/, K]; all else follows from these. The last two have no effect
on the final form of I'. The measure yx;, and hence yu, is determined by
unitarity requirements. Expression (13.11) for u appears to depend on a
fourth arbitrary quantity, g, but in fact is independent of g*. To show this
just vary ofp and use (13.15).

That leaves vy. Vilkovisky (1984) has suggested that vy should be deter-
mined by the coefficient of the highest derivatives in the superclassial field
equations. This cannot be correct in the fermion sector of supergravity
theory, where the highest-order derivative is first order, because the coefh-
cient of a first-order derivative cannot yield a tensor of even rank having
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e The Fermion problem and Supermanifolds

The Effective Action Bryce De Witt ‘85

14 DISCUSSION

This completes the basic outline of how Vilkovisky’s idea fo

invariant scalar effective action works, or can be made to woly
‘ discussing the advantages of such an effective action, I shall ta

some of its possible defects. First of all, how unique is it? I do 1
it is in principle as unique as Vilkovisky has claimed. Choices
made for three quantities: the starting metric v, the functional
measure ux[/, K]; all else follows from these. The last two have no effect
on the final form of I'. The measure yx;, and hence yu, is determined by
unitarity requirements. Expression (13.11) for u appears to depend on a
fourth arbitrary quantity, g, but in fact is independent of g*. To show this
just vary ofp and use (13.15).

That leaves vy. Vilkovisky (1984) has suggested that vy should be deter-
mined by the coefficient of the highest derivatives in the superclassial field
equations. This cannot be correct in the fermion sector of supergravity
theory, where the highest-order derivative is first order, because the coefh-
cient of a first-order derivative cannot yield a tensor of even rank having

— No metric for non-SUSY theories with fermions: gxy(¢) @Xz’fy“é’uwy
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e Supergeometry on a Supermanifold \ .. = o\ .o AP EPICSI (2021) 572,
V Gattus, AP, arXiv:2307.01126]

— Fermions as Coordinates in the Field-Space Supermanifold
a’ a’ a?

= {3} = (¢4, oL, ¥L, 2, 2, ...,

where ¢ are scalars and X are Dirac (or Weyl) fermions.
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e Supergeometry on a Supermanifold [K Finn, S Karamitsos, AP, EPJC81 (2021) 572;
V Gattus, AP, arXiv:2307.01126]

— Fermions as Coordinates in the Field-Space Supermanifold

<I>E{<I)O‘}:(¢A, 1 il 2 212 .“)T’

a’ a a’ a

where ¢ are scalars and X are Dirac (or Weyl) fermions.

— Frame-covariant Lagrangian of a scalar theory with fermions

| |
L= 59" 0,0% aks(®) 9,07 + %gg(cb) 0,8 — U(®).

(. / (. J/
~\ '

: scalars : fermions

Model functions:

oks(®) : rank-2 tensor of the would-be bosonic metric (with ,kx = 0)
CH*(®) : mixed spacetime and field-space vector

U(®) : a scalar describing the potential and Yukawa sector
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— Extracting the model functions ks and (/

o “ <

% 0 r 0 Cﬁ,f _ g (,C B lguuauq)a akﬁ ayq)/j’)

5 =D 50,80 © 3(0,3P) i > 0(0,0%)

CORFU 2023 Geometric Quantum Field Theories A PILAFTSIS



— Extracting the model functions ks and (/

B} D 2, 1 2
_ Gupv _ v o B
& D 0(0,9%) £ 0(0,PP) o (E 27 Ou®™ akp O ) 0(0,9%)
— Free theory as an example
L= 3 —g"0,6"0,6" — 2 (")’
9 M v 9 A

A€ Nscalars

+ > %(@Xv“ﬁuwX — Oyt ) —mxd X

X e Mfermions

Model functions:

1 0AB Onxsr
B OsarxN Osarxsar)’

Cg — (ON’ wa’yaa’ fyaawav wb’)/bb’ fybb?vbba . )
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— Deriving the Field-Space Metric

Define the rank-1 field-superspace tensor,
[improved by V Gattus, AP, arXiv:2307.01126]

1 5(5((13) imﬂed Ca( _ CB §§ .

Ca((I)) — 7

4 Oy
to derive the rank-2 anti-supersymmetric tensor (in analogy to F),,, in QED)
13 Ej
oAg(P) = —1)atprel _—_¢, ith AT = —)\.
Introduce the non-singular rank-2 tensor:
(Iy. 0 0 0 0 \
0O 0 1, 0 O ---
_ free theory _ 0 14 0 0 0
ahp = aks 1 ads Ns=10 0 0 0 1
0 0 0 14 O

CORFU 2023 Geometric Quantum Field Theories A PILAFTSIS



— Properties of the Field-Space Super-Metric ,G3(®P)
The Super-Metric G 3(®) should:

1. Be uniquely determined from the action.

2. Transform as a proper rank-2 field-space tensor.

3. Be supersymmetric and non-singular to produce a non-zero line element.
4. Be ultralocal, i.e. it should not depend on 0, ®.

5. Have the local form on each point of the field-space Supermanifold

(1N o 0 0 0 \

0 O 1, O 0 ---
o -1, 0 0 O
Ho =110 g o0 0 1,4
0 0 0 =14 O

CORFU 2023 Geometric Quantum Field Theories A PILAFTSIS



— The Field-Space Super-Metric

Determine first the field-space vielbeins ,e®(®) from
oAp(P) = o€ (®) Vb bes‘g(‘l’),

and use these to obtain the Field-Space Super-Metric:

oGp(®) = e (®) oMy be%T(‘I’)
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— The Field-Space Super-Metric

Determine first the field-space vielbeins ,e®(®) from
Ns(®) = e (®) N, bl (®),

and use these to obtain the Field-Space Super-Metric:

oGp(®) = e P) o Hp beg(‘l’)

— The Christoffell Symbols

1 < = —
Ty = 5 G [5G5 0+ (=1)"7 5Gy 05 — (-1)7 8, BG’Y}

— The Riemann Tensor

— —
R%.s = —"Ipy0s + (_1)75 "Tps 0y + (_1)7(B+6) "Tey “Tgs

_ (_1)5(€+B+7) s EFB'V
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e Supergeometric Effective Action with Fermions

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572]

)

exp(iT[®]) = / [D®,] /]sdetG] exp (z’S[(I)Q] +i / d'ey/=gT[®]-2°(@, <I>q]>
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e Supergeometric Effective Action with Fermions

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572]

-
exp(il[®]) = / [D®,) \/]sdetG] exp (z’S[(I)q] +i / dizy/—g r[@]a%aza[@, <1>q])

— One- and Two-Loop Grand Covariant Effective Actions

re = %ln sdet (@a S%B) = %strln (@a S%@)

OO+
= — %S% a%g%@%g} A% ABa
L (—1)BHEGHR) L (S% ﬁﬁ%a}) ATB ATO AT (?{ﬁﬁg}s)

I 2)[®]

aAél = ?a S%B\, with AP = AP defined through: A7 gAél — a(Sg.
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— Single Fermion Model

SH©) 0,606 + © g(6) (Tr0, — 0,57

— Sh(B) T 6 — V()T — V()

C:

Supermanifold: &% = (qﬁ,w,?ﬁ), with grand field-space metric

[k - 9“ 6 Mg =i T M +ih) o)
oGp = (g’ — zh)w O4 gl4
\ —1(g' +ih) v —gl4 0,

But, %y =0 = field-space is flat
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. : ~ ~ ~ =T
— Frame-reparametrization to a Cartesian Frame, ®“ = (¢, ¢, ) :

b — a:/fmdcp, v o azmexp(g/0¢%d¢)w

Lagrangian in the Cartesian Frame:
L= 50,605 + 5 (00— 0,5"0) — V(@) 60 — V(9),

with Y (¢) = Y (¢)/9(¢) and V(¢) = V(9).
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. : ~ ~ ~ =T
— Frame-reparametrization to a Cartesian Frame, ®“ = (¢, ¢, ) :

/chb Y = = (¢)exp(g/f%d¢)¢

Lagrangian in the Cartesian Frame:

L= 30,00 + o (97"0,0 ~ 9,04"9) — V(&) 90 — V(3),
with Y (¢) = Y(¢)/g(¢) and V(¢) = V().
— One-Loop Effective Action

I[®] = S[®] + %Trln {D + V- i[z 17’2(— i+ 17)_1 - 17”] {E}

— iTrin (— i+ 37)
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— Model with Multiple Fermions (up to quadratic kinetic terms)

L = 59"kap(®)0u0" 0,0" + 59xv(P) @XW%@DY - %@X”y“?ﬂy)
— 3haxy (@) T 00t + - = U(P)

— No-Go Theorem for Fermionic Curvature [V Gattus, AP, arXiv:2307.01126]

Field-space super-metric for single scalar ¢:

k—ivy(g'—ih)g ' (g’ +ih)y -1 (g —ih) Liv'(g" +ih')
Gp = L(gT —ihT) % 0 g" 1,

_% (9/ + ih) P —gly 0

with 9 = {¥X}, g(6) = {gxv} = g'(¢) and h(6) = {hxv} = hi(9).

But, RO‘B,Y(S = 0 = field super-space has zero curvature.
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— Minimal 2D Model with Fermionic Curvature
[V Gattus, AP, arXiv:2307.01126]

£ = 10.00% + 4 (90(0) + 91(0) ¥1) (¥1"0uth — Butb 10
—Y(¢) b — V(9), with 4 = (o, ~ic?).

Chart: @ = (¢, 9", ¢), ¥ = (Y1,92) and ¥ = PT°.

Field-space super-metric:

1+b'(dH'a'"—ad'b —a b
oG = a' 0 d'
—b —d 0

where d = (go + g1 E?ﬂ) 12+ g1 9,
a=1(gy+g1vP), b= (go+givP)d  (with gg; = go,1/99),

Set go(¢) = 1 for simplicity:

Super-Ricci scalar: R = 4¢9; — %gf (@¢)2 # (0 = field super-space is curved.
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e Conclusions

e Complete formulation of Geometric Effective Actions for Scalar—
Tensor Theories, with a complete set of model functions

e New model function £ = £(®) ensures the uniqueness of the VDW
path-integral measure, with ds? = g,,,,/¢* dx*dx

e Extension of the VDW formalism to Supermanifolds to describe
realistic theories that include fermions, such as the SM

e Minimal Supergeometric QFT Models with non-zero fermionic
curvature [See talk by V Gattus]

e Analytic expressions of One- and Two-Loop Supergeometric
Effective Actions for Theories with Fermions
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e Future Research Directions

e UV completions of Minimal Supergeometric QFTs (Plan A)
(avoiding the Haag-Lopuszanski-Sohnius theorem)

e Application of Supergeometric QFTs to SMEFT and HEFT  (Plan B)

e Include gauge and other symmetries <= Isometries on Supermanifold

e Phenomenological /cosmological applications of Supergeometric QFTs
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Supergeometry on a Supermanifold

D3? = do® ;G 45(®) dD”

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572;
Viola Gattus, AP, arXiv:2307.01126]
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Supergeometry on a Supermanifold

D3? = do® ;G 45(®) dD”

[K Finn, S Karamitsos, AP, EPJC81 (2021) 572;
Viola Gattus, AP, arXiv:2307.01126.]

from Plato

IGNORANT OF GEOMETRY
D ENTER (MY ACADEMY) |
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Back-Up Slides
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e From Geometrizing the Cosmos to Micro-Cosmos

e Geometrizing the Cosmos: . . ., Pythagoras (5c BC)

e Geocentric versus Heliocentric System [e.g., Van der Waerden '87]

Geocentric.: Anaximander (6¢c BC), . .., Plato (4c BC),
Aristotle (3c BC), Ptolemy (2c AD), . .. Tycho (16¢c AD)

Heliocentric: Aristarchus (3c BC), Seleucus (2c BC),

Copernicus (15¢c AD), Kepler (16¢c AD), Galileo (16c AD), . . .

e Absolute versus Relative/Local Inertial Frame in Gravitation

Absolute: Newton (17c AD), . ..
Relative: Einstein (20c AD), . ..

e Geometrizing the Micro-Cosmos as a solution to frame problems in
Quantum Field Theory and Quantum Gravity
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— Einstein versus Jordan Frame
Action in Einstein Frame: S¥F[g,,,,¢] = [ |-3M3ZR + 5(0.9)* — V(y)]

Action in Jordan Frame: SJF[§W,ﬂ = fx [— % (@ﬁ + %(5,#@2 - V(@)}

Frame equivalence — SJF[QW, Q| = SEF[gW, @] [R. H. Dicke '62]
Field reparametrization
SJF p > SEF
. Quantization
e ME P
FJF - > l—«EF: |
1—loop Field reparametrization 1—loop

LY oop[Gues Pl # T oo [Guws ): Effective action is frame dependent,
except at extrema of the action.
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e Effects of /() (from g, = g,../0?(¢))

— Frame-invariant Dirac-delta function

5(D)($1 — Z'J)

/ A y=g 82y =1, with 8z —zy) = — =

— Functional derivative

SF(R()] _ | F[8() + 0P —y)] - Flo()
5¢(y) =0 €

— Functional determinant

det(M,,) = exp [@ / APy/=F In(M),,
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e Field-Space Riemann Tensor %(“”)(QB)(pa)(,Yg) for General Relativity

[K Finn, S Karamitsos, AP, '19]

1 1 1
R 8 00y (48) = — 3—255%9079@5 - —5 008907906 — 3595059p79as — —25§5ngga5
— 55 ——6(5 —i5“5y 5”5
p989c69ary BYpsY9ay 3 c9ps9ay — 32 3 p9osJay
- _5 5p90%%6 - 5a509p7966 - —5 5a9079B5 — 5 5a9p7935
_5M5pga5gﬁfy 5M509p5957 - 6'“504905957 5u5a9p5957
+ 325755910590'04 + 3255 559p’ygaa + 5655.9/0’}/9005 + 5g5fygp590a
+ 32575,39,0a905 + 3255 5ﬁ9pagafy + 55559,0&907 + 325557%)0490—5
+ 5'u5fygp(5.gaﬁ + 6 55 9dpv9op + 6M5@49p590’ﬁ + 5 5agp7.goﬂ
=+ 5M5fygpﬁga5 + 50455 9ppY9oy + 5 504ng905 + 5 5a9p6907
1 1 1 1
+ Egmg Y 908908 + 4Dgpag Y 90890~ + 4Dgpa9 Y9ov98s5 + 4D9pag 95598~
1 v 1 1 1
+ 1DIr19 Goadps + 4D9p59 Y90098y + 1 Dgpﬁg Y 90590y + gp,sg Y90v9as
1 1 1 1
4D9 Y 9,890790s — 4Dg 90890690y — 4D9 Y 9py9oadss — 4D9 Y 90590098~
1 1 1 1
4Dg gpagavgﬁé - 4Dg gpaga(sgﬁfy 4Dg 9p590B9ay — 4Dg gp’ygaﬁga(s
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— Field-Space Ricci Tensor R (,.)(po)

1 D D
R (po) = Zguvgpa — ggupgw — gguagw

— Field-Space Ricci Scalar R

for spacetime dimensions D > 1.

—> Gravity has a curved field space, with negative scalar curvature.
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e Partial differentation with respect to ~*

Any matrix M, in spinor space can be uniquely expressed as

Mao = Z Q(4) ngc%? with F(Z) S {-[47 757 7M7 ,y,u,yf), O_,uu} )
i=S,P,V,A,T

where I'® are the 16 orthogonal Lorentz-covariant bilinears,
a(;) is a coefficient, and o#” = 1/2 [y*,v"].

— I'-matrix partial differentiation:

T )0 e(i) '
For IV = T(V) = ~#,
7
Ty
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