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2. In usual spherical coordinates the metric on a two-dimensional sphere is [cf. (2.15]]
3 . ) ., )
g5 =g [.rl"h" £ sin- o r.l'qﬁ‘) :

where a 1s a constant.

(a) Calculate the Christoffel symbols “by hand”,

{b) Show that a great circle is a solution of the geodesic equation. (Hinr: Make use of
the freedom to orient the coordinates so the equation of a great circle 1s simple. )

[ a? ¢}
g”*_l ® aZSin[e]? Geodesic Equations:

i 3 me . + ~Cos[8] Sin[s] ¢2 - @

P 2
B 5 Pre + 2 Cot[B] B, ¢, - 0
0 Csc[a
| 2 |
4
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Christoffel Symbols:

I'y,2 -Cos[e] Sin(e] e?Mc(’I‘OV‘ 9 = % 0 <(.( < Zn . 7-11&/\ > Qrz = cosO=o0
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3. A three-dimensional spacetime has the line element

-}
2M 5 2M 5

ds® = — ( 1 — —) di= + (] - —) drt + :'Ea:.l’r,:r‘-
r ro,

(a) Find the explicit Lagrangian for the variational principle for geodesics in this
spacetime in these coordinates.
(b) Using the results of (a) write out the components of the geodesic equation by
{:nmrruling lhcm from the Lagrangian.
(c) Read off the nonzero Christoffel symbols for this metric from your results in (b).

‘Hﬂ é,x-hﬁww\ Ldz
(A) L(JC r)df ) gt ZM) )\.1/"\)"({) 1(4))1 /d"/& e fanc 0‘7(—“19&\

(R e

o (Lae |, Ssios d AU -
A yr oA

9—/.["- L Q[[”@)L%)th ! {/-—1{4)21@ = AL _;%,-, ir(l*wr:){




?_%-_ e e L
Moo M) L eyt ()
e I A

d— V'
_D/Z = V\in’ = _J_ % - — ,i_
3¢ Az o4 93
M









4. [A] Rotating Frames The line element of flat spacerime in a frame (1, x. v, 7) that
is rotating with an angular velocity £2 about the z-axis of an inertial frame is

.| g } o | "I. "5 : p " 1 o |
ds” = —[1 —Q%(x~"+ vy ) der” +20(vdx —xdy)dr +dx” +dv™ +dz".

(@) Verify this by transforming to polar coordinates and checking that the line element
15 (7.4) with the substitution ¢ — ¢ — 21.

(b) Find the geodesic equations for x, v, and z in the rotating frame.
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(b)
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12. The Hyperbolic Plane

ds? = ¥ j{;h': —-—n‘_'r:],

The hyperbolic plane defined by the metric

y =)

15 a classic example of a two-dimensional surface.

(a) Show that points on the x-axis are an infinite distance from any point (x, v) in the

upper half-plane.

(h) Write out the eeodesic equations.
E |

(c) Show that the geodesics are semucircles centered on the x-axis or vertical lines,

as llustrated.

(d) Solve the geodesic equations to find x and v as functions of the length § along

these curves.
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8. The metnic for the three-sphere in coordinates x* = (¥, #. ¢) can be written

ds® = dy? + sin® ¥ (d6? + sin’ 6 d¢*). (3.220)
ia) Calculate the Chnstoffel connection coefficients
g 0
Euv= (0] 51“[1,1'-'-{]1 Q)
0 0 Sin[e]2 Sin[y]?
ol 0
g'=| @ Cscly]?
0 0 Csc[6]2Csc[y]?
2 4

Christoffel Symbols:
r'y,2 -Cos[y] Sin[y]
rl3 3 -Cos[y] Sin[e]? Sin[y¥]

T4y 1 Cot[y]

1’33 -Cos[e] Sin[6]

1"33,1 Cot[y]

3, Cot[o]



6. A good approximation 1o the metric outside the surface of the Earth is provided by
ds® = =(1 4+ 20)d1* + (1 = 20)dr® + r*(d8° + sin® 0 dg°). (3.218)
where
B — (3.219)

(a) Imagine a clock on the surface of the Earth at distance R from the Earth’s center,
and another clock on a tall building a1 distance R, from the Earth’s center. Calcu-
late the ume elapsed on each clock as a function of the coordinate time 1. Which
clock moves faster?

(c¢) How much proper ime elapses while a satellite at radius Ky (skimming along the
surface of the earth, neglecting air resistance) completes one orbit? You can work

(b} Solve for a geodesic corresponding to a circular orbit around the equator of the
Earth (6 = x/2). What is d¢ /d1?
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