Misner Space

Spacetime discussed in Section 2.7, p 81, Carroll

ds? = —— dt? - —2— dtdx - —— dx®

O<x<1, —o<t<+oo

igenury
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b

FIGURE 2.25 A cylindrical spacetime with closed timelike curves. The light cones pro-
gressively tilt, such that the domain of dependence of the surface I fills the lower part of
the spacetime, but comes to an end when the closed timelike curves come into existence.

It is the metric with the above sign that corresponds to the figure in Carroll’s book

Null lines

In[«]:=

Out[+ ]=

2_ dx\22dx g _
ds _0=>(dt)+tdt-1_o

sol = DSolve[x '[t]*+(2/t) x '[t]-1== 0, X, t]

{{x - Funct‘ion[{t}, -A1+t? +c1- Log[—l +1+t2 ]]},
{x - Functi on[{t}, V1+t? +¢q- Log[l +41+1t2 ]]}}

Now, we have to be careful so that the null cones are continuous at the t=0 line.
To do it correctly, we notice that for the 1st solution ¢;, when we move in the positive-t direction, then



1. when t <0, for increasing t, we move towards the right
2. when t >0, for increasing t, we move towards the left. To maintain same forward null cones, we have
to move in the direction of decreasing t, therefore reverse the tangent vector

1= | x1[t_, €_] = ((x[t]/. sol)/. ¢; & c)[1]; (* c1 *)
x2[t_, c_] = ((x[t]/. sol)/. €1 » c)[2]; (* co =)
{x1[t, c], x2[t, c]}

outf+ J= {c— V1+t? —Log[—1+ '\/1+t2], c+A1+t? —Log[1+ \/1+t2]}

Null ¢; curves in the t<0 region. They approach the t=0 line, but never reach it. We see that
(2/t)dx/dt » 1ast—>0

m-1=| tmax =1.53 tmin=0.021; cO = 0;
gl2m = ParametricPlot[{Mod[x1[t, c0], 1.0], t}, {t, —tmax, —-tmin},
PlotRange -» All, AxesOrigin » {0, 0}, AxesLabel -» {"x", "t"}];
g13m = ParametricPlot3D[{ Cos[2 rr x1[t, cO]], Sin[2 it x1[t, cO]], t},
{t, -tmax, -tmin}, PlotRange » Al1l, AxesLabel -» {"", "" 6 "t"}];
{gl2m, gl3m}

—_

-0.5 .
Out[« ]J= { / , t—-0.5

Null ¢; curves in the t<0 region. They approach the t=0 line, but never reach it. We see that
(2/t)dx/dt » 1ast—>0

Using x1[t,c] we move upwards in t, therefore to the left, which is not compatible with the light cones
coming from the t<0 region.



In[«]:=

Out[+ ]=

In[«]:=

Out[+ ]=

tmax = 1.5; tmin = 0.021; c0 = 0}
g12p = ParametricPlot[{Mod[x1[t, c0@], 1.0], t}, {t, tmin, tmax},
PlotRange » All, AxesOrigin > {0, 0}, AxesLabel -» {"x", "t"}];
g13p = ParametricPlot3D[{ Cos[2 st x1[t, cO]], Sin[2 rr x1[t, cO]], t},
{t, tmin, tmax}, PlotRange » All, AxesLabel -» {"", "", "t"}];
{g12p, g13p}

02 04 06 08 1.0

Null ¢, curves in the t<0 region. They approach the t=0 line, but never reach it. We see that
(2/t)dx/dt » 1last—>0

tmax =5.5; tmin=0.021; cO =0}
g22 = ParametricPlot[{Mod[x2[t, c0], 1.0], t}, {t, —tmax, tmax},
PlotRange » All, AxesOrigin > {0, 0}, AxesLabel - {"x", "t"}];
g23 = ParametricPlot3D[{ Cos[2 5t x2[t, cO@]], Sin[2 5t x2[t, cO]], t},
{t, —tmax, tmax}, PlotRange -» All, AxesLabel » {"'", "', "t"}];
{g22, g23}
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In[«]:=

tmax =4.5; tmin=0.11; cO =0}
g12m = ParametricPlot[{Mod[x1[t, c0@], 1.0], t}, {t, —tmax, —tmin},

PlotRange » All, AxesOrigin > {0, 0}, AxesLabel -» {"x", "t"}];
g12p = ParametricPlot[{Mod[x1[t, cO], 1.0], t}, {t, tmin, tmax},

PlotRange » All, AxesOrigin > {0, 0}, AxesLabel -» {"x", "t"}];
g22 = ParametricPlot[{Mod[x2[t, c0O], 1.0], t}, {t, —tmax, tmax},

PlotRange » All, AxesOrigin > {0, 0}, AxesLabel - {"x", "t"}];
{Show[g12m, g12p, g22, PlotRange -» All, AxesOrigin » {0, 0}, AxesLabel -» {"x", "t"}],

Show[gl2m, gl2p, g22, PlotRange » All,
AxesOrigin - {0, 0}, AxesLabel - {"x", "t"}, AspectRatio » 1]}




Out[« ]=

Now, several different null lines, to see causal structure: Notice here that we are not careful to use the
correct parametric equations, so the direction of flowing for t=0 and c; curves, is opposite.



In[«]:=

Out[+ J=

tmax=1.53; cO=.;
range = {{0, 1}, {-1.1 tmax, 1.1 tmax}};

gl

g2

= Table[
ParametricPlot[{x1[t, c0], t}, {t, —tmax, tmax}, PlotRange -» range]
, {c0, {-4, -1.4, -0.2, 0.5, 1.2, 1.7, 2.2}1;

= Table[
ParametricPlot[{x2[t, c0], t}, {t, —tmax, tmax}, PlotRange - range]
, {c0, {-0.5, -0.305, -0.15, 0.0, 0.2, 0.4, 0.6}}];

Show[{gl, g2}, AspectRatio » 1, AxesOrigin - {0, 0}, AxesLabel -» {"x", "t"}]
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In[«]:=

Out[+ ]J=

tmax=1.53; cO=.;

range = {{0, 1}, {-1.1 tmax, 1.1 tmax}};

gl =Table]
ParametricPlot[{x1[t, c0], t}, {t, —tmax, tmax}, PlotRange » range]
s {cO, {-4,-1.4,-0.2,0.5,1.2, 1.7, 2.2}}];

g2 = Table[
ParametricPlot[{x2[t, c0], t}, {t, —tmax, tmax}, PlotRange - range]
5 {c0, {~-0.5, -0.305, -0.15, 0.0, 0.2, 0.4, 0.6}}];

Show[{gl, g2}, AxesOrigin -» {0, 0}, AxesLabel » {"x", "t"}]

t

0.5F

00—t de b di i by

Notice the intersections of the curves in Euclidean geometry are at 90°
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inf-1:=| tmax=5.53 cO=.;
range = {{0, 1}, {-1.1 tmax, 1.1 tmax}};
gl =Table]
ParametricPlot[{x1[t, c0], t}, {t, —tmax, tmax}, PlotRange » range]
s {cO, {-4, -1.5,-0.2,1.0, 2.0, 3, 4,4.5,5,5.5,6, 6.5, 7.5}}];
g2 = Table[
ParametricPlot[{x2[t, c0], t}, {t, —tmax, tmax}, PlotRange - range]
5 {c0, {-3.3, -2.7,-2.3,-1.7,-1.3, -0.8, -0.305, 0.0, 0.3, 0.6}}];
Show[{gl, g2}, AxesOrigin -» {0, 0}, AxesLabel » {"x", "t"}]

t
6F

Out[+ ]=

-2+

-6 F

Compute tangent vectors.

One has to be careful to maintain the continuity of the causal structure near the t=0 line

For that, the curve c; must be transversed in the direction of decreasing t, so that both classes of lines
flow to the right.

Therefore, the sign of the tangent vector of ¢;, which has parameter t, which is increasing, must be
reversed for t>0.



In[«]:=

In[«]:=

Qut[« ]=

Notice that dx1[t] dx2[t] = -1, therefore the vectors appear normal in Euclidean geometry (of course x-y
scale must be the same)

dx1[t_] = D[x1[t, c], t];
dx2[t_] = D[x2[t, c], t];
dri[t_] = Which[t < 0, {dx1[t], 1}, t = 0, {-dx1[t], -1}];
dr2[t_] = {dx2[t], 1};
Print[
"dx1[t]= ", dx1[t], " dx2[t]= ", dx2[t], "\n",
"Euclidean drl-dr2 = dx1 dx2 + 1= ", dx1[t] dx2[t] / Simplify, "+1 = O"
1

t t t
dx2[t]=

t
\/l+—t2_w/l+—t2(—l+\/l+—tz) \/1+t2_\/l+t2 (1+V1+¢2)

Euclidean drl:dr2 = dxl1 dx2 + 1= -1+1 = 0

dx1[t]= -

tmax =2.5;

VectorPlot[{dr1[t], dr2[t]}, {x, O, 1}, {t, —tmax, tmax}, VectorPoints - {5, 10},
VectorSizes » 1.8, VectorColorFunction -» None, AspectRatio - 2,
VectorStyle » {{Arrowheads[0.02], Red}, {Arrowheads[0.02], Blue}}]
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In[«]:=

Qut[+ ]=

tmax =2.0;

VectorPlot[{dr1[t], dr2[t]}, {x, O, 1}, {t, —tmax, tmax}, VectorPoints -» {5, 16},
VectorSizes » 1.8, VectorColorFunction -» None, AspectRatio -» Automatic,
VectorStyle » {{Arrowheads[0.02], Red}, {Arrowheads[0.02], Blue}}]
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In[-]:=| tmax =2.0;

VectorPlot[{dr1[t], dr2[t]}, {x, O, 1}, {t, —tmax, tmax},
VectorPoints -» {5, 10}, VectorSizes -» 3, VectorScaling - "Linear",
VectorColorFunction -» None, AspectRatio -» Automatic,
VectorStyle » {{Arrowheads[0.02], Red}, {Arrowheads[0.02], Blue}}]
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=

Timelike Geodesics

The geodesic equations are:
! _ ) . .2
t__2(1+t2)( t8 +28x+ i)
x-2(1+t2)((1+2t)t 2ttx+ i)

With initial conditions x(0) = o, t(0) = to, X(0) = Xo, t(0) = to
But they are not all free due to the constraint:
Vv, =-1 = —tt+ 2tx+tx = \1+£2 =0



12 |

mr-1=| dt@=.3 dx0=.35 dt=.; t0=.; x0=.;

{in'itt = So'Lve[-tO dt? + 2dt dx0 + t0 dx0%- 4/1+t0? == 0, dt]|11, 1]
(» we pick dx0>0 for tO < 0 %),
initt2 = So'l.ve[—tO dt? + 2dt dx0 + t0 dx0%- 4/1+t0% == 0, dt]|12, 1]]}

dxo - \/dx02+dx02 t02 -0 4/1+t02 dxo + \/dx02+dx02 t02-t0 1+ 102

out[« ]= {dt - , dt >
to to

}




In[«]:=

Out[+ ]=

t=.; x=.3 A=.;dt=.3

X0=0.5; t0=-1.0; Amax = 2.65;

dx0 =0.2; dt® = dt /. initt;

Print["Initial Conditions: Xxe= ", X0, " te= ", t0, " Xo= ", dx0, " to= ", dt0]
dsol = NDSolve[{

-1

t''[A] == —m—— (- t[A] t'[A]*+2 t'[Al x '[A] + t[A] x '[AP),
2 (1 +t[AP)

X"'[A] == —————— ( (L+2t[AP) t'[AP -2 t[Al t'[A] x "[A] + x "[A1%),
2 (1+t[AP)

t'[0] ==dto,

x'[0] == dxO,

t [0] == tO ,

x [0] == x0O

} 1t 31, @4, 0, Amaxy
s
{Parametr‘icPlot[Evaluate[{Mod[x[A], 1.0], t[A]} /. dsol],

{A, 0, Amax}, Exclusions - "Discontinuities", AxesLabel - {"x", "t"}],
ParametricPlot3D[Evaluate[{Cos[2 5t X[A]l, Sin[2 5t x[A]], t[A]} /. dsol],
{A, 0, Amax}, AxesLabel - {'"'", """/ ""t"}],

tAIt'[A12 2t'[AIx'[A]  t[A] x '[A]?
+ +

-1.0]/. dso'l.],

Plot|Evaluate||-
[ [[ N1+t A1+t A1+t

{A, 0, Amax}, AxesLabel - {"A", "V v,,+1"}]}

Initial Conditions: Xg= 0.5 teg= -1. Xe= 0.2 te= 1.02238

Vi v+
0.030
0.025
0.020

> 0.015
0.010
0.005
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1= t=.y x=.5 A=y dt=.3

X0=0.5; t0=0.8; Amax =0.9;

dx0 =0.8; dt® = dt /. initt;

Print["Initial Conditions: Xxe= ", X0, " te= ", t0, " Xo= ", dx0, " to= ", dt0]

dsol = NDSolve[{

-1
t''[A] == —m—— (- t[A] t'[A]*+2 t'[Al x '[A] + t[A] x '[AP),
2 (1 +t[AP)
1
X"'[A] == —————— ( (L+2t[AP) t'[AP -2 t[Al t'[A] x "[A] + x "[A1%),

2 (1+t[AP)
t'[0] ==dto,
x'[0] == dxO,
t [0] == tO ,
x [0] == x0O
} 1t 31, @4, 0, Amaxy
s
{Parametr‘icPlot[Evaluate[{Mod[x[A], 1.0], t[A]} /. dsol],

{A, 0, Amax}, Exclusions - "Discontinuities"],
ParametricPlot3D[Evaluate[{Cos[2 5t X[A]], Sin[2 5t x[A]], t[A]} /. dsol], {A, O, Amax}],

Plot[Evaluate[(—t[A] AR +2 € A X "[A] + Al X '[A2 = 4 1+ t[A] ) 1. dsol],

{A, 0, Amax}, AxesLabel - {"A", "V v”+1"}]}
Initial Conditions: Xg= 0.5 te= 0.8 Xg= 0.8 to= 0.801962

14¢
13
1.2

out« J= {1-1' ,
1.0

0.9F

0.2 0.4 0.6 0.8 1.0

Misc
Compute length of curve: x(A) = A t(A)= A+t;, 0sA<1

dsZ _ (M) d/\Z 2 (A+to) CMZ — /\2 =

2 2
=& g2 2 4 ——2
N 1+(A+to)? \/ 1+(A+tg)? 1+(A+tg)? \/ 1+(A+tg)?
1 1 /2
= ds | = [[———— dA
S J-O | | f@ (l+(}\

+te)2)*

= ‘/E(A+to)zF1(i, é;g; ~(to+A)?) |5= ‘/E{—to 2F1(i, _;;ga —to?) + (1 + to) 2F1(;11, %; %, —(1+to)°)}



In[«]:=

Qut[+ ]=
In[«]:=
Qut[+ ]=
In[+«]:=
Qut[+ ]=
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V2

Integrate]| —————  — , A, Assumptions - t0 > 0]
(1+(a+ t@)z)”4

) 1 1 3 5
\/5 (tO +A) Hypergeometr1c2F1[Z 9 E’ E , —(t0 +A) ]

V2

f[to_] = Integrate[ ﬂ
1+(A+1t0)

, {A, 0, 1}, Assumptions -» t0 > 0]

1 1 3 ,
\/E -t0o Hypergeometr‘iczFl[:1 5 E’ ;, -t0 ]+

1 1 3 5
(1+t0o) Hypergeometr-icZFl[— sy — 5 — 5 —(1+1t0) ])
4 2 2

Plot[f[t], {t, 0, 106}]

04r 2 4 6 8 10

Orthogonal basis:
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1 (t -1
-1-t
'\/1+t2

evecs = Eigenvectors[gmatrix]; evecsinverse = Inverse[evecs] // Simplify;
Print|

= | gmatrix = ); gmatrixinv = Inverse[gmatrix]// Simplify;

"gl= " gmatrixinv // MatrixForm,

" g - gl= ", gmatrix-gmatrixinv// MatrixForm,

"\ngp = ", DiagonalMatrix[Eigenvalues[gmatrix]] // MatrixForm,

"\n0O =", evecs// MatrixForm,

"\ngp = ", evecs . gmatrix . evecsinverse // Simplify // MatrixForm,
"\ngp = ", evecs . gmatrix .Transpose[evecs]// Simplify // MatrixForm,

L (diagonal, but not #1)",

"\nOrthogonality of vectors:",

"\n eg= ", evecs[1], " e;= ", evecs[[2], " (not orthormal)",
"\n eg-e;= ", evecs[[1].gmatrix.evecs[2] // Simplify,

"\n eg-eg= ", evecs[1l].gmatrix.evecs[1] // Simplify,

"\n e;-e;= ", evecs[[2].gmatrix.evecs[2] // Simplify

t 1
1 NN e o1 0 0
g = 1 __t g - = (@ @)
NN
_(-1 0)
gp = 0 1
o _[-t+'\/l+t2 1]
—t-A1+t? 1
_(—1 0)
gp = 0 1
—2-2t2+2t A14+t? 0 (d 1, but not 1)
gp = iagona ut not %
0 2(1+ 2+t 1422) ’

Orthogonality of vectors:

ep= {—t+ AV1+t?, l} e;= {—t— AV1+t?, l} (not orthormal)
eg-e;= 0

€o€o= —2-2t2+2t 1+1t2

erer= 2(1+ 7+t V1+t?)
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