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Cosmological Ghosts
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ghosts - modes (oscillators) 
with the negative mass
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Cosmological Ghosts  
often, but not necessarily, appear if one tries to violate  

the Null Energy Condition

 in gravity modifications and Dark Energy models, especially 
in the Phantom models with w<-1   

in bouncing scenarios of the early universe  

in inflationary models with blue-tilted spectrum of the 
gravitational waves 

PLANCK Collaboration 2015

BSH: BAO + SN-Ia + H0 



Can one change                
the sign of the Hamiltonian   

by a canonical transformation? 



Mukhanov-Sasaki / canonical variable
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Transforming from positive-definite to 
negative energy
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Positive-definite but time-dependent Hamiltonian for each mode

new time-dependent Hamiltonian for each mode, is unbounded from 
below on “super-horizon” scales
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Canonical Transformations
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S (q,Q0)

Motion -canonical transformation  

with the generating function which is the on-shell 
action- i.e. Hamilton principal function 
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Transformation in the Heisenberg picture
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Time-Dependent Linear Canonical 
Transformations
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Change in Hamiltonian for 
an Oscillator 
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  Strong time 
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Can one always solve these 
nonlinear equations and 

change the sign of energy? 



Canonical map through zero Hamiltonian 
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Harmonic Oscillator Example   

q (t) = q0 cos!t�
p0
!

sin!t

p (t) = q0! sin!t+ p0 cos!t ,

p = �q̇

✓ (t) = q0 cos!t+
p0
!

sin!t

⇡ (t) = �q0! sin!t+ p0 cos!t ,

⇡ = ✓̇

q = ✓ cos 2!t� ⇡

!
sin 2!t ,

p = ✓! sin 2!t+ ⇡ cos 2!t .

{q, p} = {✓,⇡} = 1

H+ =
1

2

�
⇡2 + !2✓2

�
H� = �1

2

�
p2 + !2q2

�



Harmonic Oscillator: Generating Function  
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From Harmonic Oscillator to Field Modes  
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Typical Interactions:                            k-essence example  
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Harmonic Oscillator: Interactions  
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Different variables: k-essence example  
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a clear physical meaning?  
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Action for Newton potential: k-essence example  



Conclusions 
There  are many canonical variables for cosmological 
perturbations  

Time-dependent linear canonical, unitary (at least mode by mode)          
transformations always allow to find such canonical variables 
which are not ghosty 

Thanks a lot for attention! 


