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Cosmological Ghosts

S[R] = % / drd*x 7 (R ~ & (0,R)°)

Z(t) <0
R
e — Pe” | ZcAk? |Ri)’ <0 =~k
Y 2
Y
ghosts - modes (oscillators)
with the negative mass ASY

LI'o242¢ ~ e
Cline, Jeon, Moore, (2003) Pl



Cosmological Ghosts

often, but not necessarily, appear 1f one tries to violate
the Null Energy Condition

in gravity modifications and Dark Energy models, especially

in the Phantom models with w<-1

in bouncing scenarios of the early universe

in 1nflationary models with blue-tilted spectrum of the

gravitational waves

BSH: BAO + SN-Ia + Hy

T
Planck+BSH
Planck+WL 0.0

Planck+WL+BAO/RSD
-0.5

Planck+BSH

Planck+WL+BAO/RSD

PLANCK Collaboration

—

2015




Can one change
the sign of the Hamiltonian

by a canonical transformation?



Mukhanov-Sasaki / canonical variable

S[R| = % / drd®x 2 ((R’)2 —c3 (@-72)2)

time-dependent field redefinition V) — 2 (7‘ ) R

S ] = % / drd®x ((v’)2 2 (0w + Z—Nv2>

/
new canonical momentum m =2z R |



Transforming from positive-definite to
negative energy

Positive-definite but time-dependent Hamiltonian for each mode

Pul”  c222k? Ry
H. 4 (k) = |
a (K) 922 9
1 2 1 24 2 Z// 2
Hnew(k)=§|7fk| +3 csk . k|

new time-dependent Hamiltonian for each mode, is unbounded from
below on “super-horizon” scales



Canonical Transformations
(¢,p, H) — (0,7, H)

preserve Poincar¢-Cartan integral invariant:
I:%pdq—Hdt:jI{wdé’—”Hdt

generating function: pdq — Hdt — (mdf — Hdt) = dF

OF OF OF
P = 8_7
q

preserve Poisson brackets: {¢,p} ={0, 7} =1



Motion -canonical transformation

(Q7p7 H) — (Q07P070)

with the generating function which is the on-shell
action- i.e. Hamilton principal function S (q, Qo)

0S 0S
FH | —.,q,t ] =
ot <aq : ) X

Hamilton-Jacobi equation



Transformation 1n the Heisenberg picture

O =U0U"

unitary time-dependent transformation of the canonical variables

. yoaa o [(0U
H(Ot)=U"HO',t)U —iUT | =—
ot
O/
the Hamiltonian transforms as a
connection in the non-Abelian field theories!



Time-Dependent Linear Bogolyubov

Transformations
q=al + 7,
D=0+ 7,

a(t), B(t), v(t),o(t)

canonical: af — By =1

1 ) Qo
F(q,0,t) = 3 (9(1 — 5(12 — 592>



Change 1n Hamiltonian for
an Oscillator

1

1
Lo 2 2 1 Lo
H_ = 2(p —I—wq) _ Hn—zﬂA—l—WHC+26’B

- Strong time

a5 _
dt 0+ O‘A_ dependence




Can one always solve these
nonlinear equations and

change the sign of energy?



Canonical map through zero Hamiltonian

Hi (q, p)
It is a group!

\ QO)PO =0

QO?PO

/ Initial data
6’ )

m)= —H; (6




Harmonic Oscillator Example

1 1
2 2 N2
H_ = —= (p* + w?¢? H, =— (" 4+ w6
> (p q°) = He=3 ( )
q(t) = qo coswt — L2 gin wt 0 (t) = qo coswt L
W W
p (t) = qow sin wt + pg cos wt , 7 (t) = —qow sin wt + pg cos wt
p=—q =10

g = 6 cos 2wt — ISich,ut,
W

p = Bw sin 2wt + 7 cos 2wt .

{Q>p} — {977‘-} =1



Harmonic Oscillator: Generating Function

1 1
H_ = —5 (p2 w2q2) _/ H_|_ — 5 (7T2 —I—w26’2)
o,
q = 0 cos 2wt — — sin 2wt ,
W
p = 0w sin 2wt + T cos 2wt .
_ “ 2 | 92\ _
F1a.0.1) = =550y (cos 2wt (7 +67) = 26q)

Generating Function:

— SZ_t (C], ‘9) — _Sg;f (q7 (9)



From Harmonic Oscillator to Field Modes

g = 6 cos 2wt — zsimet,
W

p = Ow sin 2wt + 7 cos 2wt .

Tk
Wk

Jk — (9k COS kat SN kat

Pk = Oywy sin 2wt + Ty cos 2wyt
time-dependent

and nonlocal 1n space
canonical transformation



Typical Interactions: ¥ = p (p, dp) k-essence example

SIR] = % / drdx2* (R))? — & (9R)°)

0
R=0&+H
gp P CQ HZ
expressed through canonical momentum: R’ = — = —2 P

2?2 a*(e+p)
direct interaction with other fields: h,lU/Tother

2
ceH

AD
d7G na? (e + p)

from perturbed Einstein equations: R’ =

ArGNH
(I)Tother — (AP) Tother

a2



Harmonic Oscillator: Interactions

1
2

H_ = —1 (p2 + w2q2) + other normal matter fH, —

° interaction
H; =q(MQ% + X2P?) +p (A3Q% + M\ P7)

(P2 1 QQQQ)

Hr =0 (AN Q% + \oP?) + m (\;Q° + N, P?)

A7 = Aq cos 2wt + Agw sin 2wt

Ao = A cos 2wt + Aqw sin 2wt

A = A3 cos 2wt — Ajw ™ sin 2wt

1

A = g cos2wt — Agw ™ sin 2wt
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Different variables: k-essence example

'S good, but why not to use other fields with

a clear physical meaning”
ArGNyH (1
- a? (KP)




Action for Newton potential: k-essence example

1 02"’
5@ = / drd*z (0) (@’(A) P — 2OA?P 7(92;) <I>A<I>) .




Conclusions

@ There are many canonical variables for cosmological
perturbations

@ Time-dependent linear canonical, unitary (at least mode by mode)
transformations always allow to find such canonical variables

which are not ghosty

Thanls alot for atlention)




