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Wave Propagation and Shock formation
in The most general scalar-tensor theory

» Scalar & gravitational wave in modified gravity theories

General Relativity: GW propagates at the light speed ¢

Modified gravity : (GW speed) #c, environment dependent
Causal structure may be modified

» Waveform distortion & Shock formation

ex.) Burgers’ eq. 815?) + v 8:81) — ()
\U(t,X) /

=

N
7
N

Q: Does this occur for scalar & gravitational waves in modified gravity?
If it occurs, it may be observationally important.

» Study these phenomena in the Horndeski theory. 2
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Horndeski theory

» Horndeski theory (Horndeski 1974]
> Scalar field ¢ & gravity in 4-dim. spacetime
- The most general covariant theory with 2"d-order EoM

L= K(¢,X) — G3(¢, X)06 + Ga(, X)R+ Gax [(O)? — (VuVu)?]

+G3(6, X)Gu V490 — T2 [(09)° = 306(V, 9,00)° + 27,V 0

[X = —%wwm}

> 4 arbitrary functions in Lagrangian
- Applications to cosmology (e.qg. inflation, DE, BH...)



Wave propagation surface = Characteristic surface

» Massless scalar in flat space

0= g" 9,0, = (=07 + 0) 1)
= = filt —z)+ fot + )

t'\ = —x it ==

¢/




Wave propagation surface = Characteristic surface

. ) B
» Massless scalar in flat space [1/) — e""'n® wa

0=¢""0,0,¢ = —g’“””nunyem“mpﬁk

= ¢Y=fit—x)+ fo(t+2) & ¢"nun, =0

’I’LM: normal vector




Wave propagation surface = Characteristic surface

» General EoM E(v,dv,8%v) =0 for variable v :

0=FE (v,0v,0%0) = 8(§E8 U)(?M@V”U—I—---
uYv

OF
= NNV + -+

8 (8,0,v)
» Characteristic equation for n#

F OF
| Ny =0

“effective metric”\rji\\a (8;1,81/?))}

» Surface w/ normal n, = Characteristic surface
Physically, a characteristic surface is a wave propagation surface.

7



Wave propagation surface = Characteristic surface

» EoM of scalar-tensor theory

0=FE, = 0,0, Geq + 9,0,05 + -
) = B(0,8,900) L9 T 5(B0,0,) R E?
OF; 0L
0= E; = 0,0,0.4 + 0,0, + -
_ ' 8(8u8vgcd) e 8(8u81/<b<1) uOv s

Write them collectively as

aEab aEab g d
0= F — (8(8%%Igcd) 5‘(85%}&1)) 1,1, ( - ) + ...

6(8,!_&8119601) 8(8“81,(;5]) ¢J
:P(nu)'TJF"'
1St - ropagating mode
» Characteristic equation for n” j’ Pagaing

det P(n,) =0 <& P(n,) -r=0 with 7= (%”j) # 0
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Wave Propagation on Plane wave background

» Background = Plane wave solution in Horndeski [Babichev 2012]
ds* = a;;x'a’ du® + 2dudv + 6;;dz'dx’, ¢ = d(u)

t u v
\%GW/ /Va’qﬁ «—null
i

» Wave of perturbations on this background

Wave propagation surface PR Find N satisfying

with normal n, P(ng)-r =0 with 7 = (rap,74) # 0



» Characteristic eq. on the plane wave background

Py (P ' ’I“)?;j B G%bwnanb f‘ij B 0
(P-1)y G‘;’;b NaMb T 0
where Gy, Gj;b are
Gcéb\N — gab 4+ w V”’gbvbgb with w = Gc;lX
4

Gﬁ;;b = ¢ +w VPV )  with w=— —

v' Wave propagation surface is null w.r.t. “effective metric”: Gabnanb =0
v Gcébvvnanb =re =0 = T = (Tija O) . Gravitational wave

v G‘;;b Nenpy =7 =0 = 1 = (0, Tqﬁ) - Scalar field wave



» Characteristic eq. on the plane wave background

P (P-m)ij\ Geronamy i (0
(P-1)y G‘;’;b NaMb T 0
where Gy, Gj;b are
GGW = gab + w Vagbvb(b with w = GC;lX
4

K
Gﬁ;;b — ¢® L WwV%V P  with w=——22 —

v Nested characteristic cones:
All cones /] V¢ /'Va

v Causality w.r.t. the largest cone:
larger o < larger cone -
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Shock formation in Horndeski theory

» Shock formation = Divergence in gradient of waveform

ex.) Burgers’ed. O, + v 0, v = ()
V(t,X) o

» For simplicity, we look at wave with discontinuity in second derivative:
(weak discontinuity)

8§5gaba 8§6¢ 5ga,ba 5<b




Shock formation in Horndeski theory

» Shock formation = Divergence in gradient of waveform

Ex.) Burgers’eq. Qv + v 0, v = ()
V(t,X) o

» For simplicity, we look at wave with discontinuity in second derivative:

N

u
t A \o/<— Characteristic surface

— I1(¢): Amplitude of

discontinuity

N,
020 Gap, 0290
>
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T

Eab = Bfab ﬁﬁgcd —+ 8E2}ab a;szng +...=0 8Eab aEab
1. EOM: 9(92g.q) 0(02¢7) p— [ P9cann  90sn
' B A S LY ¥ —\ 2 L
I = 3(@%9061) nYed 8(8,%¢j) n®¥J - Sgcd,nn agbzf,n
Write them collectively as
b 02 -
E,=P,®v+---=0

2. Take discontinuous part
E.| = P [ﬁgvb} =0 = [8?%@;)} = I1(¢t) 1y

(discontinuous part)

Forr, s.t. P-r=0

3. Transport equation of amplitude TI(t)

[0, E,] =0

- MM+MI+NII2=0
where

8Pab
N = TaTbT e

0 (Onve)
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» What happens when N#0?

H+MII+NIIZ2 =0

/[Q)(t) = /O t M (t’)dt’}

e—(I)(t)
L m 1O L1

t
, 1+ 11
1+H(0)/ N(the gy i
0

-« GR N=0 = II(t) stays finite
« Modified grav : N#0 = Denominator may vanish
at ¢t ~ —1/II(0)N
= Amplitude II(t) diverges
“Shock formation” 17




« Amplitude of discontinuity: H(t) — [aigab} , [aﬁﬁf’}

« Our “shock formation” = 2nd derivative II(t) — « at finite t
A
1i(t) Y

0 " 1

* In terms of g, and ¢, it corresponds to “sharpening”:

t A
/\Characteristic surface
59,}\6@ <

{\[Qz,gab} ,[02¢] — o0

N <

102 gab)] , [07¢] o< II(2)
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» Shock formation caused by variable sound speed

Burgers’ eq. Oyv + v 0,v = 0 = propagation speed c(v) o< v

(I
V(t,X) . - '
PALAL A -
X / \ /I \\ -

| | | — X
In our case,

det P(nu) — () = propagation speed C(’U, 8’0)

: 2 wher 0P de(v, Ov)
[T+ MII+NII“ =0 where N—a(anvc)’rarbrc ~ 9(90)

dc(v, 0v) K
N ~ # 0
O0(Ov —|11(1)| — oo
CD -
c(v, Ov) depends on amplitude X




Shock formation on Plane wave background

» Example: Wave on Plane wave solution

ds® = a;;z'a’ du® + 2dudv + 6;;dz'dx’, ¢ = d(u)

[Babichev 201 2]

N

mi

» Scalar field & Gravitational wave propagate at different speeds
[Babichev 2016]

v Scalar N # 0 9 ShOCk formatlon [Mukohyama, Namba, Watanabe 2016]
[de Rham, Motohashi 2016]
vGW : N=0 > No shock formation
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Shock formation on Plane wave background

4 )
N =Cq f+(t) + C- f-(t) + Co
Cy = ¢ {—21?4 (2G3xGax + KxGsx) + QK?XGSX - Gsxx}
C_ =-2aGs5x

3 3K 2
Co=¢" {G_4 (—Gsx? — KxGaxx + KxxGax) + K};X — KXXX}

f+(t) = functions of background metric & ¢

v N#0 in general 2 shock formation for scalar mode
v N =0 identically for scalar DBl model - shock formation suppressed

K =1+ (V)2 y
<:/ Scalar field & Gravitational wave propagate at different speeds

[Babichev 2016]

v Scalar N # O 9 ShOCk fOrmatlon [Mukohyama, Namba, Watanabe 2016]
[de Rham, Motohashi 2016]
v+GW : N=0 - No shock formation
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Summary

» Wave propagation & Shock formation in Horndeski theory

- Result 1:
On the plane wave solution in Horndeski theory,

wave propagation obeys the effective metric,
and the causality can be defined from them.

( )

> Result 2:
For perturbations on the plane wave background in Horndeski,

- Shock formation occurs for scalar field wave
- Shock formation does not occur for gravitational wave

\. J/

v Shock formation DOES OCCUR for gravitational wave  [Tomimatsu-Ishihara 1987]
[Choquet-Bruhat 1989]

in Gauss-Bonnet gravity in higher dimensions. [Reall, NT, Way 2015]

T
( b hed) (curvature)? term
L= Ler +R® — 4R R™ + Rapea "™} crucial for GW shock?




Summary

» Wave propagation & Shock formation in Horndeski theory

- Result 1:
On the plane wave solution in Horndeski theory,

wave propagation obeys the effective metric,
and the causality can be defined from them.

7

> Result 2:
For perturbations on the plane wave background in Horndeski,

- Shock formation occurs for scalar field wave
- Shock formation does not occur for gravitational wave

.

—

- More complicated background in HorndesKki

Q‘. More general modified gravity theories
Shock formation occurs even for gravitational wave?





