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     First neutron star detected almost 50 years ago. 
     Still, the fundamental properties of matter in the core of neutron  
     stars remain largely uncertain. 
     No accurate radius determination. 
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Neutron Stars



	 Main methods in EM spectrum: 	 	 	 
• Thermonuclear X-ray bursts (photospheric radius expansion) 

• Burst oscillations (rotationally modulated waveform) 

Constraints on Neutron Star Radii or M/R

Bhattacharyya et al. (2006)



• Fits of continuum spectra of X-ray bursts 

Constraints on Neutron Star Radii or M/R

Bhattacharyya et al. (2010)



• Relativistic spectral line shifts

Constraints on Neutron Star Radii or M/R

Bhattacharyya et al. (2006)



• khZ QPOs in accretion disks around neutron stars 

Constraints on Neutron Star Radii or M/R

van der Klis et al. (1997)



• Pericenter precession in relativistic binaries (measuring moment of   
  inertia in double pulsar J0737)

Constraints on Neutron Star Radii or M/R

 (Raithel, Ozel, Psaltis 2016)        



 Main methods in GW spectrum:      

• Tidal effects on waveform during inspiral phase of NS-NS mergers 

• Tidal disruption in BH-NS mergers 
  

• Oscillations in post-merger phase of NS-NS mergers 

Constraints on Neutron Star Radii



 For a perfect fluid, we define the following intensive properties, all 
measured by an observer comoving with the fluid: 

 where 

   n    baryon number density 
  ρ    baryon mass density 
  ε    energy density 
  p    isotropic pressure 
               h    specific enthalpy  
               s    specific entropy 

Description of the fluid

h =
✏+ p

⇢



 For a perfect fluid, we define the following intensive properties, all 
measured by an observer comoving with the fluid: 

 where 

 The equation of state (EOS) can be assumed to be of the form

            p=p(ρ),      ε=ε(ρ)     barotropic  (cold stars) 

  
           p=p(ρ, s),  ε=ε(ρ, s)  non-barotropic  (hot stars)

   n    baryon number density 
  ρ    baryon mass density 
  ε    energy density 
  p    isotropic pressure 
               h    specific enthalpy  
               s    specific entropy 

Description of the fluid

h =
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• Field equations of general relativity (GR) 

• Perfect fluid 

• Conservation of stress-energy tensor 

Governing Equations

G↵� = 8⇡T↵�

r↵T
↵� = 0

T↵� = (✏+ p)u↵u� + pg↵�



• Field equations of general relativity (GR) 

• Perfect fluid 

• Conservation of stress-energy tensor 

• Conservation of baryons 

  
• 1st law of thermodynamics 

Governing Equations

G↵� = 8⇡T↵�

r↵T
↵� = 0

T↵� = (✏+ p)u↵u� + pg↵�

r↵(⇢u
a) = 0

d✏ = ⇢Tds+ hd⇢



 Metric tensor:      

Structure of Nonrotating Neutron Stars

ds2 = �e2�c2dt2 + e2⇤dr2 + r2d✓2 + r2 sin2 ✓d�2



 Metric tensor:      

• Static equilibrium (Tolman-Openheimer-Volkoff, TOV) 
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 Metric tensor:      

• Static equilibrium (Tolman-Openheimer-Volkoff, TOV) 

• Radius and gravitational mass 

Structure of Nonrotating Neutron Stars
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EOS and M-R Correspondence

 (A. Steiner)       



Hybrid Stars
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Interior Structure

Heavy nuclei in a 
crystalline e lattice                              

Fe
Neutron drip

N, n, e in β-equilibrium, 
superfluid n

(possible) mantle 
with deformed nuclei 
(“pasta” phase)

superfluid n 
superconducting p and e

ρ >> nuclear saturation density 
          ~2 x 1014 g/cm3



Equation of State (EOS)

 (E. Gourgoulhon)       
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FIG. 4: Mass-radius relations for all EoSs with the gravita-
tional mass M in isolation and the areal radius R. The color
scheme is the same as in Fig. 2. The dashed lines denote
mass-radius relations for strange quark matter EoSs. The
horizontal line corresponds to the observed 1.97 M⊙ NS [10].
For EoSs where the merger of two stars with 1.35 M⊙ leads
to the prompt formation of a BH the maximum-mass configu-
ration is indicated by a cross. Maximum-mass configurations
depicted by a circle correspond to EoSs where in the simu-
lation of this binary setup the formation of a differentially
rotating object is found.

sponding radii, denoted as Rmax, spanning from 8.65 km
to 14.30 km (Fig. 4, Tab. I). There has not been any
special selection procedure for the EoSs, except that we
require a maximum mass larger than roughly 1.8 M⊙.
This being fulfilled we include every EoS that is available
to us. The lower bound of about 1.8 M⊙ is motivated
by the discovery of a NS with a gravitational mass of
(1.97 ± 0.04) M⊙ [10]. This measured mass is indicated
as horizontal line in Fig. 4. This detection practically
rules out some EoSs of our sample with Mmax below the
limit. We do not dismiss such excluded models because
they may still provide a viable model at lower densities
(see also Sect. VC). For instance, during the first 5 ms
after merging the central density in the merger remnant
described by the excluded LS180 EoS remains below the
central density of a nonrotating 1.5 M⊙ NS modeled by
this EoS. For such “low-mass” stars the mass-radius re-
lations of excluded EoSs are partially similar to those ob-
tained from EoSs compatible with the observation of [10].
Hence, in the corresponding density regimes relevant for
the low-mass stars and the merger remnant such EoSs
can still yield a viable description of high-density matter.
In addition to that, the inclusion of EoSs with relatively
low Mmax extends (maybe artificially) the range of varia-
tions of stellar parameters, and correlations between NS
properties and GW characteristics that hold over a wider
parameter range can be inferred easier. We note that all

of the four technical EoS categories cover a similar range
of stellar parameter values. Only the mass-radius rela-
tions of class (iv) lie in a more narrow band, which was
the main result of [45].
A common feature of most EoSs is a relatively small

variation of the NS radius between about 0.5 M⊙ and
about (Mmax − 0.5 M⊙). This suggests to use the radii
in this mass range as a characteristic feature of a given
EoS.
Finally, the MIT60 and MIT40 EoSs deserve a com-

ment. These models describe absolutely stable strange
quark matter within the MIT bag model [57, 58], i.e. a
deconfined quark phase with an energy per baryon lower
than the one of nucleonic matter (E/A =860 MeV for
MIT60 and E/A =844 MeV for MIT40). As a conse-
quence of the strange matter hypothesis [59, 60] under-
lying these two EoSs, the compact stars observed in the
universe, commonly referred to as NSs, would actually be
strange quark stars (consisting of strange quark matter).
This possibility has not yet been ruled out theoretically
or observationally (see e.g. [2, 3, 53] for details and for
observational consequences discriminating this scenario
from ordinary NS; see [37, 61] for the consequences of this
hypothetical state of matter in the context of compact bi-
nary mergers). As a striking difference to nucleonic NSs,
strange quark stars show an inverse mass-radius relation
typical of this class of objects because of the self-binding
of strange quark matter. The particular model MIT60
with Mmax = 1.88 M⊙ is excluded by the observation of
the two-solar-mass pulsar. The MIT40 EoS, however, is
compatible with present knowledge. For the MIT40 EoS
belonging to class (ii), we adopt Γth = 1.34.
Note that throughout this paper we use the more com-

mon term NS instead of compact star for all compact stel-
lar objects including strange quark stars. With “purely”
or “fully” microphysical EoSs we refer to models of class
(i) or (ii), which do not involve piecewise polytropes (see
Sect. II). Moreover, in this paper “accepted” EoSs de-
note models which are compatible with the detection of
the 1.97 M⊙ NSs taking into account the error bars of
the observation by [10].

IV. SIMULATIONS

A. Dynamics

According to pulsar observations [6, 7] and population
synthesis studies [11] binaries of two NSs with a gravita-
tional mass of about 1.35 M⊙ each are the most abun-
dant systems in the binary NS population. Therefore, we
choose a symmetric binary with M1 = M2 = 1.35 M⊙

and simulate for all EoSs discussed in Sect. III the late
inspiral phase, the merging, and the early postmerger
evolution of this system until an approximately station-
ary state has formed (10 to 20 ms after merging). The
inspiral is driven by the loss of angular momentum and
energy due to the GW emission and lasts between some

                      Bauswein, Janka, Hebeler & Schwenk (2012)  

Sample of Neutron Star Equations of State



• Koranda, NS & Friedman (1997)                                

Maximally-Compact EOS



• Lattimer & Prakash (2016)                                

Maximally-Compact EOS Constraints



 Most likely range of total mass for binary system:        

    
 Because nonrotating                                 (as required by observations),          
       a long-lived (τ >10ms) remnant is likely to be formed.  

Outcome of Binary NS Mergers

      The remnant is a hypermassive neutron star (HMNS), supported                     
      by differential rotation, with a mass larger than the maximum     
      mass allowed for uniform rotation. 

Mmax > 2M⊙

2.4M⊙ <Mtot < 3M⊙



Examples of Equilibrium Models
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Examples of Equilibrium Models



1. Stationary:  Killing vector       which is timelike at spatial infinity.

2. Axisymmetric:  Killing vector        which is spacelike everywhere,                

vanishes on a symmetry axis and whose orbits are closed curves.

3. Asymptotically flat:                                 

at spatial infinity.

Assumptions on spacetime:

Rotating Equilibria in General Relativity

tα

φα

tαtα =−1 φαφα = 1 tαφα = 0
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      We can choose coordinates t and φ such that      and        are 
coordinate vectors:

1. Stationary:  Killing vector       which is timelike at spatial infinity.

2. Axisymmetric:  Killing vector        which is spacelike everywhere,                

vanishes on a symmetry axis and whose orbits are closed curves.

3. Asymptotically flat:                                 

at spatial infinity.

Assumptions on spacetime:

Rotating Equilibria in General Relativity

tα

φα

tαtα =−1 φαφα =−1 tαφα = 0
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∂
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→

4. Circularity (no meridional currents):      and       are everywhere 

orthogonal to the 2-surfaces formed by the integral curves of the 

remaining two coordinates x1 and x2.                 

tα φα



 The nonzero components of the metric involving t and φ are written 
as invariant combinations of the Killing vectors:

 Then

Quasi-Isotropic Coordinates



  e.g. cylindrical-like coordinates:

 If one chooses orthogonal coordinates x1 and x2, then g12=0.  
 
For the remaining components, one can choose an isotropic gauge, 
in which the (x1, x2) sub-space is conformally flat: 

 so that, finally:

Quasi-Isotropic Coordinates



 The ratio of the two components of the 4-velocity

 is the angular velocity as seen by a nonrotating observer at infinity.

Rotation of the Fluid

⌦ ⌘ u�

ut
=

d�/d⌧

dt/d⌧
=

d�

dt

 Since φα is a Killing vector, there is a conserved specific angular 
momentum:

 Thus, zero-angular momentum observers (ZAMO’s) with uφ=0, are 
rotating with an angular velocity Ω=ω w.r.t. infinity (dragging of 
inertial frames)!



 Freely falling observers with conserved zero angular momentum 
uφ=0 follow inwards-falling spiral paths.

Frame Dragging

 ZAMOs are defined as local observers with uφ=0 that follow circular 
orbits with  

        4-velocity 

        3-velocity 

 angular velocity 

v = 0

⌦ = !



Consider the metric in quasi-isotropic coordinates

Radius of a Rotating Star

Q: What is the radius of the star?



Consider the metric in quasi-isotropic coordinates

Radius of a Rotating Star

 A: At fixed t, ϖ, z integrate the proper length along the equator and 
divide by 2π. 

Q: What is the radius of the star?



 The proper circumference of a spatial circle at fixed t, ϖ, z is 

 Thus, the circumferential radius is defined as

Circumferential Radius

C =

I
ds =

Z 2⇡

0

p
g��d� = 2⇡e 



 where three metric functions have an invariant meaning:      

   e-ν (time dilation factor)  

   eψ (circumferential radius) 

   ω (dragging of inertial frames) 

 while  e2μ  is a conformal factor for the geometry of the (ϖ,z) 2-planes.

 The metric of a stationary, axisymmetric star with purely circular 
flow is:

 while the  3-velocity v is measured by the local zero-angular-momentum 
observer (ZAMO).

 The angular velocity Ω is measured by an observer at infinity

Summary, so far



 The field equations are most easily derived in a ZAMO orthonormal 
tetrad, where

Field Equations



 The field equations are most easily derived in a ZAMO orthonormal 
tetrad, where

Field Equations

 Then the                                                   components of the field equations 
become 

 with ζ = μ + ν and      is the flat-space Laplacian.                                              r



 Projecting the conservation of the stress energy tensor normal to the 
flow:

Relativistic Euler Equation

 which becomes:



 Define the log-enthalpy

First Integral

 Then

 where

 A first integral exists when either Ω = const. or F = F(Ω) 



Numerical Method



Differential Rotation



 Using the unit normal       to the t=const. spacelike surfaces and the 
proper volume 

 one can define various extensive equilibrium quantities

gravitational mass

baryon mass

internal energy

angular momentum

rotational energy

gravitational binding energy
moment of inertia

Equilibrium Quantities



 The well-known Newtonian Virial theorem for equilibrium 
configurations

 has been generalized in GR by Bonazzola & Gourgoulhon

The Virial Theorems



AKM: Ansorg et al. 

Lorene/rotstar + BGSM: Meudon group 

SF: RNS code 

KEH: original KEH code (not compactified)

N.S., Living Reviews in Relativity (2003)

Comparison of Different Codes



Uniformly rotating equilibrium models for a realistic neutron star 
equation of state.

nonrotating

maximal 
rotation

supramassive

unstable

Equilibria of Rotating Stars



Rotating stars are subject to a 
secular axisymmetric instability, 
if:

(Friedman, Ipser & Sorkin, 1988).

A star can collapse to a Kerr BH     
during: 

a) Core collapse of massive star 

b) Accretion-induced collapse of a  
compact star 

c) Merger of two compact stars in 
a binary system 

d) Spin-down of a supramassive  
compact star

Dynamical  instability soon 
after onset of secular 
instability.

Axisymmetric Instability to Collapse
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Rotating stars are subject to a 
secular axisymmetric instability, 
if:

(Friedman, Ipser & Sorkin, 1988).

A neutron star can collapse to  
a Kerr BH during: 

a) Core collapse of massive star 

b) Accretion-induced collapse  

c) Binary neutron star merger 

d) Spin-down of a supramassive  
pulsar

Dynamical  instability soon 
after onset of secular 
instability.

Axisymmetric Instability to Collapse



(NS & Friedman 1995)

Equilibrium Sequences (II)



Differentially Rotating Models

hypermassive stars

BNS merger 
remnants

(Bauswein & NS 2017)

Threshold mass
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Equilibrium	
  neutron	
  star	
  solutions:	
  
Scalar-­‐Tensor	
  Theory

	
  

Freire	
  et	
  al	
  (2012)

	
  

(K. KOKKOTAS)
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Spontaneous	
  Scalarizarion	
  is	
  possible	
  for	
  β<-­‐4.35  (Damour+Esposito-­‐Farese	
  1993) 

introducing macroscopically (and observationally) significant 
modifications to the structure of the star52. 	
  

The solutions with nontrivial scalar field are energetically more favorable than their GR 
counterpart (Harada 1997, Harada 1998, Sotani+Kokkotas 2004). 

The solutions become nonunique: for certain ranges of the parameter space: 
NS solutions in GR coexist with scalarized NSs. 

Equilibrium	
  neutron	
  star	
  solutions:	
  
Scalar-­‐Tensor	
  Theory

(K. KOKKOTAS)



Rotating stars in scalar-tensor gravity

(Doneva,  Yazadjiev, NS & Kokkotas, 2013)



CERN

Post-TOV approximation
The	
  gravity	
  theory	
  degeneracy	
  problem:	
  	
  

Exists	
  even	
  if	
  we	
  do	
  know	
  the	
  correct	
  equation	
  of	
  state
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Glampedakis,	
  Pappas,	
  Silva,	
  Berti	
  (2015,	
  2016)

The	
  logic	
  underpinning	
  the	
  formalism	
  is	
  that	
  
by	
  parametrizing	
  the	
  deviation	
  of	
  the	
  stellar	
  
structure	
  equations	
  from	
  their	
  GR	
  
counterparts,	
  thus	
  producing	
  a	
  set	
  of	
  post-­‐
TOV	
  equations.	
  

(K. KOKKOTAS)



CERN

Post-TOV approximation
Post-­‐TOV	
  equations:	
  describe	
  smooth	
  modifications	
  of	
  he	
  TOV	
  

equations,	
  parametrized	
  by	
  the	
  post-­‐TOV	
  parameters

08.12.2016
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where

Glampedakis,	
  Pappas,	
  Silva,	
  Berti	
  (2015,	
  2016)

(K. KOKKOTAS)
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Astrophysical Implications

Dynamical	
  scalarization	
  –	
  NS	
  mergers	
  

Even	
  if	
  the	
  two	
  NS	
  are	
  not	
  scalarized	
  when	
  separated,	
  in	
  close	
  binary	
  system	
  
they	
  develop	
  strong	
  scalar	
  field.

	
  
The	
  observational	
  signature	
  of	
  the	
  

scalarized	
  merging	
  neutron	
  stars	
  

has	
  been	
  studied	
  in	
  Barause	
  et	
  al	
  (2013),	
  

Palenzuela	
  et	
  al	
  (2014),	
  Shibata	
  et	
  al	
  (2014),	
  

Sampson	
  (2014),	
  Taniguchi	
  et	
  al	
  (2015).

(K. KOKKOTAS)



Post-Merger Gravitational Waves

 Several peaks stand above the aLIGO/VIRGO or ET sensitivity                             
      curves and are potentially detectable. Are these oscillations of the     
      HMNS?

inspiral

The GW signal can be divided into three distinct phases:      
 inspiral, merger and post-merger ringdown.       
                                                                                                        @40Mpc 
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Gravitational waves and oscillation modes 433

Figure 5. Same as Fig. 3, but for model LS 12135.

Especially for the low-mass model of 1.1 M⊙, the density profile is
roughly uniform. This causes the oscillation properties of the MIT60
models to differ considerably from those of the hadronic models.
The GW spectrum of the MIT60 1111 model is still qualitatively
similar to the previous hadronic models and one can still identify
a triplet of frequencies f −, f 2 and f +. However, in this case, the
frequency of the quasi-radial mode is higher than for the hadronic

Figure 6. Same as Fig. 3, but for model LS 135135.

models and, in fact, coincides with the frequency of the ‘2−0’
non-linear component. The latter differs, for this model only, from
the f − peak in the GW spectrum. It is possible that the f −, f 2 and
f + triplet is caused by the non-linear interaction of the f 2 mode
with a mode other than the quasi-radial mode or that these are
combination frequencies of higher order. Note also that, for this
model, the frequency of the m = 2 mode is twice the frequency

C⃝ 2011 The Authors, MNRAS 418, 427–436
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS

m=2 quadrupole 
mode

m=0 radial  
mode

GRAVITATIONAL  
WAVES

HYDRODYNAMICS

Equal mass: Lattimer-Swesty 1.35+1.35
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Radial Oscillations

R

r
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      the Poisson equation plus energy and momentum conservation, without    
      symmetries

 The displacement vector with harmonic time dependence      

 is then decomposed in terms of spherical harmonics as      
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Nonradial Oscillations

(zonal)

(sectoral)l = m
l 6= m (tesseral)



GW-detection:            f-, p-, g-, r-modes :  stable oscillations 

                         instabilities

Main oscillation modes: 

1.  f-modes / p-modes 

 fluid modes restored by pressure 

2. g-modes 

 restored by gravity/buoyancy in non-isentropic stars 

3. inertial modes (r-modes) 

  restored by the Coriolis force in rotating stars 

4. w-modes 

  spacetime modes (similar to black hole modes)

Nonradial Oscillations of Neutron Stars



        Various ways to excite modes: 

       1. Core collapse 

       2. Binary merger (if HMNS forms) 

       3. Star quakes (e.g. SGR activity) 

       4. Secular instabilities (f-modes, r-modes) 

       5. Dynamical instabilities (bar-mode, T/W > 0.27) 

       6. Low T/W instabilities

Mode Excitation



        For a nonrotating, uniform density star the f-mode frequency is 

            

  For l = 2, this is ~2 kHz for a typical neutron star. 

        Since oscillations are proportional to                   , surfaces of                         
     constant phase correspond to  

         which defines the pattern speed, with which a mode revolves          
         around the star (notice that the m = 0 modes are standing waves). 

Frequency and Pattern Speed
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Frequency and Pattern Speed



        In GR, nonradial oscillations with l > 1 radiate gravitational waves and    
        modes become quasi-normal, acquiring an imaginary part.

Nonradial Oscillations of Relativistic Stars

        The spacetime metric is perturbed as

        and the displacement vector is



        The perturbation in the energy density is 

Quasi-normal Modes

        A useful redefinition of variables is  

        One then arrives at a 4th-order system of equations that can be solved       
        for arbitrary complex eigenfrequencies (mathing to BH perturbations  
        in the exterior), which includes both incoming and outgoing 
        gravitational waves.

        A discrete set of quasi-normal modes is obtained by requiring purely  
        outgoing gravitational waves.
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The Perturbed System for Spherical Stars



        Typical example of the eigenfunction δρ(r, θ) for the l = 2 mode:

Eigenfunction of Quadrupole Oscillation

        NS, Apostolatos & Font (2004)
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Quadrupole Frequencies for Nonrotating Stars

        Andersson & Kokkotas (1998)

Empirical relations for GW 
asteroseismology:



GW emission
        The luminosity in gravitational waves of the quadrupole mode is:

        The gravitational-wave damping timescale also satisfies an empirical  
        relation:

        Lioutas & NS (2017)
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Effects of Rotation on Axisymmetric Modes
        In rotating stars, the mode eigenfunctions are distorted and acquire  
        higher-order terms and axial terms:



  l = m = +/- 2 f-mode (in Cowling approximation),      

 Frequency splitting into co-rotating and counter-rotating branches.      

Effect of Rotation on Non-axisymmetric Modes

 Gaertig, Kokkotas (2011)         



  The effect on rotation is universal (independent of EOS)!      

Effect of Rotation on Non-axisymmetric Modes

 Gaertig, Kokkotas (2011)         



 Counter-rotating (unstable)        
      branch vs. f in inertial frame.          

 Corotating (stable) branch vs.          
      f in corotating frame. 
          

Empirical Relations for Damping Timescale

 Gaertig, Kokkotas (2011)         



 Counter-rotating (unstable)        
      branch vs. f in inertial frame.          

 Corotating (stable) branch vs.          
      f in corotating frame. 
          

Empirical Relations for Damping Timescale

Chandrasekhar - Friedman - Schutz (CFS) instability 



Onset of l = m = 2 instability for:   
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F-Mode Instability in Relativistic Stars



1. Relativistic growth times 
2. Nonlinear saturation 
3. Initial rotation rates of protoneutron stars  
4. Effect of magnetic fields

Main uncertainties:

Lai & Shapiro, 1995

Nonlinear Development of F-Mode Instability



              Kastaun, Willburger & Kokkotas (2010)  

 At amplitude of a few times 10-2 the f-mode is saturated by wave-breaking        
       at the surface. 

Nonlinear Saturation of l=m=2 f-Modes



Linear sums and differences of linear mode frequencies:

Quasi-linear Combination Frequencies

Dimmelmeier, NS & Font (2006)



Gravitational waves and oscillation modes 433

Figure 5. Same as Fig. 3, but for model LS 12135.

Especially for the low-mass model of 1.1 M⊙, the density profile is
roughly uniform. This causes the oscillation properties of the MIT60
models to differ considerably from those of the hadronic models.
The GW spectrum of the MIT60 1111 model is still qualitatively
similar to the previous hadronic models and one can still identify
a triplet of frequencies f −, f 2 and f +. However, in this case, the
frequency of the quasi-radial mode is higher than for the hadronic

Figure 6. Same as Fig. 3, but for model LS 135135.

models and, in fact, coincides with the frequency of the ‘2−0’
non-linear component. The latter differs, for this model only, from
the f − peak in the GW spectrum. It is possible that the f −, f 2 and
f + triplet is caused by the non-linear interaction of the f 2 mode
with a mode other than the quasi-radial mode or that these are
combination frequencies of higher order. Note also that, for this
model, the frequency of the m = 2 mode is twice the frequency
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l=m=2  
linear f-mode

l=m=0  
linear quasi-
radial mode

“2-0” quasi-linear  
combination 
frequency

nonlinear  
spiral frequency

                                NS, Bauswein,  
                                Zagkouris & Janka  
                                (2011)  



Spiral Deformation

                                Bauswein 
                                & NS  
                                (2015)  



Time-Frequency Analysis
                             Clark, Bauswein, NS &Shoemaker (2016)  



linear + quasi-linear + nonlinear



Three Types of Post-Merger Dynamics

 Type I:  the “2-0” combination frequency dominates       

 Type II: both the “2-0” and the fspiral frequencies are present       

 
 Type III: the fspiral frequency dominates      

Bauswein, NS (2015)  



 fpeak correlates very well with the radius @ 1.6 Msun, if Mtot is                               
      known from inspiral. 

     

                     Bauswein, Janka, Hebeler & Schwenk (2012)  

Radius Determination from Post-Merger Signal

 1.2-1.2 Msun

 1.35-1.35 Msun

 1.5-1.5 Msun

±250m� 400m
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TABLE I: Equation of state models with references and resulting stellar properties. Mmax denotes the maximum mass of
nonrotating NSs with the cirumferential radius Rmax corresponding this maximum-mass configuration. emax and ρmax are the
central energy density and the central rest-mass density of the maximum-mass configuration. R1.6 refers to the circumferential
radius of a nonrotating 1.6 M⊙ NS. Mthres is the highest total binary mass which leads to differentially rotating NS merger
remnant for the given EoS. The dominant GW frequency of this postmerger remnant is f thres

peak . Hatted quantities are the
estimates for these merger properties and stellar parameters based on the extrapolation procedure described in the main text
(Sect. IV).

Mmax M̂max R1.6 R̂1.6 Mthres M̂thres f thres
peak f̂ thres

peak Rmax R̂max ec,max êc,max ρc,max ρ̂c,max

EoS (M⊙) (M⊙) (km) (km) (M⊙) (M⊙) (kHz) (kHz) (km) (km) (g/cm3) (g/cm3) (g/cm3) (g/cm3)

NL3 [70, 71] 2.79 2.68 14.81 14.72 3.8 3.73 2.77 2.87 13.40 12.78 1.52×1015 1.68 ×1015 1.09×1015 1.25×1015

LS375 [73] 2.71 2.69 13.76 13.86 3.6 3.57 3.04 2.93 12.32 12.62 1.78×1015 1.74 ×1015 1.25×1015 1.29×1015

DD2 [71, 74] 2.42 2.40 13.26 13.18 3.3 3.33 3.08 3.00 11.90 12.38 1.95×1015 1.83 ×1015 1.41×1015 1.35×1015

TM1 [68, 69] 2.21 2.28 14.36 14.34 3.4 3.45 2.93 2.96 12.57 12.49 1.80×1015 1.79 ×1015 1.36×1015 1.32×1015

SFHX [75] 2.13 2.19 11.98 12.07 3.0 3.05 3.52 3.43 10.77 11.06 2.39×1015 2.33 ×1015 1.74×1015 1.71×1015

GS2 [76] 2.09 2.07 13.38 13.35 3.2 3.17 3.22 3.24 11.81 11.64 2.05×1015 2.11 ×1015 1.56×1015 1.55×1015

SFHO [75] 2.06 1.97 11.77 11.76 2.9 2.88 3.71 3.68 10.31 10.29 2.67×1015 2.63 ×1015 1.91×1015 1.92×1015

LS220 [73] 2.04 1.98 12.52 12.47 3.0 2.99 3.55 3.52 10.65 10.80 2.55×1015 2.43 ×1015 1.86×1015 1.78×1015

TMA [69, 77] 2.02 2.12 13.73 13.89 3.2 3.27 2.98 3.08 12.12 12.14 1.92×1015 1.92 ×1015 1.48×1015 1.42×1015

IUF [71, 78] 1.95 2.05 12.57 12.50 3.0 3.04 3.36 3.44 11.32 11.03 2.19×1015 2.34 ×1015 1.67×1015 1.72×1015
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FIG. 7: Same as Fig. 6 for two EoSs with similar stellar prop-
erties in the intermediate mass range around 1.6 M⊙ where
the two mass-radius relations cross. using the extrapolation
procedure described in the main text (Sect. IV) the two EoSs
can clearly be distinguished.

with the stability line also provides an estimate for the
GW oscillation frequency at Mthres. This peak frequency
f thres
peak scales well with the radius Rmax of the maximum-
mass configuration of cold, nonrotating NSs (see left
panel of Fig. 3 in [32] and Fig. 8). (The relation can
be understood by noting that f thres

peak should scale approx-

imately with
√

Mthres/R3
max, where the variation in R3

max
dominates over the relatively small change in Mthres.) In
Fig. 8 we display the extrapolated fpeak (circles) and the

actual frequency obtained in the simulations (crosses) as
a function of Rmax for different EoSs. Using the linear
fit to the simulation data

Rmax = −3.065 · f thres
peak + 21.57 (±0.7), (4)

the extrapolated frequency determines the radius of the
maximum-mass configuration with an accuracy of typ-
ically 4% or better. Only for the NL3 EoS the esti-
mated Rmax deviates by 5%. The somewhat larger dif-
ference is understandable, considering that for NL3 the
extrapolation is performed over the largest distance be-
tween data measured at 2.7 M⊙ and at the intersection
at Mthres ≈ 3.8 M⊙). The results of the extrapolation
procedure are listed in Table I, together with the actual
values of Rmax. The estimated and actual radii of the
maximum-mass configuration are also shown in Fig. 5.
The shifts denoted in parentheses in Eq. (4) define curves
which lead to upper and lower limits for Rmax, when used
in the extrapolation procedure.

C. Estimating the maximum central density

For maximum-mass TOV solutions it is empirically
known and intuitive that the stiffness of an EoS, quan-
tified by the ratio ⟨e⟩max/ec,max between the mean den-
sity and the central density, roughly scales linearly with
the compactness Cmax = GMmax

c2Rmax
[12, 79] (see also Fig. 2

in [32]). Here, e refers to the energy density, which, how-
ever, is related to the rest-mass density through the EoS
and therefore, the following analysis yields analogous re-
sults when applied to the rest-mass density (see Table I).
Adopting ⟨e⟩max = 3

4π
Mmax

R3
max

implies that the central

density should scale roughly as 1/R2
max. Consequently,

in-spiral mass range

Revealing the EOS

1.2M�

1.5M�

?
?
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FIG. 1: Dominant GW frequency fpeak of the postmerger
phase as a function of the total binary mass Mtot for all EoSs.
Different EoSs are distinguished by different solid lines. The
highest frequency f thres

peak for a given EoS is highlighted by a
thick cross. The dashed line approximates the dependence of
f thres
peak on the maximum binary mass Mthres which still pro-
duces an (at least transiently) stable merger remnant.

the binary mass Mthres (resulting in the most massive
NS remnant) and the corresponding GW oscillation fre-
quency f thres

peak . (The crosses in Fig. 1 are identical to the
right panel of Fig. 3 in [32]). For all EoSs the data points
(Mthres, f thres

peak ) form a “stability line” (thick dashed line
in Fig. 1) beyond which binary mergers lead to the di-
rect formation of a BH. Our definition of the threshold
mass Mthres is motivated by the observation that simula-
tions with Mthres yield (at least transiently) stable rem-
nants, whereas simulations with Mthres+0.1M⊙ result in
prompt BH formation. (Note that in [32] an intermediate
value of Mthres + 0.05 M⊙ was denoted as Mthres, which
only reflects the uncertainty in determining Mthres with
our current set of simulated binary masses.)
It has also been pointed out in [32] that the determi-

nation of Mthres and f thres
peak may yield important insights

into the maximum mass of nonrotating NSs and on the
radius of the maximum-mass configuration. As argued
in the introduction, Mthres might be difficult to deter-
mine directly, because the merger of binary systems with
masses near Mthres (which would be suitable for directly
probing the approach to collapse), is expected to be less
frequent, according to population synthesis studies and
observations (e.g. [12, 63]). Moreover, several detections
with different binary masses above and below the thresh-
old would be required to deduce Mthres with a certain
precision.
It is evident from Fig. 1 that (at least) two measure-
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FIG. 2: Dominant GW frequency f thres
peak of the most massive

NS merger remnant as a function of the corresponding total
binary mass Mthres for different EoSs (crosses). Circles of the
same color denote the estimated values for f thres

peak and Mthres

extrapolated entirely from GW information from low-mass NS
binary mergers.

ments of fpeak at slightly different masses yield the slope
dfpeak(Mtot)

dMtot
and can be used for an extrapolation along

the corresponding solid line. For a given EoS the ex-
trapolation yields the intersection with the stability line,
i.e. the line formed by the Mthres points for different
EoSs (dashed line). In particular, to determine the slope
dfpeak(Mtot)

dMtot
, detections in the mostly likely range of bi-

nary parameters with Mtot ∼ 2.7 M⊙ can be employed.
In Fig. 1 we notice that for all sequences of different EoSs
the slope (of the solid lines) becomes steeper towards the
(dashed) stability line at Mthres. Hence, a linear extrap-
olation in general will tend to overestimate Mthres and
underestimate the corresponding f thres

peak .
The increasing slope with the binary mass can be

understood because the dominant GW emission of
the postmerger phase is produced by the fundamen-
tal quadrupolar (m = 2) fluid mode [25], whose fre-
quency scales approximately with the mean density, i.e.
√

Mremnant/R3
remnant [29, 72]. For a given EoS, radii

of massive NSs decrease with mass, which explains the
steeper increase of fpeak at higher Mtot.
The main idea of this work is to introduce an extrap-

olation procedure, which employs GW detections of bi-
naries at masses of about 2.7M⊙, in order to estimate
the properties of mergers at higher masses. Through-
out this paper, crosses mark data which have been ob-
tained by numerical calculations and are considered to
be the “true” (actual) values for a given EoS. Circles are
used whenever a quantity is estimated by means of the

Extrapolating to Larger Masses

threshold  
to collapse

Bauswein, NS, Janka (2014)  
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The threshold mass is related to the maximum TOV mass as     

 where k is dependent on the compactness.      

                             Bauswein, Baumgarte, Janka PRL (2013)  
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Prompt merger collapse and the maximum mass of neutron stars

A. Bauswein,1 T. W. Baumgarte,1, 2 and H.-T. Janka1

1Max-Planck-Institut für Astrophysik, Karl-Schwarzschild-Str. 1, D-85748 Garching, Germany
2Department of Physics and Astronomy, Bowdoin College, Brunswick, ME 04011, USA

(Dated: July 22, 2013)

We perform hydrodynamical simulations of neutron-star mergers for a large sample of
temperature-dependent, nuclear equations of state, and determine the threshold mass above which
the merger remnant promptly collapses to form a black hole. We find that, depending on the equa-
tion of state, the threshold mass is larger than the maximum mass of a non-rotating star in isolation
by between 30 and 70 per cent. Our simulations also show that the ratio between the threshold mass
and maximum mass is tightly correlated with the compactness of the non-rotating maximum-mass
configuration. We speculate on how this relation can be used to derive constraints on neutron-star
properties from future observations.

PACS numbers: 04.30.Tv,26.60.Kp,97.60.Jd,04.40.Dg

Introduction: Merging neutron stars (NSs) are among
the most promising sources of gravitational radiation for
the new generation of gravitational wave (GW) interfer-
ometers. Detection rates for Advanced LIGO [1] and
Advanced Virgo [2] have been estimated to be between
0.4 and 400 events per year [3]. The merger may result
either in a black hole (BH) with a hot accretion torus,
or a massive, hot, differentially rotating NS. Compact bi-
nary mergers were also suggested as the central engines
of short gamma-ray bursts (GRBs) [4, 5]. Material that
becomes gravitationally unbound during the coalescence
may undergo rapid neutron-capture nucleosynthesis and
contribute to the galactic enrichment by heavy, neutron-
rich elements [5, 6]. The heat release by the radioactive
decay of the nucleosynthesis products may also power
electromagnetic counterparts [7–9], which are already be-
ing searched for [10, 11].

The dynamics and observable signatures of NS merger
depend on the binary masses M1,2 and the equation of
state (EoS) [12–25] (see also [26–28] for reviews). At nu-
clear densities, the EoS is not completely known (see,
e.g., [29]) but plays a crucial role in determining the
immediate outcome of coalescence. For sufficiently low-
mass binaries the merger results in a stable NS. For more
massive binaries the remnant will ultimately form a BH.
In the delayed collapse scenario, the two stars form a sin-
gle, differentially rotating merger remnant that is tem-
porarily supported against gravitational collapse by cen-
trifugal and thermal effects [30, 31]. Viscous processes,
radiation of GWs and emission of neutrinos redistribute
and reduce the remnant’s angular momentum and energy,
prompting a delayed collapse on a secular timescale. Al-
ternatively, the merger may lead to an immediate, prompt
collapse on a dynamical timescale. Such a collapse is
triggered for more massive binaries, whose total mass
Mtot = M1 +M2 cannot be stabilized. For a given EoS
one can thus define a threshold binary mass Mthres that
separates the two scenarios of prompt and delayed col-
lapse. The former occurs for Mtot > Mthres, while a

dynamically stable remnant is formed for Mtot < Mthres.
It is intuitive to assume that Mthres scales with the

maximum mass Mmax of isolated, nonrotating NSs [20],

Mthres = k ·Mmax. (1)

Here Mmax is determined by the EoS and can be found
by integrating the Tolman-Oppenheimer-Volkoff (TOV)
equations (equations of relativistic hydrostatic equilib-
rium) [32, 33]. The coefficient k also depends on the
EoS, or equivalently on NS properties [12–14, 20].
In this paper we adopt a large set of temperature-

dependent, nuclear EoSs in numerical simulations of bi-
nary neutron-star mergers to examine the dependence
of k on the EoS, and to establish a relation between
Mthres and Mmax. We focus on equal-mass binaries,
but also comment on asymmetric systems below. We
find that k is tightly correlated with the compactness
Cmax = (GMmax)/(c2Rmax) of the maximum-mass TOV
configuration (G is the gravitational constant and c the
speed of light). We provide a simple, analytical model
to motivate such a correlation, and discuss how our re-
sults can be used to constrain NS properties, in particu-
lar Mmax, from future observations. For a given EoS our
findings predict which binary systems undergo prompt or
delayed collapse upon merger with corresponding conse-
quences for the post-merger GW signal, the mass ejec-
tion during coalescence and the particular conditions
for launching a collimated outflow favorable for a GRB
(e.g. torus properties and baryon loading of the environ-
ment).
Method: We perform numerical simulations of NS

mergers to determine the EoS dependence of Mthres, us-
ing a 3D relativistic smoothed particle hydrodynamics
(SPH) code that employs the conformal flatness approx-
imation of Einstein’s field equations and includes a GW
backreaction scheme to account for energy and angular
momentum losses due to GW emission (see [15, 34, 35] for
details of the code). Our study considers 12 microphys-
ical, fully temperature-dependent EoSs with maximum
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FIG. 1: Coefficient k (eq. (1)) as a function of Cmax =
GMmax/(c2Rmax) (crosses) and C∗

1.6 = GMmax/(c2R1.6) (cir-
cles).

correlation (see Fig. 2, left panel, and Tab. I; R1.6 is
very similar to R1.4). However, using the numerical data
of [20] and expressing k as a function of C∗

1.6 or Cmax

rather than R1.4, we found a tight correlation, as for our
results. Therefore, we suspect that the approximate scal-
ing with R1.4 suggested in [20] is a selection effect due to
the limited number of EoSs used therein [64].

The compactness Cmax is a measure of the EoS’s stiff-
ness at high densities (Fig. 2, right panel; see also [29,
55]), where we characterize the stiffness by the ratio of
the mean density, ⟨ρ⟩ = 3Mmax/(4πR3

max), to the cen-
tral density ρc (i.e. the inverse central condensation).
A tight correlation between k and Cmax thus implies
that k depends predominantly on the stiffness of the
EoS. This dependence can be motivated qualitatively
with the help of a simple Newtonian model. As sug-
gested in [56], a rough estimate of the fractional increase
in the maximum mass, δM/Mmax, is given by 3T/|W |,
so that k ≈ 1 + 3T/|W |. Here T is the rotational ki-
netic energy and W the potential energy. We compute
T = J2/(2I), where I is the remnant’s moment of inertia,
from the angular momentum J that the binary carries
at the instant of merging. Approximating the merging
of an equal-mass binary in circular orbit to occur when
the binary separation is twice the radius of each individ-
ual (spherical) star, R⋆, and assuming that the progen-
itors’ masses are concentrated at their centers, we find
J2 ≈ GM3

totR⋆/8. Neglecting mass loss as well as devi-
ations from spherical symmetry, and assuming that the
merger remnant forms a polytrope with polytropic index
n, we have W = −3G/(5 − n)M2

tot/R, where R is the
radius of the remnant, and I = 2κnMtotR2/5. Here the
coefficients κn depend on n only and are tabulated in
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FIG. 2: Left panel: Coefficient k (eq. (1)) versus radius R1.6 of
a 1.6 M⊙ NSs. Right panel: Compactness Cmax as a function
of the EoS’s stiffness expressed by the ratio of the average
density ⟨ρ⟩ = 3Mmax/(4πR

3
max) and central energy density

ρc.

[57]. The EoS’s stiffness as well as κn increases with de-
creasing n. Using the polytropic mass-radius relationship
for the merging NSs and merger remnant we also have
R⋆/R = 2(n−1)/(3−n). Collecting terms we now obtain
k ≈ 1+5(5−n) 2(n−1)/(3−n)/(32κn). While this crude ap-
proximation overestimates the deviation of k from unity
by about a factor of two, it correctly predicts two im-
portant qualitative features of our numerical results: It
suggests that k depends predominantly on the EoS’s stiff-
ness (since for Newtonian polytropes the stiffness ⟨ρ⟩/ρc
depends on n only), and it shows that k decreases with
increasing stiffness (which can be seen by inserting values
for n and κn). Loosely speaking, a binary with a stiffer
EoS (i.e. a larger ⟨ρ⟩/ρc) has less angular momentum
when merging and its remnant has a larger moment of in-
ertia. These effects combine to decrease T/|W |, thereby
decreasing k.

For the EoSs in our sample we also observe a tight
correlation between Rmax and R1.6, which implies a close
relation between Cmax and C∗

1.6.

Observational constraints on the maximum NS mass:
The findings of this study may help to place limits on
the maximum mass Mmax of NSs in the case that future
observations, e.g. GW detections, provide an estimate of
Mthres (cf. [12]). We assume that delayed and prompt col-
lapse can be distinguished from the presence or absence
of GW emission in the 2-4 kHz range produced by the
oscillations of the merger remnant, and that the binary
mass of the merger can be inferred from the preceeding
GW inspiral signal, which thus sets a bound on Mthres.
Depending on the nature of available observations, this
information could be used in different ways. In the fol-
lowing we discuss three speculative possibilities.

We first assume that a number of detections of NS
mergers have been made, and that observations of both
prompt and delayed collapses bracket Mthres to a certain
accuracy. If R1.6 is independently known to some accu-
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Prompt merger collapse and the maximum mass of neutron stars

A. Bauswein,1 T. W. Baumgarte,1, 2 and H.-T. Janka1

1Max-Planck-Institut für Astrophysik, Karl-Schwarzschild-Str. 1, D-85748 Garching, Germany
2Department of Physics and Astronomy, Bowdoin College, Brunswick, ME 04011, USA

(Dated: July 22, 2013)

We perform hydrodynamical simulations of neutron-star mergers for a large sample of
temperature-dependent, nuclear equations of state, and determine the threshold mass above which
the merger remnant promptly collapses to form a black hole. We find that, depending on the equa-
tion of state, the threshold mass is larger than the maximum mass of a non-rotating star in isolation
by between 30 and 70 per cent. Our simulations also show that the ratio between the threshold mass
and maximum mass is tightly correlated with the compactness of the non-rotating maximum-mass
configuration. We speculate on how this relation can be used to derive constraints on neutron-star
properties from future observations.

PACS numbers: 04.30.Tv,26.60.Kp,97.60.Jd,04.40.Dg

Introduction: Merging neutron stars (NSs) are among
the most promising sources of gravitational radiation for
the new generation of gravitational wave (GW) interfer-
ometers. Detection rates for Advanced LIGO [1] and
Advanced Virgo [2] have been estimated to be between
0.4 and 400 events per year [3]. The merger may result
either in a black hole (BH) with a hot accretion torus,
or a massive, hot, differentially rotating NS. Compact bi-
nary mergers were also suggested as the central engines
of short gamma-ray bursts (GRBs) [4, 5]. Material that
becomes gravitationally unbound during the coalescence
may undergo rapid neutron-capture nucleosynthesis and
contribute to the galactic enrichment by heavy, neutron-
rich elements [5, 6]. The heat release by the radioactive
decay of the nucleosynthesis products may also power
electromagnetic counterparts [7–9], which are already be-
ing searched for [10, 11].

The dynamics and observable signatures of NS merger
depend on the binary masses M1,2 and the equation of
state (EoS) [12–25] (see also [26–28] for reviews). At nu-
clear densities, the EoS is not completely known (see,
e.g., [29]) but plays a crucial role in determining the
immediate outcome of coalescence. For sufficiently low-
mass binaries the merger results in a stable NS. For more
massive binaries the remnant will ultimately form a BH.
In the delayed collapse scenario, the two stars form a sin-
gle, differentially rotating merger remnant that is tem-
porarily supported against gravitational collapse by cen-
trifugal and thermal effects [30, 31]. Viscous processes,
radiation of GWs and emission of neutrinos redistribute
and reduce the remnant’s angular momentum and energy,
prompting a delayed collapse on a secular timescale. Al-
ternatively, the merger may lead to an immediate, prompt
collapse on a dynamical timescale. Such a collapse is
triggered for more massive binaries, whose total mass
Mtot = M1 +M2 cannot be stabilized. For a given EoS
one can thus define a threshold binary mass Mthres that
separates the two scenarios of prompt and delayed col-
lapse. The former occurs for Mtot > Mthres, while a

dynamically stable remnant is formed for Mtot < Mthres.
It is intuitive to assume that Mthres scales with the

maximum mass Mmax of isolated, nonrotating NSs [20],

Mthres = k ·Mmax. (1)

Here Mmax is determined by the EoS and can be found
by integrating the Tolman-Oppenheimer-Volkoff (TOV)
equations (equations of relativistic hydrostatic equilib-
rium) [32, 33]. The coefficient k also depends on the
EoS, or equivalently on NS properties [12–14, 20].
In this paper we adopt a large set of temperature-

dependent, nuclear EoSs in numerical simulations of bi-
nary neutron-star mergers to examine the dependence
of k on the EoS, and to establish a relation between
Mthres and Mmax. We focus on equal-mass binaries,
but also comment on asymmetric systems below. We
find that k is tightly correlated with the compactness
Cmax = (GMmax)/(c2Rmax) of the maximum-mass TOV
configuration (G is the gravitational constant and c the
speed of light). We provide a simple, analytical model
to motivate such a correlation, and discuss how our re-
sults can be used to constrain NS properties, in particu-
lar Mmax, from future observations. For a given EoS our
findings predict which binary systems undergo prompt or
delayed collapse upon merger with corresponding conse-
quences for the post-merger GW signal, the mass ejec-
tion during coalescence and the particular conditions
for launching a collimated outflow favorable for a GRB
(e.g. torus properties and baryon loading of the environ-
ment).
Method: We perform numerical simulations of NS

mergers to determine the EoS dependence of Mthres, us-
ing a 3D relativistic smoothed particle hydrodynamics
(SPH) code that employs the conformal flatness approx-
imation of Einstein’s field equations and includes a GW
backreaction scheme to account for energy and angular
momentum losses due to GW emission (see [15, 34, 35] for
details of the code). Our study considers 12 microphys-
ical, fully temperature-dependent EoSs with maximum

M_thres vs. M_max correlation
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TABLE I: Equation of state models with references and resulting stellar properties. Mmax denotes the maximum mass of
nonrotating NSs with the cirumferential radius Rmax corresponding this maximum-mass configuration. emax and ρmax are the
central energy density and the central rest-mass density of the maximum-mass configuration. R1.6 refers to the circumferential
radius of a nonrotating 1.6 M⊙ NS. Mthres is the highest total binary mass which leads to differentially rotating NS merger
remnant for the given EoS. The dominant GW frequency of this postmerger remnant is f thres

peak . Hatted quantities are the
estimates for these merger properties and stellar parameters based on the extrapolation procedure described in the main text
(Sect. IV).

Mmax M̂max R1.6 R̂1.6 Mthres M̂thres f thres
peak f̂ thres

peak Rmax R̂max ec,max êc,max ρc,max ρ̂c,max

EoS (M⊙) (M⊙) (km) (km) (M⊙) (M⊙) (kHz) (kHz) (km) (km) (g/cm3) (g/cm3) (g/cm3) (g/cm3)

NL3 [70, 71] 2.79 2.68 14.81 14.72 3.8 3.73 2.77 2.87 13.40 12.78 1.52×1015 1.68 ×1015 1.09×1015 1.25×1015

LS375 [73] 2.71 2.69 13.76 13.86 3.6 3.57 3.04 2.93 12.32 12.62 1.78×1015 1.74 ×1015 1.25×1015 1.29×1015

DD2 [71, 74] 2.42 2.40 13.26 13.18 3.3 3.33 3.08 3.00 11.90 12.38 1.95×1015 1.83 ×1015 1.41×1015 1.35×1015

TM1 [68, 69] 2.21 2.28 14.36 14.34 3.4 3.45 2.93 2.96 12.57 12.49 1.80×1015 1.79 ×1015 1.36×1015 1.32×1015

SFHX [75] 2.13 2.19 11.98 12.07 3.0 3.05 3.52 3.43 10.77 11.06 2.39×1015 2.33 ×1015 1.74×1015 1.71×1015

GS2 [76] 2.09 2.07 13.38 13.35 3.2 3.17 3.22 3.24 11.81 11.64 2.05×1015 2.11 ×1015 1.56×1015 1.55×1015

SFHO [75] 2.06 1.97 11.77 11.76 2.9 2.88 3.71 3.68 10.31 10.29 2.67×1015 2.63 ×1015 1.91×1015 1.92×1015

LS220 [73] 2.04 1.98 12.52 12.47 3.0 2.99 3.55 3.52 10.65 10.80 2.55×1015 2.43 ×1015 1.86×1015 1.78×1015

TMA [69, 77] 2.02 2.12 13.73 13.89 3.2 3.27 2.98 3.08 12.12 12.14 1.92×1015 1.92 ×1015 1.48×1015 1.42×1015

IUF [71, 78] 1.95 2.05 12.57 12.50 3.0 3.04 3.36 3.44 11.32 11.03 2.19×1015 2.34 ×1015 1.67×1015 1.72×1015
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FIG. 7: Same as Fig. 6 for two EoSs with similar stellar prop-
erties in the intermediate mass range around 1.6 M⊙ where
the two mass-radius relations cross. using the extrapolation
procedure described in the main text (Sect. IV) the two EoSs
can clearly be distinguished.

with the stability line also provides an estimate for the
GW oscillation frequency at Mthres. This peak frequency
f thres
peak scales well with the radius Rmax of the maximum-
mass configuration of cold, nonrotating NSs (see left
panel of Fig. 3 in [32] and Fig. 8). (The relation can
be understood by noting that f thres

peak should scale approx-

imately with
√

Mthres/R3
max, where the variation in R3

max
dominates over the relatively small change in Mthres.) In
Fig. 8 we display the extrapolated fpeak (circles) and the

actual frequency obtained in the simulations (crosses) as
a function of Rmax for different EoSs. Using the linear
fit to the simulation data

Rmax = −3.065 · f thres
peak + 21.57 (±0.7), (4)

the extrapolated frequency determines the radius of the
maximum-mass configuration with an accuracy of typ-
ically 4% or better. Only for the NL3 EoS the esti-
mated Rmax deviates by 5%. The somewhat larger dif-
ference is understandable, considering that for NL3 the
extrapolation is performed over the largest distance be-
tween data measured at 2.7 M⊙ and at the intersection
at Mthres ≈ 3.8 M⊙). The results of the extrapolation
procedure are listed in Table I, together with the actual
values of Rmax. The estimated and actual radii of the
maximum-mass configuration are also shown in Fig. 5.
The shifts denoted in parentheses in Eq. (4) define curves
which lead to upper and lower limits for Rmax, when used
in the extrapolation procedure.

C. Estimating the maximum central density

For maximum-mass TOV solutions it is empirically
known and intuitive that the stiffness of an EoS, quan-
tified by the ratio ⟨e⟩max/ec,max between the mean den-
sity and the central density, roughly scales linearly with
the compactness Cmax = GMmax

c2Rmax
[12, 79] (see also Fig. 2

in [32]). Here, e refers to the energy density, which, how-
ever, is related to the rest-mass density through the EoS
and therefore, the following analysis yields analogous re-
sults when applied to the rest-mass density (see Table I).
Adopting ⟨e⟩max = 3

4π
Mmax

R3
max

implies that the central

density should scale roughly as 1/R2
max. Consequently,

Breaking the EOS Degeneracy



Principal Component Analysis (PCA)
                             Clark, Bauswein, NS, Shoemaker (2016)  

 Actual fft’s for different models.       
 
                                                                

 Rescaled to common reference       
      model. 
 
                                                                



Principal Component Analysis (PCA)
                             Clark, Bauswein, NS, Shoemaker (2016)  

 Actual fft’s for different models.       
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Principal Component Analysis (PCA)
                             Clark, Bauswein, NS, Shoemaker (2016)  

 Actual fft’s for different models.       
 
                                                                

 Rescaled to common reference       
      model. 
 
                                                                Our PCA template extracts >90% of signal power compared to 

only 40% when using simple burst analysis. 
 
                                                                



PCA Reconstruction of signal
                             Clark, Bauswein, NS, Shoemaker (2016)  



PLANNED UPGRADES AND NEW DETECTORS
                             Clark, Bauswein, NS, Shoemaker (2016)  



Detectability
                             Clark, Bauswein, NS, Shoemaker (2016)  

(2018)
(2027)



Coherent Wave Burst Analysis
                             Clark, Bauswein, NS, Shoemaker (2016)  



Coherent Wave Burst Analysis
                             Clark, Bauswein, NS, Shoemaker (2016)  



 The last part of the inspiral signal carries the imprint of the                     
 quadrupole tidal deformability λ := -Qij/Εij = 2/3 k2 R5.                                                             

                                                                      Read et al. (2013)  

With an aLIGO 
class detector: 
 
Δ∆R/R ~ 10 % 

@100 Mpc 

k2 = tidal Love 
number 

Dimensionless 
tidal 
deformability:

EOS from Inspiral Signal



• Post-merger	 GW	 asteroseismology	 is	 a	 viable	 method	 for	  
constraining	 the	 EOS	 

•Neutron	 star	 radii	 can	 be	 measured	 to	 400m	 (~3%)	 
maximum	 uncertainty	 

• Principal	 Component	 Analysis	 (PCA)	 sufficient	 to	 reach	 
>90%	 of	 optimal	 signal	 

•Realistic	 detection	 rates	 possible	 with	 upgraded	 LIGO	 
Voyager	 by	 2027.	 	 	 

Summary


