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@ In most cases solving Einstein field equations is a difficult
task. Indeed, it is hard to obtain analytical solutions having
some physical relevance, except for some specific situations.

@ Particular cases: (i) Vacuum (p=p = Q = ... =0); (ii) The
spherically symmetric space-time with a perfect fluid 7,, as a
gravitational source.

@ As soon as the perfect fluid is coupled to complex forms of
matter-energy to describe more realistic scenarios, namely,

T,uzz = Auu + ae,uy ) (1)

with 6,,, any other form of gravitational source, then the
situation changes radically, making it almost impossible to
obtain analytical results that can be easily interpreted.

@ In this talk: the first simple, systematic and direct approach
to decoupling gravitational sources in general relativity.
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A naive question

Would it not be ideal to solve Einstein field equations by solving
the field equations for each gravitational source individually? That
is, we could find the metric g,,,,, and both energy-momentum
tensors 7'“,, and 0, not by solving

G;u/ = _k2 (7\_}/«1/ + ae#u) , k2 =8m ’ (2)
but R R A
G = —k* Ty 5 to find {gu, TNV} (3)
and then
G;V = _k2 9:;1/ , to find {g;V’HZV} (4)

and finally, we could obtain the metric gy, in Eq. (2) by a simple
combination of the two metrics found by Egs. (3) and (4), namely,

&uv and g;l,.
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A naive question

Would it not be ideal to solve Einstein field equations by solving
the field equations for each gravitational source individually? That
is, we could find the metric g,,,,, and both energy-momentum
tensors 71“, and 0,,,, not by solving

G;u/ == _k2 (7\_}/«1/ + ae#u) , k2 =8m ’ (2)
but
G = —k? T, tofind {guV> Tl“/} (3)
and then
G, = —k267, . tofind {g,.0%,} (4)

and finally, we could obtain the metric g, in Eq. (2) by a simple
combination of the two metrics found by Egs. (3) and (4), namely,
&uw and g,,.

Consensus: No way!!! (given the highly non-linear and complex
structure of Einstein field equations)
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Einstein Equations

Let us start from Einstein field equations

1 O
Ruv = 5 R = —k? T (5)
with
Tl = 70 + 06y, (6)
where
T = (p+ p) Uty — P& (7)

is the four-dimensional energy-momentum tensor of ordinary
matter, described by a perfect fluid.

6,,, — any additional gravitational source coupled with the perfect
fluid by the constant «

v, Tt — o (8)
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Einstein Equations

ds? = e/(") dt? — M) g2 — 42 (d6? +sin* 0 dg?) . 9)
Einstein equations
1 1 N
2 0y _ -2
—k (p+a90)——ﬁ+e (ﬁ_7> , (10)
1 1 vV
2 1y _ -2
— k (—P+C¥91)——ﬁ+e <ﬁ+7> s (11)
1 Y
— K (—p+abs) = Ze_)‘ [2V"+V'2—)\’V'+2V A ] ,
(12)

while the conservation equation
/ /
v 1 v 0 1, 2«
—P/—E(P+P)+a(91)/—§a(90—91)—7( —0,')=0,
(13)
where ' = 0, f.



Minimal Geometric Deformation

Let us start by considering a solution with & = 0, namely, a perfect
fluid solution {&, i, p, p}, where & and p are the metric functions

ds? = 5D dt? — pu(r)~t dr® — r? (d6? +sin0d¢?) . (14)
Now let us turn on the parameter « to consider the effects of the
source 6,,, on the perfect fluid solution {&, i, p, p}.

§ - v==§+ag, (15)
p — er=pu+af. (16)
where f and g are, respectively, the geometric deformations
undergone by the perfect fluid geometry {&, u}. Of all the
possibilities contained in Egs. (15) and (16), there is a specific one,
the so-called minimal geometric deformation (MGD), for which
g — 0 (17)
f — . (18)
The metric {£, p} is thus minimally deformed by 6,,,,



Decoupling: Set (A)

u(r) = e = p(r) +af(r), (19)
Now let us plug the decomposition in Eq. (19) in the Einstein
equations. The system is thus separated in two sets: (A) one
having the standard Einstein field equations for a perfect fluid

(e =0),

ep= Ly B (20)

P r2 2 r’
1 1 v

kK (—p)= —= = 4+ — 21
(P =-z+u(mt2). (21)

—k2(—p):'u 21/”—1— /2_'_2V/ +M_/ /+_ (22)

4 r 4

v, T — o — p+2(p—i—p)—0 (23)

g — ds? =€’ dt? — u(r)" dr® — r? (d6? +sin® 0 dg?) .
(24)




Decoupling: Set (B)

and (B) one for the source §,,,, which reads

£* f*’
1 /
— KL =F <ﬁ + ”7> : (26)

f* N 2
— k203 = " <2u” + 2 4 2V7> + <u/ + 7) . (27)

! 2

14
V, 0" =0— (64) — 5(900 —01') (6 —61)=0. (28)

r
Under these conditions, there is no exchange of energy-momentum
between T,, and 0,,; their interaction is purely gravitational.
The Set (B) looks very similar to Einstein field equations.
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Decoupling: Set (B): Quasi-Einstein system

and (B) one for the source 6,,,, which reads

!

1 fF

20 _
KOG =t (25)
1 1
91 f2+ <r2+r>> (6)
F* AYEA 2
—k2(92:— 2// 12 22 o / < (27
2= <y HVE 22— ) e (27)
v 2

V, 0" =0 (0,1) — 5(900 —0') — 7(922 —01)=0. (28)

Under these conditions, there is no exchange of energy-momentum
between T,, and 0,,; their interaction is purely gravitational.
The Set (B) looks very similar to Einstein field equations. But it is
not: missed. It represents a “quasi — Einstein system’ .
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Decoupling: Set (B): Quasi-Einstein or Einstein system

The Set (B) may be formally identified as Einstein equations for an
anisotropic system with energy-momentum tensor 67, defined as

1
K20mY = k20! + > (6,0 60" +0,'6,") , (29)
with conservation equation
* 1Y/ Z// *0 * 1 2 * 2 *1
071 = S(0:° -0 - S(032 i) =0, (30)

and metric

dr?

o) r? (d6? +sin® 0 d¢?) .| (31)

8w — ds? = e’(") dt? —
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MGD: linear scheme for gravitational decoupling

What happens if we consider an additional source W,,,?, namely,
G =~k (T + @0 + BV, (32)

We can easily follow the same scheme to find a successful
decoupling by

e M) = p(r)+af(r)+Bh(r), (33)
where G = kU, , tofind {g.,,V.}, (34)
with the metric g, given by

dr?
h*(r)

ds? = e’() dt? — —r?(d6? +sin0dé?) . (35)

We can see that this approach represents a /inear scheme for
decoupling gravitational sources.
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MGD: linear scheme for gravitational decoupling

pv o

Tw=> T ao=1; T, =Tu. (36)

The solution to G, = —k? T, will be given by

Buv = g;w g;(u/ ) =v 7é 1 (37)
gl =g+ a1 g 4+ 4, gt (38)
guv i1s found by first solving Einstein field equations 'AI'W
Gpu = _k2 ?py ) Vu ?-“V =0, (39)
and then by solving the remaining n “quasi-Einstein equations”
~(1) _ 2 (1) . Duv _
Gy = kT v, TWw =0,
~(n _ 2 n) . nuv __
G = —kTP; v, T =0, (40)

where the “quasi-Einstein” tensor @W and G, are related by

~ v __ v v
Gu =G,"+T, (g) - (41)



What does MGD tell us?

g '-"Gwe me two gravitational sources A and B F:rst l so!ve Einstein
' equations forA, and then I solve a s:n1pler quas:-Emstem equaﬂron _

. forB. Flnaﬂx, b,y combmmgihe two found sofutrons. lw:ﬂ grve you LA
" the: compf_et 1 for the system A*B" ot
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Applications: From perfect to anisotropic fluids

ds? = () gt? — A1) g2 — 2 (d6? +sin® 0 d¢?) . (43)
Einstein equations for an anisotropic self-gravitating system
1 1 N
—k? (p—l—aH(?) :——2+e_)‘ (—2——> ) (44)
—_— r r r
p
1 1 v
2 1 _ .Y
— k (—P+C¥91)————ﬁ+e <ﬁ+7> s (45)
_ﬁr
ARV
— K (—p+abf) = 1e_)‘ [2u/’—|—1/’2—)\’1/’+2y A ] ,
ﬁ—/ 4
—Ppt
(46)
, vV iy V 0 1 2a 5 1
=P = (ptp)+aldy) — salle —0r) ——(0"—07) =0,
(47)

Let us find {v, A, g, Br, Pt }



Applications: From perfect to anisotropic fluids

To solve the set (A), we simply choose an already-known solution
with physical relevance, for instance, the well-known Tolman IV
solution (v, i, p, p) for perfect fluids, namely,

v 2 f2
2 2
1-5)(1+ 5%
C2 A2
n= ( ) grQ ) ) (49)
1+ %
) 3A% + A2 (3C2 + 7r2) +2r2 (C2 + 3r2) (50)
r) = ,
g k2 C2 (A2 + 2r2)?
and o )
— —3r
= . 1
p(r) k2 C2 (A2+2r2) (5 )

The constants A, B and C are found by matching conditions,
yielding AZ/F\’2 = 1_—36; B2=1-3c¢ and C2/F\’2 = ¢ 1 with
¢ = My/R < 4/9 and My the total mass m(R).



Applications: From perfect to anisotropic fluids

We need to solve the Sector (B), namely, the 6,,,-sector,

£* f*’
—k20§:ﬁ+7, (52)
1 /
— KL =F <ﬁ + ”7> : (53)

f* N 2
— k203 = T <21/” + 2 4 2V7> + e <V/ + 7) . (54)

v 2
V0" =0 (01) = (0 = 01") = <0 = 6,") = 0. (55)

We have four unknown {900,011,922, f*}. Hence we need to
provide a a constraint.

We must be careful in keeping the physical acceptability of our
solution, which is not a trivial matter.
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Applications: From perfect to anisotropic fluids

We impose the “mimic” constraint 6;}(r) = p(r). Hence the radial
metric component reads

2,2
e M) = (N1 —a)+a <%> , (56)
and
. 3(1 — a)(R% - r?
Prir ) = (A(2 3 F\)’g)(A2 . 2 (57)
a A24r?
ﬁ(f7a)=P(f)(1—a)+6pm (58)
pe(r,a) = Bolr,a) + 3— - (59)

RT3
The expression for e” along with Eqs. (56)-(59) represent an exact
analytic solution to the system Egs. (44)-(46). This solution
represent the Tolman IV anisotropic solution, or what is the
same, the Tolman IV solution minimally deformed by the
anisotropic source ¢,,,,.
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Applications: From perfect to anisotropic fluids

TV = T + a6,

a# 0

Under the MGD approach, each perfect fluid solution can be
consistently extended to the anisotropic domain.
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Applications: Einstein-Klein-Gordon

1 1
2 17 -
— k [—p—i—a&l}——ﬁ—l—e <ﬁ+7> s (61)
1 /)
—k2[—p+a922}:—e_)‘[2u”—|—1/2—)\’1/+2y )\],
4 r
(62)
0 1 -\, 112
0o :§e P+ VvV, (63)
1 1 —\_ 12
o= —3e 1V, (64)
1
02 = Ee_)‘wlz +V. (65)
2 1 dVv
. " < AR A Sl
with ¥ + [r—l—z(u /\)}w e q0 (66)
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Applications: Einstein-Klein-Gordon: Vacuum

Set (A): p=p =0 — Schwarzschild. Set (B): {f*,v, V}

1 A

— k2 <§e—w2 - v> =5+, (67)
1 1V

— k2 <—§e—w’2 + v) = f* (ﬁ + "7) : (68)

1 f* AV 2
_k2<—e_)‘¢,2—|—v>:— 21///4_1//2_'_21)_1__(1//_'__) ‘
2 4 r 4 r
2M M?
e = <1——) 1+0‘7)2) . (69)
M
Ve— 2" (70)
2 (1 2H)

,2_ 2
Ve aao

Horizon h = 2M. If « —-a, h = (3 + a)M, but unphysical v
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MGD extended (MGDe-Decoupling)

Let us start by considering a solution with & = 0, namely, a perfect
fluid solution {&, i, p, p}, where £ and p are the metric functions

ds? = e dt? — pu(r) "t dr® — 12 (d? +sin0dg?) . (72)

Now let us turn on the parameter « to consider the effects of the
source 6,,, on the perfect fluid solution {&, , p, p}.

§ - v==§+ag, (73)
p — er=p+af. (74)

where f and g are, respectively, the geometric deformations
undergone by the perfect fluid geometry {&, u}.
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MGDe-Decoupling: Set (B)

The Set (B) may be formally identified as Einstein equations for an
anisotropic system with energy-momentum tensor 6, defined as

* vV v 1 v
KO = K07+ —50,"0" + (zl + )5 5"
+25(6,26," +6,°05") (75)

with conservation equation

* l// * * 2 * *
(911)'—5(900—911)—;(922—911)=0, (76)
and metric
dr?
gl, — ds* = e8() d? — Trr) — 12 (d62 +sin?0.d¢?) .| (77)
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Decoupling Einstein-Maxwell
0., represents the Maxwell energy-momentum tensor

1
euu = F,uaFa,/ + ZguuFa,BFaB (78)
where F,, in Eq. (78) satisfies Maxwell's equations
V. [(e) 2P| = (—g) 2 (79)
and its respective Bianchi identity. Only Fy; = E, is non-vanishing.
_g2_of  af
&= > palt (80)
2 1  ag
& —aZi=af | 5+ , (81)
r r
f ! f' 2
52—aZ2:0‘—<2ag”+(ag/)2+2%)+a (ag/+—(>2)
4 r 4 r
ag 4£2
E (W - ) + (€ + = =0, (83)

where € = |E| is the electric field intensity.
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Decoupling Einstein-Maxwell: Electrovacuum

If we already have a perfect fluid solution {p, p, &, u} for the Set
(A), then we end up with three unknown functions {&, f, g} to be
determined by Set (B).

The simplest situation: the electrovacuum region defined by
r>R;p=p=0.

Set (A): the Schwarzschild solution; Set (B): {&,f,g}.

Since for the Schwarzschild solution e¢ = 1, then

ag' 4£2?
S (W =€) +HE +— =0, (84)
Y ——
0
Q

with @ a constant which eventually is identified as the total
electric charge.
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Decoupling Einstein-Maxwell: Electrovacuum

By using Eq. (85) in Eq. (80) we obtain f(r) as

a @
f(r)y=—+—
af(=2+ (86)
with ¢; a constant. Combining Egs. (80) and (81) we obtain
, af —aff
= — 7
which can easily be integrated, yielding to
2M\ ! 2M o @
eag:C2<1——> <1——+—+—2>, (88)
r r roor

with ¢ an integration constant, which can be taken as 1 without
loss of generality.
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Decoupling Einstein-Maxwell: Electrovacuum

The “deformed” Schwarzschild, according to Egs. (73) and (74), is
given by

-1
ds® = <1 — M) e 8(r) g2 <1 — ﬂ + f(r)) dr2—r2dQ2 .
r

(89)
Using the expressions in Eq. (86) and Eq. (88) in the metric shown
in Eq. (89) we obtain the well known Reissner-Nordstrom solution,
where we can take ¢; = 0 or just to consider M = M — %

d52:<1 2M Q)dt—<—2M+Q> dr? — r?dQ? .

' (90)
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Conclusions and outlook

@ The first simple, systematic and direct approach to decoupling
gravitational sources in general relativity.

@ Every GR perfect fluid solution can be consistently extended
to the anisotropic domain.

@ We can solve Einstein + KG in an easy way. For instance we
can find the scalar field ¢ consistent with a physically
acceptable interior solution.

@ The MGD-decoupling can be consistently extended when both
metric functions are deformed: MGDe-decoupling.

@ By using the MGDe-decoupling, we find a new way to try the
Einstein-Maxwell system. This is particularly useful to find
physically acceptable interior solutions. The electrovacuum
solution is reproduced,

@ Extension beyond the spherical symmetry? Time-dependent?
Extra-dimensional theories? Lovelock, Horndeski, etc.
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Thanks!
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