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Conformal Gravity: Field equations and surface terms

e CG action:
lcc = Oécc/ d*xy/—g WP Wiy,

DCCG P
—_ / d4X\/7 [V1V213V4 }11142 W#3}l4

Hipiapispa] T TVIV2 TTVSVA

where «c¢ is an arbltrary dimensionless coupling constant
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Conformal Gravity: Field equations and surface terms

e CG action:
lec = Décc/ d*x/—g W P Wg,,

_ D‘CG 4 1/11/21/31/4 V]-VZ U3l
B / d'xv/~g [H1p2p3}a] Wiyv,” Wos,

where a ¢ is an arbltrary dimensionless coupling constant
o Variation of the Action

Slec = ace /M d*x\/—gB, (g tog)! + /aM d*x©
where the Bach tensor is

v [vv1vovs) | Hapi3 M1y 1 H2H3
B],l - _(s[lﬂllﬂﬂ/ﬁ] |:V}IV1/1 WV2V3 + R WV2V3 :|

_ p B
= 4 {vavﬁwa; + 2 RﬁW ”}
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Conformal Gravity: Field equations and surface terms

e CG action:
lec = Décc/ d*x/—g W P Wg,,

_ IXCG 4 1/11/21/31/4 V]-VZ U3l
B / d'xv/~g [H1p2p3}a] Wiyv,” Wos,

where acg is an arbltrary dimensionless coupling constant
o Variation of the Action

Sleg = ace /M d*x\/—gB, (g tog)h + /a y d*x®
where the Bach tensor is
1
5 =~ [T+ St
_ pr L puyy By
@ Bach tensor is symmetric, traceless and covariantly conserved
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Conformal Gravity: Field equations and surface terms

@ Surface Term

o [ [V1V2V3V4 U1 ok yp/H3 M4
® = rce 141}12143}14] [n'/l(sr?ﬂ/zg}2 WV3V4 +

+n‘”1vvl WVI/;%/,ZB ( —15 ),114:|
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Conformal Gravity: Field equations and surface terms

o Surface Term
O = wceV =Rt [ 0T g W +
15 \M
+n Y, Wik? (g lég)vﬂ

e Einstein spacetimes are a (trivial) subset of Bach-flat solutions.
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Conformal Gravity: Field equations and surface terms

@ Surface Term

O = wceV =Rt [ 0T g W +

+n1V,, WS (g_lég)gﬂ

e Einstein spacetimes are a (trivial) subset of Bach-flat solutions.

@ In general, solutions will be non-Einstein, when CG action is added on
top of Einstein-Hilbert action

Ryv = ﬁgyv + ’)/B}W
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From Conformal to Einstein Gravity

@ CG with Neumann boundary conditions is equivalent to Einstein
gravity with cosmological constant.
J.Maldacena, [arXiv:1105.5632]
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From Conformal to Einstein Gravity

@ CG with Neumann boundary conditions is equivalent to Einstein
gravity with cosmological constant.
J.Maldacena, [arXiv:1105.5632]

@ Holographic argument
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Einstein spaces in Conformal Gravity

@ Decomposition of the Weyl tensor
G.Anastasiou and R.0., [arXiv:1608.07826]
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@ Ricci tensor 3
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Einstein spaces in Conformal Gravity

@ Decomposition of the Weyl tensor
G.Anastasiou and R.0., [arXiv:1608.07826]

@ Ricci tensor 3
R = —=6 + B}

02
@ Schouten tensor L /1
Sy = D) <€2(55 - ’)’Bﬁl>
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Einstein spaces in Conformal Gravity

@ Decomposition of the Weyl tensor
G.Anastasiou and R.0., [arXiv:1608.07826]

@ Ricci tensor

3
R, = _?25” +BY

@ Schouten tensor .

S]'I//l:—f <€25H ’)’85)

o Weyl tensor is separable
aB 0B ap
Wi = Wigyw + Wineyw

Wikeyw = — (Biot — Blot — Budf + B oy
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From Conformal To Einstein Gravity

o CG action:
_ kce 4., T clnivavsvs] paj 13jla
ICG - T /I\/I d"x _g(s[y1y2y3y4] <W(E)1/11/2 W(E)l/3l/4

Hip2 H3Ha H1ip2 H3Ha
+ W(NE)Vll’Q W(NE)V3V4 + 2 W(E)V1V2 W(NE)V3V4)
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From Conformal To Einstein Gravity

@ CG action:

_ &cG 4 [V1v2v3v4) 12 U3pa
lec = 4 /M XV =80 sy (W(E)V1V2 W(E)vavs

Hil2 H3H4 Hip2 H3U4
+ W(NE)V11/2 W(NE)I/31/4 + 2W(E)1/11/2 W(NE)I/3U4>

@ For a given CG coupling acg = (/647G

E /2 ) v
le6 = i~ g [, 9B (Gl — JBIDBL.
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Topological Regularization in 4D Einstein AdS Gravity

o Inany D =2n

Holographic Renormalization < Addition of Topological Invariants
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Topological Regularization in 4D Einstein AdS Gravity

o Inany D =2n

Holographic Renormalization < Addition of Topological Invariants

e In 4D AdS (A = —3/¢?)

(G / /=g [R—2n+ £ (R Rupp — 4R™ Ry + R2)-
167G Z : .
M .
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Topological Regularization in 4D Einstein AdS Gravity

o Inany D =2n

Holographic Renormalization < Addition of Topological Invariants

e In 4D AdS (A = —3/¢?)
(E) _ 4 5 >\
Iren 16 G /d XF |:R 2A 4+ — (Ra‘Bvaaﬁyv - 4RVVR;4V + R )
e Renormalized Action in AdS/CFT

1KE) = IEH_87TLG d*xv/—h K+—/d3xx/ < + 72( ))
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Proof: Euler Theorem

@ Euler Theorem

/ d*xGB = 327%x (M) + / d3xB;
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Proof: Euler Theorem

@ Euler Theorem
/ d*xGB = 327t°x (M) + / d3xB;
@ Boundary term

By = 4v/~hg, ’1’2’3]Kﬂ ( R Ly K!3>

1112/3 n 1213 3 2B
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Proof: Euler Theorem

@ Euler Theorem
/ d*xGB = 327t°x (M) + / d3xB;
@ Boundary term

By = 4v/— 5['1'2'3] KJl < R _ KJQKB)

linszda] iy 370 i3

e Extrinsic counterterms (Kounterterms)
R.0., [hep-th/0504233,hep-th/0610230]

3./ [i1i2i3] J1 J2J3 1 J2 1 J3
/ — /EH"— 1676' /d X 51112/3] ( RI2I3( ) gKQ KI3> .
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Proof: Extrinsic counterterms

o Add zero

1
I:IEH——/d3xx/—hK—|—/d3x£a.
8tG
oM oM

4 lhi2is] yojy (1 o L i 1
Lot = 167TG\/jh5[j1jzj3] Kil1 (2 Rigi:(h) 3 K,-; K,-; + 72 5{22(31.33
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Proof: Extrinsic counterterms

o Add zero
I_IEH_i/CPX\/iK—i-/dXEct
III] j jj 1 b ;
Lot = o Gr i K:f( Rin(h) -3 KiKS + 3 5{;55)
@ Expansion of K{ for any AAdS spacetime
i 1 i i
K = 10 15i(n) + O(RY)
i 1 . 1 _
'(h) = ——(R'Y(h)— ——0'R(h
5 (h) D—3(RJ( ) 2(D —2) iR (h))
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Proof: From Extrinsic to Intrinsic Formulation

@ From Extrinsic to Intrinsic Counterterms
0. Miskovic and R.0., [arXiv:0902.2082]

167G U1j2s3]

AJ2 i 0{3 I >
<(sribn -3 (F-rsp) (B-rsp) + hetod)+

R hé[’.'“?’?](‘} 65'1>
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Proof: From Extrinsic to Intrinsic Formulation

@ From Extrinsic to Intrinsic Counterterms
0. Miskovic and R.0., [arXiv:0902.2082]

Lot = 167TG v 5[[1111’2221 <‘1 B SIl)
J2J; 1 12 B 1 52 5f
3 i I 2 §J3
< Rlzl3( )_§ < 652> < €53> F i2 ’3) +

@ Balasubramanian-Kraus counterterms in 4D

1 2 7
‘Cct = %\/ —h (6 + 2R(h)> +

R. Olea (UNAB) Holographic aspects of Conformal Gravity Sifnos, Sep 2017 11 /23



Key features of Renormalized AdS Action

e EH AdS + GB in 4D:

. 2
(E) _ 1 4 4 [vivavsva] a2 phap
1E) — ﬁ /M d X\/jg {(R — 2A) + 1765[“11;2;3;4] RV11V22 RV33V44
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Key features of Renormalized AdS Action

e EH AdS + GB in 4D:
I(E \/7 (R 2A) €2 5[1/11/21/31/4] R]ll}lz Ry3y4
e 167‘CG 16" [H1papspa] V1V2 V3

o Stelle-West (MacDowell-Mansouri) form of the Renormalized Action

- 5{[#1#2}] 5{[#3}‘?]
(E /7 [v1vav3s) H1H2 Viv2 H3Ha v3Va
lre" 2567‘(G/ [Hlﬂzllam] Ruuy + (2 Rusva + 2
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Weyl Tensor for Einstein Spaces

o Weyl tensor

wif = Rif — (spof - sfoy — suefi + sPer)
1 1
x o o
o= Df2(RV 2(D—1)5’4R)
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Weyl Tensor for Einstein Spaces

@ Weyl tensor

wif = Rl — (spel — shay — suef+ stay)
1 1
® o o«
o= D—2(R" 2(D—1)5"R)
@ Weyl tensor for Einstein spaces Ry, = — (Dzl)gw

afp “/5 = sap]
W(E)yu o RP“/ 02 5[;11/]
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Key features of Renormalized AdS Action

@ Renormalized Action
0. Miskovic and R.0., [arXiv:0902.2082]

(E) _ - [V1v2v3va] Wi H3pa
ren” = 2567-5G/ *x (SH1H2H3H4] (E)vave W(E)V3V4
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Key features of Renormalized AdS Action

@ Renormalized Action
0. Miskovic and R.0., [arXiv:0902.2082]

[E) _
T 0567TG

\/7(5["1‘/2‘/3"4] Fika \p/H3la
[H1p2p3pal ()V1V2 (E)vsva

@ Variation of the action

2 .
(E) _ ¢ 3 / V1V2V3V4) K1 ok p/H3H4
Olren = 6471G Jam dx 5H1%12H3H4 M, 0T1,8 W( E)vsvs
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From Conformal to Einstein Gravity

@ Surface Term

_ 2 [v1v2v3vs] p1 A/ H3H4 H3pa
0= 647G 7h5[y1;12y3y4] [nvl(sr)\vzg}lz (W(E)V31/4 + V|/(NE)1/31/4)+

Hap - M
+nylvvl W(I\2/E;V2U3 (g 15g) 1/:]

where we have used the Bianchi identity

R. Olea (UNAB) Holographic aspects of Conformal Gravity Sifnos, Sep 2017



From Conformal to Einstein Gravity

@ Surface Term

_ holvivavsy 17 A /M3t psp
0= 647TG [V11V22;3;4][ Vlél;l/z\%fyz (W§ 3):3” * VV('\Q}E;V:M)+
+ntt v"l W(NE)V21/3 ( 58’)1,4]

where we have used the Bianchi identity
@ More explicit form

3 [V1V2V3V4] " A H3Ha
5ICG 647TG fa/w d X\/ié (H1p2p3pia) (nVlfsrAv gﬂ2 W( )V3U4_

27[nu151—‘§11/2g/42)‘ 5“33 + n1V,, Bﬁ; ( 715g> 533])
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From Conformal to Einstein Gravity

@ Surface Term

_ holvivavsy 17 A /M3t psp
0= 647TG [V11V22;3;4][ 1,151;225”2 (W§ 3):3”’ * VV(’\Q}E;V:M)+
+ntt v"l W(NE)V21/3 ( (Sg)m;]

where we have used the Bianchi identity

@ More explicit form

3 [V1v2v3v4] I Ay K3t
Slcg = 647TG faMd xv/ —hé 1;2 33;4](n1/1(51—' ! gh? W( 3);31/4—

27[”v15FHL2gH2ABV3 nﬂlvvl Bt;z (g_lég)fjj])

@ For Einstein spaces
dlcg = 515
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Higher-derivative gravity theories

@ GR is a non-renormalizable theory.
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Higher-derivative gravity theories

@ GR is a non-renormalizable theory.
o Not a suitable candidate for a quantum theory of gravity

@ In the low-energy limit of String Theory non-linear terms in the
curvature appear

@ Interest in higher-derivative theories: gravity with a better UV
behavior

@ Examples in 3D: Topologically Massive Gravity (TMG), New Massive
Gravity (NMG)
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Higher-derivative gravity theories in 4D

@ Examples in 4D: Conformal Gravity and Critical Gravity
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Higher-derivative gravity theories in 4D

@ Examples in 4D: Conformal Gravity and Critical Gravity
@ Four-derivative gravity theories, more chances to be renormalizable

@ However, ghosts appear
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Higher-derivative gravity theories in 4D

Examples in 4D: Conformal Gravity and Critical Gravity
Four-derivative gravity theories, more chances to be renormalizable
However, ghosts appear

Critical Gravity: criticality (as in TMG and NMG)
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Higher-derivative gravity theories in 4D

Examples in 4D: Conformal Gravity and Critical Gravity
Four-derivative gravity theories, more chances to be renormalizable
However, ghosts appear

Critical Gravity: criticality (as in TMG and NMG)

Specific point in parametric space where massive modes vanish and

logarithmic modes appear
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Higher-derivative gravity theories in 4D

Examples in 4D: Conformal Gravity and Critical Gravity
Four-derivative gravity theories, more chances to be renormalizable
However, ghosts appear

Critical Gravity: criticality (as in TMG and NMG)

Specific point in parametric space where massive modes vanish and
logarithmic modes appear

@ More insight on the logarithmic CFTs living at the boundary - AdS /
LCFT correspondence
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Critical Gravity

@ Arbitrary Quadratic Curvature Couplings

167TG/ (R —2A+aR" Ry + pR)
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Critical Gravity

@ Arbitrary Quadratic Curvature Couplings

= i e s )

@ Theory describes a massless spin-2 particle, a massive spin-2 field
and a massive scalar
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Critical Gravity

@ Arbitrary Quadratic Curvature Couplings

= i e s )

@ Theory describes a massless spin-2 particle, a massive spin-2 field
and a massive scalar

@ Massive modes have negative norms (ghosts). Flipping the sign of the
EH term, the ghosts disappear but the energy of the
Schwarzschild-AdS black holes turns negative
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Critical Gravity

@ Arbitrary Quadratic Curvature Couplings

= i e s )

@ Theory describes a massless spin-2 particle, a massive spin-2 field
and a massive scalar

@ Massive modes have negative norms (ghosts). Flipping the sign of the
EH term, the ghosts disappear but the energy of the
Schwarzschild-AdS black holes turns negative

@ Fine-tuned parameters (x = —3p, = —1/2A): massive scalar mode
disappears and the massive spin-2 field turns massless=—> Criticality
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Critical Gravity

@ At the critical point [H. Lu and C.N. Pope, arXiv:1101.1971]

1 3 1
leritical = ~——— | d*xv/—g |R—2A+ — | RWR" — =R?
tical 167‘[G/M Xﬁ[ +2A< 2% 3 )}
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Critical Gravity

@ At the critical point [H. Lu and C.N. Pope, arXiv:1101.1971]
Ieriti ,:1/ d*x/—g R—2A+i R RW — 1R2
critica 167TG M 2A nv 3

@ Equivalent form

[0.Miskovic, R.0. and M. Tsoukalas, arXiv:1404.5993]

S
641G

lcritical =1

/ d*x (/—gW? — GB)
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Critical Gravity

@ At the critical point [H. Lu and C.N. Pope, arXiv:1101.1971]
Ieriti ,:1/ d*x/—g R—2A+i R RW — 1R2
critica 167TG M 2A nv 3

e Equivalent form
[0.Miskovic, R.0. and M. Tsoukalas, arXiv:1404.5993]

32
E
leritical = I( ) — 641G /d4X (\/ —gW2 — GB)

Icritical /ren - 647TG/ Xy — W2

R. Olea (UNAB) Holographic aspects of Conformal Gravity Sifnos, Sep 2017 19 /23



Critical Gravity

@ Applying what we saw before

02 4 [v112] 1 M1 M1 H2
Icritical - - 1287G /I\/l d X/ _gd[]ll}lﬂ <4BV1 - 2GV1 > Bl/2
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Critical Gravity

@ Applying what we saw before

/critical 1287TG / XV = 5[;111;22]] < B1I/111 - 2G1]//lll> Bl%lz2
@ Using EOM

/cntlcal 5127TG / X\/ié[;ﬂ;f Bélll 8522
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Critical Gravity

@ Applying what we saw before

lertical = 1287'(G / Fé[;ﬁ]] < Bl 2va:11> Bl;
@ Using EOM

ICI’I ICQ 5 V1V2] B‘ul BI/I2
tical = 5127rG / XV 8%,

@ The action vanishes for (conformally) Einstein spaces.
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Critical Gravity

Applying what we saw before

lertical = 1287'(G / Fé[;ﬁ]] < Bl 2va:11> Bl;

Using EOM

/ Fé[ZlZf] Bm Byz

Icritical 5127TG

The action vanishes for (conformally) Einstein spaces.

In particular, the holographic stress tensor vanishes for Einstein spaces
N. Johansson, A. Naseh and T. Zojer, [arXiv:1205.5804 ]
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Asymptotically AdS spacetimes with Log Terms

@ The conformal boundary of ALAdS spacetimes, located at p =0
(Fefferman-Graham expansion)

2

l o
ds?> = + g, x) dx'dx!
102 dp? 5% (o)

gii(x,p) = 80)ij(x) + pgr2)ij(x) + -+ + Pd/2g(d) + Pd/zh(d) log o

for pure Einstein gravity.
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Asymptotically AdS spacetimes with Log Terms

@ The conformal boundary of ALAdS spacetimes, located at p =0
(Fefferman-Graham expansion)

2 . .
ds® = i) do® + pg” (0, x) dx'dx’

8ii(x,p) = 8(0)ii(x) + pg(2)ii(x) + - + Pd/zg(d) + Pd/zh(d) log o
for pure Einstein gravity.
@ Critical Gravity in 4D:

gij (0, x) = 8(0)ij T boyijlogp +p (g(z),'j + by Iogp)

+p*/2 (g(3)ij + b(3);j log P)

R. Olea (UNAB) Holographic aspects of Conformal Gravity Sifnos, Sep 2017 21 /23



Holographic stress tensors

® g(0)jj is the source of the holographic stress tensor

o 2 5/critical
v/ 78(0) 98(0)j

of the CFT living on the conformal boundary

(79)
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Holographic stress tensors

® g(0)jj is the source of the holographic stress tensor

2 5Icrlt/cal
= 5g 0)ij

of the CFT living on the conformal boundary

@ When b(g )ij 7 0 the solutions are no longer ALAdS. We consider that
b(g)ij is |nf|n|te5|mal and treat the problem perturbatively.

(79 =
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Holographic stress tensors

® g(0)jj is the source of the holographic stress tensor

2 5Icrlt/cal
= (5g 0)ij

of the CFT living on the conformal boundary

® When b(g);; # 0 the solutions are no longer ALAdS. We consider that
b(g);j is infinitesimal and treat the problem perturbatively.

(79 =

@ b(g);j is the source of the logarithmic stress-energy tensor

)
2 ol critical

v/ —8(0) 9b(0)ij

(1) =
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Holographic stress tensors

® g(0)jj is the source of the holographic stress tensor

2 5Icrlt/cal
= (5g 0)ij
of the CFT living on the conformal boundary

® When b(g);; # 0 the solutions are no longer ALAdS. We consider that
b(g);j is infinitesimal and treat the problem perturbatively.

(79 =

@ b(g);; is the source of the logarithmic stress-energy tensor

(eh) =

2 ol critical

vV —8(0) 9b(0)j

@ Holographic information for Log CFT
[G. Anastasiou and R.0., work in progress]
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Conclusions

@ More explicit derivation of Conformal Gravity — Einstein Gravity
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Conclusions

More explicit derivation of Conformal Gravity — Einstein Gravity
Simpler form of Critical Gravity Action (quadratic in the Bach tensor)
Makes more evident some properties of Critical Gravity

Simplifies the computation of holographic correlation functions
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