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Conformal Gravity: Field equations and surface terms

CG action:

ICG = αCG

∫
M
d4x
√
−gW αβµνWαβµν

=
αCG

4

∫
M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

W
µ1µ2
ν1ν2 W

µ3µ4
ν3ν4

where αCG is an arbitrary dimensionless coupling constant

Variation of the Action

δICG = αCG

∫
M
d4x
√
−gBν

µ

(
g−1δg

)µ

ν
+
∫

∂M
d3xΘ

where the Bach tensor is

Bν
µ = −δ

[νν1ν2ν3]
[µµ1µ2µ3]

[
∇µ1∇ν1W

µ2µ3
ν2ν3 +

1

2
R

µ1
ν1 W

µ2µ3
ν2ν3

]
= −4

[
∇α∇βW

βν
αµ +

1

2
Rα

βW
βν
αµ

]
Bach tensor is symmetric, traceless and covariantly conserved
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Conformal Gravity: Field equations and surface terms

Surface Term

Θ = αCG

√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
nν1δΓµ1

κν2g
µ2κW

µ3µ4
ν3ν4 +

+nµ1∇ν1W
µ2µ3
ν2ν3

(
g−1δg

)µ4

ν4

]

Einstein spacetimes are a (trivial) subset of Bach-flat solutions.

In general, solutions will be non-Einstein, when CG action is added on
top of Einstein-Hilbert action

Rµν = βgµν + γBµν
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From Conformal to Einstein Gravity

CG with Neumann boundary conditions is equivalent to Einstein
gravity with cosmological constant.
J.Maldacena, [arXiv:1105.5632]

Holographic argument
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Einstein spaces in Conformal Gravity

Decomposition of the Weyl tensor
G.Anastasiou and R.O., [arXiv:1608.07826]

Ricci tensor

R
µ
ν = − 3

`2
δ

µ
ν + γB

µ
ν

Schouten tensor

S
µ
ν = −1

2

(
1

`2
δ

µ
ν − γB

µ
ν

)
Weyl tensor is separable

W
αβ
µν = W

αβ

(E )µν
+W

αβ

(NE )µν

W
αβ

(NE )µν
= −γ

2

(
Bα

µ δ
β
ν − B

β
µ δα

ν − Bα
ν δ

β
µ + B

β
ν δα

µ

)
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From Conformal To Einstein Gravity

CG action:

ICG =
αCG

4

∫
M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(
W

µ1µ2

(E )ν1ν2
W

µ3µ4

(E )ν3ν4

+W
µ1µ2

(NE )ν1ν2
W

µ3µ4

(NE )ν3ν4
+ 2W

µ1µ2

(E )ν1ν2
W

µ3µ4

(NE )ν3ν4

)

For a given CG coupling αCG = `2/64πG

ICG = I
(E )
ren −

`2

16πG
γ
∫
M
d4x
√
−gδ

[ν1ν2]
[µ1µ2]

(G
µ1
ν1 −

γ

2
B

µ1
ν1 )B

µ2
ν2 ,
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Topological Regularization in 4D Einstein AdS Gravity

In any D = 2n

Holographic Renormalization ⇔ Addition of Topological Invariants

In 4D AdS (Λ = −3/`2)

I
(E )
ren =

1

16πG

∫
M

d4x
√
−g

[
R − 2Λ +

`2

4

(
RαβµνRαβµν − 4RµνRµν + R2

)]

Renormalized Action in AdS/CFT

I
(E )
ren = IEH −

1

8πG

∫
∂M

d3x
√
−hK +

1

8πG

∫
∂M

d3x
√
−h
(

2

`
+

`

2
R(h)

)
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Proof: Euler Theorem

Euler Theorem ∫
M
d4xGB = 32π2χ (M) +

∫
∂M

d3xB3

Boundary term

B3 = 4
√
−hδ

[i1i2i3]
[j1j2j3]

K j1
i1

(
1

2
Rj2j3

i2i3
− 1

3
K j2
i2
K j3
i3

)
Extrinsic counterterms (Kounterterms)
R.O., [hep-th/0504233,hep-th/0610230]

I = IEH +
`2

16πG

∫
∂M

d3x
√
−h δ

[i1i2i3]
[j1j2j3]

K j1
i1

(
1

2
Rj2j3

i2i3
(h)− 1

3
K j2
i2
K j3
i3

)
.
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Proof: Extrinsic counterterms

Add zero

I = IEH −
1

8πG

∫
∂M

d3x
√
−h K +

∫
∂M

d3x Lct .

Lct =
`2

16πG

√
−hδ

[i1i2i3]
[j1j2j3]

K j1
i1

(
1

2
Rj2j3

i2i3
(h)− 1

3
K j2
i2
K j3
i3
+

1

`2
δj2i2 δj3i3

)

Expansion of K j
i for any AAdS spacetime

K i
j =

1

`
δij − `S i

j (h) +O(R2)

S i
j (h) =

1

D − 3
(Ri

j (h)−
1

2(D − 2)
δijR(h))
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Proof: From Extrinsic to Intrinsic Formulation

From Extrinsic to Intrinsic Counterterms
O. Miskovic and R.O., [arXiv:0902.2082]

Lct =
`2

16πG

√
−hδ

[i1i2i3]
[j1j2j3]

(
δ
j1
i1
` − `S i1

j1

)
×

×
(

1
2 R

j2j3
i2i3

(h)− 1
3

(
δ
j2
i2
` − `S i2

j2

)(
δ
j3
i3
` − `S i3

j3

)
+ 1

`2
δj2i2 δj3i3

)
+ ...

Balasubramanian-Kraus counterterms in 4D

Lct =
1

8πG

√
−h
(

2

`
+

`

2
R(h)

)
+ ...
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Key features of Renormalized AdS Action

EH AdS + GB in 4D:

I
(E )
ren =

1

16πG

∫
M
d4x
√
−g

[
(R − 2Λ) +

`2

16
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

R
µ1µ2
ν1ν2 R

µ3µ4
ν3ν4

]

Stelle-West (MacDowell-Mansouri) form of the Renormalized Action

I
(E )
ren =

`2

256πG

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Rµ1µ2
ν1ν2 +

δ
[µ1µ2]
[ν1ν2]

`2

Rµ3µ4
ν3ν4 +

δ
[µ3µ4]
[ν3ν4]

`2
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Weyl Tensor for Einstein Spaces

Weyl tensor

W
αβ
µν = R

αβ
µν −

(
Sα

µ δ
β
ν − S

β
µ δα

ν − Sα
ν δ

β
µ + S

β
ν δα

µ

)
Sα

µ =
1

D − 2
(Rα

µ −
1

2(D − 1)
δα

µR)

Weyl tensor for Einstein spaces Rµν = − (D−1)
`2

gµν

W
αβ

(E )µν
= R

αβ
µν +

1

`2
δ
[αβ]
[µν]
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Key features of Renormalized AdS Action

Renormalized Action
O. Miskovic and R.O., [arXiv:0902.2082]

I
(E )
ren =

`2

256πG

∫
M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

W
µ1µ2

(E )ν1ν2
W

µ3µ4

(E )ν3ν4

Variation of the action

δI
(E )
ren =

`2

64πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1δΓµ1
κν2g

µ2κW
µ3µ4

(E )ν3ν4
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From Conformal to Einstein Gravity

Surface Term

Θ = `2

64πG

√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[nν1δΓµ1

λν2
gµ2λ(W

µ3µ4

(E )ν3ν4
+W

µ3µ4

(NE )ν3ν4
)+

+nµ1∇ν1W
µ2µ3

(NE )ν2ν3

(
g−1δg

)µ4

ν4
]

where we have used the Bianchi identity

More explicit form

δICG = `2

64πG

∫
∂M d3x

√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(nν1δΓµ1

λν2
gµ2λW

µ3µ4

(E )ν3ν4
−

−2γ[nν1δΓµ1

λν2
gµ2λB

µ3
ν3 + nµ1∇ν1B

µ2
ν2

(
g−1δg

)µ3

ν3
])

For Einstein spaces

δICG = δI
(E )
ren
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Higher-derivative gravity theories

GR is a non-renormalizable theory.

Not a suitable candidate for a quantum theory of gravity

In the low-energy limit of String Theory non-linear terms in the
curvature appear

Interest in higher-derivative theories: gravity with a better UV
behavior

Examples in 3D: Topologically Massive Gravity (TMG), New Massive
Gravity (NMG)
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Higher-derivative gravity theories in 4D

Examples in 4D: Conformal Gravity and Critical Gravity

Four-derivative gravity theories, more chances to be renormalizable

However, ghosts appear

Critical Gravity: criticality (as in TMG and NMG)

Specific point in parametric space where massive modes vanish and
logarithmic modes appear

More insight on the logarithmic CFTs living at the boundary - AdS /
LCFT correspondence
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Critical Gravity

Arbitrary Quadratic Curvature Couplings

I =
1

16πG

∫
M
d4x
√
−g

(
R − 2Λ + αRµνRµν + βR2

)

Theory describes a massless spin-2 particle, a massive spin-2 field
and a massive scalar

Massive modes have negative norms (ghosts). Flipping the sign of the
EH term, the ghosts disappear but the energy of the
Schwarzschild-AdS black holes turns negative

Fine-tuned parameters (α = −3β, β = −1/2Λ): massive scalar mode
disappears and the massive spin-2 field turns massless=⇒ Criticality
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Critical Gravity

At the critical point [H. Lu and C.N. Pope, arXiv:1101.1971]

Icritical =
1

16πG

∫
M
d4x
√
−g

[
R − 2Λ +

3

2Λ

(
RµνR

µν − 1

3
R2

)]

Equivalent form
[O.Miskovic, R.O. and M. Tsoukalas, arXiv:1404.5993]

Icritical = I (E ) − `2

64πG

∫
d4x

(√
−gW 2 − GB

)

Icritical = I
(E )
ren −

`2

64πG

∫
d4x
√
−gW 2
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Critical Gravity

Applying what we saw before

Icritical = −
`2

128πG

∫
M
d4x
√
−gδ

[ν1ν2]
[µ1µ2]

(
1

4
B

µ1
ν1 − 2G

µ1
ν1

)
B

µ2
ν2

Using EOM

Icritical =
`2

512πG

∫
M
d4x
√
−gδ

[ν1ν2]
[µ1µ2]

B
µ1
ν1 B

µ2
ν2

The action vanishes for (conformally) Einstein spaces.

In particular, the holographic stress tensor vanishes for Einstein spaces
N. Johansson, A. Naseh and T. Zojer, [arXiv:1205.5804 ]
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Asymptotically AdS spacetimes with Log Terms

The conformal boundary of ALAdS spacetimes, located at ρ = 0
(Fefferman-Graham expansion)

ds2 =
`2

4ρ2
dρ2 +

1

ρ
gij (ρ, x) dx idx j

gij (x , ρ) = g(0)ij (x) + ρg(2)ij (x) + · · ·+ ρd/2g(d) + ρd/2h(d) log ρ

for pure Einstein gravity.

Critical Gravity in 4D:

gij (ρ, x) = g(0)ij + b(0)ij log ρ + ρ
(
g(2)ij + b(2)ij log ρ

)
+ρ3/2

(
g(3)ij + b(3)ij log ρ

)
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Holographic stress tensors

g(0)ij is the source of the holographic stress tensor

〈
T ij
〉
=

2√−g(0) δIcritical
δg(0)ij

of the CFT living on the conformal boundary

When b(0)ij 6= 0 the solutions are no longer ALAdS. We consider that
b(0)ij is infinitesimal and treat the problem perturbatively.

b(0)ij is the source of the logarithmic stress-energy tensor

〈
t ij
〉
=

2√−g(0) δIcritical
δb(0)ij

Holographic information for Log CFT
[G. Anastasiou and R.O., work in progress]
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Conclusions

More explicit derivation of Conformal Gravity → Einstein Gravity

Simpler form of Critical Gravity Action (quadratic in the Bach tensor)

Makes more evident some properties of Critical Gravity

Simplifies the computation of holographic correlation functions
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