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e Free energy of the black hole carries an important information about its
thermodynamic stability.

e Thermal phase transitions arise due to fluctuations of the temperature of
black hole, when a new phase has smaller free energy. For example, BH can
develop hair below some T¢.

e Using the AdS/CFT correspondence, a dual theory can describe a phase
transition in condensed matter physics, such as holographic superconductors

e An equilibrium state of a thermodynamic system corresponds to a minimum
of the internal energy in the energy representation of states, or a maximum of
the entropy in the entropy representation of states.
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e The extremal black hole is the smallest mass black hole for a given (Q, J)
(in the flat space) and it has T =0

e Entropy of extremal black hole arises due to a degenerate quantum ground
state; it is a suitable quantity for studying its equilibria.

¢ Quantum phase transition arises due to quantum fluctuations, which
produce instabilities of the system around a critical point. This phenomenon
is known in the physics of condensed matter (spin glasses).

e Macroscopic entropy of extremal black hole can be calculated using the
entropy function formalism

¢ Isometries of a near-horizon geometry of an extremal BH in 4D:
- spherically symmetric — SO(2,1) ® SO(3);

- rotating — SO(2,1) ® U(1);

- topological — SO(2,1) ® SO(2,1), SO(2,1) ® R2:

- can be generalized to other extremal geometries, such as warped ones

Olivera Migkovi¢ (PUCV) IX Aegean Summer School Phase transitions of extremal black holes September 21, 2017



e Our interest — gravity with the cosmological constant

- Horizon geometry of an extremal BH is AdS; ® X
2-sphere k=1

- 2D transversal section X can be a 2D plane k=0
2-hyperboloid k = —1

e Entropy function formalism is based on a variational principle applied to a
generic class of functions of the charges, scalar fields and the parameters of
the near-horizon geometry.

e Extremization of the entropy function determines all the near-horizon
parameters without knowledge of a particular solution.
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e Recent results about the horizon instabilities:

- A massless scalar field produces an instability at the horizon of an extreme
RN BH

- The axisymmetric extremal horizons are unstable under linear scalar
perturbations

- Also Kerr horizons are unstable in presence of a scalar

¢ Non-extremal BH: Stiickelberg scalar has been known to describe both first
and second order thermal phase transitions. A question is whether a similar
change would also occur at T = 0.

e We study phase transitions of a 4D extremal charged black hole in General
Relativity, when it is coupled to a Stiickelberg scalar field.
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Entropy function formalism

¢ Near-horizon geometry of the extremal black hole in 4D
has topology AdS, ® X

ds? = guu(x) dxtdx’ = v (—r2 dt® + ‘i—rj) + v dQ%k)

r = radial distance from the horizon
vi = radius of 2D anti-de Sitter space AdSy
vp = radius of the transversal section X, with the metric v, (y)

d6? +sin® 0 dg? k=1
dQg, =41 & +dy’, k=0
dx? +sinh? x dg?, k= -1
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Entropy function formalism

e Action for gravity coupled to the EM and scalar fields
I=[d*x/~gL(g A¢)

e Extremal BH near the horizon

H: gw—>(v1,v2), AH—>(e,p), ¢ —u

The scalar field, due to the attractor mechanism, depends only on it value on
the horizon, u.

The electromagnetic field on the horizon is F,t = e, F34 = ﬁ%

e Action evaluated on the horizon

f(v,e p, u) :I{d2y\/—7gL(v,e,p, u)
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Entropy function formalism

e The function f(v, e, p, u) satisfies the action principle — it has an extremum
on the equations of motion, for given boundary conditions.

¢ Boundary conditions: Asymptotic electric charge g and magnetic charge p
are kept fixed.

e Entropy function: Legendre transformation of the function f with respect to

the electric field E(v,e,p,u) =2m[eq—f(v,e, p, u)]

e Parameters near the horizon: calculated as an extremum of the entropy
JoE JE JE JoE
function — =0, — =0, —=0, —=0
adv; du de dp

e Black hole entropy: extremum of the entropy function

e Therefore, finding the entropy function E(v, e, p, u) and its maximum, one
can calculate the entropy, electric field and AdSy and X radii of the
extremal black hole, independently on a particular solution considered.

Olivera Migkovi¢ (PUCV) IX Aegean Summer School Phase transitions of extremal black holes September 21, 2017



Charged black hole coupled to a scalar field

e Action for GR, 4+ Maxwell field + complex scalar field

I = [ d*xy=E [g5hg (R—2A) — } P+ Ls(pe)]

o Stiickelberg complex scalar

Ls = —3 [(99)> + m*¢” + P(¢) (30 — A)?]
P(¢) = 4)2 — %4}4 > 0 nonminimal coupling a # 0

a = coupling constant

e When P(¢) = ¢?, the above action describes minimally coupled scalar field
¢ = ¢pe'7 of the form Ls = |(9 — iA) &]2 —m? }gfb|2

e When P(¢) = P(|$|) is not minimal, the action still possesses a U(1)
symmetry.
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Charged black hole coupled to a scalar field

¢ Equations of motion

Ruw — 5 g Rt gy A — 876 T
VuF¥ = P(¢) (VFa — A¥)

(O—m?)p =3 P(¢) (Vo —A)?

Viu[P(¢) (VFeo — A*)] = 0 (not independent)

e Near-horizon parameters

- Field equation for o(x) is not independent due to the U(1) symmetry and it
can be gauge-fixed to 0 = 0.

= Extremal BH configurations are replaced by five parameters (vl, v, e p, u)
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Charged black hole coupled to a scalar field

¢ Lagrangian evaluated on the horizon

L:ﬁ(L_i_A)+6722_P72_%m2u2+%P(u)(i_pQZk(}/))
1

32723 vi 1672 vy
e Transversal section volume element
Vol(Z) = [ d?y /7

e Auxiliary function

f:fd2y\ﬁv1v2L
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Charged black hole coupled to a scalar field

¢ Lagrangian evaluated on the horizon

L= g (= =) g~ g A P (5 - 50Y)
¢ Transversal section volume element
Vol(Z) = [ d?y /7
e Auxiliary function

f:fd2y\ﬁv1v2L

e Explicit dependence on y™ in the function z,(y) makes f divergent, unless
the magnetic charge vanishes, p = 0.

e Magnetic field Fr, # 0 breaks a spherical symmetry of the black hole
solution.

Olivera Migkovié (PUCV) IX Aegean Summer School Phase transitions of extremal black holes September 21, 2017



Charged black hole coupled to a scalar field

e Charge density Q = g/Vol(Zy)

e Entropy function

2V1

E = 27Vol(Zy) [eQ N (m2u2 -e P)}

e Equations of motion (extremum of E)

0=29E = k—Av2:v2(%+m2u2)

0=29E = 1—|—Av1——2—v1m2u2—|—e2P

0:% = QIVQG(V%+P)
0=29 = 0=2vy m*u—e’P'(u)

e Convention 471G = 1; Choice e, @ > 0 (no loss of generality)
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Critical behavior

NORMAL PHASE RN A black hole
u=20 it is always a particular solution of the scalar equation
k =41 otherwise we have undetermined geometry
¢ General solution for fixed Q

(k) _ 2Q?
v (Q) = TrgrieviTaagt

(k) _ 2Q2k
v (Q) = i

K _ 1+ kyVI—4AQ?
(@) =Q 1-4AQ2+kv1_4AQ2

e Existence of the solution

A <O There are 2 solutions with kK = +1

0<AKL ﬁ There is 1 solution with kK = +1

A=0 Can be reproduced from the limit A — 0 of the branch ‘+’
1

= =5 There is no finite solution for vy
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Critical behavior

Extremum of the entropy function

1—k+kV1—4AQ?
1—4AQ2% + k1 — 4AQ?

When A = 0, one gets the known result S = g2 /4.

Sk (Q) = 2 Q%Vol (%)

HAIRY PHASE

Solution with hair exists only if a # 0 (nonlinear interaction), for scalar
masses m # 0, 1, % and the cosmological constant A # 0

Three solutions for the scalar field v =0, uv=+ % (1 — "16—’2"2)

When u # 0, the equations are invariant under the replacement u — —u, so
we can chose u > 0.
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Critical behavior

Critical point

e Two solutions v = 0 and u > 0 co-exist, there can happen a phase transition
from one configuration to another

e Critical point exists if the hairy phase limit u — 0 exists
2 2(m2_1
Ve = M L Q. = 2m/§71 m?(m?—1)
k(m?-1) m?(m?-1)
V2e = Aemr—1)r e =V TA
e The following inequalities must be fulfilled:
m2>0,k(2m2 ) Om71>0
e Positive branch ‘+' reproduces the known critical results of the parameters,
V,'+(QC) = Vic, € (Qc) = ec
e Critical entropy is continuous only for k = 41

47'[ m?—1
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Critical behavior

Near-critical behaviour of the entropy

e We focus to spherical horizons

e We introduce a small parameter € = Q — Q¢

Critical exponent : Describes how v = AeP + ... — 0 when Q — Q¢

e Equations of motion give the critical exponent | 3 = 1/2 | (mean field theory)

e Solution of the fields equations
u=Ael/?2 + Ae3/2 4 ... vi =vic+Be+Be>+---
e=e +De+De®+--- v=w+Ce+Ce*+---
e First coefficients

A — [ m?—1 4A2(2m271)2 He C = \/m 21\374(m271)2
o Am? pAatd(m?-1)° o A Aa+4(m2—1)°
2 3
B — /m2(,7\2_1) 2Aa(2mL1)3 D_ M
Aa+4(m?-1) Aa+4(m2-1)
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Critical behavior

Two different solutions that extremize the entropy
u=0forany Qand u=AvV/Q — Qc+--->0for @ > Q¢

Finding the entropy near the critical point:

When Q > Qc, non-linear equations can be solved approximatively in €.
When Q < Qc, then u =0 and S;(Q) is known exactly. This result can be
compared with a previous one via the Teylor expansion, @ = Q¢ + €.

Entropy Slyzo = Sc + 8m2ece +4m?(2m? —1)3 we? + 0(e3)
Sly—o = Sc +8m2ece + 472 (2m? — 1)3 e’ +0(e?)
— _ Na
where “= Aat4(m2—-1)’

Second Law of Thermodynamics: AS = S|, ., — S|, >0
Gives that a favorable phase satisfies w > 1 or m? < 1
Quantum phase transition: allowed values of m and A are
T<m?<1, A<O

Discontinuity typical for phase transitions ‘ S"(+Qc) #5"(—Qc)

Olivera Migkovi¢ (PUCV) IX Aegean Summer School Phase transitions of extremal black holes September 21, 2017 18 /19



Conclusions

Extremal AdS, black holes with spherical horizons can develop hair above
some @, due to variations of electric charge

The mass of the Stiickelberg scalar has to be in the interval % < m? < 1and
the Stiickelberg interaction a # 0 non-linear

The phase transition does not occur when A =0and A >0

All calculations are done analytically using the entropy function formalism
The extreme hairy AdS, solution should be studied in the whole spacetime
One should also study the AdS black holes with hyperbolic horizons
Describing this process (naturally) in the SUGRA context?

Quantum phase transition in a dual theory via the AdS/CFT
correspondence?
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THANK YOU!
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