
Higher Derivative Theories

Marco Crisostomi

9th Aegean Summer School – Sifnos, 18th Sep 2017

1 / 13



Based on [arXiv:1601.04658], [arXiv:1602.03119], [arXiv:1608.08135], [arXiv:1703.01623] and
[arXiv:1710.soon]

in collaboration with:

Matthew Hull, Kazuya Koyama, Gianmassimo Tasinato, Jibril Ben Achour, David Langlois, Karim
Noui, Remko Klein, Diederik Roest, Christos Charmousis

2 / 13



Historical Overview

1971 – Lovelock
the most general metric theory of gravity yielding conserved second order equations of
motion in arbitrary number of dimensions

1974 – Horndeski
the most general scalar-tensor theory of gravity yielding conserved second order equations
of motion in 4 dimensions

2008 – Galileons [Nicolis, Rattazzi, Trincherini]

a set of terms within 4-dimensional EFT obeying the symmetry φ→ φ+ c+ bµx
µ (in a

non-trivial way)

2009 – Covariant / Generalized Galileons [Deffayet et al.]

rediscovery of Horndeski

Second order field equations

What’s wrong with higher order field equations?
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Ostrogradsky theorem – 1850

Assumptions: 1) single variable 2) non-degenerate (nd)

Newton, i.e. L = L(q, q̇)

∂L

∂q
−

d

dt

∂L

∂q̇
= 0

nd
==⇒ q̈ = F (q, q̇)

p ≡
∂L

∂q̇
nd =⇒ q̇ = f(q, p) H(q, p) = p f − L(q, f)

Higher derivative L = L(q, q̇, q̈)

∂L

∂q
−

d

dt

∂L

∂q̇
+

d2

dt2
∂L

∂q̈
= 0

nd
==⇒

....
q = F (q, q̇, q̈,

...
q )

Q ≡ q̇ , p ≡
∂L

∂q̇
−

d

dt

∂L

∂q̈
, P ≡

∂L

∂q̈
, nd =⇒ q̈ = f(q, Q, P )

H(q, Q, p, P ) = pQ+ Pf − L(q, Q, f)

H linear in p ⇒ unbounded energy

WAY OUT: break the assumptions
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Evading the Ostrogradsky instability
Assumptions: 1) two variables 2) degenerate Langlois & Noui [arXiv:1510.06930]

L = L(q1, q̇1, q̈1, q2, q̇2) −→ L(q1, Q, Q̇, q2, q̇2) + λ(q̇1 −Q)

p1 ≡
∂L

∂q̇1
= λ P ≡

∂L

∂Q̇
p2 ≡

∂L

∂q̇2

Primary constraint ψ(P, p2) ≈ 0 ⇐⇒ detH = 0 H =


∂2L

∂Q̇2

∂2L

∂Q̇∂q̇2

∂2L

∂q̇2∂Q̇

∂2L

∂q̇22



Generalization: Motohashi et al. [arXiv:1603.09355]; Klein & Roest [arXiv:1604.01719]

L = L(φ̈m, φ̇m, φm, q̇α, qα) vAm = (δnm, V
α
m) V αm ≡ −Lφ̈mq̇βL

−1
q̇β q̇α

ψA ≡ (φ̇m, qα)

Primary constraints ⇐⇒ 0 = P(mn) ≡ vAmLψ̇Aψ̇Bv
B
n

Secondary constraints ⇐⇒ 0 = S[mn] ≡ 2 vAmLψ̇[AψB]
vBn
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Evading the Ostrogradsky instability

Field theories: [arXiv:1703.01623]

L = L(∂µ∂νφm, ∂µφm, φm, ∂µqα, qα) vAm = (δnm, V
α
m) V αm ≡ −Lφ̈mq̇βL

−1
q̇β q̇α

ψA ≡ (φ̇m, qα)

Primary constraints ⇐⇒ 0 = P(mn) ≡ vAmLψ̇Aψ̇Bv
B
n

Secondary constraints ⇐⇒ 0 = (Si)(mn) ≡ 2 vAmLψ̇(A∂iψB)
vBn

0 = S[mn] ≡ 2 vAmLψ̇[AψB]
vBn + 2 vA[mLψ̇A∂iψB

∂iv
B
n]

− ∂i
(
vAmLψ̇[A∂iψB]

vBn

)

Lorentz invariance =⇒ (Si)(mn) = 0 if P(mn) = 0

1 primary constraint =⇒ ∃ 1 secondary constraint
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Kind of theories
L = L(∂µ∂νφm, ∂µφm, φm, ∂µqα, qα) vAm = (δnm, V

α
m) V αm ≡ −Lφ̈mq̇βL

−1
q̇β q̇α

Class I: V αm = 0 −→ trivial primary constraints

Class II: V αm 6= V αm(∂µ∂νφn, ∂µqβ) −→ linear primary constraints

Class III: V αm = V αm(∂µ∂νφn, ∂µqβ) −→ nonlinear primary constraints

Class II

First Order

Total derivative

Field re
definitio

n Contact transformation

Class III

Class I

L.I.

GR
(multi)-Galileons
Horndeski
vector-Galileons

beyond Horndeski
DHOST/EST
EVT

???
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Scalar-Tensor Theories

two fields (gµν , φ)

Second derivative of φ: L = L(∇µ∂νφ) −→ L(∇µAν) + λµ(∂µφ−Aµ)

Covariant 3+1 decomposition: tµ = ∂/∂t = Nnµ +Nµ


gµν = hµν − nµnν

Aµ = Âνh
ν
µ −A∗nµ

∇µAν = λµν V + Λ ρσ
µν Kρσ + · · · V ≡ nµ∇µA∗ ∼ φ̈

H =

 A Bij

Bkl Kij,kl

 , A ≡
∂2L

∂V 2
, Bij ≡

∂2L

∂V ∂Kij
, Kij,kl ≡

∂2L

∂Kij∂Kkl

detH = 0 =⇒ ghost free
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Degenerate Scalar-Tensor Theories

S =

∫
d4x
√
−g
(
f2R+ Cµνρσ

(2)
φµν φρσ + f3Gµνφ

µν + Cµνρσαβ
(3)

φµν φρσ φαβ

)

24 classes of theories with 17 free
functions [arXiv:1608.08135]

Phenomenological applications:

ET of DE
Langlois et al. [arXiv:1703.03797]

Stable bouncing cosmology
Creminelli et al. [arXiv:1610.04207]

Breaking of Vainshtein mechanism
Kobayashi et al. [arXiv:1411.4130] + many others

(including Eugeny)
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Pure Metric Theories

S[gµν ] =

∫
d4x
√
−g L (gµν , ∂ρgµν , ∂ρ∂σgµν) ⊇ K̇ij ⊇ γ̈ij

FULLY DEGENERATE THEORIES

6 primary constraints ⇐⇒ Aij,λm(x, y) ≡
∂2L

∂γ̈ij(x)∂γ̈λm(y)
= 0

GB ≡ (?Rµναβ)(?Rαβµν) , P ≡ (?Rµναβ)Rαβµν , C ≡ (?Rµνρσ)(?Rρσαβ)(?Rαβµν)

?Rµνρσ ≡ εµναβRαβρσ

6 secondary constraints =⇒ EH

C has NO secondary constraints −→ 5 dof (3 Ostrogradsky modes)
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Pure Metric Theories

S[gµν ] =

∫
d4x
√
−g L (gµν , ∂ρgµν , ∂ρ∂σgµν) ⊇ K̇ij ⊇ γ̈ij

PARTIALLY DEGENERATE THEORIES

5 primary constraints ⇐⇒ Rank [Aij,λm(x, y)] = 1

f(R) f(GB) f(P ) −→ Chern-Simons gravity Jackiw & Pi [gr-qc/0308071]

5 secondary constraints =⇒ f(R) , f(GB) + X

CS is conformal invariant −→ 4 dof

4 secondary constraints missing :(

In the Unitary gauge is OK ! :)
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Chiral Scalar-Tensor Theories

One new ingredient: Levi-Civita tensor εµνρσ

First derivatives of the scalar field only:

L1 ≡ εµναβRαβρσRµνρλφσφλ , L2 ≡ εµναβRαβρσRµλρσφνφλ ,

L3 ≡ εµναβRαβρσRσνφρφµ , L4 ≡ X P

Including second derivatives of the scalar field:

L1 = εµναβRαβρσφ
ρφµφ

σ
ν

L2 = εµναβRαβρσφ
ρ
µφ

σ
ν , L3 = εµναβRαβρσφ

σφρµφ
λ
νφλ ,

L4 = εµναβRαβρσφνφ
ρ
µφ

σ
λφ

λ , L5 = εµναβRαρσλφ
ρφβφ

σ
µφ

λ
ν ,

L6 = εµναβRβγφαφ
γ
µφ

λ
νφλ , L7 = (2φ)L1

6 (+ 1) primary constraints =⇒ X tuning the free functions

6 (+ 1) secondary constraints =⇒ X no way
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Chiral Scalar-Tensor Theories

Unitary gauge:

First derivatives of the scalar field only

SUG =
2 φ̇2 εijλ

N

[
2 (2a1 + a2 + 4a4)

(
KKmiDλK

m
j + (3)RmiDλK

m
j −KmiKmnDλKjn

)
− (a2 + 4a4)

(
2KmiK

n
j DnK

m
λ + (3)Rjλm

nDnK
m
i

)]
Including second derivatives of the scalar field

SUG =
φ̇3

N4
εijλ

{
2N

[
b1NKmiDλK

m
j + (b4 + b5 − b3) φ̇KmiK

n
j DnK

m
λ

]
+ φ̇

[
b3

(3)Rjλm
nKm

i DnN − 2 (b4 + b5) (3)RmλK
m
j DiN

]}
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Summary

It is possible to avoid the Ostrogradsky instability in higher order theories in a non-trivial
way

Brand new theories

New phenomenology – GW in parity breaking scalar-tensor theories

Thank you
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