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- Oscillation modes

Fluid equations

Oscillation modes
o Fluid equations (in corotating frame):
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o Linearly perturbed fluid equations:
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Eulerian (§) and Lagrangian (A) perturbations related via Af =46f + (€-V)f
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Classes of modes

Oscillation modes
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Mode name Mode class Mode type ‘ Restoring force
p-mode Polar Sound wave (w — co as n — 00) .
Pressure gradient
Low-w sound wave
f-mode Polar . . n=0
High-w gravity wave Buovanc
g-mode Polar Gravity wave (w — 0 as n — 00) yaney
r-mode Axial Inertial wave Coriolis
Hybrid mode | Combination Zero-buoyancy limit or - and g-modes

e Only for non-zero rotation e Only for non-zero buoyancy
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e Only for non-zero rotation e Only for non-zero buoyancy
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The CFS instability

Are the perturbations stable?

Rapidly rotating stars are prone to secular instabilities, i.e. instabilities related to
dissipation mechanisms (viscosity, gravitational radiation).

a Staonary rference frame

B\ @ & 204+1 m|2 < om 2
=) = -3 Nww-m) (|5Dl 12+ 6] |)
dt / qw i>s

e ) )
%ﬁ:ﬁ'ﬁfﬁ“ ° Polal.‘ (axial) modes emit through the mass (current)
el " multipoles

dE
o If w(w — mQ) < 0, then (—) >0
dt /) qw

CF'S instability

For any rotation rate Q2 there is always a mode driven unstable by gravitational
radiation emission [Chandrasekhar, 1970, Friedman and Schutz, 1978].

e f-modes and r-modes are the most susceptible to GW-driven instabilities
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The CFS instability

Are the perturbations stable?

Rapidly rotating stars are prone to secular instabilities, i.e. instabilities related to
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inertial-frame frequency

CF'S instability

For any rotation rate Q2 there is always a mode driven unstable by gravitational
radiation emission [Chandrasekhar, 1970, Friedman and Schutz, 1978].

e f-modes and r-modes are the most susceptible to GW-driven instabilities



On the saturation of rotational instabilities in neutron stars
L~ The CFS instability
The instability window

The instability window
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Quadratic perturbation equations

Mode coupling

Do the unstable modes grow boundlessly?

Non-linear mode coupling inhibits the instability’s growth
[Dziembowski, 1982, Schenk et al., 2002, Arras et al., 2003, Brink et al., 2004]

o Quadratically perturbed fluid equations:
3p+ V- (pv) + V- (0pv) =0
E+BE+CO+N(E8=0
V25p = AnGép

or Ap\? a1
LTy —1)+ ( ! ) (l> , T = ( np)
dlmp/, p Olp/,

Eulerian (8) and Lagrangian (A) perturbations related via

Af=08f+(E-V)Ff+ (& V)Sf+ L2616V (V)
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o Perturbation decomposition:

&("'7 t) = Z Qa(t) £a(’l“)eiw°‘t
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Quadratic perturbation equations

Mode coupling

Do the unstable modes grow boundlessly?

Non-linear mode coupling inhibits the instability’s growth
[Dziembowski, 1982, Schenk et al., 2002, Arras et al., 2003, Brink et al., 2004]

o Quadratically perturbed fluid equations:
3p+ V- (pv) +V - (6pv) =0
E+BE+CEO+N (8 =0
V26¢ = 4nGép

A Ap 1
2P _p 2Py
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Eulerian () and Lagrangian (A) perturbations related via
Af=8f+(&-V)f+ (& V)of + 366V (V)
o Perturbation decomposition:

&(r,t) =) Qalt) &, (r)ee’

o mode
amplitude
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Mode coupling

e Modes couple in triplets

Qa =YaQa + twaH QBQ’Y e—iAwt
Qﬂ == 'yﬂQB + inH Q,‘;Qa ez’Awt
Q'y = 'Y’yQ’y + iw’yH QOLQ;—} eiAWt
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Mode coupling
o Modes couple in triplets
Qa =YaQa + iwaH Q,BQ’Y e_iAWt
Qp =718Qp +iwsH Q5 Qa e >"
Qy = 1 Qy +iwy HQaQfy et

o Detuning Aw = wq —wg —w~ &0 ‘ resonance condition

The system exhibits internal resonances
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Equations of motion

Mode coupling

o Modes couple in triplets

Qo = YaQa + iwa™ QpQy eminwt
Qs =78Qp +iwsH QL Qo e
Q'y =77Qy +iwyH QOLQ;—} elawt

o Detuning Aw = wa —wg —w, &0 ‘ resonance condition

e Coupling coefficient H # 0 if

Ma = Mg + My

la +1g + Iy = even number ‘ coupling selection rules ‘
llg = ly| <la <lp +1y
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Equations of motion

Mode coupling

o Modes couple in triplets

Qa =YaQa + twaH QBQW e_iAWt
Qs =15Qp +iwsH QL Qa e >!
Q'y =7y Qy +iwyH QOLQ;—} elhwt

o Detuning Aw = wa —wg —w, &0 ‘ resonance condition

e Coupling coefficient H # 0 if

Ma = Mg + My

la +1g + Iy = even number ‘ coupling selection rules ‘
llg = ly| <la <lp +1y

1 dE; >
2F; dt

dE  (dE dE dE
() () 4 () =0
dt dt Jgw  \dt gy \dt Jgy

o Growth/damping rates v; =
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Parametric resonance instability

Qa = 7aQa + iwaH QpQ~ e~ tAwt Detuning Aw
Qp =75Qp + iwgH QQa elhwt Coupling coefficient H
Qy = Yy Qy +iwyH QaQj elhwt Growth/damping rates v;

o Parent mode: unstable f-mode (vo > 0)
o Daughter modes: other (stable) polar modes (y3,, < 0)
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Parametric resonance instability
I

Parametric resonance instability

Qa = 7aQa + iwaH QpQ~ e~ tAwt Detuning Aw
QB =v8Qg + iwgH Q:"Qa ethwt Coupling coefficient H
Qy = 7y Qy +iwyH QQQE etAwt Growth/damping rates v;

e Parent mode: unstable f-mode (v > 0)
o Daughter modes: other (stable) polar modes (g, < 0)

No mode interaction: H = 0 or Aw >0

o Modes evolve independently

a
//_ @ No non-linear interaction

“ Qa = YaQa
Qs =18Qs
i Q«/ =717Qy
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Parametric resonance instability

Parametric resonance instability

Qa = YaQa + iwaH QpQ~ e iAW Detuning Aw
Qﬁ =7Qp +iwgH QL Qqa etAwt Coupling coefficient H
Q’Y = Yy Q~ + twyH QQQE elhwt Growth/damping rates v;

e Parent mode: unstable f-mode (v, > 0)
o Daughter modes: other (stable) polar modes (vg,, < 0)

Parametric resonance instability: H # 0 and Aw =~ 0

o Parent feeds daughters and makes them
,,,,,,,,,,,,, .Y, S —
1Qeirl £ el |\, ¥~ ; grow

o Parametric instability threshold:
daughters grow when

2
YBY Aw
1Qal? > IQprr|? = —21— 5 [14— <7) ]
wgw~yH Y3 + vy

al §

o Parent saturation amplitude ~
parametric instability threshold
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Saturation conditions

Saturation conditions

Qo = V0 Qa + iwaH QpQy e iAwt Yo >0, 73,4 <0 Detuning Aw
Qﬁ =75Qp +iwgH Q3 Qa ettt Y8 ¥y - ( Aw )2 Coupling coefficient H
Qy =1 Qy +iwyH QaQj erawt wpwn H? 8+ 1y

2 _
|Qprrl® = Growth/damping rates ;

e Saturation successful if:

v + 741 2 Ve and Aw 2 |va + 75 + 74l

Saturation successful Saturation unsuccessful

1Qpirl ===

|Qpitl ¢

1Ql 1Ql
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Results and remarks

Saturation amplitude Saturation amplitude
of the l = m = 2 f-mode of the l = m = 3 f-mode
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Model: M =1.4 Mg, R=10km, p  p3, '} = 3.1
Units: Emode = |Q|?Mc?

o GW signal from f-mode depends on saturation amplitude
o Neutron star equation of state probing: GW asteroseismology
o Promising sources: post-merger remnants
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o Neutron star equation of state probing: GW asteroseismology
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o Competing mechanisms: r-mode instability, magnetic field
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Saturation amplitude
of the l = m = 2 f-mode
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f-mode vs r-mode
[Doneva et al., 2015]
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GW signal from f-mode depends on saturation amplitude

Neutron star equation of state probing: GW asteroseismology

Promising sources: post-merger remnants

Competing mechanisms: r-mode instability, magnetic field

SIN : Einstein Telescope
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Saturation amplitude
of the l = m = 2 f-mode
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