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Plan

◮ Notion of teleparallelism
• First version : express Einstein-Hilbert Lagrangian,
Einstein equations,... in terms of the torsion of Weitzenböck
connection ω(e)
• Second version : express in terms of e, ω with Riem(ω) = 0
Like Einstein-Cartan, but with the constraint Riem(ω) = 0

◮ Teleparallel equivalent of Gauss-Bonnet

◮ Modified gravities, applications

◮ Non-minimal derivative coupling of scalar field with torsion



◮ Christoffel connection: Γλµν = 1
2g

λρ(gρµ,ν + gρν,µ − gµν,ρ)

◮ gµν = ηabe
a
µe

b
ν orthonormal vielbein

◮ algebraic substitution of the field variable
provides new perspectives for defining a local
energy-momentum tensor for the gravitational field, for
regarding gravity as a gauge theory of local translations, for
constructing (at least covariant under diffeomorphisms)
modified gravity theories, maybe related to quantization
issues, etc.

◮ Γλµν = e λ
a eaµ,ν −Kλ

µν

Kλνµ = 1
2 (Tµλν − Tνµλ − Tλνµ)

Tλ
µν = e λ

a (eaν,µ − eaµ,ν) tensor under diffeomorphisms

x̃µ = x̃µ(xν) , ẽ µ
a = γµνe ν

a , γµν = ∂x̃µ

∂xν



Torsion

◮ Arbitrary connection ωλ
µν of zero non-metricity ∇ωg = 0 :

ωλ
µν = Γλµν +Kλ

µν (identity)

Kλνµ = 1
2 (Tµλν − Tνµλ − Tλνµ) contorsion

Tλ
µν = ωλ

νµ − ωλ
µν torsion of ω (tensor under

diffeomorphisms)

◮ ωλ
µν(e) = e λ

a eaµ,ν Weitzenböck connection

• ωλ
µν metric compatible

• x̃µ = x̃µ(xν) , ẽ µ
a = γµνe ν

a , γµν = ∂x̃µ

∂xν :

ω̃λ
µν = ẽ λ

a

∂ẽaµ
∂x̃ν = ωγγ−1γ−1 − γ−1γ−1∂γ

in all coordinate systems ω has the same form (covariant)
• ωa

bc = ωλ
νµe

a
λe

ν
b e µ

c + eaνe
µ

c e ν
b ,µ = 0 in the frame e µ

a

where it is defined
• ẽa = Λa

be
b : ω̃a

bc = −(Λ−1)db(Λ
−1)ecΛ

a
d,e in other

frames (not covariant)
• ωλ

µν not Lorentz invariant (since a particular frame is used)



◮ Christoffel connection (vanishing torsion and non-metricity):
Γabc = 1

2g
ad (gdb,c + gdc,b − gbc,d ) +

1
2(−C a

bc + gbdg
aeCd

ec

+gcdg
aeCd

eb)
C c

ab = e µ
a e ν

b (ecµ,ν − ecν,µ) , [ea, eb] = C c
abec

gab = gµνe
µ

a e ν
b

• Under difeomorphisms, C a
bc , gab, Γ

a
bc , R̄

a
bcd invariants

• Under ẽ = γe, C̃ = Cγγ−1γ−1 + (γ−1γ−1 − γ−1γ−1)∂γ
g̃ = γ−1γ−1g
Γ̃ = ... = γγ−1γ−1Γ− γ−1γ−1∂γ (R̄a

bcd Lorentz tensor)
• Under frame changes, Γλµν = 1

2g
λρ(gρµ,ν + gρν,µ − gµν,ρ),

R̄λ
µνκ invariant (gµν = gabe

a
µe

b
ν invariant)



Weitzenböck ...

◮ Tλ
µν = e λ

a (eaν,µ − eaµ,ν) = e λ
a (eaν;µ − eaµ;ν) =

−C a
bce

λ
a ebµe

c
ν (; → Γ) not Lorentz invariant

Everything will be expressed in terms of Tλ
µν , so we will have

proper behaviour under diffeos, but not under Lorentz
rotations
(T a

bc = e µ
a ebνe

c
λT

µ
νλ not very useful - not Lorentz tensor)

Kλ
νµ = e λ

a eaν;µ
Rλ

µνκ = Ra
bcd = 0 (while still R̄λ

µνκ 6= 0)

e µ
a |ν = 0 (| → ω), ea autoparallel wrt ωλ

µν



Weitzenböck ...

◮ Γλµν = ωλ
µν −Kλ

µν

R̄µ
νκλ = Rµ

νκλ� −Kµ
νλ;κ +Kµ

νκ;λ −Kµ
ρκKρ

νλ +Kµ
ρλK

ρ
νκ

R̄µ
ν = Rµ

ν� −Kµλ
λ;ν +Kµλ

ν;λ −KµλκKκλν +Kλµ
νK κ

λκ

= Rµ
ν� + 2S µλ

ν ;λ + δµνT
κλ

κ ;λ + 2SκλµKκλν

Sµνλ = 1
2Kνλµ + 1

2(g
µλT κν

κ − gµνT κλ
κ ) = −Sµλν

R̄ = R�− T + 2T νµ
ν ;µ

T = SµνλTµνλ = 1
4T

µνλTµνλ + 1
2T

µνλTλνµ − T νµ
ν Tλ

λµ

“torsion scalar ′′

T scalar under diffeos, not Lorentz scalar
Actually, under Lorentz rotation, T̃ = T + ∂( ) :
T “quasi-invariant”. Thus the eqm of T , T̃ are Einstein’s
which are indeed Lorentz invariant since they only contain gµν



Weitzenböck ...

◮ Lagrangian : eR̄ = eR�− eT + 2(eT νµ
ν ),µ

Equivalent first order Lagrangian (up to boundary issues) : eT
”Teleparallel equivalent Lagrangian of Einstein gravity”
Ltel = −eT
A splitting into diffeo invariant terms, but not Lorentz

◮ LEinstein =
√

|g |R̄ − ∂λ(
√

|g |gνρΓµνκδλκµρ )

LMoller = eR̄ − ∂λ(ee
µ

a e ν
b Γabκδ

λκ
µν )

the subtraction of the second derivatives terms is not
covariant (energy-momentum pseudotensors are defined
through Noether)



Weitzenböck ...

◮ Ḡµ
ν = Gµ

ν�+ 2S µλ
ν ;λ + 2SκλµKκλν +

1
2δ

µ
ν SκλρTκλρ

Ḡµ
ν = 0 (in vacuum):

2S µλ
ν ;λ + 2SκλµKκλν +

1
2δ

µ
ν SκλρTκλρ = 0 tensorial equation

under diffeos; also Lorentz tensor, while the separate terms
are not
2S µλ

ν ;λµ = S µλ
ν ;λµ − S µλ

ν ;µλ = R̄... 6= 0

◮ Ḡµ
ν = Gµ

ν�+ 2
e
(eS µλ

ν ),λ − 2τ µ
ν

τ ν
µ = SρλνTρλµ − 1

4S
σλρTσλρδ

ν
µ + Sρνλωρµλ pseudotensor

Ḡµ
ν = 0 (in vacuum): (eS µλ

ν ),λ − eτ µ
ν = 0

(eτ µ
ν ),µ = 0

◮ (ee ρ
a S νλ

ρ ),λ = ee µ
a (SρλνTρλµ − 1

4S
σλρTσλρδ

ν
µ) tensor in ν



Modified gravities

◮ e−1L = f (T )
Eqm : ...f (T )... (tensor under diffeos, not Lorentz tensor)
2nd order eqm, contrary to f (R) theories

◮ e−1L = c1T
µνλTµνλ + c2T

µνλTλνµ + c3T
νµ

ν Tλ
λµ

2nd order eqm : tensor under diffeos, not Lorentz tensor

◮ Other constructions

◮ Under Lorentz rotations the equations for e are
form-invariant, but not Lorentz covariant



Possible Deficits of the single field “e“ formulation

◮ Under Lorentz transformations, the eqm are not transformed
covariantly, so, e.g. probably you cannot exploit the Lorentz
freedom to simplify the equations or to find the true degrees
of freedom

◮ If you perform an energy calculation in the preferred frame,
you cannot perform the calculation in another frame (because
the zero Weitzenböck connection should transform to non
zero value, but you do not have a covariant energy formula
containing the connection)



Covariant Teleparallelism

◮ Diffeo+Lorentz covariant quantities, e.g. T a
bc (e, ω) :

Ra
bcd (ω) = 0

◮ Tλ
µν = T a

bce
λ

a ebµe
c
ν

◮ STel(e, ω, λ) =
∫

eT +
∫

λabcdRabcd

δe : ∂(eS) + ωS + T 2 = 0 (Einstein or modified)
δλ : Rabcd = ∂ω − ∂ω + ω2 − ω2 − Cω = 0
δω : ∂λ+ ... = 0
• one solution ωa

bc = 0
• still there is a machinery to change frames (by transforming
the zero connection to non-zero values) in a Lorentz covariant
way, e.g. black hole energy



◮ Dynamical variables: ea = e µ
a ∂µ , ωa

b = ωa
bµdx

µ = ωa
bce

c

ω independent field, not necessarily expressed in terms of e
Commutation relations [ea, eb]=C c

abec⇔dea=−1
2C

a
bce

b∧ec

C c
ab = e µ

a e ν
b (ecµ,ν − ecν,µ)

◮ Torsion 2-form: T a = dea + ωa
b ∧ eb = 1

2T
a
bce

b ∧ ec

T a
bc = ωa

cb − ωa
bc − C a

bc = eaµe
ν

b e λ
c Tµ

νλ

T a
µν = ωa

bµe
b
ν − ωa

bνe
b
µ + eaν,µ − eaµ,ν

Tλ
µν = ωλ

νµ − ωλ
µν = e λ

a T a
µν

E.g. Weitzenböck ωa
bc = 0 :

Tλ
µν = −eaλe

µ
b ecνC

a
bc = ωλ

νµ − ωλ
µν

◮ Curvature 2-form: Ra
b = dωa

b + ωa
c ∧ ωc

b = 1
2R

a
bcde

c ∧ ed

Ra
bcd = ωa

bd,c − ωa
bc,d + ωe

bdω
a
ec − ωe

bcω
a
ed − C e

cdω
a
be

Ra
bµν= ωa

bν,µ − ωa
bµ,ν + ωa

cµω
c
bν − ωa

cνω
c
bµ

Rκ
λµν= e κ

a ebλR
a
bµν

◮ metric g : g(ea, eb)=gab , gµν=gab e
a
µ e

b
ν

Any index behaves properly under coordinate, Lorentz
transformations. In particular, T a

bc scalar under diffeos,
Lorentz tensor



◮ Christoffel connection: Γab
Γabc = 1

2(gab,c + gca,b − gbc,a) +
1
2(Ccab − Cbca − Cabc )

R̄a
b = dΓab + Γac ∧ Γcb = 1

2 R̄
a
bcde

c ∧ ed

R̄a
bcd = Γabd,c − Γabc,d + ΓebdΓ

a
ec − ΓebcΓ

a
ed − C e

cdΓ
a
be

R̄a
bµν= Γabν,µ − Γabµ,ν + ΓacµΓ

c
bν − ΓacνΓ

c
bµ

R̄κ
λµν = e κ

a ebλR̄
a
bµν

◮ Kab = −Kba = ωab − Γab = Kabce
c ⇔ Γabc = ωabc −Kabc

Kabc = 1
2(Tcab − Tbca − Tabc) = −Kbac contorsion

T a = Ka
b ∧ eb ⇔ Tabc = Kacb −Kabc

◮ metric g : g(ea, eb)=ηab=diag(−1, 1, ...1) , gµν =ηab e
a
µ e

b
ν

η : simplifies calculations + it is more natural

◮ zero non-metricity: ηab|c = 0 ⇔ ωabc = −ωbac ⇔ ωab = −ωba

◮ Teleparallel condition: Ra
bcd = 0 set as a constraint in the

action, λabcdRabcd



◮ R̄ = R�− T + 2T ba
b ;a

T = SabcTabc = 1
4T

abcTabc +
1
2T

abcTcba − T ab
a T c

cb

Sabc = 1
2Kbca + 1

2(η
acT db

d − ηabT dc
d ) = −Sacb

T scalar under diffeos and Lorentz scalar (splitting : the same)

◮ Ḡ µ
a = G µ

a�+ 2
e
(eS µλ

a ):λ − 2t µ
a = G µ

a�+ 2
e
(eS µλ

a ),λ − 2j µ
a

t a
µ = (ScbaTcbd − 1

4S
ebcTebcδ

a
d )e

d
µ

t ν
µ = SρλνTρλµ − 1

4S
σλρTσλρδ

ν
µ GR energy-momentum tensor

j µ
a = t µ

a + Sbdcωbace
µ

d

(eΦa
b):µ ≡ (eΦa

b),µ + eωa
cµΦ

c
b − eωc

bµΦ
a
c

(ẽΦ̃a
b):µ = Λa

c(Λ
−1)db(eΦ

c
d ):µ Fock-Ivanenko covariant

derivative
():µν − ():νµ = R ... = 0

◮ Ḡµ
ν = 0 (in vacuum): (et µ

a ):µ = 0 , (ej µ
a ),µ = 0

◮ Eqm of f (T ),... also Lorentz tensors

◮ ωab : easier calculations, Lorentz invariance, energy issues



Gauge theory (of translations)

◮ x−a (tangent Minkowski) , e−a
µ = x−a

,µ , xa = Λa
bx−b

ω−a
bµ = 0 , ea = Λa

b(x−)dx−b ⇔ eaµ = Λa
bx−b

,µ :

eaµ = Dµx
a = xa,µ + ωa

bµx
b , T a

µν = 0 , Ra
bµν = 0

ωλ
νµ = e λ

a Dµe
a
ν , ωa

bµ = Λa
cΛ

c
b ,µ = Γabµ

◮ E
a
µ = eaµ + Aa

µ

◮ δεx
a = εbPbx

a = εa , δεA
a
µ = −Dµε

a : δεE
a
µ = 0

(spacetime metric gauge independent)

◮

T
a
bµ = E

a
ν,µ − E

a
µ,ν + ωa

bµE
b
ν − ωa

bνE
b
µ

= DµE
a
ν −DνE

a
µ

= Aa
ν,µ − Aa

µ,ν + ωa
bµA

b
ν − ωa

bνA
b
µ

= DµA
a
ν −DνA

a
µ = F a

µν

(torsion is field strength of gauge field)

◮ Lagrangian T
a ∧ ∗Ta



Teleparallel equivalent of Einstein gravity

◮ SEH = 1
2κ2

D

∫

M
L̄1 ,

L̄1 =
1

(D−2)! ǫa1...aDR̄a1a2 ∧ ea3 ∧ ... ∧ eaD = R̄ ∗1

(D − 2)!L1 = (D − 2)! L̄1 + d(ǫa1...aDKa1a2 ∧ ea3 ∧ ... ∧ eaD )

+ ǫa1...aDKa1a2 ∧ d(ea3 ∧ ... ∧ eaD )

+ ǫa1...aD (Γa1c ∧ Kca2 +Ka1
c ∧ Γca2

+Ka1
c ∧ Kca2) ∧ ea3 ∧ ... ∧ eaD

L1= L̄1 +
1

(D − 2)!
ǫa1...aDKa1

c ∧ Kca2 ∧ ea3 ∧ ... ∧ eaD

+
1

(D − 2)!
d(ǫa1...aDKa1a2 ∧ ea3 ∧ ... ∧ eaD )



◮ Teleparallel condition Rab = 0
L̄1=−T − 1

(D−2)!d(ǫa1...aDKa1a2 ∧ ea3 ∧ ... ∧ eaD )

T =
1

(D − 2)!
ǫa1...aDKa1

c ∧ Kca2 ∧ ea3 ∧ ... ∧ eaD

= T e1 ∧ ... ∧ eD

T = KabcKcba −Kca
aK b

cb

◮ S
(1)
Tel = − 1

2κ2
D

∫

M
T = − 1

2κ2
D

∫

M
dDx e T

◮ DΦa
b = dΦa

b + ωa
c ∧ Φc

b − (−1)pΦa
c ∧ ωc

b

Rab = R̄ab + D̄Kab +Ka
c ∧ Kcb

T a = Dea, DT a = Ra
b ∧ eb

DRa
b = 0

D2Φa
b = Ra

c ∧ Φc
b − Φa

c ∧Rc
b

D̄ea = 0



Teleparallel equivalent of Gauss-Bonnet gravity

◮ G = R2 − 4RµνR
µν + RµνκλR

µνκλ

SGB = 1
2κ2

D

∫

M
L̄2

L̄2 =
1

(D−4)! ǫa1...aDR̄a1a2 ∧ R̄a3a4 ∧ ea5 ∧ ... ∧ eaD = Ḡ ∗1
◮ L̄2 = TG − 1

(D−4)!dB

TG=
1

(D−4)!
ǫa1...aD

(

Ka1
c ∧Kca2∧Ka3

d∧Kda4

−2Ka1a2∧Ka3
c∧Kc

d∧Kda4

+2Ka1a2∧DKa3
c∧Kca4

)

∧ea5∧ ... ∧eaD

= TG e1 ∧ ... ∧ eD

TG =
(

Ka1
eaKea2

bK
a3
fcK

fa4
d − 2Ka1a2

aKa3
ebKe

fcKfa4
d

+2Ka1a2
aKa3

ebK
ea4

fKf
cd

+2Ka1a2
aKa3

ebK
ea4

c|d
)

δ a b c d
a1a2a3a4



e(R̄2−4R̄µν R̄
µν+R̄µνκλR̄

µνκλ)=eTG+total diverg.

◮ L̄(D=4)
2 topological invariant ⇒ T (D=4)

G topological invariant

T (D=4)
G = d

(

32π2 Π2 + B
)

Π2 = − 1
8π2 ǫabcdn

a(εR̄bc ∧ D̄nd + 2
3D̄nb ∧ D̄nc ∧ D̄nd ) second

Chern form, nana = ε = ±1, L̄(D=4)
2 = 32π2dΠ2

◮ S
(2)
Tel [e

a, ωa
b] =

1
2κ2

D

∫

M
TG = 1

2κ2
D

∫

M
dDx e TG

S
(2)
Tel [e

a
µ, ω

a
bµ] diffeomorphism and Lorentz invariant

◮ Weitzenböck connection ωa
bc = 0 :

S
(2)
tel =

1

2(D−4)!κ2D

∫

M

ǫa1...aD
(

Ka1
c∧Kca2∧Ka3

d∧Kda4

−2Ka1a2∧Ka3
c∧Kc

d∧Kda4

2Ka1a2∧Ka3
c∧dKca4

)

∧ea5∧...∧eaD

S
(2)
tel diffeomorphism invariant



F (T ,TG) gravity

◮ S = 1
2κ2

D

∫

dDx e F (T ,TG )

different than F (T ),F (R ,G ) gravities
EGB : F (T ,TG ) = −T + αTG

2κ2DδeS =
∫

dDx
(

eFT δeT + eFTG
δeTG + F δe

)

◮ δeS = 0 :

2LebH
[ab]−2iebLec (e

cH [ab]+eaH [cb])−Cd
cb ied(e

aHcb)

+ 4C a
(dc) ieb(e

cH [db])+(T a
bc+2ωa

[bc])H
bc−(−1)Dha

+ (F−TFT−TGFTG
)ϑa = 0

(ivϕ)(v1, ..., vp−1) = ϕ(v , v1, ..., vp−1), ϑa = iea(e
1 ∧ ... ∧ eD)



• Hab=
FT

(D−2)!
ǫaa1...aD−1

Kba1ea2 ...eaD−1

+
FTG

(D−4)!

(

2ǫaa1...aD−1
Kba1Ka2

cKca3ea4 ...eaD−1

+ ǫa1...aDKaa1Kba2Ka3a4ea5 ...eaD

− ǫaba1...aD−2
Ka1

cKc
dKda2ea3 ...eaD−2

+ ǫaba1...aD−2
DKa1

cKca2ea3 ...eaD−2

+ ǫaa1...aD−1
DKba1Ka2a3ea4 ...eaD−1

)

− 1

(D−4)!
ǫaa1...aD−1

D(FTG
Kba1Ka2a3ea4 ...eaD−1)

• ha=
FT

(D−3)!
ǫa1...aD−1aKa1

cKca2ea3 ...eaD−1

+
FTG

(D−5)!
ǫa1...aD−1a

(

Ka1
cKca2Ka3

dKda4 − 2Ka1a2Ka3
cKc

dKda4

+ 2Ka1a2DKa3
cKca4

)

ea5 ...eaD−1



D = 4, Weitzenböck : Hab = Habcϑc , h
a = habϑb

• Habc = FT (η
acKbd

d −Kbca) + FTG

[

ǫcprt
(

2ǫadkfKbk
pKd

qr+ǫqdkfKak
pKbd

r+ǫabkfKk
dpKd

qr

)

Kqf
t

+ ǫcprtǫabkdKfd
p

(

Kk
fr ,t−

1

2
Kk

fqC
q
tr

)

+ ǫcprtǫakdfKdf
p

(

Kb
kr ,t−

1

2
Kb

kqC
q
tr

)]

+ ǫcprtǫakdf

[

(

FTG
Kbk

pKdf
r

)

,t
+FTG

Cq
ptKbk

[qKdf
r ]

]

• hab = FT ǫ
a
kcd ǫ

bpqdKk
fpKfc

q

2(H [ac]b+H [ba]c−H [cb]a),c+2(H [ac]b+H [ba]c−H [cb]a)Cd
dc

+ (2H [ac]d+Hdca)Cb
cd+4H [db]cC a

(dc) +T a
cdH

cdb − hab

+ (F−TFT−TGFTG
)ηab = 0



F (T ,TG) cosmology
◮ Stot =

1
2κ2

∫

d4x e F (T ,TG ) + Sm
◮ ds2 = −N2(t)dt2 + a2(t)δ

î ĵ
dx îdx ĵ

eaµ = diag(N(t), a(t), a(t), a(t))

◮ F − 12H2FT − TGFTG
+ 24H3 ˙FTG

= 2κ2ρ

F − 4(Ḣ + 3H2)FT − 4H ˙FT − TGFTG
+

2

3H
TG

˙FTG
+ 8H2 ¨FTG

= −2κ2p

Same equations with variation of the minisuperspace
Lagrangian w.r.t. a,N

◮ For F (T ,TG ) = F (T ) :
F − 12H2FT = 2κ2ρ
F − 4(Ḣ + 3H2)FT − 4H ˙FT = −2κ2p

◮ F (T ,TG ) = −T + f (T ,TG ):
6H2 + f − 12H2fT − TG fTG

+ 24H3 ˙fTG
= 2κ2ρ

2(2Ḣ + 3H2) + f − 4(Ḣ + 3H2)fT − 4H ˙fT − TG fTG

+
2

3H
TG

˙fTG
+ 8H2 ¨fTG

= −2κ2p



◮ H2 = κ2

3 (ρ+ ρDE )

Ḣ = −κ2

2 (ρ+ p + ρDE + pDE )

◮

ρDE = − 1

2κ2
(f − 12H2fT − TG fTG

+ 24H3 ˙fTG
)

pDE =
1

2κ2

[

f − 4(Ḣ + 3H2)fT − 4H ˙fT − TG fTG

+
2

3H
TG

˙fTG
+ 8H2 ¨fTG

]

ρ̇DE + 3H(ρDE + pDE ) = 0
wDE = pDE

ρDE



Specific cases

◮ TG ∼ T 2, T ∼
√

T 2 + β2TG

F (T ,TG ) = −T + β1
√

T 2 + β2TG + α1T
2 + α2T

√

|TG |
• β1, β2 dimensionless (no new mass scale at late times)
• F can describe in unified way both inflation and late-times
acceleration



◮ Early-times inflationary (de-Sitter exponential) solutions for
various parameter choices, without explicit cosmological
constant term. Friedmann equations accept analytic solutions
with H ≈ constant for T ,TG ≈ const.
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10-30

10-27

10-24

a(
t)

t
Figure: Four inflationary solutions corresponding to a) α1 = −2.8,
α2 = 8, β1 = 0.001, β2 = 1 (black-solid), b) α1 = −2, α2 = 8,
β1 = 0.001, β2 = 1 (red-dashed), c) α1 = 8, α2 = 8, β1 = 0.001,
β2 = 1 (blue-dotted), d) α1 = 20, α2 = 5, β1 = 0.001, β2 = 1
(green-dashed-dotted).



◮ Late-times evolution with Ωm decreasing with Ωm0 ≈ 0.3, and
ΩDE = 1− Ωm increasing. wDE in the quintessence regime.

0.0 0.2 0.4 0.6 0.8
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z
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Figure: Upper graph: The evolution of the dark energy density
parameter ΩDE (black-solid) and the matter density parameter Ωm

(red-dashed), as a function of the redshift z, with α1 = 0.001,
α2 = 0.001, β1 = 2.5, β2 = 1.5. Lower graph: The evolution of the
corresponding dark energy equation-of-state parameter wDE .
(H0 = 1, and we have imposed Ωm0 ≈ 0.3, ΩDE0 ≈ 0.7 at present.)



◮ Late-times evolution with Ωm decreasing with Ωm0 ≈ 0.3, and
ΩDE = 1− Ωm increasing. wDE in the phantom regime or
exhibits the phantom-divide crossing.
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Figure: Upper graph: The evolution of the dark energy density
parameter ΩDE (black-solid) and the matter density parameter Ωm

(red-dashed), as a function of the redshift z, with α1 = 0.001,
α2 = 0.001, β1 = 2.6, β2 = 2. Lower graph: The evolution of the
corresponding dark energy equation-of-state parameter wDE .



◮ Other more general forms
F (T ,TG ) = −T + f (T 2 + β2TG )

6H2 + f − (24H2T+β2TG )f
′ + 24β2H

3(2TṪ+β2ṪG )f
′′

= 2κ2ρ

2(2Ḣ + 3H2) + f − [8(Ḣ+3H2)T+8HṪ+β2TG ]f
′

+
{[2β2TG

3H
−8HT

]

(2TṪ+β2ṪG )+8β2H
2(2TṪ+β2ṪG )

·
}

f ′′

+ 8β2H
2(2TṪ + β2ṪG )

2f ′′′ = −2κ2p

◮ F (T ,TG ) = −T + β1(T
2 + β2TG ) + β3(T

2 + β4TG )
2

fourth-order torsion terms for early times



◮ Early-times inflationary solutions. More efficient inflation than
before (more e-foldings in less time) due to the higher-order
terms.

0 20 40 60 80
10-30

10-27

10-24

a(
t)

t
Figure: Five inflationary solutions corresponding to a) β1 = −0.01,
β2 = 1, β3 = −1, β4 = −2 (black-solid), b) β1 = −0.1, β2 = 1,
β3 = −2, β4 = −2 (red-dashed), c) β1 = −0.01, β2 = 1, β3 = −1,
β4 = −5 (blue-dotted), d) β1 = −0.01, β2 = 1, β3 = −6, β4 = −6
(green-dashed-dotted), e) β1 = −0.01, β2 = 1, β3 = −10,
β4 = −10 (yellow-dashed-dotted-dotted).



Dynamical systems analysis
◮ X′ = f(X), X column vector of auxiliary variables, N = ln a

X′ = 0 ⇔ Xc critical points
X = Xc +U , U′ = Q · U to first order
eigenvalues of Q determine the type and stability of Xc

◮ F (T ,TG ) = −T + α1

√

T 2 + α2TG late-times modification

κ2ρDE =

√
3α1H

2
{

α2
2Ḧ + 9α2HḢ +

[

(3− 2α2)α2 + 9
]

H3
}

D3/2

pDE

κ−2
=
α1

{

(2α2+3)
[

α2(10α2−51)−18
]

H4+α2

[

4α2(5α2−21)−90
]

H2Ḣ−54α2
2Ḣ

2
}

HḢ
√
3D5/2

−α1α
2
2H

...
H√

3D3/2
+

√
3α1α

3
2HḦ2

D5/2
−

2α1α
2
2Ḧ
[

2(α2−3)H2Ḣ+2α2Ḣ
2+(6α2+9)H

4
]

√
3D5/2

+

√
3α1(α2−3)(2α2+3)2H7

D5/2

D = 3H2 + 2α2(Ḣ + H2)



◮ auxiliary variables

x =

√

D

3H2
=

√

1 +
2α2

3

(

1 +
Ḣ

H2

)

Ωm =
κ2ρm
3H2

◮ autonomous system

x ′ = −x
[

3α1x
2 − 6(1−Ωm)x + α1(3−4α2)

]

2α1α2

Ω′
m = −Ωm

(

3x2 + α2 + 3α2wm − 3
)

α2

phase space {(x ,Ωm)|x ∈ [0,∞),Ωm ∈ [0,∞]}
◮ q ≡ −1− Ḣ

H2 =
3(1−x2)

2α2
deceleration parameter

ΩDE ≡ κ2ρDE

3H2 = 1− Ωm dark energy density parameter

2q = 1 + 3(wmΩm + wDEΩDE ) ⇒ wDE = 3x2+α2+3α2wmΩm−3
3α2(Ωm−1)

dark energy equation-of-state parameter
dust matter, wm = 0



Finite phase space analysis

Cr. P. x Ωm Existence Stability

P1

√

1− α2
3 Ωm1

6
5 < α2 < 3, α1 ≥ −2

√

3(3−α2)
(−6+5α2)2

or Stable spiral for α2 < 3 and

α2 =
6
5 or −32

√
3

√

(3−α2)3

(71α2
2−336α2+288)

2 < α1 < 0 or

α2 <
6
5 , α1 ≤ 2

√

3(3−α2)
(−6+5α2)2

α1 < 0, α2 ≤ 1
71

(

168− 36
√
6
)

≈ 1.124.

Saddle otherwise (hyperbolic cases).

P2 x2 0 α2 <
3
4 , 0 < α1 ≤

√

3
3−4α2

or Stable node for α2 < 0, 0 < α1 < 2
√

3(3−α2)
(5α2−6)2

α1 6= 0, α2 =
3
4 or or 6

5 < α2 ≤ 3, α1 < −2
√

3(3−α2)
(5α2−6)2

α2 >
3
4 , α1 < 0 or α2 > 3, α1 < 0.

Unstable node for 0 < α2 <
3
4 , 0 < α1 <

√

3
3−4α2

.

Saddle otherwise (hyperbolic cases).

P3 x3 0 α2 <
3
4 , 0 < α1 ≤

√

3
3−4α2

or Stable node for α1 > 0, α2 ≥ 6
5 .

α2 ≥ 3
4 , α1 > 0 Unstable node for α2 < 0, 0 < α1 <

√
3√

3−4α2
.

Saddle otherwise (hyperbolic cases).

P4 0 0 Always Unstable node for 3
4 < α2 < 3.

Saddle otherwise (hyperbolic cases).

Table: 1 . The critical points of the autonomous system. Existence and
stability conditions.



physical characteristics of critical points

Cr. P. ΩDE q wDE Properties of solutions

P1 1− Ωm1
1
2 0 Dark Energy - Dark Matter scaling solution

P2 1 q2 wDE2 Decelerating solution for

α2 < 0, 3
3−2α2

< α1 ≤
√

3
3−4α2

or

0 < α2 <
3
4 , 0 < α1 ≤

√

3
3−4α2

or

α1 6= 0, α2 =
3
4 or

3
4 < α2 ≤ 3

2 , α1 < 0 or α2 >
3
2 ,

3
3−2α2

< α1 < 0.

Quintessence solution for
α2 ≤ −3

2 , 0 < α1 <
3

3−2α2
or

−3
2 < α2 < 0, −

√

3(2α2+3)
(α2−3)2

< α1 <
3

3−2α2
or

3
2 < α2 ≤ 3, α1 <

3
3−2α2

or

α2 > 3, −
√

3(2α2+3)
(α2−3)2

< α1 <
3

3−2α2
.

De Sitter solution for

−3
2 < α2 < 0, α1 =

√

3(2α2+3)
(α2−3)2

or α2 > 3, α1 = −
√

3(2α2+3)
(α2−3)2

.

Phantom solution for

−3
2 < α2 < 0, 0 < α1 <

√

3(2α2+3)
(α2−3)2

or α2 > 3, α1 < −
√

3(2α2+3)
(α2−3)2

.

Table: 2. The critical points of the autonomous system and the
corresponding values of ΩDE , q and wDE . In the last column we
summarize their physical description.



Cr. P. ΩDE q wDE Properties of solutions

P3 1 q3 wDE3 Decelerating solution for

α2 < 0, 0 < α1 ≤
√

3
3−4α2

or

0 < α2 <
3
4 ,

3
3−2α2

< α1 ≤
√

3
3−4α2

or
3
4 ≤ α2 <

3
2 , α1 >

3
3−2α2

.

Quintessence solution for

0 < α2 <
3
2 ,
√

3(2α2+3)
(α2−3)2

< α1 < − 3
2α2−3 or

3
2 ≤ α2 < 3, α1 >

√

3(2α2+3)
(α2−3)2

.

De Sitter solution for 0 < α2 < 3, α1 =
√

3(2α2+3)
(α2−3)2

.

Phantom solution for

0 < α2 < 3, 0 < α1 <
√

3(2α2+3)
(α2−3)2

or α2 ≥ 3, α1 > 0.

P4 1 3
2α2

1
α2

− 1
3 Decelerating solution for α2 > 0.

Quintessence DE dominated solution for α2 < −3
2 .

De Sitter solution for α2 = −3
2 .

Phantom solution for −3
2 < α2 < 0.

Table: 2. The critical points of the autonomous system and the
corresponding values of ΩDE , q and wDE . In the last column we
summarize their physical description.



• q < 0 acceleration , q > deceleration , q = −1 de Sitter solution
• wDE > −1 quintessence-like ,wDE < −1 phantom-like
• ΩDE = 1 dark-energy dominated universe, ΩDE < 1 scaling

◮ Point P1 : Stable (attractor)
ΩDE ∼ Ωm ⇒ DE/DM scaling solution (alleviates coincidence
problem)
Disadvantage: wDE = 0, no acceleration (maybe the today
universe has not yet reached the asymptotic regime)

◮ Point P2 : Stable
Dark energy dominated universe, can be accelerating
wDE quintessence/cosmological constant/phantom regime
Good candidate for the description of universe as its future
attractor

◮ Point P3 : Similar to P2

◮ Point P4 : Unstable, similar characteristics to P2



Phase space analysis at infinity

Dynamical system non-compact ⇒ Fixed points at infinity
• Poincare projection method: x = r

1−r
cos θ , Ωm = r

1−r
sin θ

θ ∈
[

0, π2
]

, r ∈ [0, 1)
• Critical points at infinity (x → +∞ or Ωm → +∞) ! r → 1−

• (r ′ = ..., θ′ = ...) for r → 1− , set θ′ = 0 ⇒ θ = ...

q =
3
(

1− 2r + r2 sin2 θ
)

2α2(1− r)2

wDE =
α2(1− r)2 − 3

(

1− 2r + r2 sin2 θ
)

3α2(1− r) [r(sin θ + 1)− 1]

ΩDE =
1− r(1 + sin θ)

1− r



Cr. P. θ Stability ΩDE q wDE

Q1 0 saddle point 1 −sgn(α2)∞ −sgn(α2)∞
Q2 arctan

(

α1
2

)

unstable α2 > 0 −∞ −sgn(α2)∞ sgn(α2)∞
stable α2 < 0

Q3
π
2 numerical elabor −∞ 3

2α2
0

Table: 3. The critical points of the autonomous system at infinity,
stability conditions, and the corresponding values of ΩDE , q, and wDE .
All points correspond to a form of future, past, or intermediate
singularity, depending on the parameters

• 3 critical points
• Q2,Q3 can be stable. Close to them Ωm > 1 (comparison with
growth-index observations?)
• Cr. P. correspond to Big Rip, sudden, or other forms of
singularities, depending on whether the singularity is reached at
finite or infinite time, and on their observable features.



Examples

◮ α1 = −
√
33, α2 = 4



P2 dark-energy dominated dS attractor, wDE = −1 (P4 saddle)
No stable point at infinity, so no form of singularity (Q1 saddle
point, Q3 is unstable)
The dashed curve marks the region above which Ωm > 1 (and
universe might result to future singularities)



◮ α1 =
1
2 , α2 = −1

2



P2 attractor, phantom solution
Q2 attractor, future singularity



◮ α1 = 3, α2 = −3
2



P3 attractor, quintessence solution
Q3 attractor, future singularity



Non-minimal scalar field

◮

S = − 1

2κ2D

∫

dDx e T −
∫

dDx e
[(1

2
− ξT

)

gµν∂µφ∂νφ+ V
]

• Corresponds to Rgµν∂µφ∂νφ (ghosts)
• f (φ)T does not work due to presence of rθ equation
• Here, 2nd order eqm. Somehow, corresponds to
Gµν∂µφ∂νφ (for background cosmology the same)
• Other couplings of ∂µφ∂νφ with quadratics (or higher) Tµνλ

• Find spherically symmetric solutions in which the presence
of the torsion could leave a signature on the solution
•
√

|ξ| introduces a new length scale



◮ Eqm for vielbein

( 2

κ2D
−4ξφ,ρφ

,ρ
)[

(eS λν
κ e κ

b ),νe
b
µ + e

(1

4
T δλµ−SνκλTνκµ

)]

+ 4ξ
[1

2
eTφ,µφ

,λ+eS νλ
µ (φ,κφ

,κ),ν

]

+ e
(1

2
φ,ρφ

,ρδλµ − φ,µφ
,λ + V δλµ

)

−
( 2

κ2D
−4ξφ,ρφ

,ρ
)

eSdcaωbdce
λ

a ebµ = 0

Adopt ωabc = 0



◮ Eqm for the scalar field

[

e(1− 2ξT )φ,µ
]

,µ
− e

dV

dφ
= 0

◮ Spherical symmetry

ds2 = −N(r)2dt2 + K (r)−2dr2 + R(r)2dΩ2

Realize through

eaµ = diag
(

N(r),K (r)−1,R(r),R(r) sinθ
)



◮

• 1

K 2

(

φ′2+
2V

K 2

)

+ 2
( 1

κ2K 2
−2ξφ′2

)(R ′2

R2
+
2R ′′

R
+2

R ′

R

K ′

K
− 1

K 2R2

)

= 0

• 8ξφ′2R
′

R

(R ′

R
+
2N ′

N

)

+
1

K 2

(

φ′2− 2V

K 2

)

+ 2
(

2ξφ′2− 1

κ2K 2

)[R ′

R

(R ′

R
+
2N ′

N

)

− 1

K 2R2

]

= 0

• 1

K 2

(

φ′2+
2V

K 2

)

+ 2
( 1

κ2K 2
−2ξφ′2

)[N ′

N

(R ′

R
+
K ′

K

)

+
R ′

R

K ′

K
+
N ′′

N
+
R ′′

R

]

=0

• K ′

K
φ′+φ′′ = 0 New feature not present in curvature − based theories

•
{

KNR2φ′
[

1 + 4ξK 2R
′

R

(R ′

R
+
2N ′

N

)]}′
− NR2

K

dV

dφ
= 0

tt, rr , θθ, θr , scalar



• Invariance under r -reparametrizations, i.e. r → r̃(r), K → K dr̃
dr
,

N → N, R → R , φ → φ, so one constraint is expected
• 4 functions N(r),K (r), φ(r),V (r) [R(r) not counted: choice of
radial gauge]; 5 eqm - 1 constraint = 4 eqm ⇒ unique solution
• On the contrary, in the curvature-based theories, the absence of
rθ eqm leads to 3 eqm for 4 unknowns



◮ Integro-differential system

◮ Master Equation

2
d2Y

dx2
− 1

Y

(dY

dx

)2
+ 2
(

2− ην2

Y

)dY

dx
+ 3Y + 2ην2

− 12
η2

η̃2
Y

dY
dx

+ 3Y − 2
3ν2

e−2x

dY
dx

+ 3Y + 2ην2
= 0

◮ Y =
(

1
R

dR
dφ

)2
, x = lnR , dφ

dr
= ν

K
ν: hair of φ

η = κ2

2ν2(1−2ξκ2ν2)
, η̃ = κ2

ν2(1−6ξκ2ν2)



A wormhole-like special solution

ds2 = −C2R3ǫ−1dt2 +
6ξ dR2

ξ − R2
+ R2dΩ2 , ǫ = ±1

φ̃(R) =

√

6

5

1

κ
arctan

(

√

ξ

R2
− 1

)

V (φ̃) =
1

2ξκ2
tan2

(

√

5

6
κ φ̃

)

+
7

10ξκ2

φ̃(R) = ǫ1[φ(R)− φ1]
Here, ν depends on ξ



• Scalar field finite everywhere from R = 0 to R2 = ξ
• The potential becomes infinite at the origin R = 0
• Ricci and Kretchmann scalars diverge at the origin and are finite
elsewhere
• For R2 = ξ, it is N non-vanishing  wormhole (R2 = ξ
“throat”)
• Here “interior” wormhole from origin to “throat”; standard
wormhole from “throat” to “mouth” or infinity



Asymptotically AdS linearized solution

ds2 = −N2dt2 +
dR2

2|η|ν4
3(1−2σ)R

2 + cmR2−m + 2σ
3(1−2σ) +

cℓ

Rℓ−2

+ R2dΩ2

N2(R) =
c

R

[

R3 Y(R) e2ην
2J(R)

]
ζ
2σ

Y =
2|η|ν2

3(1−2σ)
+ cmR

−m +
2σ

3ν2(1−2σ)
R−2 + cℓR

−ℓ

J(R) =

∫

dR

R Y(R)
=

ν2

2

∫

du
2|η|ν4

3(1−2σ)u + cmu
1−m

2 + 2σ
3(1−2σ) +

cℓ

u
ℓ
2−1

∣

∣

∣

∣

∣

u=R2



V =
(1+2σ)ν2

2(1−2σ)
− 3−m

2ην2
cm

Rm
+

3−8σ

6(1−2σ)ην2
1

R2
+

3−ℓ

2ην2
cℓ

Rℓ

φ = φ1 + ǫ1ν

∫

dR
√

2|η|ν4
3(1−2σ)R

2 + cmR2−m + 2σ
3(1−2σ) +

cℓ

Rℓ−2



Asymptotic behaviour

φ ≈ φ1 +
ǫ1
ν

√

3(1−2σ)

2|η| lnR

V (φ̃) ≈ (1+2σ)ν2

2(1−2σ)
− (3−m)cm

2ην2
e
−mν

√

2|η|
3(1−2σ)

φ̃

φ̃ = ǫ1
(

φ− φ1

)

ds2∞ = − 2|η|ν4
3(1−2σ)

R2dt̃2 +
3(1−2σ)

2|η|ν4
dR2

R2
+ R2dΩ2



• Different |Λ| = κ2|V (R → ∞)| , |Λeff| = 2|η|ν4
1−2σ

|Λeff|
|Λ| = 1

2ξκ2ν2

• ξ, ν here are unrelated since the asymptotic solution is general
(not special)
• ξ only appears through the combination ξκ2ν2, remnant of
Tgµν∂µφ∂νφ
• AdS behaviour here (instead of dS) creates extra attraction force
at large distances
• next term R2−m (1/2 < 2−m < 2) expresses another large
distance scale where gravity is modified (e.g. linear potential)



Conclusions

◮ The teleparallel approach to gravity may be useful from
various aspects.

◮ We have constructed the teleparallel equivalent TG of
Gauss-Bonnet gravity in arbitrary dimensions.

◮ New classes of gravities F (T ,TG ) can be defined.

◮ We performed for such a modification a cosmological analysis,
which can provide in principle the today acceleration and the
inflation.

◮ A dynamical systems analysis has revealed various kinds of
finite attractors or future singularities.

◮ For a non-minimally derivative of a scalar field with the torsion
scalar, spherically symmetric solutions have been found.


