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Plan

Notion of teleparallelism

e First version : express Einstein-Hilbert Lagrangian,
Einstein equations,... in terms of the torsion of Weitzenbock
connection w(e)

e Second version : express in terms of e, w with Riem(w)
Like Einstein-Cartan, but with the constraint Riem(w) =0

Teleparallel equivalent of Gauss-Bonnet
Modified gravities, applications

Non-minimal derivative coupling of scalar field with torsion

0



Christoffel connection: F)‘ = lg)‘p(gpu,,, I Fomngs — i)

By = nabe e orthonormal vielbein

provides new perspectives for defining a local
energy-momentum tensor for the gravitational field, for
regarding gravity as a gauge theory of local translations, for
constructing (at least covariant under diffeomorphisms)
modified gravity theories, maybe related to quantization
issues, etc.

r)\w/ =e, A a _ Ic)\
7
IC)\Vu = §( u)\l/ - Tl/u)\ T)\l/u)
T>\W —e >‘(e o — e ,) tensor under diffeomorphisms
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Torsion

» Arbitrary connection w)‘m, of zero non-metricity V,g = 0:

wh,, =T, + K%, (identity)

K:)\z/u = %(T,u)\y - Tyu)\ — T)\yu) contorsion
T)‘W = w’\w — w)‘w, torsion of w (tensor under
diffeomorphisms)

A Ana

» W, (e) =e,"e?,,, Weitzenbock connection

e w  metric compatible

uv

& < 5 o%H .
o R=R(X), &" = e, o = B
~\ _ x 2\0&, —1.-1 —1.-1
Oy =& g =wyy YT =y 0y

in all coordinate systems w has the same form (covariant)
E I a v M a Kaov (0
o w be .—w l,.ue 1€ €' e ec ey m= 0 in the frame e,
where it is defined
xa _ pAa b . ~a —1\d —1\e
o & =Neh @7 = —(A)G A
frames (not covariant)

o w>‘W not Lorentz invariant (since a particular frame is used)

I

Ny  in other



» Christoffel connection (vanishing torsion and non-metricity):
M = %gad(gdb,c + 8dc,b — gbc,d) + %(—Cabc + gpa g€ Cdec

+8:487°C%,)
Cce,, = ea“eb”(ecwj —e%,) . leaen] = Cpec
Bab = g/u/eaueby
[ ]
.  C=Cry iyt (i =)oy
E=7v1r"g )
[=..=yy" I =y 14719y (R?, Lorentz tensor)
G = %g/\”(gpu,,, + 8o — Buvp)s

(8w = gabeaueb,, invariant)



Weitzenbock ...

L T)\;w =€ )\(eauu e m ) = ea)\(eau;u e uu) =

—C3 e, e #e (; = ) not Lorentz invariant

Everything W|II be expressed in terms of T)‘W, so we will have
proper behaviour under diffeos, but not under Lorentz

rotations

(T3, = e.t"eb, e, T" | not very useful - not Lorentz tensor)
/CA — 2 e ”

g R beg = 0 (while still R, # 0)

ea”|y 0 (| = w), e, autoparallel wrt wAW



Weitzenbock ...

A A A
> =W — K
B _ pl 1 n f g Lo
RVHA_R/VK)\_,CVA;H_‘_,CVH;)\_ICPH’CV)\+’Cp)\’CV“

R)uu = /R/ﬂzx - IC“A)\;V + ’Cu)\u;)\ o IC“ARK:H)\V + IC)‘“V’C)\HR
- Rﬂy + 251/”):)\ + 65 TRHA;)\ + 25R>\HICRAV

S;uz)\ _ %ICV)\M + %(gu)\ THRV —ghv T’i/i)\) _ _S;,L)\I/
R
T = SPAT oy = 3 THAT A + 3 THAT,,, — LT,
“torsion scalar”
T scalar under diffeos, not Lorentz scalar
Actually, under Lorentz rotation, T=T+ a():
T “quasi-invariant”. Thus the eqm of T, T are Einstein’s
which are indeed Lorentz invariant since they only contain g,



Weitzenbock ...

» Lagrangian : K
Equivalent first order Lagrangian (up to boundary issues) : eT
" Teleparallel equivalent Lagrangian of Einstein gravity”
Ltel =—eT
A splitting into diffeo invariant terms, but not Lorentz

> LEmstem — \/ER 8)\ ‘g‘guprﬂ 52;
Litotier = eR 8,\(eea eburabnéﬁg)
the subtraction of the second derivatives terms is not
covariant (energy-momentum pseudotensors are defined
through Noether)



Weitzenbock ...

> Gl = Gl + 25,1 + 250, + LOL STV T,
G", =0 (in vacuum):
25, HA \ 255 MIC,\, + 364 S5 T,.5, = 0 tensorial equation
under d|ffeos also Lorentz tensor, while the separate terms
are not
25,0, =5~ S =R #0

> Gh = G4+ 2(e5,") 5 — 21"

pseudotensor
G" =0 (in vacuum): (eS,"") \ —en, =0
(e7,") =0
> (ee pS ) = e’ (8PN Toay — 3577 Ty,0%) tensor in v



Modified gravities

Eqm : ...f(T)... (tensor under diffeos, not Lorentz tensor)
2nd order eqm, contrary to f(R) theories

2nd order egm : tensor under diffeos, not Lorentz tensor

Other constructions

v

v

Under Lorentz rotations the equations for e are
form-invariant, but not Lorentz covariant



Possible Deficits of the single field “e* formulation

» Under Lorentz transformations, the egm are not transformed
covariantly, so, e.g. probably you cannot exploit the Lorentz
freedom to simplify the equations or to find the true degrees
of freedom

> If you perform an energy calculation in the preferred frame,
you cannot perform the calculation in another frame (because
the zero Weitzenbock connection should transform to non
zero value, but you do not have a covariant energy formula
containing the connection)



Covariant Teleparallelism

» Diffeo+Lorentz covariant quantities, e.g. T%_(e,w) :
R% 4(w) =0

A _ Ta A b
>TW_TbCeae

“w
> STe/(e,w, /\) = f el + f /\adeRade
Se : 0(€S) +wS + T? = 0 (Einstein or modified)
(5)\ a Rabcd:c‘)w—aw—i—wz—wz— Cw=0
0w :ON+...=0
e one solution w?, =0
e still there is a machinery to change frames (by transforming
the zero connection to non-zero values) in a Lorentz covariant
way, e.g. black hole energy

e,



Dynamical variables: e, = eaﬂaﬂ , Wi = wabudx“ = w?, e°
w independent field, not necessarily expressed in terms of e
Commutation relations [e,, ep] = C<, ec < de?=—1C3 eb Ae
Ccab = eaueby(ecu,u - ecy,u)

Torsion 2-form: T2 = de® + w?, A @ = %T"’bcelJ A e€

T = wWip = Whe = Che = eauebyecA ThA

TalU/ — wabueby _ wabueb,u + eay,ﬂ _ e?

c

wv
A A A _ o ATa
T;w_wl/,u,_w;w_ea T,uzx
E.g. Weitzenbock w?, =0 :
A a Pac ca — A A
Tw,——e)\ebe,, B = = 6

Curvature2-form: R, = dw?, +wi Aw, = % 3 e Ned
Rped = W c — Wihed T Whawiec — W eg — C%yw e
Rab,uz/ = wabzx,u - wabu,z/ + waCuwcbl/ - wacywcb,u

R, = e,"eb,

metric g: g(€a, €p)=8ab, Gu =8ab €%, €5,
Any index behaves properly under coordinate, Lorentz
transformations. In particular, T2 _ scalar under diffeos,

K a
Ay buv

Lorentz tensor



Christoffel connection: I'?,

r_abc - l(gab c 1T 8Bca,b — 8bc, a) + %(Ccab Chea — abc)
R, =dl?, + T3 AT, = ; a3 e Ned

Rabcd_ re bd,c r bc,d +re bdr ec —re bcraed - Cecdrabe

_ a a c a rc
b,uz/ re bu,u _r bu,v +T Cur bv r cur bu
)\;u/ =& e )\R buv
Kab = —Kpa = wap — Tap = Kspc€® & Nape = wabe — Kabe
K abc = 1(Tcaz7 Thca — Tabe) = —Kpac contorsion

= ,Ca A e < Tabc = Kacb - ,Cabc

metric g1 g(ea, ep) =nap=diag(—1,1,...1), gu =nape?, eb,
n : simplifies calculations + it is more natural
zero non-metricity: Nablc = 0 & Wape = —Wpac & Wap = —Wha

Teleparallel condition: R4, _, = 0 set as a constraint in the
action, AR, 4



» R=R—T+2T,,
T = Sabc Tabc — %Tabc Tabc + %Tabc cha o Ta ab chb
Sabc — %,Cbca 4+ %(nac Tddb o 77ab Tddc) _ Sacb

T scalar under diffeos and Lorentz scalar (splitting: the same)
= A A .
> Ga“ = 64:‘{' %(esal; )g - 2ta'u :d%ﬂ_‘_ %(esa'u )7)\ - 2Ja'u
t,? = (S Tepd — 7S Tebcd3)e,
b= G2 Toxp — %S"A” TJ,\/,(SZ GR energy-momentum tensor
Jot =M decwbacedu
(e®7). = (e®F) u + ew?c, O — ew<y, 2

(692)., = N2 (A"1)9, (edS).,, Fock-lvanenko covariant
derivative

sz — (Ol =1/ = O
» G, =0 (in vacuum): (et,’')., =0, (&a"), =0
» Eqm of f(T),... also Lorentz tensors

> w,p : easier calculations, Lorentz invariance, energy issues



Gauge theory (of translations)

» x? (tangent Minkowski) , e, =%, xa:/\ab*b
a _ a__ Aa b a _ pAa b
wi, =0 . e? =N 0x)dx" & e, = NxP
a __ a_ ,a a b a __ a _
e/#—CD,p; —xM—l—wbﬂx , TW—O, bwj—O
J— a a — a C J— a
wuu_eagueu ! O‘)b,u_/\c/\b,,u_rbu
a — a a
» E? =e H,—l—A "
_ b _ _
> 0x? =ePPpx? =¢? | 0:A7, = —D e
(spacetime metric gauge independent)
>
a _ pa a a b a b
Ty =By =B + W, By —wp By

=D,E, —DE?,
=A, =AW AP — Wy AP
=9,A%, — @VAEH = FaW
(torsion is field strength of gauge field)
» Lagrangian T A T,



Teleparallel equivalent of Einstein gravity

> Sen = ﬁf,v, Ly,
L1 = (Di—z)!eal,,,aDﬁal‘” AeB3A...AeP =R xl

(D =201 L1 = (D —2)' L1 + d(€a,..0p K2 A € A ... A €7P)
+ €3, K2 N d(e® A ... A eP)
F €ay...0p (T A K2 4 7L A T2
+EILNAK2)N eB AL NP

L1=L1 + ﬁeal___achalc AK@2 N e® AL A e
1

Dy sk AT AL N %)

_l’_



» Teleparallel condition R? = 0
Li=—T— g d(€ay..apK3% N € A .. A €%0)

1
T = me‘.,l___‘.,DICalc A2 N e®B A ... AeP

=Te'A..neP

T = ]Cabclccba _ Iccaalccbb
> 55‘2 :_ﬁfMT:_ﬁfMdeeT
> D] = EICD‘Z +_wac AP — (=1)PP2 AwS,
Rab — Rab + chab + Icac A ,ch
T2 = De?, DT? = R% A eb
DR?, =0
D203 = R, A\ &F — 2 A RS,
De? =0



Teleparallel equivalent of Gauss-Bonnet gravity

> G = R?— 4R RM + Ryyp R
Seg = ﬁfM Lo
Ly = (01—4)!6a1...aD7_3"’132 ARB% Ne® A...A\e® =G x1
» Lo=Te — ﬁdB
1
Te= (D—4)! €ay...ap (Icalc AN /\’Ca3d/\lcd34
—2KAA2 A LB AKCE S AT
+2K22 ADKB AKNe® A ... NeP

=Tceln..neP

Te = (KA, K2 K™ K1 — 202 K™ e K™

NS0] S LT o oL

aiay a3 ~eay abcd
+2K ak ebk C‘d)(§31323334



e(R?— 4R, R"™ + Ry RHF\) = e T +total diverg.

> E_gD:M topological invariant = TéD:4) topological invariant
TP = d(3272Mp + B) -
My = —#eabcdna(&ﬂlbc A Dn? + %Dnb A Dn¢ A Dn?) second
Chern form, nn, = ¢ = +1, ﬁ_gD:4) = 3272dM,
2
> Sfle”.w] = 5k JuTe = 54z fyd®e To
S%[e"’u,wabu] diffeomorphism and Lorentz invariant
» Weitzenbock connection w?, . =0 :

(2 _ ; a ca a da
Stel - 2(D_4)!H2D/A;a1...aD(,C lc/\’C 2AKC 3d/\IC 4

—2KCAR2 AKCTAKE AT
22 AKB NAK)Ne® A... Ne®P

5562,) diffeomorphism invariant



F(T, Tg) gravity

> S =55 d%eF(T, To)

difFerent than F(T), F(R, G) gravities
EGB: F(T,Tg)=-T+aTg
2k50¢S = [dPx (eFr0e T + eFr e T + Fde)

> 0.5=0 :
2L, HBP) —2j, I, (e HI?Plf @2 HIPl) ), (e? HP)
+4C ] e € HI) 4 (T2 4207 ) HP = (1)1
+ (F=TFr—TGFr, )9 =0

(vp)(v1, s Vp—1) = (v, V1, oy Vp—1), P2 = ie,(eY A A eD)



Fr

i a bai a2 ap—1
°H _(D_2)!631-..3D,1]C e*...e
Fr.
‘G a bay y-an ca3z a4 ap_1
D)l P aap LT e
+ Eal,,,aD/Caalle"’Z]Ca334e35meaD
- eabal...‘;D,Qlcalclccdlcd'32 e ... eh—2
ab 3 p— o
te€ a1...aD,2DK: ICK: 293, . eD-2
a bay j~a2233 ja4  a3D-1
te€ al...aD,lDIC IC e"...e )
1
— € D(F bai grazas qas  map-—1
(D—4)1€ 2201 (FroKPHKH2% e, e?0-1)
Fr
= aL caz a3 ap—1
. —(p_2) coe
ha (D_:.})!691---30,13’C CIC € e
Fr
+ G (,Ca1clccazlca3d,cda4 _ 2’Cala2’Ca3C/CCd/Cda4

GRS
+2KNRDICH L) 6. %0



D = 4, Weitzenbdck : H?® = H2b<y . h? = hoby,
o H?b¢ — Fr(neictd, — xcbea) 4 Frell
P e o Kbkp ,qur +eqar ,Cakp Jcbd 12, ,dep ,qur) Ko,
I ecprteabkdlcfdp(lckfnt_ %kachtr)
4 ePrteak ot (IC . ]Cbk )]

€PN g | (FrolPAC) 4 Frg Clpkc 10|

la
e h?t = Fre g€ qule ICfC
2(H[ac]b+H[ba]c_ H[cb]a) C+2(H[ac]b+H[ba]c_ H[cb]a)CddC

+ (2H[ac]d+Hdca)Cde+4H[db]c C(dc)a+ TaCdHcdb - hab
+(F=TFr—TgFr)n®* =0



F(T, Tg) cosmology
> Sior = #[ dxe F(T,Tg) + Sm
> ds? = —NV2(t)de2 + a%(t)3yzdxl oo

> F — 12H?Fr — TGFr, + 24H3Fr, = 2k%p

. . 2 . .
F —4(H +3H?)Fr — AHF1 — TgFr, + 35 65T + 8H?Fr, = —2x°p

Same equations with variation of the minisuperspace
Lagrangian w.r.t. a, N

» For F(T,Tg)=F(T):
F —12H*Fr = 2K2p _
F —4(H +3H?)Fr — 4HFr = —2x2p

>» F(T, Tg)=—-T+ (T, Tg): _
6H? +f - 12H2 fr— TGfTG + 24H3fTG = 2H2p
2(2H + 3H?) + f — 4(H + 3H?)fr — 4Hfr — Tgfr,

2

+3H

TGf7.-G + 8H2f%6 = —2K%p



2

> H? =% (p+ ppE)
. 2
H = —%(p+p+ ppoe + PoE)

1 :
poE = —55(f = 12H?fr — Tefr, +24Hfr,)

1 . .
PoE = 5 | f — 4(H + 3H?)fr — AHfr — Tgfr,
2

+3H

Tefre +8H fr,

poe + 3H(ppe + ppe) =0

_ PDE
WDE = oo



Specific cases

> TGNT2, TN\/T2+,82TG

F(T,Te)=-T+ VT2 +BTc+a1T? +aaT/[Tg|
e (31, 3> dimensionless (no new mass scale at late times)
e F can describe in unified way both inflation and late-times

acceleration



» Early-times inflationary (de-Sitter exponential) solutions for
various parameter choices, without explicit cosmological
constant term. Friedmann equations accept analytic solutions
with H = constant for T, T¢ ~ const.

104
—~
= ]
CU |
1074
E|
107 :
200
t
Figure: Four inflationary solutions corresponding to a) oty = —2.8,
g Yy P g

apy = 8, [‘31 = 0001, ﬂg =1 (b/ack—so/id), b) a1 = —2, ay = 8,
51 =0.001, B, =1 (red-dashed), c) an =8, ap = 8, 51 = 0.001,
B2 =1 (blue-dotted), d) ay =20, ap =5, 1 =0.001, S, =1
(green-dashed-dotted).



» Late-times evolution with Q,, decreasing with Q,,0 ~ 0.3, and
Qpe =1 —Q,, increasing. wpg in the regime.

0.8+
G
0.6 _-Q
0.4 oo Q

0.2 T T T 1

1.2 T T T 1

Figure: Upper graph: The evolution of the dark energy density
parameter Qpg (black-solid) and the matter density parameter Q,
(red-dashed), as a function of the redshift z, with a; = 0.001,

ap = 0.001, By = 2.5, B2 = 1.5. Lower graph: The evolution of the
corresponding dark energy equation-of-state parameter wpg.

(Ho = 1, and we have imposed Qo = 0.3, Qpeo =~ 0.7 at present.)



» Late-times evolution with Q,, decreasing with Q,,0 ~ 0.3, and
Qpe =1 —Q,, increasing. wpg in the regime or
exhibits the phantom-divide crossing.

0.8
G
0.6
041

0.2

-2.04

Figure: Upper graph: The evolution of the dark energy density
parameter Qpg (black-solid) and the matter density parameter Q,
(red-dashed), as a function of the redshift z, with oy = 0.001,

ap = 0.001, By = 2.6, B2 = 2. Lower graph: The evolution of the
corresponding dark energy equation-of-state parameter wpg.



» Other more general forms
F(T,Tg)=—-T+f(T?>+ B2T¢)
6H? + f — (24H> T+ B TG)f + 245, H3 2T T+ B2 Tg) "
= 2/<;2p
2(2H + 3H?) + f — [8(H+3H*)T+8HT + (> T¢|f’

28, T . . . .
n {[ %HG —8HT] QT T+82T¢)+86H2RT T45 TG)}f”
+ 852H2(2TT + B2 TG)2f/,/ = —2H2p

> F(T, T6) = =T+ B1(T?>+ BaTg) + B3(T? + Ba T)?
fourth-order torsion terms for early times



» Early-times inflationary solutions. More efficient inflation than
before (more e-foldings in less time) due to the higher-order
terms.

Figure: Five inflationary solutions corresponding to a) f; = —0.01,
By =1, B3 = —1, B4 = —2 (black-solid), b) B; = —0.1, B> = 1,

B3 = =2, B4 = =2 (red-dashed), c) 1 = —0.01, B, =1, B3 = —1,
B4 = —5 (blue-dotted), d) B, = —0.01, B, =1, B3 = —6, B4 = —6
(green-dashed-dotted), e) B; = —0.01, B, = 1, 5 = —10,

Ba = —10 (yellow-dashed-dotted-dotted).



Dynamical systems analysis

» X' = f(X), X column vector of auxiliary variables, N = In a
X' =0 & X, critical points
X=X.+U, U =Q-U to first order
eigenvalues of Q determine the type and stability of X,

» F(T,Tg) = —T + a1/ T? + ay T¢ late-times modification

. V3agh? {a3H + 9asHH + (3 - 202)az + 9] H}

K" PDE = D3/2
pDE_al{(2a2+3)[a2(10a2—51)—18]H4+a2[4a2(5a2—21)—90]H2 H-5403 H2}HH
K2 V/3D5/2

a10dHii V3aradHA? B 204104%/:/[2(@2—3)H2H+2a2H2—|—(6a2—|—9)H4}
V/3D3/2 D5/2 \/3D5/2
V3ai(az—3) (202 +3)?H?

+ D5/2

D = 3H? 4 2a5(H + H?)



> auxiliary variables

D 20 H
X = W—\/HT@*m)
K2 pm
3H?

Q=
> autonomous system
x [3a1x? — 6(1—Qp)x + 1 (3—4a2)]
B 200100
Qm (3x% + a2 + 30w — 3)
a2

/
X =

Q, = -

phase space {(x,Qm)|x € [0,00), Q2 € [0, 0]}
5 3(1—X2
, 200
Qpe = ”3HDQE =1-—Q,, dark energy density parameter

2 —
2g =14 3(WnQm + wpeQpe) = wpe = Sk +§3:_(?g,iv_v’i’)9’" =

dark energy equation-of-state parameter
dust matter, w,, = 0

»g=-1- % = deceleration parameter




Finite phase space analysis

Cr. P. X Qm Existence Stability
Py 1-% | Qm < ar < 3,01 > 2\/(3&5{:12)2 or Stable spiral for an < 3 and
=2 _ R Y
ap 5 or 32V/3 (71&2 3360(#288)2 <o <0or
a2< 8 ar < (3(534;22% a1 < 0,a; < & (168 — 36v/6) ~ 1.124.
Saddle otherwise (hyperbolic cases).
P, x 0 a<3,0<a <4 /555 or Stable node for az < 0, 0<al<2\/5§2“g
a1 #0, ap = % or or E < <3, a1 <2 (3;(32:!62))2
az>%,al<0 orap >3, a; <0.
Unstable node for 0 < ap < %, 0<a; < ,/373702.
Saddle otherwise (hyperbolic cases).
Ps3 X3 0 a < ,0<og < ,/ﬁ or Stable node for a; > 0, > 6
ap > %, a; >0 Unstable node for ap < 0,0 < a; < \/7
Saddle otherwise (hyperbolic cases).
Py 0 0 Always Unstable node for % <az<3.
Saddle otherwise (hyperbolic cases).

Table: 1. The critical points of the autonomous system. Existence and
stability conditions.




Properties of solutions

l Cr. P. l QDE l q l WDE l
Py 1-Qm % 0 Dark Energy - Dark Matter scaling solution
P> 1 q2 | Wpe2 Decelerating solution for

3 3
@ <0, 355 <o < /375 or
O<0z2<%7 O<a1§,/3_—iazor

a1 #0, ap =3 or

3 3 , 3 3
7 <@ <3, a<0o0raz> 3, Tom; <a; <0.
Quintessence solution for
3 3
a2§7§.0<a1<3_72a20r

_3 _/3(202+3) 3
53 <ax <0, W<a1<mor

3 3
§<a2§3,a1<mor

3(2a2+3) 3]
ap >3, — (02-3)2 <o < 305"

De Sitter solution for

_3 _ 3(2a2+3) _ _  [3QRx+3)
53<@<0,a1= T3 O @ >3, a1 = (=3 -

Phantom solution for
3 § 3(2a2+3) _ /3(20243)
3<@®<0,0<m < (=37 O @2 >3, 01 < Tea=37

Table: 2. The critical points of the autonomous system and the
corresponding values of Qpg, g and wpe. In the last column we
summarize their physical description.




Qpe

WDE

Properties of solutions

P3

a3

WDE3

Decelerating solution for

a; <0, 0< g < or

3
3—4ap

3 3 3
O<O{2<z,m<(¥1§ 374020r

3 3
4= m <3 o> 55
Quintessence solution for

3 3(222+3) 3
O<0£2<§, W<a1<—mor

3 3(2a2+3
5§G{2<3,0{1> ﬁ

De Sitter solution for 0 < ap < 3, a3 = ,/%.

Phantom solution for

0<ap<3,0<a < 4/320t3)

(2-3)° orap >3, a3 > 0.

Py

2
Wl

Decelerating solution for ap > 0.
Quintessence DE dominated solution for ap < —%.
De Sitter solution for apy = 7%.
Phantom solution for —% < ap <0.

Table: 2. The critical points of the autonomous system and the
corresponding values of Qpg, g and wpge. In the last column we
summarize their physical description.




e g < 0 acceleration, g > deceleration, g = —1 de Sitter solution
e wpe > —1 quintessence-like , wpg < —1 phantom-like
e Qpe = 1 dark-energy dominated universe, Qpe < 1 scaling

» Point P; : Stable (attractor)
Qpe ~ Q2 = DE/DM scaling solution (alleviates coincidence
problem)
Disadvantage: wpe = 0, no acceleration (maybe the today
universe has not yet reached the asymptotic regime)

» Point P, : Stable
Dark energy dominated universe, can be accelerating
wpe quintessence/cosmological constant/phantom regime
Good candidate for the description of universe as its future
attractor

» Point P53 : Similar to P,

» Point P, : Unstable, similar characteristics to P>



Phase space analysis at infinity

Dynamical system non-compact = Fixed points at infinity

e Poincare projection method: x = =~ cosf , Q0 = ;7 sin0
0e€0,5].relo,1)

e Critical points at infinity (x — 400 or Q, = +00) «w r — 17
o (r=..,0=.)forr—1" ,setf =0=06=..

3(1—2r+ r2sin26)

q:

205(1 — r)?
az(l—r)> =3 (1 —2r+ r’sin?0)
Wpg = .
3a(1 —r)[r(sinf + 1) — 1]
1—r(1+sinf)

1—r



Fr. P. ‘ 0 Stability ‘ QpE ‘ q ‘ WpE ‘
Q1 0 saddle point 1 | —sgn(az)oo |—sgn(ag)oo
Q> |arctan (%) | unstable ap > 0| —oo | —sgn(az2)oo | sgn(az)oo

stable ap < 0
Q3 % numerical elabor| —oo % 0

Table: 3. The critical points of the autonomous system at infinity,
stability conditions, and the corresponding values of Qpg, g, and wpe.
All points correspond to a form of future, past, or intermediate

singularity, depending on the parameters

e 3 critical points
e (9, Q3 can be stable. Close to them Q,, > 1 (comparison with
growth-index observations?)

e Cr. P. correspond to Big Rip, sudden, or other forms of

singularities, depending on whether the singularity is reached at
finite or infinite time, and on their observable features.



Examples
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e

P, dark-energy dominated dS attractor, wpg = —1 (P4 saddle)
No stable point at infinity, so no form of singularity (Q; saddle
point, Q3 is unstable)

The dashed curve marks the region above which Q,, > 1 (and

universe might result to future singularities)
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P> attractor, phantom solution
@, attractor, future singularity
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3, ap =

> a1 =




P53 attractor, quintessence solution

Q3 attractor, future singularity



Non-minimal scalar field

s——1 [deT— /dee [(1 — §T>g“”8u¢8y¢+ Vv
2“2D 2

e Corresponds to Rg"”0,¢ 0,¢ (ghosts)

e f(¢)T does not work due to presence of rf equation

e Here, 2nd order eqm. Somehow, corresponds to

G"0,¢ 0,¢ (for background cosmology the same)

e Other couplings of 0,,¢ 0,¢ with quadratics (or higher) T,,»

e Find spherically symmetric solutions in which the presence

of the torsion could leave a signature on the solution

e /|¢] introduces a new length scale



» Egm for vielbein
2 VvV, R ]' VK.
<%—4§¢,p¢vp) (652 e™) et + o(5 T 5" o )|
i A VA K i P SA A A
+ 46| 5eT0,u0 +5,M(6.06™) | + (56,0870 — b0 + V63)
2 s dca Ab
- (%—4&;57,)(;5 p) eS"wpqgce,"e”, =0

Adopt wzpe =0



» Egm for the scalar field

[e(1 —2¢6T)gH] W ed—¢ =0

ds®> = —N(r)*dt> + K(r)"2dr® + R(r)*dQ?
Realize through

e, = diag (N(r), K(r)~Y, R(r), R(r) sinf)



>

| (i P L AR g

R "“RK KR
8£¢,2R’<R/ 2N’)+ 1 <¢/z_ﬂ>

N K2 }(/2 / !
1 \rR' /R 2N 1
+2<25¢/2 K2K2)[R<R+/N)/_K2—Rl2]/:0” )
TR L R
Ko+e =0

(R’+2N’)]}’_N_R2dv _o

2 2R/
. {KNR¢[1+4§K A+ K o

R

tt, rr,00,0r, scalar



e Invariance under r-reparametrizations, i.e. r — #(r), K — K9,
N — N, R— R, ¢ — ¢, so one constraint is expected

e 4 functions N(r), K(r),¢(r), V(r) [R(r) not counted: choice of
radial gauge]; 5 eqm - 1 constraint = 4 eqm = unique solution

e On the contrary, in the curvature-based theories, the absence of
r eqm leads to 3 eqm for 4 unknowns



» Integro-differential system

» Master Equation

d2y 1 /dY dY
28 T () yo(2- VI 43y 40
ax2 Y(dx) ( Y>d +3Y + 2
_ ]_2—Y dx —|-3Y 3y2e—2x _
X 1+ 3Y + 22

2
»Y=(}£) x=mR, ¥=%



A wormhole-like special solution

6¢ dR?

2 2p3e—1 4,2
ds® = —C°R dt +§—R2

+ R%dQ?, e=+1

O(R) = e1[6(R) — 1]

Here, v depends on &



e Scalar field finite everywhere from R =0 to R? = ¢

e The potential becomes infinite at the origin R =0

e Ricci and Kretchmann scalars diverge at the origin and are finite
elsewhere

e For R? = ¢, it is N non-vanishing ~» wormhole (R? = ¢
“throat”)

e Here “interior” wormhole from origin to “throat”; standard
wormhole from “throat” to “mouth” or infinity



Asymptotically AdS linearized solution

dR?

R?+cmR>™™ + 512%5) + rit

ds? = —N2dt? + oTE + R?dQ?

)
3(1-20)

@

- [R3 Y(R) e217u2J(R)] %

N(R)

2|n|v? o0

— R—m R—2 R—Z
31=20) "™ t3pa—2n" 9

u=R?2

dR v? du
RYIR) 2 ) sty + omut™% o+ oy + 5



(1+20)12 3-—mcm " 3-80 1 " 3=l c
2(1-=20) 2m2 R™  6(1—20)pv2 R?2 ~ 2nuv? Rt

dR
¢ = ¢1+61V/
\/ 2|77\ R2—|—cmR2_m—|— .

20 Cy
3120 T R2




Asymptotic behaviour

1-2
pr g+ M20)
vy 2|
, :
V(qz;) (1420)v - (B3—m)em —my 3(12Ln2‘o) ¢
2(1—20) 2nv2
¢ =e1(o—¢1)
. B 2
42, = — A _pagpe  SU—20) AR g2 2

- 3(1-20) 2[n[* R2



4
e Different |A| = x2|V(R — 00)| , [Aeg| = 2L
I/\eff‘ _ 1
Al 26r%0? _ . .
e £, v here are unrelated since the asymptotic solution is general

(not special)

e ¢ only appears through the combination £x21/2, remnant of
Tg"" 0,90, ¢

e AdS behaviour here (instead of dS) creates extra attraction force
at large distances

e next term R2~™ (1/2 < 2 — m < 2) expresses another large
distance scale where gravity is modified (e.g. linear potential)




Conclusions

> The teleparallel approach to gravity may be useful from
various aspects.

» We have constructed the teleparallel equivalent T¢ of
Gauss-Bonnet gravity in arbitrary dimensions.
» New classes of gravities F(T, Tg) can be defined.

» We performed for such a modification a cosmological analysis,
which can provide in principle the today acceleration and the
inflation.

» A dynamical systems analysis has revealed various kinds of
finite attractors or future singularities.

» For a non-minimally derivative of a scalar field with the torsion
scalar, spherically symmetric solutions have been found.



