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Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

Quantization of a scalar field
Bogolyubov coefficients

The Lagrangian density of a scalar field in curved spacetime

L =
√
−g
{1

2
[
gκλ∂κφ∂λφ

]
− V (φ)

}
leads to the equation of motion Euler-Lagrange

�φ+ Vφ = 0 where �φ = (−g)−1/2∂µ
[
(−g)1/2gµν∂νφ

]
(1)

We define the inner product of the solutions of (1) as

(φ1, φ2) ≡ i

∫
(−g)1/2g0ν(φ∗1(x)∂νφ2(x)− φ2(x)∂νφ

∗
1(x)

)
d3x

We expand the field φ in terms a complete set of modes χk

φ(x) =
∑

k

(
âkχk(x) + â†kχ

∗
k(x)

)
with χk satisfying

(χk, χk′) = δkk′ (χ∗k, χ
∗
k′) = −δkk′ (χk, χ

∗
k′) = 0

The nk excitations are given by

|nk〉 =
1√
nk!

(â†k)nk |0χ〉
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Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

Quantization of a scalar field
Bogolyubov coefficients

The transformation connecting two different sets of complete modes χk , ψk is
the Bogolyubov transformation

χk(x) =
∑
k′

(
αkk′ψk′(x) + βkk′ψ

∗
k′(x)

)
The scalar field φ can be expanded in terms of any of the two sets

φ̂(x) =
∑

k

(
âkχk(x) + â†kχ

∗
k(x)

)
φ̂(x) =

∑
k′

(
b̂k′ψk′(x) + b̂†k′ψ

∗
k′(x)

)
One can prove that

âk =
∑
k′

(
α∗kk′ b̂k′ − β∗kk′ b̂

†
k′
)

An observer in |0ψ〉 vacuum using the χk modes can count the average
number of χ particles

〈0ψ|n̂χk |0ψ〉 ≡ 〈0ψ|â
†
k âk|0ψ〉 =

∑
k′

|βkk′ |2

Knowledge of the Bogolyubov coefficients βkk′ is essential in order to calculate
the χ particles produced

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

Quantization of a scalar field
Bogolyubov coefficients

The transformation connecting two different sets of complete modes χk , ψk is
the Bogolyubov transformation

χk(x) =
∑
k′

(
αkk′ψk′(x) + βkk′ψ

∗
k′(x)

)
The scalar field φ can be expanded in terms of any of the two sets

φ̂(x) =
∑

k

(
âkχk(x) + â†kχ
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∗
k(x)

)
φ̂(x) =

∑
k′

(
b̂k′ψk′(x) + b̂†k′ψ

∗
k′(x)

)
One can prove that
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Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

Inflation is an exponential expansion of the universe taking place after
the Big Bang
It seems necessary in order to understand observables that cannot be
explained by the Big Bang model.
The scalar field φ which drives the inflation is called inflaton. It is
homogeneous and only time-dependent

We consider a FRW Universe with a metric ds2 = dt2 − a2(t)dx2 and a scalar
field with the action

Sφ =

∫
d4x
√
−g
[ R

16πG
+

1
2

gµν∂µφ∂νφ− V (φ)
]

with V (φ) =
1
2

M2
φφ

2

Einstein equations

Gµν = −8πGTµν

Friedmann equation

H2(t) ≡ ȧ2(t)
a2(t)

=
8π

3M2
pl

[ φ̇2

2
+ V (φ)

] acceleration equation

ä(t)
a(t)

= − 4π
3M2

pl

(ρφ + 3pφ)

equation of motion −→ φ̈(t) + 3H(t)φ̇(t) + Vφ = 0
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ä(t)
a(t)

= − 4π
3M2

pl

(ρφ + 3pφ)

equation of motion −→ φ̈(t) + 3H(t)φ̇(t) + Vφ = 0

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

Inflation is an exponential expansion of the universe taking place after
the Big Bang
It seems necessary in order to understand observables that cannot be
explained by the Big Bang model.
The scalar field φ which drives the inflation is called inflaton. It is
homogeneous and only time-dependent

We consider a FRW Universe with a metric ds2 = dt2 − a2(t)dx2 and a scalar
field with the action

Sφ =

∫
d4x
√
−g
[ R

16πG
+

1
2

gµν∂µφ∂νφ− V (φ)
]

with V (φ) =
1
2

M2
φφ

2

Einstein equations

Gµν = −8πGTµν

Friedmann equation

H2(t) ≡ ȧ2(t)
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Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

inflation ≡ ä(t) > 0 ≡ d
dt

(H−1(t)
a(t)

)
< 0

We define the dimensionless time τ = Mφt and the dimensionless field
ψ(τ) = φ(τ)/Mφ

We use the slow - roll approximation φ̈� 3Hφ̇ and φ̇2 � V (φ)

Friedmann equation→ H2(τ) ' 4π
3
ψ2(τ)

equation of motion→ 3H(τ)ψ̇ ' −ψ(τ)

Inflation ends at
τf = 2

√
3πψ0 − 1

We solve the initial equations numerically

Friedmann equation→ ȧ2(τ)

a2(τ)
=

4π
3
(
ψ̇(τ)2 + ψ2(τ)

)
equation of motion→ ψ̈(τ) + 3H(τ)ψ̇(τ) + ψ(τ) = 0

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

inflation ≡ ä(t) > 0 ≡ d
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Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

Dimensionless inflaton ψ in terms of the dimensionless time τ

10 20 30 40
Τ

-0.2

0.2

0.4

0.6

0.8

1.0
ΨHΤL

slow - roll

numerical

Until the end of inflation the numerical
and the approximated solution coincide

After the end of inflation the field ψ
oscillates at the bottom of the potential
producing particles until it discharges

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

Dimensionless inflaton ψ in terms of the dimensionless time τ

10 20 30 40
Τ

-0.2

0.2

0.4

0.6

0.8

1.0
ΨHΤL

slow - roll

numerical

Until the end of inflation the numerical
and the approximated solution coincide

After the end of inflation the field ψ
oscillates at the bottom of the potential
producing particles until it discharges

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

Dimensionless inflaton ψ in terms of the dimensionless time τ

10 20 30 40
Τ

-0.2

0.2

0.4

0.6

0.8

1.0
ΨHΤL

slow - roll

numerical

Until the end of inflation the numerical
and the approximated solution coincide

After the end of inflation the field ψ
oscillates at the bottom of the potential
producing particles until it discharges

0.8 3.5
ΨHΤL

VHΨL

JCAP 1308 (2013) 027 Gravitational Particle Production in Gravity Theories with Non-minimal Derivative Couplings



Quantum Field Theory in Curved Spacetimes
Inflation

Particle production after inflation

The inflaton field
Non-minimal derivative couplings of the inflaton

We consider the action

Sφ =

∫
d4x
√
−g
{ R

16πG
+

1
2

gµν∂µφ∂νφ+
1
2
λ1Gµν∂µφ∂νφ− V (φ)

}
Friedmann equation

H2(τ) =
4π
3

[
ψ̇2(τ)

(
1− 9λ1H2(τ)

)
+ ψ2(τ)

]
(λ1 = λ1M2

φ)

equation of motion(
1− 3λ1H(τ)2

)
ψ̈(t) +

(
3H(τ)− 3λ1H(τ)

(
2Ḣ(τ) + 3H2(τ)

))
ψ̇(τ) +ψ(τ) = 0
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The complete action of the theory is

S =

∫
d4x
√
−g

M2
plR

16π
+

∫
d4x
√
−g
{1

2

[(
gµν + λ1Gµν

)
∂µφ∂νφ−M2

φφ
2
]

+
1
2

[(
gµν + λ2Gµν

)
∂µX∂νX − (M2

X + ζR(t) + g2φ2(t))X2
]}
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Equation of motion for the quantum field X[
1− 3λ2M2

φ
ȧ2(τ)

a2(τ)

]
χ̈k(τ) + 3

[ ȧ(τ)

a(τ)
− λ2M2

φ

( ȧ3(τ)

a3(τ)
+

2ȧ(τ)ä(τ)

a2(τ)

)]
χ̇k(τ)+[ k2

M2
φa2(τ)

− λ2k2 2ä(τ)a(τ) + ȧ2(τ)

a4(τ)
+

m2
X

M2
φ

+
ζR(τ)

M2
φ

+
g2ψ2(τ)M2

pl

M2
φ

]
χk(τ) = 0
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Writing χk(τ) = f (τ)hk(τ) we get a more “convenient” form

ḧk(τ) +
[
B(τ)− Ȧ(τ)

2
− A2(τ)

4

]
hk(τ) = 0

where

A(τ) = 3
ȧ(τ)
a(τ)
− λ2

(
ȧ3(τ)
a3(τ)

+ 2 ȧ(τ)ä(τ)
a2(τ)

)
1− 3λ2

ȧ2(τ)
a2(τ)

(λ2 = λ2M2
φ)

B(τ) =

k2

M2
φ

a2(τ)
− λ2k2 2a(τ)ä(τ)+ȧ2(τ)

a4(τ)
+

M2
x

M2
φ

+ ζR(τ)

M2
φ

+
g2ψ2(τ)M2

pl

M2
φ

1− 3λ2
ȧ2(τ)
a2(τ)
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For the differential equation

ḧk(τ) + Ω2(τ)hk(τ) = 0

there is a solution

hk(τ) =
αk(τ)√
2Ω(τ)

e−i
∫

Ω(τ ′)dτ +
βk(τ)√
2Ω(τ)

ei
∫

Ω(τ ′)dτ

if we define the Bogolyubov coefficients through a system of differential
equations

α̇k(τ) =
Ω̇k(τ)

2Ωk(τ)
exp

[
2i

∫
Ωk(τ ′)dτ ′

]
βk(τ)

β̇k(τ) =
Ω̇k(τ)

2Ωk(τ)
exp

[
− 2i

∫
Ωk(τ ′)dτ ′

]
αk(τ)
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The quantity |βk|2 is the mean number of particles in state k.

The system should obey the relations Ω2 > 0 and Ω̇
Ω
� 1 (adiabatic

approximation)

After the end of inflation we enter the phase of matter domination,(
a(τ) = τ 2/3)

There are no particles before the end of inflation
(βk(τf ) = 0 , αk(τf ) = 1)

We measure the X field production at the time τflat when the
Bogolyubov coefficients have become time-independent

We set the value of the inflaton mass Mφ = 10−6Mpl

λ1 and λ2 are the couplings of the Einstein tensor with the kinetic
terms of the fields φ and X respectively

We study the quantity |βk|2 in terms of the mass MX for different values
of the couplings
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stronger coupling λ2
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