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• Non-polynomial Higher Derivative Gravity.

• Super-renormalizable & Unitary (no ghost) Quantum Gravity.

• Finite Quantum Gravity.

• Quantum Supergravity & M-Theory.

• Super-renormamizable Completion of the Starobinsky Theory.

• Non-local Massive Gravity.

• Regular Black Holes and Collapse.

Outline
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This quantity may be regularized adopting dimensional regularization where the spacetime dimension
D is treated as a regularizing parameter. Equation (66) is analytical for Re(D) < 0 and, replacing D
with D + ✏, we have the following divergent contribution to the e↵ective action

W
div

= �
+1
X

k=0

t
� (D+✏�k)

2

0

Ak(�)
D + ✏� k

= �1
✏
AD(�). (67)

In (67) only AD(�) is non zero but in general for an higher derivative theory all the even coe�cients
ak may occur in the e↵ective action, while the constants a(n)

k in (65) depend on the particular theory
under consideration, namely

W
div

= �
+1
X

k=0

8

<

:

t
� (D+✏�k)

2

0

cD Ak(�)
D + ✏� k

+
t
� (D+✏�k�2)

2

0

cD�2

Ak(�)
D + ✏� k � 2

+ · · ·+ t
� (D+✏�k�D)

2

0

c
0

Ak(�)
D + ✏� k �D

9

=

;

= �1
✏

[cD AD(�) + cD�2

AD�2

(�) + cD�4

AD�4

(�) + · · ·+ c
0

A
0

(�)] . (68)

The constants ci (i = D,D � 2, D � 4, . . . , 0) also depend on the particular theory, while the odd
coe�cients a

1

, a
3

, a
5

, . . . vanish for a manifold M without boundary because there are no local in-
variant operators with an odd number of derivatives for pure gravity in odd dimensions. The rational
nature of the non-polynomial entire functions and the locality of the counterterms are crucial to this
purpose. This is true for supergravity, as well [39]. We conclude that all the amplitudes with an
arbitrary number of loops are finite and all the beta functions are identically zero in odd dimension,

�an = �bn = �
c(n)

i
= 0 , i 2 {1, . . . , (number of invariants of order N)} , n = 1, . . . , N. (69)

It follows that we can fix to zero all the couplings c(n)

i and set to constants the couplings an(µ), bn(µ),
namely

c(n)

i = const. , an(µ) = const. = ãn , bn(µ) = const. = b̃n. (70)

Due to the result (69) and using (27, 45, 70), the Lagrangian for gravity in odd dimension simplifies
to

L
odd

=
p|g| 2�2

⇣

R�GMN �(⇤) RMN
⌘

, �(⇤) := V (�⇤
⇤

)

�1�1

⇤ . (71)

4 Conclusions

In this paper, we focused on a class of extended theories of gravity of “non-polynomial” or “semi-
polynomial” nature in multidimensional spacetime. The non-polynomiality of the classical action is
embedded in an entire function (form factor) whose role is twofold. On the one hand, the form factor
is able to improve the convergence of the loop amplitudes making the theory super-renormalizable
in any dimension (only one-loop divergences survive); on the other hand, the form factor ensures
unitarity avoiding the onset of ghosts and other degrees of freedom in the spectrum. Moreover, the
tensorial structure of pure gravity enables us to conclude that the theory is finite in odd dimension,
because there are no local invariant operators with an odd number of derivatives which could serve
as counterterms in odd dimension. The action in odd dimension is very simple because we can
consistently fix to zero many of the coupling constants. It is therefore worth repeating once again the
structure of the action,

S =
Z

dD
oddx 2�2

p

|g|


R�GMN

✓

eH(�⇤
⇤

) � 1
⇤

◆

RMN

�

eH(z) = |p�+N+1

(z)| e
1

2

[�(0,p2

�+N+1

(z))+�E] , p�+N+1

(z) : real polynomial of degree � + N + 1 .

Applications and implications

• Regular (multi-horizon-)black holes.

• Terminating black holes.

• Super-accelerating bouncing cosmology.

• Fractal properties of the spacetime.

J. Moffat, L.M., P. Nicolini.

C. Bambi, D. Malafarina, L.M..

G. Calcagni, L.M., P. Nicolini.

G. Calcagni, L.M., P. Nicolini.



Einstein Gravity completion

• General covariance ,

• ∇
aGab = 0

, • GRAVITY = CURVATURE ,

• low energy limit (MP → +∞) → Einstein’s gravity,

• non singular classical solutions. Ex. Black holes (r ∼ 0) :

ds2
≈ −(1 − rα)dt2 +

dr2

1 − rα
+ r2dΩ(2) , α > 0.

• Renormalizability and/or super-renormalizability,

G(p) →
1

pn
, n ! 4 in the UV,

• Unitary quantum theory (ghosts free),

G(p) ∝
f(p)

p2
, f(p) does not have poles.

• Decreasing of the “spacetime dimension” at small distances :

ds " 2.

• Second order differential equations,

• General covariance,

• ∇
aTab = 0,

• GRAVITY = CURVATURE .

α ! 2 .

Classical

Gravity

Quantum

Gravity

G. R.

• non singular classical solutions. Example: black holes (r ∼ 0) :

ds2
≈ −(1 − rα)dt2 +

dr2

1 − rα
+ r2dΩ(2) , α > 0.

Guiding Principle: Desingularization

Guiding Principle: Desingularization



Classical Guiding Principle

Quantum Guiding Principle

Desingularization

Super-renormalizability or Finiteness



Complete Quantum Gravity

S =

∫

d
4x

√

−g

[

2

κ2
R +

α

2
R2

+
β

2
RµνRµν

]

S =

∫

d4x
√

−g

[

2

κ2
R +

1

2
R α(−!Λ)R +

1

2
Rµν β(−!Λ)Rµν

]

Krasnikov, Tomboulis, M.

Stelle Theory



Super-renormalizable Multidimensional Gravity

L = R + Rµνγ2(!)Rµν + R γ0(!)R + Rµνρσγ4(!)Rµνρσ + O(R3) . . . . . . · · · + RD/2

︸ ︷︷ ︸

finite number of terms

.



Motivations for Extra-dimensions

1. Finite quantum (super)gravity;

2. well defined “Kaluza-Klein grand-unification”;

3. Completion of 11-dimensional supergravity and “M-Theory”;

4. universality of the quantization procedure;

5. gauge/gravity correspondence, ADS/CFT.



LD−Ren = a1R + a2R
2

+ b2R
2
µν +

· · · + axR
X/2

+ bxR
X/2
µν + cXR

X/2
µνρσ + dXR !

X

2
−2

R . . .

For X = D this theory is renormalizable but not unitary.

10

Multidimensional Renormalizable Gravity
L.M. (2012).

aX

bXbXbXbX

bX



S =

∫

dDx
√

|g|
[

2 κ−2 R + λ̄ +
N

∑

n=0

(

an R (−!Λ)n R + bn Rµν (−!Λ)n Rµν
)

+R h0(−!Λ)R + Rµν h2(−!Λ)Rµν
]

+ O(R3) · · · + RN+2

︸ ︷︷ ︸

Finite number of terms

.

h2(z) =
V (z)−1

− 1 −

κ
2
Λ

2

2
z

∑N

n=0
b̃n zn

κ2Λ2

2
z

,

h0(z) = −

V (z)−1
− 1 + κ2Λ2 z

∑N

n=0
ãn zn

κ2Λ2 z
.

The theory is renormalized at some scale µ0 :

ãn = an(µ0) , b̃n = bn(µ0) .

The Action
L.M. (2012).

N =
D − 4

2
.

,



Coupling constants :

The Lagrangian

L =
√

|g|

[

2κ−2

(

R − Gµν

V −1(−!Λ) − 1

!
Rµν

)

+ c
(1)
1 R3 + · · · + c

(N)
1 RN+2

+
N

∑

n=0

(

(an − ãn)R (−!Λ)n R + (bn − b̃n)Rµν (−!Λ)n Rµν

]

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

αi ∈ {κ−2
D

, λ̄, an, bn, c
(1)
1 , · · · , c

(N)
1 } ≡ {κ−2

D
, λ̄, α̃n}.



Coupling constants :

The Lagrangian

L =
√

|g|

[

2κ−2

(

R − Gµν

V −1(−!Λ) − 1

!
Rµν

)

+ c
(1)
1 R3 + · · · + c

(N)
1 RN+2

+
N

∑

n=0

(

(an − ãn)R (−!Λ)n R + (bn − b̃n)Rµν (−!Λ)n Rµν

]

N. V. Krasnikov (1988), A.T. Tomboulis (1997), L.M. (2011)

αi ∈ {κ−2
D

, λ̄, an, bn, c
(1)
1 , · · · , c

(N)
1 } ≡ {κ−2

D
, λ̄, α̃n}.

]



L =
√

|g|

[

2κ−2

(

R − Gµν

V −1(−!Λ) − 1

!
Rµν

)

+ (a − ã)R2 + (b − b̃)RµνRµν

)

]

D = 4

14



L =
√

|g|

[

2κ−2

(

R − Gµν

V −1(−!Λ) − 1

!
Rµν

)

+ (a − ã)R2 + (b − b̃)RµνRµν

)

]

D = 4
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1. V (z)−1 is real and positive on the real axis and it has no zeroes on the whole complex plane

|z| < +∞. This requirement implies that there are no gauge-invariant poles other then the

transverse massless physical graviton pole.

2. There exists Θ > 0 such that

lim
|z|→+∞

|hi(z)| → |z|γ+N or lim
|z|→+∞

|V (z)−1| ∝ |z|γ+N+1 ,

γ ! D/2 for D = Deven and γ ! (D − 1)/2 for D = Dodd ,

for the argument of z in the following conical regions

C =
{

z | − Θ < argz < +Θ , π − Θ < argz < π + Θ
}

, for 0 < Θ < π/2 .

Transcendental Entire functions hi(z)



The Form Factor

V −1(z) = |pγ+N+1| e
1
2 [Γ(0,p

2
γ+N+1(z))+γE],

lim
z→+∞

e
1
2 [Γ(0,p

2
γ+N+1(z))+γE] = e

1
2
γE ,

lim
z→+∞

(

V (z)−1

e
γE
2 |z|γ+N+1

− 1

)

zn = 0 ∀n ∈ N .



O
−1(k) =

P (2)

k2
[

1 + k2κ2

2

(

∑N

n=0 bn(−!Λ)n + h2(−!Λ)
) ]

−
P (0)

2k2
{

D−2
2 − k2κ2

[

D

4

(

∑N

n=0 bn(−!Λ)n + h2(−!Λ)
)

+ (D − 1)
(

∑N

n=0 an(−!Λ)n + h0(−!Λ)
) ]} .

18

Propagator and Unitarity

ãn = an(µ0) , b̃n = bn(µ0),

O
−1(k) =

V (k2/Λ2)

k2

(

P (2)
−

P (0)

D − 2

)

.

We assume that the theory is renormalized at some scale µ0 and we set :

gµν = ηµν + κhµν

Coincidence limit : O−1(x, y)SRQG ∝ |x − y|2γ+2N in the UV ,

O−1(x, y)Einstein ∝
1

|x − y|2
.



Entire function :

lim
|z|→+∞

|hi(z)| → |z|γ+N ,

γ ! D/2 for D = Deven ,

γ ! (D − 1)/2 for D = Dodd ,

V (z) := e−H(z)

H(z) =
1

2

[

γE + Γ
(

0, z2γ+2N+2
)]

+ log(zγ+N+1) .

Power counting renormalizability :

O−1(k) ∼ 1/k2γ+2N+4 for large k2 ,

δeven = DevenL − (2γ + 2N + 4)I + (2γ + 2N + 4)V

= DevenL − (2γ + Deven)I + (2γ + Deven)V

= Deven − 2γ(L − 1).

δodd = Dodd − (2γ + 1)(L − 1) .

|zγ+N+1|

Leading Interactions

Propagator

A(L) ∼

∫

(dD
k)L

(

1

k2γ+2N+4

)I
(

k
2γ+2N+4

)V

=

∫

(dk)DL

(

1

k2γ+2N+4

)L−1

.

Lint ∼ R...hi(−!)R... → k
2
k

2γ+2N
k

2
.

G(k) ∼
1

k2γ+2N+4
.

Power Counting



String Field Theory

20



Recall further that the Newton constant has dimension [GN ] = �2 so that gravity is non-

renormalizable. At high energies, higher order corrections become important. General relativity

is badly behaved in the ultraviolet. We can understand this intuitively. Consider a high-energy

collision between two point particles in GR+QFT:

At high-enough energies these can produce a microscopic black hole. The fact that we can have a

black hole as an intermediate state tells us that the process can be very badly nonlinear. On the

other hand, let us consider a cartoon picture of string scattering:

Higher energy strings have more oscillations, so our picture of a very high energy collision now

looks like the collision of two bird nests. When the two bundles hit they produce another bird

nest. This resulting tangled ball of yarn is larger than the Schwarzchild radius so that the collision

is actually very soft. Voilá, no poor UV behavior!

So is that all? String theory gives us hope for a finite theory of quantum gravity with some

prospect of lower-energy model building? No! The extremely rich structure of string theory has

led to many important insights into a range of topics, such as

• nonperturbative dualities• gauge theories (e.g. at strong coupling)

• mathematics (e.g. algebraic geometry)

• black holes (e.g. entropy from microscopic counting of states)

• holography, i.e. the AdS/CFT correspondence

• theories on branes.In this course we will not spend too much time talking about strings as a fundamental theory.

Instead, we will focus on topics that are the ‘bonuses’ that we get from studying a quantum theory

of strings. These bonus topics have become a major reason for the growing appeal of string theory

to a broad audience, including mathematicians, particle phenomenologists, and condensed matter

theorists.
Now let’s gets our hands dirty. Allons-y!

3

SSFT =

∫

dDx

(

1

2
φiKij(!)φj − vijk φ̃iφ̃j φ̃k

)

.

Field redefinition : φ̃i ≡ eα′ ln(3
√

3
4 )

2 !φi := eα̃′
! φi ,

SSFT =

∫

dDx
(1

2
φi ! e−α̃′

! φi − vijkφi φj φk

)

.

Propagator : D(k) ∝
e−α̃′k2

k2
.

21

String field theory effective action



V (z) = exp(−zn) ,

O
−1(k) =

e−(k2/Λ2)n

k2
,

A
(L)

!

∫

(dDk)L

(

e−k2n/Λ2n

k2

)I
(

ek2n/Λ2n

k2
)V

=

∫

(dk)DL

(

e−k2n/Λ2n

k2

)I−V

=

∫

(dk)DL

(

e−k2n/Λ2n

k2

)L−1

.

Stringy Renormalizable Gravity

V (z) = e
−(−z)n

n = 1 =⇒ V (−!Λ) = e−!/Λ
2

,

A(L) in convergent for L > 1.

I = V + L − 1

(Krasnikov 1988)



Unitarity

Form factor V (z) .

⇒

Origin of the Form Factor

• Underling extended objects

(spectral dimension can be a useful tool (G. Calcagni, L.M..)

• Wetterich-Reuter renormalization group equation.



Renormalization



set 1. R, R2, R3, . . . , RN+2
∼ hn(∂2h), hn(∂2h)2, hn(∂2h)3, . . . , hn(∂2h)N+2 ,

set 2. R... hi(−!Λ)R... ∼ hn(∂2h)hi(−!Λ)hm (∂2h) = hn(∂2h)

[

+∞
∑

r=0

cr(−!Λ)r

]

hm (∂2h) ,

Vertexes

(k1, e1)

(k2, e2)

(k3, e3)

(k4, e4)

(k5, e5)

(k6, e6)

(kn, en)

!1!2

!3

!4

!5 !6

!n

divergence : k2N+4

∫
dD!

1

!N+2(! − k)N+2
∼

1

ε
k2N+4 ,

counterterms :
1

ε
RN+2

... ,
1

ε
R...!

NR... ,
1

ε
R...R...!

N−1R... , . . . .

A(L=1)
∼

∫
dD!

V1(!1, k1, e1)V2(!2, k2, e2) . . .Vn(!n, kn, en)

!2
1 V −1(!1) !2

2 V −1(!2) . . . !2
n V −1(!n)

,

One loop amplitudes



Lren = L + Lct

= L + 2(Zκ − 1)κ−2 R + (Zλ̄ − 1)λ̄ + (Z
c
(1)
1

− 1)c(1)
1 R3 + · · · + (Z

c
(N)
1

− 1)c(N)
1 RN+2

+
N

∑

n=0

(

(Zan
− 1)an R (−!Λ)n R + (Zbn

− 1)bn RMN (−!Λ)n RMN

)

,

Lct =
1

ε

[

βκR + βλ̄ +
N

∑

n=0

(

βan
R (−!Λ)n R + βbn

RMN (−!Λ)n RMN

)

+ β
c
(1)
1

R3 + · · · + β
c
(N)
1

RN+2

]

,

Beta functions : βκ, βλ̄, βan
, βbn

, β
c
(1)
1

, · · · , β
c
(N)
1

,

(Zαi
− 1)αi =

1

ε
βαi

=⇒ Zαi
= 1 +

1

ε
βαi

1

αi

,

αi(µ) ∼ αi(µ0) + βi log

(

µ

µ0

)

.

αi ∈ {κ−2
D

, λ̄, an, bn, c
(1)
1 , · · · , c

(N)
1 } ≡ {κ−2

D
, λ̄, α̃n}.



LYM =
1

2g2(t)
TrF 2

∼ dAdA + g(t)A2dA + g2(t)A4 ,

g(t)−2 = g−2
o + βgt ,

LG =
1

κ2
D(t)

(

R − Gµν
eH(−!Λ) − 1

!
Rµν

)

∼ dh dh + κD hdh dh + O(κ2
D) ,

κ−2
D (t) = κ−2

D o + βκD
t .

Yang-Mills & Gravity

Asymptotic Freedom

All the beta-functions do not depend on the gauge fixing condition.

2



O
−1
R (k) ∼

V
(

k2/Λ2
)

k2

{

1 + V (k2/Λ2) [c0k2 + · · · + cNk2N+2 ] log
(

k2

µ2

)} .

Quantum Corrections to the Propagator



Could we make quantum gravity finite?

• Supergravity ,

• Higher-dimensional gravity.

βαi
≡ 0



Finite Quantum Gravity

< ∞dD∞



No counter terms in Odd dimension

βan
= βbn

= β
c
(n)
i

= 0 , i ∈ 1, . . . , (number of invariants of order N) , n = 1, . . . , N.

βi = 0

Lodd =
√

|g| 2κ−2
(

R − Gµν γ(!)Rµν
)

, γ(!) := V (−!Λ)−1
−1

!
.

One loop effective action

One loop effective action:

Wdiv = −

1

ε
[cD AD(∆) + cD−2 AD−2(∆) + cD−4 AD−4(∆) + · · · + c0 A0(∆)] = 0 ,

Al(∆) ∝

∫
dDxRl/2

µνρσ .

Finite Quantum Gravity in Odd dimension

1 − Loop



Quantum M-Theory



+
1

4κ2
10

∫

d10x
√
−g

(

1

2!
FMN eH(−!Λ) FMN +

1

4!
F̃MNPQ eH(−!Λ) F̃MNPQ

)

−
1

4κ2
10

∫

B2 ∧ F4 ∧ F4 + . . . .

−

1

2 3!
HMNP e

H(−!Λ)
H

MNP

)

Non-polynomial Type IIA Supergravity

SSugraIIA
10 =

1

2κ2
10

∫

d10x
√

−g

(

R + GMN

eH(−!Λ)
− 1

!
RMN

+ 4∂MΦ eH(−!Λ) ∂M
Φ

H(−!Λ) ≡ −!Λ

• General Covariance ,

• String Field Theory Form Factor : V −1(!Λ) = e−!Λ ,



SFinite Sugra
11 =

1

2κ11

∫

d11x
√
−g

(

R − GMN
eH(−!Λ) − 1

!
RMN −

1

4!
FMNPQ eH(−!Λ) FMNPQ

)

−
1

12κ11

∫

A3 ∧ F4 ∧ F4 + . . . .

−

1

2 3!
HMNP e

H(−!Λ)
H

MNP

)

+
1

4κ2
10

∫

d10x
√
−g

(

1

2!
FMN eH(−!Λ) FMN +

1

4!
F̃MNPQ eH(−!Λ) F̃MNPQ

)

−
1

4κ2
10

∫

B2 ∧ F4 ∧ F4 + . . . .

OxidationOxidation

O
x
id

a
ti
o
n

R
e
d
a
tio

n

34

Finite Quantum Supergravity in 11D and 10D

SSugraIIA
10 =

1

2κ2
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∫

d10x
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R + GMN

eH(−!Λ)
− 1

!
RMN

+ 4∂MΦ eH(−!Λ) ∂M
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++

+

G. Calcagni, L.M.



Check of the conjecture (Gross & Witten)

SIIA,IIB =

∫

d
10

x
[

R − GµνR
µν

+ R
4
µνρσ

]

SIIA,IIB =

∫

d
10

x
[

R + R
4
µνρσ

]

e−!
− 1

!
≈ −1 , R + Gµν

e−!
− 1

!
Rµν

→ R − GµνRµν .
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Completion of 11-Dimensional Supergravity

The FIELD Theory of Everything



Starobinsky Inflation
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Potential−driven slow−roll inflation
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Figure 1: 2-dimensional observational constraints on potential-driven slow-roll inflation in the (ns, r) plane with the number of e-
foldings N = 60 and the pivot wave number k0 = 0.05 Mpc−1. The bold solid curves represent the 68%CL (inside) and 95%CL
(outside) boundaries derived by the joint data analysis of Planck+WP+BAO+high-!, whereas the dotted curves correspond to
the 68% and 95% contours constrained by Planck+WP+BAO. In both cases the consistency relation r(k0) = −8nt(k0) is used.
We show the theoretical predictions for the models: (i) chaotic inflation with the potential V (φ) = λφn/n for general n (thin
solid curve) and for n = 4, 2, 1, 2/3 (denoted as black circles), (ii) natural inflation with the potential V (φ) = Λ4[1 + cos(φ/f)]
for general f , (iii) hybrid inflation with the potentials V (φ) = Λ4 + m2φ2/2 (“hybrid1”) and V (φ) = Λ4[1 + c ln(φ/µ)]
(“hybrid2”), (iv) very small-field inflation with the potential V (φ) = Λ4(1− e−φ/M) in the regime M < Mpl, and (v) power-law
inflation with the exponential potential V (φ) = V0e−γφ/Mpl . The dotted line (r = 10−2) corresponds to the boundary between
“large-field” and “small-field” models. For comparison, we also show the theoretical prediction of the Starobinsky’s model
f(R) = R +R2/(6M2) (denoted as “R2 inflation”).

A. Potential-driven slow-roll inflation

For the potential-driven slow-roll inflation with the Lagrangian (50), the consistency relation between r(k0) and
nt(k0) is given by r(k0) = −8nt(k0). With the CosmoMC code, we perform the likelihood analysis by varying the
three inflationary parameters PR(k0), ns(k0) and r(k0) together with other cosmological parameters.
The thick dotted curves in Fig. 1 correspond to the 68% and 95% CL boundaries in the (ns, r) plane constrained

by the joint data analysis of Planck, WP, and BAO. These bounds are similar to those derived by the Planck mission,
in spite of the different choice of k0 (see Fig. 1 in Ref. [13]). The thick solid curves represent the 68% and 95% CL
borders derived by the joint data analysis of the Planck, WP, BAO, and high-! data. Adding the high-! data leads
to the shift of ns toward smaller values and the slight decrease of r. While the Planck group showed the bounds
obtained from the Planck, WP, and high-! data in Fig. 1 of Ref. [13], we also included the BAO data. The latter
gives tighter bounds on ns than those constrained by the former. In the following, we place observational constraints
on each inflaton potential.

1. Chaotic inflation

For the power-law potential (55), ns and r are given by Eq. (56). The quartic potential (n = 4) gives the values
ns = 0.951 and r = 0.262 for N = 60, which is outside the 95%CL contour. For the quadratic potential (n = 2)
with N = 60, we have ns = 0.967 and r = 0.132. This is close to the 95%CL boundary constrained by the

Shinji Tsujikawa, Junko Ohashi, Sachiko Kuroyanagi, Antonio De Felice
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Super-renormalizable or Finite

completion of the Starobinsky theory

• Lorentz invariance .

• At least quadratic in the curvature .

• Unitarity (no ghosts) .

• (Super-)renormalizable or finite ,

• Particle content: graviton & gravi-scalar .

• No energy conditions violation from the matter side .

F. Briscese, L.M., S. Tsujikawa



S =

∫

dDx
√

|g|
[

2 κ−2 R + λ̄ +
N

∑

n=0

(

an R (−!Λ)n R + bn Rµν (−!Λ)n Rµν
)

+R h0(−!Λ)R + Rµν h2(−!Λ)Rµν
]

+ O(R3) · · · + RN+2

︸ ︷︷ ︸

Finite number of terms

.

2N + 4 = Deven ,

2N + 4 = Dodd + 1 .

Multidimensional Lagrangian

h2(z) =
V2(z)−1

− 1
κ2

D
Λ2

2
z

−

N∑

n=0

b̃n zn ,

h0(z) = −

V0(z)−1
− 1

κ2
D

Λ2 z
−

N∑

n=0

ãn zn .

V2(z)−1 = eH2(z) ,

V0(z)−1 =
(D − 2)

2(D − 1)
eH0(z)

(

1 −

Λ2z

m2

)

+
D

2(D − 1)
eH2(z) .

F. Briscese, L.M., S. Tsujikawa
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2

κ2
D
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R − Gµν
V −1

2
− 1

!
Rµν +

1

2
R

V −1

0
− V −1

2

!
R

)

,

V −1

0
− V −1

2
=

D − 2

2(D − 1)

[

eH0

(

1 +
!

m2

)

− eH2

]

.

Lagrangian

Lagrangian

V2(z)−1 = eH2(z) ,

V0(z)−1 =
(D − 2)

2(D − 1)
eH0(z)

(

1 −

Λ2z

m2

)

+
D

2(D − 1)
eH2(z) .
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k2eH2

+
m2P (0)

k2eH0(k2 − m2)(D − 2)

=
P (2)

k2eH2

−
P (0)

(D − 2)k2eH0

+
P (0)

(D − 2)eH0(k2 − m2)
.

Propagator

eH2
→ zγ2+N+1 ,
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→ zγ0+N+2 ,

Hi(z) =
1
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γE + Γ
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0, p2
γi+N+1(z)

)

+ log
(

p2
γi+N+1(z)

)]

,

γ2 = γ ,

γ0 = γ − 1 .
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= akµkν
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+ cijε
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i + f ik̃(µε

ν)
i .

A = g2T µν
{ P

(2)
µν,ρσ

k2eH2p(n2)
−

P
(0)
µν,ρσ

(D − 2)k2eH0p(n0)

}

T ρσ

= g2







TµνT µν
−

T 2

D−1

k2eH2

−

T 2

(D−1)

(D − 2)k2eH0

(

1 −

k2

m2

)







.

ResA
∣

∣

∣
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{
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D − 2
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∣

∣

∣

∣

∣

k2=0

= g2

[

(cij)2 −
(cii)2

D − 2

]

∣

∣

∣

∣
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k2=0

> 0 for D > 3.

Residue in k
2

= 0 :

Residue in k
2

= m
2

:

ResA
∣

∣

∣

k2=m2

= g2 T 2e−H0(m2/Λ2)

(D − 1)(D − 2)
> 0 for D > 2 .

Unitarity
M. Veltman, P.v. Nieuwenhuizen, A. Acciolly, A. Azeredo,

F.S. Bemfica, M. Gomes, B. Pereira-Dias, J.A. Helayël-Neto.
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Starobinsky Limit

L =
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κ2
D

[
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(

R
!2γ+2N−1

Λ4γ+4N
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FRW

L = R − G
µν

(

V (!Λ)−1 − 1

!

)

Rµν → L = R + εR
2

F. Briscese, A. Marciano’, L.M., E. Saridakis.

V (!Λ) = e
−!Λ .

• Lorentz invariance ,

• at least quadratic in the curvature ,

• unitarity (no ghosts) ,

• (super-)renormalizable or finite ,

• no energy conditions violation from the matter side.

Starobinsky theory from String Theory



If you accept this theory as effective “string field theory”

string theory is in excellent health

Therefore . . .



Massive Gravity



L =
2

κ2

√

|g|

{

R − Gµν

[

(! + m2)eH(−!Λ) − !

!2

]

Rµν

}

,

eH(z) = |pγ+N+1(z)| e
1
2 [Γ(0,p2

γ+N+1(z))+γE] .

Propagator

Lagrangian

O
−1(k) =

e−H(k2/Λ2)

k2 − m2

(

P
(2)

−
P (0)

(D − 2)

)

.

M. Jaccard, M. Maggiore, E. Mitsou [arXiv:1305.3034 [hep-th]].

S. Tsujikawa, L.M.



V −1(!)Gµν + O(R2) = 8πGN Tµν ,

or

Gµν + O(R2) = 8πGN
!

! + m2
e−H(−!Λ) Tµν .

Equations of Motion

Tµν → Tµν + (const.) gµν .Invariance :Invariance :Invariance :

Invariance :

Tµν → Tµν + (const.) gµν ,Tµν → Tµν + (const.) gµν ,

Tµν → Tµν + (const.) gµν ,

This theory realizes the Afshordi-Smolin idea.

This theory realizes the Afshordi-Smolin idea.

M. Jaccard, M. Maggiore, E. Mitsou [arXiv:1305.3034 [hep-th]].
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√

|g|
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R − Gµν

[

(! + m2)eH(−!Λ) − !

!2

]

Rµν

}

,

eH(z) = |pγ+N+1(z)| e
1
2 [Γ(0,p2

γ+N+1(z))+γE] .

Non-local Gravity from Macro to Micro

S. Tsujikawa, L.M.



Summary and Conclusions

L. MODESTO 13

This quantity may be regularized adopting dimensional regularization where the spacetime dimension
D is treated as a regularizing parameter. Equation (66) is analytical for Re(D) < 0 and, replacing D
with D + ✏, we have the following divergent contribution to the e↵ective action

W
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t
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2

0

Ak(�)
D + ✏� k

= �1
✏
AD(�). (67)

In (67) only AD(�) is non zero but in general for an higher derivative theory all the even coe�cients
ak may occur in the e↵ective action, while the constants a(n)

k in (65) depend on the particular theory
under consideration, namely
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[cD AD(�) + cD�2
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(�) + cD�4

AD�4

(�) + · · ·+ c
0

A
0

(�)] . (68)

The constants ci (i = D,D � 2, D � 4, . . . , 0) also depend on the particular theory, while the odd
coe�cients a

1

, a
3

, a
5

, . . . vanish for a manifold M without boundary because there are no local in-
variant operators with an odd number of derivatives for pure gravity in odd dimensions. The rational
nature of the non-polynomial entire functions and the locality of the counterterms are crucial to this
purpose. This is true for supergravity, as well [39]. We conclude that all the amplitudes with an
arbitrary number of loops are finite and all the beta functions are identically zero in odd dimension,

�an = �bn = �
c(n)

i
= 0 , i 2 {1, . . . , (number of invariants of order N)} , n = 1, . . . , N. (69)

It follows that we can fix to zero all the couplings c(n)

i and set to constants the couplings an(µ), bn(µ),
namely

c(n)

i = const. , an(µ) = const. = ãn , bn(µ) = const. = b̃n. (70)

Due to the result (69) and using (27, 45, 70), the Lagrangian for gravity in odd dimension simplifies
to

L
odd

=
p|g| 2�2

⇣

R�GMN �(⇤) RMN
⌘

, �(⇤) := V (�⇤
⇤

)

�1�1

⇤ . (71)

4 Conclusions

In this paper, we focused on a class of extended theories of gravity of “non-polynomial” or “semi-
polynomial” nature in multidimensional spacetime. The non-polynomiality of the classical action is
embedded in an entire function (form factor) whose role is twofold. On the one hand, the form factor
is able to improve the convergence of the loop amplitudes making the theory super-renormalizable
in any dimension (only one-loop divergences survive); on the other hand, the form factor ensures
unitarity avoiding the onset of ghosts and other degrees of freedom in the spectrum. Moreover, the
tensorial structure of pure gravity enables us to conclude that the theory is finite in odd dimension,
because there are no local invariant operators with an odd number of derivatives which could serve
as counterterms in odd dimension. The action in odd dimension is very simple because we can
consistently fix to zero many of the coupling constants. It is therefore worth repeating once again the
structure of the action,

S =
Z

dD
oddx 2�2

p

|g|


R�GMN

✓

eH(�⇤
⇤

) � 1
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◆

RMN
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eH(z) = |p�+N+1

(z)| e
1

2

[�(0,p2

�+N+1

(z))+�E] , p�+N+1

(z) : real polynomial of degree � + N + 1 .

Gravity Theory

• Non-polynomial Higher Derivative Gravity,

• Super-renormalizable & Unitary (no ghosts) Quantum Gravity.

• Finite Quantum Gravity.

• Quantum Supergravity & M-Theory.

• Super-renormalizable completion of the Starobinsky theory.

• New Non-local Massive Gravity.

• Non-relativistic Quantum Gravity.



• Regular (multi-horizon-)black holes,

• Gravitational collapse and terminating black holes,

• Bouncing cosmology,

• Starobinsky inflation,

• Fractal properties of the spacetime,

• Infrared non-polynomial modifications.
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1

κ2

∫

dtd3xN
√

g
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Kab α(∆)Kab + Kβ(∆)K + a(∆)R − 2λ
]

.

Non-relativistic Quantum Gravity

Non-polynomial Action
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−→ No logarithmic divergences.

One example
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= i

C
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2
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(4π)
D

2
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Γ(D/2)Γ(n)
,
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∫
dDp

1

p2N
≡ 0 for N < D/2 .
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nature of the non-polynomial entire functions and the locality of the counterterms are crucial to this
purpose. This is true for supergravity, as well [39]. We conclude that all the amplitudes with an
arbitrary number of loops are finite and all the beta functions are identically zero in odd dimension,
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4 Conclusions

In this paper, we focused on a class of extended theories of gravity of “non-polynomial” or “semi-
polynomial” nature in multidimensional spacetime. The non-polynomiality of the classical action is
embedded in an entire function (form factor) whose role is twofold. On the one hand, the form factor
is able to improve the convergence of the loop amplitudes making the theory super-renormalizable
in any dimension (only one-loop divergences survive); on the other hand, the form factor ensures
unitarity avoiding the onset of ghosts and other degrees of freedom in the spectrum. Moreover, the
tensorial structure of pure gravity enables us to conclude that the theory is finite in odd dimension,
because there are no local invariant operators with an odd number of derivatives which could serve
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Black Holes



Modified Einstein Equations

61

L =
√

|g|
{

2κ−2

[

R − Gµν

(

eH(−!Λ) − 1

!

)

Rµν

]

,

Gµν + O(R2) = 8πGN e
−H(−!Λ)

Tµν .



Gµν = 8πGN e−H(−!Λ) Tµν ,

∇
µ(e−HTµν) = 0 .

ds2 = −F (r)dt2 +
dr2

F (r)
+ r2Ω2,

F (r) = 1 −

2m(r)

r
.

For r ≈ 0, F (r) ≈ 1 − c m Λ2γ+2 r2γ+1.

γ ! 3 → No Singularity.

ρe("x) := −e−H(−!Λ)T 0
0 = m e−H(−!Λ) δ("x),

m(r) = 4π

∫ r

0
dr′r′2 ρe(r′).

R = c m Λ2γ+2 (2γ + 2)(2γ + 3) r2γ−1,

RµνρσRµνρσ =

= 4 c2 m2 Λ4γ+4
(

4γ4 + 4γ3 + 5γ2 + 4γ + 2
)

r4γ−2 .

Multi-horizons Black HolesTheory I
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Singularity-free Black Holes

in String Field Theory.

P. Nicolini, L.M.



ds2 = −

(

1 −

2m(r)

r

)

dt2 +
dr2

(

1 −

2m(r)
r

) + r2dΩ(2) ,

m(r) = M

[

1 −

Γ
(

3/2; r2Λ2/4
)

Γ(3/2)

]

.
AA

′

B
′ B

r+

r+

r+

r+

r−r−

r− r−

I
+

I
−

I
−

′

I
+

′

r
=

0

r
=

0

r+

r+r+

r+ I
+

I
−

I
+

′

I
−

′

r+r+ I
−

I
−

′

I
+

I
+

′

r−

r−r−

r−

r
=

0

r
=

0

r+r+

h00 = −8πGN

∫

d4y G(x, y)T00 ,

φ(r) = −

GM

r
Erf

(

Λr

2

)

.
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Spacetime Structure

Gravitational Potential

Black Holes
L.M. , J. Moffat, P. Nicolini.
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a!t" for radiation !t0!5 and "!1"

a
2(t) =

2e
−

1

4
Λ2(t−t0)2

Λ
√

π t0
+

(−t + t0) erf
(

Λ(−t+t0)
2

)

t0
.

From the propagator & asymptotic freedom : D(k) ∼
V (k)

k2
.

Radiation :

Terminating Black Holes
C. Bambi, D. Malafarina, L.M.



gµν = ηµν + κ hµν ,

ds2 = gµνdxµdxν = dt2 − a(t)2 δijdxidxj ,

a2(t) = 1 − κh(t) , h(t = ti) = 0 , gµν(t = ti) = ηµν ,

hµν(t) = h(t) diag(0, δij) =: h(t) Iµν ;

h̄µν := h′

µν −
1

2
ηµν h′ λ

λ = h(t) diag(0,−2δij) = −2h(t)Iµν , ∂µh̄µν = 0 ,

˜̄hµν(E,%k) = −2h̃(E)(2π)3δ(%k) Iµν .

O−1(k) =
V (k2)

k2

(

P (2)
−

P (0)

2

)

=⇒ h̄µν(x) = κ

∫

d4k

(2π)4
O−1

µν,ρσ(k)T̃ ρσ(k) e−ik·x ,

h(t) = −
κ

2

∫

d4k

(2π)4
1

k2V −1(k2)
ρ̃(E,%k) e−ik·x =

∫

dE

2π
h̃(E) eiEt .

The Calculation

G. Calcagni, L. M., P. Nicolini.
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Effective Theory

H2
:=

8πG

3
ρeff =
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3
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(
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α
)

where ρ =
ρ0

a4
.
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Cosmology



Super-accelerating bouncing cosmology

in asymptotically-free non-local gravity

gµν = ηµν + κ hµν ,

ds2 = gµνdxµdxν = dt2 − a(t)2 δijdxidxj ,

a2(t) = 1 − κh(t) , h(t = ti) = 0 , gµν(t = ti) = ηµν ,

hµν(t) = h(t) diag(0, δij) =: h(t) Iµν ;

h̄µν := h′

µν −
1

2
ηµν h′ λ

λ = h(t) diag(0,−2δij) = −2h(t)Iµν , ∂µh̄µν = 0 ,

˜̄hµν(E,%k) = −2h̃(E)(2π)3δ(%k) Iµν .

O−1(k) =
V (k2)

k2

(

P (2)
−

P (0)

2

)

=⇒ h̄µν(x) = κ

∫

d4k

(2π)4
O−1

µν,ρσ(k)T̃ ρσ(k) e−ik·x ,

h(t) = −
κ

2

∫

d4k

(2π)4
1

k2V −1(k2)
ρ̃(E,%k) e−ik·x =

∫

dE

2π
h̃(E) eiEt .

The Calculation

G. Calcagni, L. M., P. Nicolini.



The Solution

acl(t) =

∣

∣

∣

∣

t

ti

∣

∣

∣

∣

p

and hcl(t) =
1

κ

[

1 −

∣

∣

∣

∣

t

ti

∣

∣

∣

∣

2p
]

,

κ h(t) = 1 −

(

2

Λti

)2p Γ
(

1

2
+ p

)

√

π
1F1

(

−p;
1

2
;−

1

4
t2Λ2

)

,

a(t) =

(

2

Λti

)p
√

Γ
(

1

2
+ p

)

√

π
1F1

(

−p;
1

2
;−

1

4
t2Λ2

)

.

Radiation p = 1/2 : a(t) =

√

2e−
1

4
Λ2t2

√

π Λti
+

t

ti
erf

(

Λt

2

)

.
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Bouncing



Super-acceleration
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H(t) =
ȧ

a
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pΛ2t

2
1F1
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)

1F1

(
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2
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4
t2Λ2

) .

For t → 0 H(t) ∼
pΛ2

2
t ,

a(t) ∼ e
p

4
Λ

2
t
2

.
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H2
:=

8πG
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ρeff =

8πG

3
ρ

(

1 −

(

ρ

ρcr

)

α
)

where ρ =
ρ0

a4
.

Effective Theory



L = −
γ

2
(κ−2 R + more)
︸ ︷︷ ︸

LR

+ (κ−2R α(!)R + more)
︸ ︷︷ ︸

L
R2

+ κ−2

(

Rµν β(!)Rµν
−

1

3
R β(!)R

)

+ more

︸ ︷︷ ︸

L
C2

.

Supersymmetric multiplet consists of :

• the spin-2 graviton, hµν

• the spin-3/2 gravitino ψµ

• three auxiliary fields S, P and Aµ.

LR = κ−2R + e−1ψ̄µ εµνρσ γ5γνDρψσ +
2

3

(

S2 + P 2 − A2

µ

)

,

LR2 =
1

κ2
Rα(!)R + R̄ · γ "∂ γ α(!) · R − 4 (∂µS)α(!)(∂µS) − 4 (∂µP )α(!)(∂µP ) + 4 (∂µAµ)α(!)(∂νAν),

LC2 = κ−2

(

Rµν β(!)Rµν −
1

3
R β(!)R

)

− ψ̄µ(!δµν − ∂µ∂ν)β(!)

(

Rν −
1

3
γνγ · R

)

−
1

3
Fµνβ(!)Fµν .
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,

,

Quantum Supergravity



〈h h〉 =
P 2

γ!

8 + β(!)!2

4

−
P 0,s

γ!

4 − 3α(!)!2
,

〈ψ ψ〉 = −
P 3/2

$∂
(

β(!)! + γ
2

) +
P 0,s

$∂ (−12 α(!)! + γ)
,

〈AA〉 =
P 1

γ
3 + 2β(!)!

3

+
P 0

γ
3 − 4α(!)!

,

〈S S〉 = 〈P P 〉 =
1

4α(!)! − γ
3

.

Propagators

α(!) := α0 + h0(!) , β(!) := β2 + h2(!) ,

h2(z) =
γ̃(eH(z)

− 1) − 2 β̃2 z

2 z
,

h0(z) = −

γ̃(eH(z)
− 1) + 12 α̃0 z

12 z
.

〈h h〉 = 8
e−H(!)

γ !

[

P 2 −
P 0,s

2

]

,

〈ψ ψ〉 = −2
e−H(!)

γ $∂

[

P 3/2 − 2P 0,s
]

,

〈AA〉 = 3e−H(!)
[

P 1
+ P 0

]

γ−1 ,

〈S S〉 = 〈P P 〉 = −3e−H(!) γ−1.
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Finiteness

∆L=
1

ε

[

xR2

µν
+ yR2 + zRµνρσMµνρσ(Φ) + wN(Φ)

]

,

Rµν −
1

2
R gµν = −κ2Tµν −→ ∆L =

1

ε

[

4xκ4T 2

µν
+ 4yκ4T 2 + zR · M(Φ) + wN(Φ)

]

.

Einstein gravity :

Super-renormalizable gravity :

Eµν = −κ2e−H(!)Tµν ,

Eµν ≡ Rµν −

1

2
gµνR + O(R2) + · · · + O(!a−1R2) ,

〈hµν . . . |∆L|ψµ . . . 〉 ∝ 〈hµν . . . |∆L|hρσ . . . 〉 = 0 on shell .

〈hµν . . . |∆L|hρσ . . . 〉 ∝ 〈hµν . . . |O(R2) + . . . |hρσ . . . 〉 $= 0 on shell .
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Beta function spin− s particle : βs = −(−1)2s

[

(2s)2 −
1

3

]

,

N = 4 supergravity :

β =
∑

s=2,
3

2
,1,

1

2
,0

βs = −

47

3
· 1 +

26

3
· 4 −

11

3
· 6 +

2

3
· 4 +

1

3
· 1 = 0 .

Extended supergravity

N = 4 (or N = 8) extended supergravity is off shell finite.
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Summary and Conclusions

L. MODESTO 13

This quantity may be regularized adopting dimensional regularization where the spacetime dimension
D is treated as a regularizing parameter. Equation (66) is analytical for Re(D) < 0 and, replacing D
with D + ✏, we have the following divergent contribution to the e↵ective action

W
div

= �
+1
X

k=0

t
� (D+✏�k)

2

0

Ak(�)
D + ✏� k

= �1
✏
AD(�). (67)

In (67) only AD(�) is non zero but in general for an higher derivative theory all the even coe�cients
ak may occur in the e↵ective action, while the constants a(n)

k in (65) depend on the particular theory
under consideration, namely

W
div

= �
+1
X

k=0

8

<

:

t
� (D+✏�k)

2

0

cD Ak(�)
D + ✏� k

+
t
� (D+✏�k�2)

2

0

cD�2

Ak(�)
D + ✏� k � 2

+ · · ·+ t
� (D+✏�k�D)

2

0

c
0

Ak(�)
D + ✏� k �D

9

=

;

= �1
✏

[cD AD(�) + cD�2

AD�2

(�) + cD�4

AD�4

(�) + · · ·+ c
0

A
0

(�)] . (68)

The constants ci (i = D,D � 2, D � 4, . . . , 0) also depend on the particular theory, while the odd
coe�cients a

1

, a
3

, a
5

, . . . vanish for a manifold M without boundary because there are no local in-
variant operators with an odd number of derivatives for pure gravity in odd dimensions. The rational
nature of the non-polynomial entire functions and the locality of the counterterms are crucial to this
purpose. This is true for supergravity, as well [39]. We conclude that all the amplitudes with an
arbitrary number of loops are finite and all the beta functions are identically zero in odd dimension,

�an = �bn = �
c(n)

i
= 0 , i 2 {1, . . . , (number of invariants of order N)} , n = 1, . . . , N. (69)

It follows that we can fix to zero all the couplings c(n)

i and set to constants the couplings an(µ), bn(µ),
namely

c(n)

i = const. , an(µ) = const. = ãn , bn(µ) = const. = b̃n. (70)

Due to the result (69) and using (27, 45, 70), the Lagrangian for gravity in odd dimension simplifies
to

L
odd

=
p|g| 2�2

⇣

R�GMN �(⇤) RMN
⌘

, �(⇤) := V (�⇤
⇤

)

�1�1

⇤ . (71)

4 Conclusions

In this paper, we focused on a class of extended theories of gravity of “non-polynomial” or “semi-
polynomial” nature in multidimensional spacetime. The non-polynomiality of the classical action is
embedded in an entire function (form factor) whose role is twofold. On the one hand, the form factor
is able to improve the convergence of the loop amplitudes making the theory super-renormalizable
in any dimension (only one-loop divergences survive); on the other hand, the form factor ensures
unitarity avoiding the onset of ghosts and other degrees of freedom in the spectrum. Moreover, the
tensorial structure of pure gravity enables us to conclude that the theory is finite in odd dimension,
because there are no local invariant operators with an odd number of derivatives which could serve
as counterterms in odd dimension. The action in odd dimension is very simple because we can
consistently fix to zero many of the coupling constants. It is therefore worth repeating once again the
structure of the action,

S =
Z

dD
oddx 2�2

p

|g|


R�GMN

✓

eH(�⇤
⇤

) � 1
⇤

◆

RMN

�

eH(z) = |p�+N+1

(z)| e
1

2

[�(0,p2

�+N+1

(z))+�E] , p�+N+1

(z) : real polynomial of degree � + N + 1 .

Gravity Theory

• Non-polynomial Higher Derivative Gravity,

• Super-renormalizable & Unitary (no ghosts) Quantum Gravity.

• Finite Quantum Gravity.

• Quantum Supergravity & M-Theory.

• Super-renormalizable completion of the Starobinsky theory.

• New Non-local Massive Gravity.

• Non-relativistic Quantum Gravity.



• Regular (multi-horizon-)black holes,

• Gravitational collapse and terminating black holes,

• Bouncing cosmology,

• Starobinsky inflation,

• Fractal properties of the spacetime,

• Infrared non-polynomial modifications.









Other Applications



Motivations :

1. ds ⇐⇒ Gravitational potential ,

2. comparing different approaches to quantum gravity

(CDT and ASQG, M. Reuter et. al.).

Why are we interested in the “spectral dimension of spacetime”?







Spectral Dimension

(probability to diffuse from x′ to x in a time T ),

Average return probability :

Diffusion of a probe particle on a d-dimensional manifold :

Kg(x, x′; T ) = 〈x′| exp(T ∆eff
g )|x〉.

∂T Kg(x, x′; T ) = ∆eff
g Kg(x, x′; T ).

Pg(T ) ≡ V −1

∫

ddx
√

g(x)Kg(x, x; T ) ≡ V −1 Tr exp(T ∆eff
g ) → ds ≡ −2

d lnPg(T )

d lnT
.

G(x, x′) =

∫ +∞

0
dT Kg(x, x′; T ) ∝

∫
d4k eik(x−x′)

∫ +∞

0
dT Kg(k; T ) .

Propagator Heat-kernel

88

Spectral Dimension



89

Kg(k; T ) ∝ e
−k2 h̄(k2/Λ2) T

Pg(T ) ∝

∫
d4

k e
−k2 h̄(k2/Λ2) T

In the UV ds =
4

γ + 2
.
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0
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5

T

d
s

Spectral Dimension Flux

ds(T )

for γ = 3.

UV
D(k) ∝

1

k2 h̄(k2/Λ2)
→

1

k2γ+4



Stringy Renormalizable Gravity

Theory 2

Fractal Properties



h̄2(z) = h̄0(z) ∝ e
z

D(k) ∝
e−k2/Λ

2

k2

K(x, x′; T ) =
e
−

(x−x′)2

4(T +1/Λ2)

[4π (T + 1/Λ2)]2
.

a)

b)
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d
s

ds(T ) =
4 T

T + 1/Λ2
.

T

An Analytically Solvable Example
P. Nicolini, L.M.

Spacetime as a Cantor Set



Fractal Quantum Spacetime

Spin 2 : D(p) ∝
1

p2

[

1 + p2

(

const. × log p2

µ2

)] .
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Entanglement Entropy



Entanglement Entropy

D(p)−1
∼ p2γ+4 and γ + 2 = k ,

S =
A

4l2
P

×
1

ε
2

k

.

{
≈ 1 for k " 1 .
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What is the scale Λ ?

• SRG is an effective theory.

• SRG is asymptotically free.

• Λ is the Graviball mass.

• SRQG is self-complete.
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What is the scale Λ ?

• SRG is an effective theory.

• SRG is asymptotically free.

• Λ is the Graviball mass.

• SRQG is self-complete.
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Fractal Dimension

Theory I
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Hγ(z) =
1

2

[

γE + Γ
(

0, z2γ+2N+2
)]

+ log(zγ+N+1).||zγ+N+1|
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Theory II

H(−!Λ) = −!Λ
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Theory III

γ = 0.
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Supergravity



Why non-locality?



,

104

Non-locality and Non-commutativity
(P. Nicolini, E. Spallucci, S. Alexander, A. Marciano’, L.M.)

[xµ, xν ] = θµν = diag(θ1 εabθ2ε
ab) → θ1 = θ2 := θ := 4/Λ2 .

For a = 1, 2 :

z =
1√
2
(x1 + ix2) , z

† =
1√
2
(x1 − ix2) ,

|α〉 ≡ exp

[
Λ2

4

(

α∗
z − αz

†
)
]

|0〉 ,

z|α〉 = α|α〉 , 〈α|z† = 〈α|α∗ , 〈α|x1|α〉 =
√

2 Reα , 〈α|x2|α〉 =
√

2 Im α ,

hµν(x)=

∫
dp

2p0

[

a(p)†µν〈α|ei
P

2

1
"pi·x̃i |α〉 + h.c.

]

.

〈α|ei
P

2

1
"pi·x̃i |α〉 = e−

P

2

1

!p2
i

Λ2
+i

P

2

1
"pi·"xi ,

〈0|T (hµν(x)hρσ(x′)|0〉 ≡ 〈0|T (〈α|hµν(x)|α〉 〈α′|hρσ(x)|α′〉)|0〉 ∝
∫

d2p
e−

P

2

1

p2
i

Λ2 ei
P

2

1
(xi−x′

i)pi

p2
× TS

︸ ︷︷ ︸

SRQG-Propagator

.



Stochastic fluctuations of the light-cone

Stochastic Spacetime

x̂ = (x0 + ib4,x + b) , xµ = (x0,x) bE = (b4,b) ,

s2

R := 〈s2〉 =

∫
d4bE w(b2

E/l2)[(x0 + ib4)
2 − (x + b)2] = x2

0 − x
2 − l2 ,

with measure : w(b2

E/l2) ,

∫
dw(b2

E/l2) = 1 , dw(b2

E/l2) ! 0 .

Field : φR(x) = 〈φ(x̂)〉 =

∫
d4bE w(b2

E/l2)φ(x0 + ib4,x + b) .

D(x1 − x2) = 〈0|T [φ(x̂1)φ(x̂2)]|0〉 =

∫ ∫
d4b1E d4b2E w(b2

1E/l2)w(b2

2E/l2) ×

×〈0|T [φ(x10 + ib14,x1 + b1)φ(x20 + ib24,x2 + b2)]|0〉

∝

∫
d4p

e−p2

p2
for w(y2) ∝ e−2y2

.

3 Generalized Gordon ansatz

Let us now consider the following ansatz relating the two metrics:

fµ� = �2{gµ� + ⇥ VµV�}. (3.1)

Here V µ is a unit timelike vector with respect to gµ� , so that gµ�V µV � = �1, and

we set Vµ = gµ�V � . Furthermore � and ⇥ are arbitrary functions. Noting that both

metrics must have Lorentzian signature, we see ⇥ < 1. So we can write ⇥ = 1 � �2,

with � ⇥= 0. Furthermore, without any loss of generality we can choose � to be strictly

positive, that is � > 0. Then

fµ� = �2{(gµ� + VµV�)� �2 VµV�}. (3.2)

Mathematically, this ansatz can be thought of a conformal transformation �, combined

with a stretch � along the timelike direction parallel to V . Note that (see figure 1) the

Figure 1. Light cones for the generalized Gordon ansatz: Depending on the value of the

parameter � the foreground light cones lie strictly inside, on top of, or strictly outside the

background light cones.

relative position of the light cones is very strongly correlated.
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