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Outline

• Einstein Quantum Gravity,

perturbative theory and non-renormalizability .

• Complete Quantum Gravity,

perturbative theory and renormalizability,

unitarity/no poltergeists,

spectral dimension flow,

regular multi-horizon black holes solutions.
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Einstein Gravity

A Unique Gravity Dynamics

Gµν + Λgµν = 8πGN Tµν .

• Second order differential equations,

• General covariance,

• ∇
aTab = 0,

• GRAVITY = CURVATURE .



Perturbative 
QG
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Perturbative Quantum Gravity

LEH = −

1

16πGN

√

−g R(g) ,

L ≈ ∂h ∂h + κ h ∂h ∂h + κ
2
h

2
∂h ∂h + κ

3
h

3
∂h ∂h + · · · + κ

n
h

n
∂h ∂h . . . .

√

−g gµν
= go µν

+ κhµν ,

κ2
= 16πGN .

Quantization of the fluctuation h
µν

Tree level amplitudes :



Perturbative Quantum Gravity

Loops diagrams :

D = L d + 2V − 2I,

L : number of loops,

V : number of vertices,

I : number of internal lines in the graph.

Topological relation between V, I and L, L = 1 + I − V,

Superficial degree of divergence of a Feynman diagram

D = 2 + (d − 2)L. For d = 4 → D = 2 + 2L .

S = −
∫

ddx
√

g
[

κ−2 R +
α

ε

∑

m,n

∇nRm

︸ ︷︷ ︸

n+2m=2+(d−2)L

,
]

Regularization :
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Aµ → A(0)
µ

︸︷︷︸

=0

+Aµ ,

LED = −

1

4
F 2(A) + Lm(ψ) + e jµ(ψ)Aµ ,

Quantization of Aµ

LQED = −

1

4
F 2(A′) + Lm(ψ′) + e′ jµ(ψ′)A′µ .

Peturbative

Quantum Gravity
Peturbative

Quantum Electrodynamics

LG = −

1

16πGN

√

−g R(g)

gµν = ηµν + κ hµν ,

LG ≈ ∂h∂h +

∑

n

κ
n
h

n
∂h∂h

LQG = −

√

−g
[

κ−2 R + α1 R2
+ α2 RµνRµν

+α3 R3
+ α4 RµνRµρRν

ρ + . . .
︸︷︷︸

∞ αi

]

.

Quantization of hµν

6



7

Complete Quantum Gravity

• Low energy limit → Einstein’s gravity,

MP → +∞.

• Regular classical solutions. Ex. Black holes (r ∼ 0) :

ds2
≈ −(1 − rα)dt2 +

dr2

1 − rα
+ r2dΩ(2) , α > 0.

• Unitary quantum theory (ghosts free),

G(p) ∝
f(p)

p2
, f(p) does not have poles.

• Renormalizability and/or Super-renormalizability,

G(p) →
1

pn
, n ! 4 in the UV,

• Decreasing of the “spacetime dimension” at small distances :

ds " 2.
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Complete Quantum Gravity

S = −

∫

d4x
√

g
[

αRµνRµν
− βR2 + κ−2R

]

S = −
∫

d4x
√
−g{Rµνα(!Λ)Rµν − Rβ(!Λ)R + κ−2R}



Complete Quantum Gravity

L = −
√
−g

[ β

κ2
R − β2

(

RµνRµν −
1

3
R2

)

+ β0R
2

+

(

Rµν h2 (−!Λ) Rµν −
1

3
R h2 (−!Λ) R

)

− R h0 (−!Λ) R
]

−
1

2ξ
Fµω(−!

η

Λ
)Fµ + C̄µMµνCν .

!Λ :=
!

Λ2
,

F τ = ∂µhµτ : gauge fixing function,

ω(−!Λ) : weight functional,

M τ

α
= F τ

µν
Dµν

α
,

F τ

µν = δτ

µ∂ν , δhµν = Dµν

α ξα = ∂µξν + ∂νξµ
− ηµν∂αξα.
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Action purely quadratic in the gravitational field h
µν

S(2) =

∫

d4k hµν(−k)
(

− [β − β2κ
2k2 + κ2k2h2(k

2/Λ2)] k2 P (2)
µνρσ

(k) + ξ−1 ω(k2/Λ2)P (1)
µνρσ

(k)

+{3 k2 [β/2 − 3β0κ
2k2 + 3κ2k2h0(k

2/Λ2)] + 2ξ−1ω(k2/Λ2)}P (0−ω)
µνρσ (k)

+k2 [β/2 − 3β0κ
2k2 + 3κ2k2h0(k

2/Λ2)]{P (0−s)
µνρσ

(k) +
√

3[P (0−ωs)
µνρσ

(k) + P (0−sω)
µνρσ

(k)]}
)

hρσ(k)

P (2)
µνρσ

(k) =
1

2
(θµρθνσ + θµσθνρ) −

1

3
θµνθρσ,

P (1)
µνρσ(k) =

1

2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ) ,

P (0−s)
µνρσ (k) =

1

3
θµνθρσ , P (0−ω)

µνρσ (k) = ωµνωρσ,

P (0−sω)
µνρσ =

1
√

3
θµνωρσ, P (0−ωs)

µνρσ =
1
√

3
ωµνθρσ,

θµν = ηµν −

kµkν

k2
, ωµν =

kµkν

k2
.
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S(2) =

∫
d4k hµν(−k)Kkin

µνρσ
(k)hρσ(k) ,
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Dµνρσ(k) =
−i

(2π)4
1

k2 + iε

(

2P (2)
µνρσ(k)

β − β2κ2k2 + κ2k2h2(k2/Λ2)
−

4P (0−s)
µνρσ (k)

β − 6β0κ2k2 + κ2k2h0(k2/Λ2)

)

.

Gauge : ξ = 0 .

Graviton Propagator

1

k2(1 + pn(k2))
=

c0

k2
+

∑

i

ci

k2
− M2

i

→ at least one of the ci < 0 → GHOST.

Assume hi(−!Λ) to be a polynomial

hi(−!Λ) CAN NOT be polynomial.

Factorization theorem for polynomial :



Properties of the transcendental entire functions hi

h̄2(z) := β − β2κ
2Λ2z + κ2Λ2z h2(z),

h̄0(z) := β − 6β0κ
2Λ2z + 6κ2Λ2z h0(z),

z := −!Λ.

Deff. :

1. h̄i(z) is real and positive on the real axis, it has no zeroes on the whole complex plane |z| < +∞.

This requirement implies that there are no gauge-invariant poles other than the transverse massless

physical graviton pole.

2. |hi(z)| has the same asymptotic behavior along the real axis at ±∞.

3.There exists Θ > 0 such that

lim
|z|→+∞

|hi(z)| → |z|γ , γ ! 2

for the argument of z in the cones :

C = {z | − Θ < argz < +Θ , π − Θ < argz < π + Θ} for 0 < Θ < π/2.
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Renormalizability

D(k) ∼
1

k2γ+4
,

L(n)
∼ hn

!ηh hi(−!Λ) !ηh → hn
!ηh

(

!η + hm ∂h∂

Λ2

)γ

!ηh .

Propagator and Interaction in the UltraViolet :

Superficial degree of divergence in 4d :

if γ ! 3 only 1-loop divergences exist and the theory is super-renormalizable.

D = 4L − (2γ + 4)I + (2γ + 4)V = 4 − 2γ(L − 1) .

I = V + L − 1

{

k
2γ+4
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Renormalized Lagrangian

• All the coupling must be understood as renormalized at an energy scale µ0 ,

• hi(z) =
+∞∑

r=0

arz
r and the coefficients ar are not renormalized.

LRen = −
√
−g

{β Z

κ2
R + λZλ − β2Z2(RµνRµν −

1

3
R2) + β0Z0R

2

+

(

Rµν h2 (−!Λ) Rµν −
1

3
R h2 (−!Λ) R

)

− R h0 (−!Λ)R
}

.
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Imposing the conditions (1)-(3) we have :

h2(z) =
h̄2(z) − α + α2z

κ2Λ2z
,

h0(z) =
h̄0(z) − α + α0z

6κ2Λ2z
,

h̄i(z) = α eH(z),

H(z) entire function that exhibits logarithmic

asymptotic behavior in the conical region C.

Propagator :

Dµνρσ(k) =
−i

(2π)4
e−H(k2/Λ2)

α (k2 + iε)

(

2P
(2)
µνρσ(k) − 4P

(0−s)
µνρσ (k)

)

.

h2(−!Λ) & h0(−!Λ) functions

The theory is renormalized at some scale µ0 :

α = β(µ0),
α2

κ2Λ2
= β2(µ0),

α0

6κ2Λ2
= β0(µ0).



An explicit realization

H(z) =
1

2

[

γE + Γ
(

0, z2γ+2
)]

+ log(zγ+1) ,

Re(z2γ+2) > 0 ,

or

H(z) =
+∞
∑

n=1

(−1)n−1 pγ+1(z)2n

2n n!
.

!10 !5 0 5 10

0

500000

1.0"106

1.5"106

!h2"z# 2

z

!2 !1 0 1 2

0

5

10

15

20

25

30

35

!h2"z# 2
z

7

!10 !5 0 5 10

0

500000

1.0"106

1.5"106

!h2"z#
2

z

!2 !1 0 1 2

0

5

10

15

20

25

30

35

!h2"z#
2

z

FIG. 1: Plot of |h(z)|2 for z real and α = α2 = 1 (solid line).
In the first plot z ∈ [−10, 10] and in the second one z ∈ [−2, 2].
The dashed line represents the asymptotic limit for large real
positive and negative values of z. The asymptotic behavior is
|h(z)|2 ≈ 1.8 z6.

where the Taylor expansion is the exact one for Arg(z) <
π/8 but we already have a stronger constraint on the
cone C, Arg(z) < Θ = π/(4γ + 4). In particular
limz→0 H(z) = 02.

IV. SPECTRAL DIMENSION

In this section, we calculate the spectral dimension of
the spacetime at short distances, showing that the renor-
malizability, together with the unitarity of the theory,
implies a spectral dimension smaller than one. Let us
summarize the definition of spectral dimension in quan-
tum gravity. The definition of spectral dimension is bor-
rowed from the theory of diffusion processes on fractals
[11] and easily adapted to the quantum gravity context.
Let us study the Brownian motion of a test particle mov-
ing on a d-dimensional Riemannian manifold M with a
fixed smooth metric gµν(x). The probability density for
the particle to diffuse from x′ to x during the fictitious
time T is the heat-kernel Kg(x, x′; T ), which satisfies the

2 We can do a simple choice of the entire function H(z), which gives
rise to a condition stronger than (iii). If we take H(z) = z2, then

h̄2(z) = h̄0(z) = α ez2
, (44)

where again z = −!/Λ2. Another possible choice we wish to
analyze is h̄2 = h̄0 = α ez, because of its connection with the
regular Nicolini-Spallucci black holes [20].
For the functions given in (44), the upper bound in (32) can be
derived as a truncation of the exponentials and the result does
not change: we have divergences at one loop, but the theory is fi-
nite for L > 1. The exponentials in (44) improve the convergence
properties of the theory and the propagator is:

Dµνρσ(k) =
−i

(2π)4
2 e−k4/Λ4

α(k2 + iε)

„

P (2)
µνρσ(k) − 2P (0)

µνρσ(k)

«

. (45)

For h̄i(z) = α exp(z) the exponential in the above propagator is
replaced with exp(−k2/Λ2).

heat equation

∂T Kg(x, x′; T ) = ∆eff
g Kg(x, x′; T ) (46)

where ∆eff
g denotes the effective covariant Laplacian. It is

the usual covariant Laplacian at low energy but it can un-
dergo strong modification in the ultra-violet regime. In
particular, we will be interested in the effective Lapla-
cian at high energy and in relation to the flat back-
ground. The heat-kernel is a matrix element of the
operator exp(T ∆g), acting on the real Hilbert space
L2(M,

√
g ddx), between position eigenstates

Kg(x, x′; T ) = 〈x′| exp(T ∆eff
g )|x〉. (47)

Its trace per unit volume,

Pg(T ) ≡ V −1

∫

ddx
√

g(x)Kg(x, x; T )

≡ V −1 Tr exp(T ∆eff
g ) (48)

has the interpretation of an average return probability.
Here V ≡

∫

ddx
√

g denotes the total volume. It is well
known that Pg(T ) possesses an asymptotic expansion for
T → 0 of the form Pg(T ) = (4πT )−d/2

∑∞
n=0 An T n. The

coefficients An have a geometric meaning, i.e. A0 is the
volume of the manifold and, if d = 2, A1 is then propor-
tional to the Euler characteristic. From the knowledge of
the function Pg(T ) one can recover the dimensionality of
the manifold as the limit for small T of

ds ≡ −2
d lnPg(T )

d lnT
. (49)

If we consider arbitrary fictitious times T , this quantity
might depend on the scale we are probing. Formula (49)
is the definition of fractal dimension we will use.

From the bare graviton propagator (39) we can easily
obtain the heat-kernel and then the spectral dimension.
In short, in the momentum space the graviton propaga-
tor, omitting the tensorial structure that does not affect
the spectral dimension, reads

D(k) ∝ 1

k2 h̄(k2/Λ2)
. (50)

We also know that the propagator (in the coordinate
space) and the heat-kernel are related by [16]

G(x, x′) =

∫ +∞

0
dT Kg(x, x′; T )

∝
∫

d4k eik(x−x′)

∫ +∞

0
dT Kg(k; T ), (51)

where G(x, x′) ∝
∫

d4k exp[ik(x−x′)]D(k) is the Fourier
transform of (50). Given the propagator (50), it is easy to
invert (51) with the heat-kernel in the momentum space,

Kg(k; T ) ∝ exp[−k2 h̄(k2/Λ2)T ], (52)
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Spectral Dimension

(probability to diffuse from x′ to x in a time T ),

Average return probability :

Diffusion of a probe particle on a d-dimensional manifold :

Kg(x, x′; T ) = 〈x′| exp(T ∆eff
g )|x〉.

∂T Kg(x, x′; T ) = ∆eff
g Kg(x, x′; T ).

Pg(T ) ≡ V −1

∫

ddx
√

g(x)Kg(x, x; T ) ≡ V −1 Tr exp(T ∆eff
g ) → ds ≡ −2

d lnPg(T )

d lnT
.

G(x, x′) =

∫ +∞

0
dT Kg(x, x′; T ) ∝

∫
d4k eik(x−x′)

∫ +∞

0
dT Kg(k; T ) .

Propagator Heat-kernel
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Kg(k; T ) ∝ e
−k2 h̄(k2/Λ2) T

Pg(T ) ∝

∫
d4

k e
−k2 h̄(k2/Λ2) T

In the UV ds =
4

γ + 2
.

0 20 40 60 80 100
0

1

2

3

4

5

T

d
s

Spectral Dimension Flux

ds(T )

for γ = 3.

UV
D(k) ∝

1

k2 h̄(k2/Λ2)
→

1

k2γ+4
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h̄2(z) = h̄0(z) ∝ e
z

D(k) ∝
e−k2/Λ

2

k2

K(x, x′; T ) =
e
−

(x−x′)2

4(T +1/Λ2)

[4π (T + 1/Λ2)]2
.

a)

b)

0 5 10 15 20
0

1

2

3

4

5

s

d
s

ds(T ) =
4 T

T + 1/Λ2
.

T

An Analytically Solvable Example
P. Nicolini, L.M.



Multi-horizons Black Holes

Gµν = 8πGN e−H(−!Λ) Tµν ,

∇
µ(e−HTµν) = 0 .

ds2 = −F (r)dt2 +
dr2

F (r)
+ r2Ω2,

F (r) = 1 −

2m(r)

r
.

ρe("x) := −h̃−1(−!(x)Λ)T 0
0 = m h̃−1(−!(x)Λ) δ("x)

= m

∫
d3k

(2π)3
e−H(k2/Λ2)ei!k·!x =

2m

(2π)2 r3

∫ +∞

0
e−H(p2/r2Λ2)p sin(p) dp ,

m(r) = 4π

∫ r

0
dr′r′2 ρe(r′).

R = c m Λ2γ+2 (2γ + 2)(2γ + 3) r2γ−1,

RµνρσRµνρσ =

= 4 c2 m2 Λ4γ+4
(

4γ4 + 4γ3 + 5γ2 + 4γ + 2
)

r4γ .

For r ≈ 0, F (r) ≈ 1 − c m Λ2γ+2 r2γ+1.

γ ! 3 → No Singularity.
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Exact Solution
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ds2 = −

(

1 −

2m(r)

r

)

+
dr2

1 −

2m(r)
r

+ r2dΩ2 ,

Gµν + O(R2

µν) + O(∇µ∇νRρσ) = 8πGN h̃−1(−!/Λ2)Tµν .

Gµν = 8πGN h̃−1(−!/Λ2)Tµν ,

∇
µ

(

h̃−1(−!/Λ2)Tµν

)

= 0 .

h̃−1(−!/Λ2) = e!/Λ
2

,

h̃(−!/Λ2) := eH(−!/Λ2).

Non-commutative black hole, P. Nicolini and E. Spallucci.

m(r) = M
γ(3/2; Λ2 r2/4)

Γ(3/2)
.

An Analytical Solution
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Conclusions

• A perturbative super-renormalizable quantum gravity theory,

• no poltergeists,

• spectral dimension flow from ds < 1 in UV to ds = 4 in the IR,

• quasi-polinomial non-locality (string theory, ADS/CFT, LQG),

• regular multi-horizon black holes solutions.


