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1 d
= — d° =

The principle of least action (5Sew=0) requires that

_ 1 d 2 l pv
0= TorCn (,/Md 9 [R 27 RP””)

for all 6g,,,.
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The Einstein-Hilbert action

The Einstein-Hilbert action

The geometrical content of General Relativity is encoded in the
Einstein-Hilbert action:

1 , ,
S de IM =
Sen 167G N /,/\/l IR, oM =10

The principle of least action (5Sew=0) requires that

_ 1 d 2 l pv
0= T6rCn (,/Md 9 [R 27 RP””)

for all 6g,,,.
Hence, one deduces the Einstein field equations in vacuum:

1
G = R - Zg"R=0
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The Einstein-Hilbert action: OM # ()
The geometrical content of General Relativity is encoded in the

Einstein-Hilbert action:

_ 1 d
SEH— 167TGN/Md x\/gR, c’)M;ﬁ@

The principle of least action (5Sew=0) requires that

1 [-
0= / ddx\/§ G" g + / ddilvaH““gn“D,,&gaB
16’ITGN M IM

for all 4g,,,,, satisfying Dirichlet boundary conditions dg,..|,,, = 0.
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The Einstein-Hilbert action

The Einstein-Hilbert action: OM # ()
The geometrical content of General Relativity is encoded in the

Einstein-Hilbert action:

_ 1 d

The principle of least action (ssex=0) requires that

1 p
0= / ddas\/g G" 6guw + / dd_lvaH“‘d/n/“DH(;gag
167TGN M OM

for all 0g,,,,, satisfying Dirichlet boundary conditions dg,.,|;,, = 0.

® Hyuy = guv|yp induced metric on OM
e n' normal vector on OM
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The Einstein-Hilbert action

The Einstein-Hilbert action: OM # ()

The geometrical content of General Relativity is encoded in the
Einstein-Hilbert action:

1 d
SEH__lGWGN/Md x\/gR, c’)M;ﬁ@

The principle of least action (ssex=0) requires that

1 [-
0= / ddx\/g G"0g, + / davH H““gn“D,,(SgaB
16’ITGN M IM

for all 4g,,,,, satisfying Dirichlet boundary conditions dg,..|,,, = 0.

Hence, the boundary contribution obstructs the derivation of
field equations as stationary points of Sgy.
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The Gibbons-Hawking (York) term

Einstein field equation can be recovered by adding a boundary term to
Sen which has the variation:

1

086Hy = —q5

/6 y d"'yV'H H*nt D 6 gus
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The Gibbons-Hawking (York) term

Einstein field equation can be recovered by adding a boundary term to
Sen which has the variation:

1
8SaHy = — dyvH H*®nt D)6 g,
GHY 167GN /8M y\/_ n",0gas
Note the identity
+2 0K pirichter = Haﬁ”#Du‘SgaﬂDirichlet ’ 0Hy, = 0.

where
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The Gibbons-Hawking (York) term

Einstein field equation can be recovered by adding a boundary term to
Sen which has the variation:

1 J2
0SGgHY = — 7/ ddily\/ﬁH“dn”D,ﬁgm«g
167TGN IM :
Note the identity
+2 0K pirichter = Haﬁ”#Du‘SgaﬂDirichlet ’ 0Hy, = 0.

where
e K,, = D,n, is the extrinsic curvature of oM
e and K = H* K, is its trace
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The Gibbons-Hawking (York) term

Einstein field equation can be recovered by adding a boundary term to
Sen which has the variation:

2
0SGHY = ———— dyVH K
GHY 167G /6M y\/_( {
Note the identity
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where
e K,, = D,n, is the extrinsic curvature of oM
e and K = H* K, is its trace
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The Gibbons-Hawking (York) term

Einstein field equation can be recovered by adding a boundary term to
Sen the Gibbons-Hawking (York) action:

2 d—1
S = — d HK
GHY 167TGN /19/\/( I\/_
Note the identity
+2- 5K|Dirich|et = H()‘ﬂnHDM(sg("ﬂ|Dirichlet ) 0Hy, = 0.

where

e K,, = D,n, is the extrinsic curvature of oM
e and K = H* K, is its trace
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Classical motivation

Conclusion

The Einstein-Hilbert — Gibbons-Hawking (York) action

1
SEH-GHY = ———— / ddCC\/ER + 2% ddily\/ HH“VKMU
167TGN M OM
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Classical motivation

Conclusion

The Einstein-Hilbert — Gibbons-Hawking (York) action

1
SEH-GHY = ———— / ddCC\/ER + 2% ddily\/ HH“VKMU
167TGN M OM

yields the Einstein equation as a stationary point in case of

e non-empty boundary M # ()
e Dirichlet boundary condition dg,,,[,,, =0

e a relative coefficient of exactly +2
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Functional renormalization group equation

FRGE for the gravitational average action
...acts on theory space:

{ Iy [gw,gw, CH, C‘#] } invariant under difFeomorphisms}

Functional renormalization group equation

k&kl‘k

exact, closed functional differential equation
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Functional renormalization group equation

FRGE for the gravitational average action
...acts on theory space:

{ Iy [gw,gw, CH, C‘#] } invariant under difFeomorphisms}

Functional renormalization group equation

—1
k0T =+§sm[(r§f>+3k) -kc’)kRk}

exact, closed functional differential equation

Truncations

Iy =l [ g+u® [ VaR+u? [ /G R™ Ryw+...
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Functional renormalization group equation

FRGE for the gravitational average action
...acts on theory space:

{ Iy [gw,gw, CH, C‘#] } invariant under difFeomorphisms}

Functional renormalization group equation

—1
k0T =+§sm[(r§f>+3k) -kc’)kRk}

exact, closed functional differential equation

Truncations

Fk = 'u,if'> f\/g—&-ui,b) f\/gR—&-'u,if") f\/gR“”R,w-s-...

{u,E,n)} coordinatize the infinite dimensional theory space
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Functional renormalization group equation

FRGE for the gravitational average action
...acts on theory space:

{ Iy [gw,gw, CH, C‘#] } invariant under difFeomorphisms}

Functional renormalization group equation

—1
k0T =+§sm[(r§f>+3k) -kc’)kRk}

exact, closed functional differential equation
Truncations
Truncations: subspaces of span{ “L,” \}»
Fk = 'u,if'> f\/g—&-ui,b) f\/gR—&-'u,if") f\/gR“”R,w-s-...

{u,E,n)} coordinatize the infinite dimensional theory space
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Fundamental (non-trivial) theory in the UV
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v = {actions pulled into the NG-FP under the inverse flow}

(inverse flow = increasing k)
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Restricts the possible evolutions of 'y, by physical arguments

e Existence of a Non-Gaussian fixed point (NG-FP)
Fundamental (non-trivial) theory in the UV
=
v = {actions pulled into the NG-FP under the inverse flow}

(inverse flow = increasing k)

¢ Finite dimensional UV-critical hypersurface v
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Functional renormalization group

Asymptotic Safety

Asymptotic Safety

Restricts the possible evolutions of 'y, by physical arguments

e Existence of a Non-Gaussian fixed point (NG-FP)
Fundamental (non-trivial) theory in the UV
=
v = {actions pulled into the NG-FP under the inverse flow}
(inverse flow = increasing k)
¢ Finite dimensional UV-critical hypersurface v

dim(#yy) = n < 0o : # of measurements needed to fix initial conditions
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

s Sy ViR
faM \/ﬁ faM \/EK
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

a b
D= +u fuva  +u [y VaR
+ u,(:') Jom vVH + u,(:” Jom VHK
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

. Ed—2
Ly = 167rgk fM ~ 16ngn fM VIR
2)\8k(171 2kd,2
+ lgﬂ'gf fBM \/ﬁ o 16mgd JOM \/EK
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

— k42
L= 167rgk fM ~ 16mgr fM \/gR
270 pd—1 opd—2
+ lgﬂ'gf fBM \/ﬁ o 16mgy f@M \/EK

where gy, g,f dimensionless Newton type couplings on M, OM
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

_ 2>\Akd I
Ly = + T6mqr fM 1679, fM VIR
220k 5 2k4—2 5
+ 16mgd fBM H - 16mgd JOM HEK

where A, )\2 dimensionless cosmological type couplings on M, OM
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The running Gibbons-Hawking term

Truncation ansatz
EH-GHY-truncation

_ 2)\kkd k42
FI" - 167rgk fM ~ 167ngk fM \/gR

2)\8k(i 1 2kd,2
+ Tong? fBM\/ﬁ _167rg£ oM \/EK

167g;;

Dirichlet boundary conditions g, |, = fixed, i.e

(metric fluctuations)|,,, = 0.
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The running Gibbons-Hawking term

Truncation ansatz

EH-GHY-truncation

_ 2>\k k42
Ly = + Torar fM ~ 1679 fM VIR
o\ d—1 gpd—2
+ lgﬂ'gf fBM \/ﬁ o 16mgd JOM \/ﬁK
Results
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The running Gibbons-Hawking term

Truncation ansatz

EH-GHY-truncation

Fk = 167rgk fM
2291
+ lgﬂ'gf fBM \/ﬁ
Results

Hierarchy NG fixed point

gk 0.707
Ak 0.193

4

g9 —2.292

4

o
1.201

Daniel Becker

2k4 2

- 16mgd JOM

kri—2
T T6mgk fM \/ER

VHK
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The running Gibbons-Hawking term

Truncation ansatz

EH-GHY-truncation

Fk = 16ng jk4
PN /17
+ 1671'92 fBM H

Results
Hierarchy NG fixed point

0.707

0.193

g9 —2.292

4
by 1.201
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T T6mgk fM \/ER
2k4—2
167g? JOM \/HK

- 167rg€
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The running Gibbons-Hawking term

The running Gibbons-Hawking term
Running action in EH-GHY truncation:

K /1
I, = — vHK
g 16”(%/\/_R+ Jom )+
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The running Gibbons-Hawking term
Running action in EH-GHY truncation:

K /1
I, = — vHK
g 16”(%/\/_R+ Jom )+

Beta-functions of Newton-type couplings:
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The running Gibbons-Hawking term

The running Gibbons-Hawking term
Running action in EH-GHY truncation: mismatch, Ok gk ¢8kg,?

K /1
= — vHK
g 16”(%/\/_R+ Jom )+

Beta-functions of Newton-type couplings:

Okgr # kgl
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The running Gibbons-Hawking term

The running Gibbons-Hawking term
Running action in EH-GHY truncation: mismatch, Ok gk ¢8kg,?

Ty = IGW(%/\/_RJr BM\/EK)+

‘Correct’ relative coefficient at most at one scale
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The running Gibbons-Hawking term
Running action in EH-GHY truncation: mismatch, Ok gk ¢8kg,?

K /1
= — vHK
g 16”(%/\/_R+ Jom )+

‘Correct’ relative coefficient at most at one scale

Example: d = 4, near G-FP (g=x=0)
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The running Gibbons-Hawking term

The running Gibbons-Hawking term
Running action in EH-GHY truncation: mismatch, Ok gk ¢8kg,?

Ty = IGW(%/\/_RJr BM\/EK)+

‘Correct’ relative coefficient at most at one scale

Example: d = 4, near G-FP (g=x=0)

First approximation to the scale dependence of gy, gg:

11 1
gk = go (1—6790 k’2) 9 =98 (1+6—7rg§ : kQ)
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The running Gibbons-Hawking term

The running Gibbons-Hawking term
Running action in EH-GHY truncation: mismatch, Ok gk ¢8kg,?

k? 1 2
Io=——{—3 R+——= VHK .. >0
P T6mgo (1—(7k2 /M\/E * 1+4-ck? /aM >+ “e=

‘Correct’ relative coefficient at most at one scale , k = 0, say. (go = g§)

Example: d = 4, near G-FP (g=x=0)

First approximation to the scale dependence of gy, gg:

11 1
gk = 9o <1§go ‘ kQ) ; g,? = g(‘? <1+a93 ‘ k2>
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Conclusion

Classical general relativity
¢ Gibbons-Hawking-(York) term needed for OM # ()

FRGE results for EH-GHY truncation
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FRGE results for EH-GHY truncation
o Einstein-Hilbert subsystem is uneffected by boundary contribution
e Truncation shows a Non-Gaussian fixed point
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Conclusion

Conclusion

Classical general relativity
¢ Gibbons-Hawking-(York) term needed for OM # ()

e Relative coefficient has to be +2

FRGE results for EH-GHY truncation
Einstein-Hilbert subsystem is uneffected by boundary contribution

e Truncation shows a Non-Gaussian fixed point

Couplings for EH and GHY show different scale dependence

Well defined variational principle at one scale only, with the standard
FRGE ...

Daniel Becker Johannes Gutenberg University Mainz, Germany

Asymptotic Safety and the Gibbons-Hawking Term



	Classical motivation
	The Einstein-Hilbert action
	The Gibbons-Hawking (York) action

	Functional renormalization group
	Functional renormalization group equation
	Asymptotic Safety

	The running Gibbons-Hawking term

