
6

check this statement by working in comoving coordinates

and then pull-back the result in conformal coordinates

using dθ/dη = a(t)dθ/dt. From (1) the time evolution

of θ in a homogenous FLRW metric with a = a0e
Ht

is

determined by

θ̈ + 3H θ̇ + 2ξH
2
θ =

�E · �B
4a3M∗

. (25)

We study the general solution of (25) ignoring the Chern-

Simons term. The conformal coupling with the metric

provides a Hubble friction term 3H θ̇ responsible, at ξ=0,

for a dramatic decay of θ̇/M∗ in both conformal and co-

moving time. But the conformal coupling to θ, i.e. ξR θ
2
,

would prevent the decay in conformal time of θ during in-

flation provided that ξ = 1. With an appropriate choice

of the initial condition, the general solution will read in

comoving coordinates θ = −θ0 e
−Ht

. In conformal co-

ordinates, such a solution would give the constant value

dθ/dη = θ0H. As we have set up H � M∗, the re-

quirement in conformal coordinates θ̇/M
∗ � 10

−5
Mp is

satisfied provided that θ0 � 10
−10

Mp. Now we solve

for θ with the Chern-Simons term present, which slowly

varies during inflation. Therefore, the particular solution

to (25) becomes

θp =
( �E · �B)0

2a
3
0H

2M∗
e
−3Ht

, (26)

which at initial time of inflation contributes to the value

of θ̇/M∗ with a term θ̇p/M∗ = 10
−20

Mp, after wash out

by a factor a(η)
2
. And the contribution to the mini-

mum of the field from θp will be θp(0)/M∗ = 10
−15

, thus

negligible within respect to the general solution to (25).

Therefore at initial time we find the ratio

V (θ0)

(A·J )0
=

ξR(θ0)
2

(A·J )0
�10

−20
(27)

that is exponentially suppressed at later times. It follows

that the scalar field θ does not contribute to driving infla-

tion. We underline that the value ξ = 1 of the conformal

coupling of the scalar field to the Ricci scalar reads as an

effective mass m
2
= ξR � 10

−10
M

2
p
, namely m is order

GUT scale.

Finally, we consider the addition of the fermionic dy-

namics to (1). The fermionic action has the four-fermion

interaction-term induced by solving the torsionful part of

the connection in terms of the chiral current:

Lψ = −iψ̄ /∇ψ +
3

M2
p

(ψ̄ γ
I
γ5ψ)

2
+ q ψ̄ γ

I
e
µ

I
γ5ψAµ . (28)

The equation of motion then decomposes for right-

handed ψR and left-handed ψL components in [29]

− i∇µψR +∆a

6

M2
p

ψRδ
I

µ
ψ̄ γIγ5ψ + q ψRAµ = 0 ,

i∇µψL +∆a

6

M2
p

ψLδ
I

µ
ψ̄ γIγ5ψ + q ψLAµ = 0 , (29)

in which ∆a = [δ
i

µ
(a − 1) + 1]. In fact, the initial con-

dition on the fermionic fields originates from the axial

current, which is proportional to the square of fermionic

fields. We find from the initial conditions of the currents,

J
+
0 �J

−
0 �10

−10
M

3
p
, the four-fermion term are negligible

and easily find the solutions of (29). We focus only on

the right handed components ψR, as the solution for ψL

will follow in a similar way. With the choice of comov-

ing coordinates and in the Coulomb gauge, we first write

the time component of the differential equations, namely

∇0ψR/L = ∂0ψR/L = 0. Thus, the time dependent part

of the fermionic fields is easily recovered to be constant.

And as fermionic fields are scalar functions under diffeo-

morphism, they continue to be constant in time even if

recast in conformal coordinates. The spatial dependence

of spinors, which turns out to contribute only for a mul-

tiplicative phase factor, can found at initial time within

the approximation of keeping constant the electromag-

netic vector field. For the right-handed component we

thus find

ψR =

�
ξ
1

ξ
2

�
=

�
ξ
1
0e

−iA
+
0 x+ + i

ξ
2
0H

4A+
0

e
iA

+
0 x+

ξ
2
0e

iA
+
0 x+

�
, (30)

in which ξ
1
0 and ξ

2
0 are integration constants, and we have

introduced x
±
=

1
2 (x1 ± ix2). In a similar way, we find

ψL =

�
χ
1

χ
2

�
=

�
χ
1
0e

iA
−
0 x−

χ
2
0e

−iA
−
0 x− − i

χ
1
0H

4A−
0

e
iA

−
0 x−

�
. (31)

The contribution from the fermionic dynamics to the

energy-momentum tensor, ψ
†
γ5∇0ψ, will then vanish,

consistently with with our initial approximation J 0
5 =0.
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