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How to approach a theory with coupling constant 
which has  2 – d  dim ? 	
  

– 
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E. Brezin J. Zinn-Justin 1975!
F. Wegner, 1989!
E. Brezin and S. Hikami, 1996!
!

motivation :Non-Linear Sigma Model 
e.g.,  Ising model (d= 3, N=1)     !
       Heisenberg model (ferromagnetism)  (d=3, N=3)!

close to 2 – dim	
  

à	
  	
  	
  existence	
  of	
  UV	
  fixed	
  point	
  

à   non-renormalizable in dim > 2,   but   renormalizable in 2 – dim. 

UV	
  

UV	
  

Compare	
  with	
  2+ε	
  dim , large N expansion, lattice approaches	
  
 

Non-linear sigma model in 2+ε dim  gives	
  the	
  correct	
  qualita've	
  picture	
  
for the system of  3 dim. 



Running G: Quantum Gravity 

Two phases with non-trivial UV fixed point 

c=	
  ns	
  +	
  ½	
  nf	
  
(the	
  central	
  charge	
  of	
  the	
  Virasoro	
  algebra	
  in	
  2	
  dim)	
  
ns:	
  =scalar	
  fields,	
  nf	
  :=Majorana	
  fermion	
  fields	
  

UV	
  

UV	
  

r 

Screening,	
  QED-­‐like	
   An(-­‐Screening,	
  QCD-­‐like	
  

Hamber	
  and	
  Williams	
  1984	
  

2	
  + ε	
  dim	
  

M 

In	
  gravity	
  we	
  do	
  not	
  have	
  opposite	
  charges.	
  
Expect:	
  larger	
  the	
  cloud	
  is,	
  
the	
  stronger	
  the	
  gravita(onal	
  force	
  is.	
  
	
  
à	
  An(screening	
  	
  (β	
  	
  (g)	
  <	
  0)	
  	
  
	
  
à Strong	
  coupling	
  phase	
  	
  (Gc	
  <	
  G)	
  

4	
  dim	
  

Smooth  (i.e., physical) Collapses 

Wilson	
  1973	
  
Weinberg	
  1977	
  
Kawai,	
  Ninomiya	
  1995	
  	
  
Kitazawa,	
  Aida	
  1998	
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=ν

Weinberg 1979,  
Hamber 1984,  
Kawai et al. 1993,  
Reuter 1998 

(Hamber and Williams, 2004) m2 =
1
ξ 2
~ λ

↔

Strong	
  coupling	
  phase	
  (Gc	
  <	
  G)	
  

HH  &  R  Williams,  	

Phys  Rev  D  76  084008  (2007)  	

Phys  Rev  D  81  084048    (2010)	


In	
  the	
  vicinity	
  of	
  UV	
  fixed	
  point,	
  

Scale Dependent G 

	
  	
  	
  As	
  	
  q à 0,	
  	
  i.e.,	
  	
  as	
  larger	
  the	
  distance	
  scale,	
  	
  bigger	
  the	
  effect	
  of	
  the	
  running	
  G.	
  
•  will	
  be	
  looking	
  at	
  	
  	
  “large scale structure “  in	
  cosmology.	
  

equivalently, 

•  Cosmological constant λ is scale invariant.      (similar to            in QCD) 



Compare	
  Equa(ons	
  of	
  Mo(on	
  Argument 1) 

Field	
  part	
   Source	
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 addendum:      λ	
  cannot run 

HH  &  R  Williams,  	

Phys  Rev  D  76  084008  (2007)  	

Phys  Rev  D  81  084048    (2010)	


                 ξ related  to  curvature.	


From	
  Wilson’s	
  loop	
  Argument 2) 

(	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for vacuum)	
  	
  	
  	
  	
  

for	
  gravity	
  

Running	
  couplings	
  Masses	
  (RG	
  invariants)	
  

suggests	
  



with	
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Without	
  the	
  knowledge	
  of	
  RG	
  Argument 3) 

 addendum:      λ	
  cannot run 

=	
  constant	
  

Hamber	
  and	
  Toriumi	
  2011	
  



Field eqns 

Energy-momentum conservation 

gives manifestly general covariant non-local equations 

Complexities in                                . 

1920 terms 

9	
  

G.A. Vilkovisky … 
G. Veneziano 
HH & R Williams PRD 06,07 
Deser & Woodard 2008 

Effective Field Equations with G(□) 

Need to evaluate to negative fractional power 

Additional source term due to 
vacuum polarization contribution 
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FRW	
  metric	
  	
  
perfect	
  fluid 

tcc ~0
reduces 

Set	
  up	
  

Cosmological Solutions 
Zeroth order in the Fluctuations 

t-t eq.!

r-r eq.!

: Induced pressure term   !
    even  with   p(t) =0!

pvac 

ρvac 

FRW	
  solu(on	
  acquires	
  radiation-like components	
   (Hamber & Williams,  2007) 

Similarities to:! with ! (like radiation)!

power	
  law	
  for	
  the	
  density	
  	
  

à	
  	
  

Effect	
  of	
  G (□) is	
  reflected	
  in	
  (ρ	
  ,	
  p)	
  as	
  (	
  ρvac	
  ,	
  pvac	
  )	
  in	
  	
  



:  Now  □  contributes  to  the  fluctuations	


(Need  to  assume  background  is  slowly  varying  :                                              )	


Cosmological Solutions 

First order in the Fluctuations 

a
h,

ρ
δρ

δ ≡

:	
  scale	
  factor	
  as	
  in	
   a
aH


≡

fluctua(ons	
  in	
  metric	
  	
  (	
  gravita(onal	
  field)	
  

à	
  	
  

à	
  	
  



Single  ODE  for  density  perturbation,  from  covariant  field  equations  with  running  G (□)  :	


Cosmological Solutions 

Density Contrast,      

Standard  GR  	

(e.g.  Peebles  1993)	


Hamber	
  	
  and	
  Toriumi	
  
Phys.	
  Rev.	
  D	
  82,	
  043518	
  (2010)	
  

ρ
δρ

δ ≡

scale factor!

D
en

si
ty

 C
on

tra
st
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Cosmological Solutions 

classical  GR	
 Correction  is  negative;          significant  uncertainty  in  magnitude  of  ct	


Growth Indices 

At  today  (                                      )      	


MaQer	
  (baryonic	
  and	
  dark)	
  density	
  today 

ca = 0.0003  for relativistic 

~ 59 

G
ro

w
th

 In
de

x 	
  

for	
  clusters	
  of	
  galaxies,	
  Vikhlinin,	
  	
  Jan	
  2010	
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Cosmological Solutions in cN gauge 

ij Field eqn in cN gauge with  G0   but with general en. mom. tensor 

Measure of deviation from traditional GR with perfect fluid  +  fluctuations 

Anisotropic	
  	
  stress	
  
Ma	
  &	
  Bertschinger	
  1995	
  

conformal Newtonian gauge ( ψ, φ) 

(ψ =ϕ σ = 0)

 aξ    ~  1.15   >   a0 = 1 

Hamber	
  &	
  Toriumi	
  2011	
  

negative  and  scale  dependent	
=

Now with             , 

(future,	
  mock	
  data	
  (CMB,	
  weak	
  lensing))	
  

(WMAP)	
  

(supernovae,	
  weak	
  lensing,	
  	
  CMB)	
   Daniel,	
  S.	
  et	
  al,	
  2009	
  

“Slip function”	
  
σ ≠ 0
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Conclusions 

=

~ 59 

 ratio : 40+≈
−

Δ

Δ

φ
φψ
γ

Corrections    are    negative      and      scale  dependent	


cosmological	
  	
  parameters	
  that	
  measure	
  devia(ons	
  from	
  classical	
  GR:	
  

	
  	
  	
  	
  	
  	
  à	
  	
  
comoving frame 

QFT	
  mo(vated	
  generally	
  covariant	
  scale	
  dependent	
  G	
  

0 

classical GR 

Hamber	
  and	
  Toriumi	
  2011	
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Infrared Regulate 

( with big uncertainty,  
but expect	
  	
  	
  ~ O (1)  ) 

(	
  with	
  infrared	
  regulated	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  negative  and  scale  dependent	


= 
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ßà	
  

From	
  laSce	
  calcula(on,	
  but	
  with	
  a	
  
significant	
  uncertainty…	
  

ξ~ )0~(k

ß k 

~ size of clusters of galaxies 

0.55 
(	
  	
  	
  	
  	
  	
  )	
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  Redefini(on	
  of	
  the	
  field	
  and	
  physical	
  coupling	
  G	
  
QG in 2 + ε	
  Dimensions 
	
  

Fixing	
  the	
  gauge:	
  

Radia(ve	
  correc(ons	
  

Tadpole	
  type	
  

Charge	
  renormaliza(on	
  

Gauge	
  dependent	
  parameters	
  

Argument 3) 

 addendum:      λ	
  cannot run 

Kawai,	
  Ninomiya	
  1990	
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Field	
  redefini(on:	
  	
  

Therefore	
  G	
  is	
  the	
  physical	
  coupling	
  
and	
  

The	
  running	
  of	
  λ	
  can	
  be	
  absorbed	
  into	
  the	
  redefini(on	
  of	
  the	
  field.	
  

à	
  

Gauge independent!	
  

i.e.,	
  

	
  Redefini(on	
  of	
  the	
  field	
  and	
  physical	
  coupling	
  G	
  
QG in 2 + ε	
  Dimensions 
	
  

Argument 3) 

 addendum:      λ	
  cannot run 
con(nued	
  


