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Running Couplings
a(q’) QED coupling constant

2
Renormalization Group Approach in QFT a,(4")  QCD coupling constant
2 .
G(¢°) QG coupling constant

~ Vacuum Polarization

QED % @
3 palr creatlng ﬂ
@

O 202

screening
a

QCD
r 0o 11 n
B (o) . M B = 6(045) = - Tfa + O( s) < 0 Gross and Wilczek 1973
Asymptotic free theory, antiscreening

for ne= 6 for Standard Model
Ayrs 1 generated



1
QG L= 16 VIt G]=2—d

How to approach a theory with coupling constant
which has 2—-d dim ?



E. Brezin J. Zinn-Justin 1975

motivation :Non- Linear Sigma Model e

e.g.,, Ising model (d= 3, N=1)
Heisenberg model (ferromagnetism) (d=3, N=3)

20 = [ TLo @)~ exp (5, [ o @ogro) + [ dte 1) (o))

g =2—d > non-renormalizable in dim > 2, but renormalizable in 2 — dim.

close to 2 — dim Ny I TTTQTT %\{

Blg) = (d—2)g - NQ; 20 +0 (6. (4 2)¢%)

g uv g
- existence of UV fixed point

Compare with 2+ & dim , large N expansion, lattice approaches

Non-linear sigma model in 2+€ dim gives the correct qualitative picture
for the system of 3 dim. 4



Running G: Quantum Gravity

2+¢edim
A Two phases with non-trivial UV fixed point
2 5 20 9 3
B (G) oV BG) =G -2 (25-0)G*— (25—’ G*+ -
D — —)r > c=n,+%n;
G (the central charge of the Virasoro algebra in 2 dim)
¢ wv ng: =scalar fields, n; :=Majorana fermion fields
Wilson 1973
\ A } Weinberg 1977
Kawai, Ninomiya 1995
Screening, QED-like Anti-Screening, QCD-like Kitazawa, Aida 1998
4 dim

In gravity we do not have opposite charges.
Expect: larger the cloud is,

the stronger the gravitational force is. O
SR

> Antiscreening (8 (g) < 0) S ‘ O

Collapses Smooth (i.e., physical) 0 Q)
—> Strong coupling phase (G, < G) O
Hamber and Williams 1984



Scale Dependent (x

Go — G(¢°) < G(O) 0 = g™V,

Strong coupling phase (G.< G) In the vicinity of UV fixed point,
¢ Weinberg 1979,

1
m2 2v Hamber 1984,
G(¢*) = Go [ 1l+)eo — +... Kawai et al. 1993,
q Reuter 1998

equivalently, »
1/(20) HH & R Williams,
1 Phys Rev D 76 084008 (2007)
G(O) =Go |1+ ¢ (§2D> o Phys Rev D 81 084048 (2010)
» 1 1 o
m=—~ A V= 5 (Hamber and Williams, 2004)

A~ (10 2“(:1,,;,)2 ~ (10 "*“av)2

* Cosmological constant A is scale invariant.  (similar to Myrs in QCD)

As g - (), i.e., as larger the distance scale, bigger the effect of the running G.
- will be looking at “large scale structure ““ in cosmology.



addendum; 7\., Gaﬂﬂ()t Trun

Argument 1)  Compare Equations of Motion

Fielcil part Source
(Ruyz/ — %g,ul/ R\‘i' /\g,ul/ — 8@TNV
oME,, H pHA, = 4Arnl,
0" Oh, O + 77;2 A ‘;@T(Dg suggests A ~ m2 = 5—2
! 1

Masses (RG invariants) Running couplings

Argument 2)  From Wilson’s loop

W(C) ~ exp (—A(-, / 62)
W(C) ~ exp(—A.R)  forgravity

1 HH & R Williams,
S related to curvature. Aobs = = —=  PhysRev D 76084008 (2007)
(R=4X\ forvacuum) £ PhysRevDS8l 0840487(2010)



addendum; 7\., Gaﬂﬂ()t Trun

Argument 3)  Without the knowledge of RG
2 — Q0 (1)”’_ 1 /Oodt tn—l —t A
A(O) ~ (€7 0) / a) T T o ¢
| 1 1 ,
MB) g = £20 (—O 4 m?2)° Guv A— —0O4+m
L1 e - n— o
= s / dt t7 e t(-0gm?) G
27 I'(o) Jo |
1 /1\2%
= @ ) 9w 0= g™ V,V,
with VAguw =0
= constant
Uy = 0
D2g/~“/ —_— O

Hamber and Toriumi 2011 . 8



Effective Field Equations with G(L)

G (0O) gives manifestlyigeneral'covariant non-local equations

Additional source term due to
vacuum polarization contribution

. 1 0G(0)
Field egns Ruy = 5 9w B+ X gy =81 Go {1+ G T Ty

. 0G(O) ad
Energy-momentum conservation 1 + o + ... T =10
0 G.A. Vilkovisky ...
G. Veneziano
HH & R Williams PRD 06,07
Deser & Woodard 2008

[D T] uv —_—> VVTO‘/B = aVTaﬁ_F?\XI/TAﬁ_FéVTaA = L/ozﬁ
1920 t ‘
o Vi (V,,Tag) - O/“LIVO‘ﬁ_F’i\MI/\aﬂ_F?\quu)\ﬂ_F/ﬂ\uIl/a/\

5G/(D) 1 \7v . .
T Ge €0 20 Need to evaluate to negative fractional power




Cosmological Solutions

Zeroth order in the Fluctuations

FRW metric dr? = dt? — (1,2(7‘,) 0ij da' da? | o @ 5
: ‘ ower law for the densit t) =pot
SELUD 7 perfect fluid T, = (p(t) + p(t)) tp s + gy p()| P J v p) =0

1

5 - 1
0G(O) < 1 ) = reduces 5G(t) (f> 1 N
=¢C —~ = | = C
C;() 0 ﬁzD —> (’0 t 6 0 C

t

FRW solution acquires radiation-like components (Hamber & Williams, 2007)

Pvac

(.'I,2 (f) 871”6‘() ) (SG(t) /, A
tteq. 2 = : L+ p(t) + =

a(t) 3 Go 3 Pvac :Induced pressure term

Q1) | ilt)  _ -, 166 A even with p(t)=0
r-r eq. (I.Q(f) (,L(f) o —87T(1() ;[)(t) — 87T(1() g GO /)(t) -+ A
1
9 Pvac = gpvac
1
Similarities to: P = W p with Wyge = g (like radiation)

77720 10

Effect of G (L1) is reflected in (0, p) as ( Pygc » Puac ) IN Thv’ = [(SG(D) T]
uv



Cosmological Solutions

First order in the Fluctuations

dr’® = dt* — a® (0ij + hij) da'dz’  flyctuations in metric ( gravitational field)

O(g) = mi Dm(h,) + ()(h,Q) : Now [ contributes to the fluctuations
_ Co 1 1/2v 1 1 ) (s 1 1/2v
> GO)=Gy |1+ a7 ((W) ~ 5o T D (h) - (—m(m) + ...
oG (1) 1 0G(1) _ 5G(t) £\
9 0pvac(t) Go 5P(t) + 9, Ch Go h(t) p(t) cp ~ +7.927 G, (E>
- 0= 5—'0, h
P .
V,\ /\a - scale factor as in HE%

(Need to assume background is slowly varying : h /h > a/a)



(Cosmological Solutions

Density Contrast, s-=2%°
0

Single ODE for density perturbation, from covariant field equations with running & () :

o)+ (2 ZS; - % 52&”) - % 2 - (Zg; Méif) +2 ‘S(é(;))] 5(t)
+ [ 4 Go (1 + ; é(é?) - 211/ “2ep - Mé(:)) p(t)
1 a2(t) 0G(t) . a(t) 6G(H)  alt) 6G(t) 6G(t) Hamber and Toriumi
Tgy e (q?(f) Go T3alt) Gy Talt) Gy T Gy )] o) =0. Phys. Rev. D 82, 043518 (2010)

1.0 T

o8l —
: ] ‘Y C
_ _ 0Gla) a L

i ’ _ | | :_
0.6 [ | (;() a (l’f .

— Constant G

o(a)

Density Contrast

02 L - — Running G, Relativistic -

I ] 1 11 :
ol Sola) = a-oF <‘__’1._‘._a39> Standard GR
0.0 02 0.4 0.6 038 1.0 12 (e.g. Peebles 1993)

afag

scale factor _
0 = 8nGpo/A



Cosmological Solutions

. ‘ 0lnd(a) _
Growth Indices fla=ay) = ——2 =
dlna |,—q,
l(] T T T T T T T T T T T T T T T T
> i . Q+Q) =
Ke) [ Ca™ 0.0003 for relativistic _
s _ _
2 06f__ ]
O o ' G e
~ >~ 0G(O) _ . 1 v
G 04 : | Gy =0 <f2D>
: ) 3G (a) ( a ) ¢
02+ —— Constant G - T = Cq T
I - — Running G, Relativistic 70 €

[ 1 1 1 1 1 1 1 1 1 1 1 1 ! ! I'-l ] Yl 1
00 0.2 T 0.4 0.6 08 1.0 0G(t) _ ¢ (i) Y
0 . .

today Matter (baryonic and dark) density

Attoday ( Q =~ (.25)

v = 0.5562 = (1.60 + 7.20cn) & + O ()

becio ~ 59
classical GR Correction is negatlve; significant uncertainty in magnitude of ct

cp, = 1.927

v = 0.44 + 0.16 for clusters of galaxies, Vikhlinin, Jan 2010 3



Cosmological Solutions 1in ¢N gauge

conformal Newtonian gauge ( v, ¢) ds* = a® {—(1 + 2) dt* + (1 — 2¢) dz" da; )

1j Field eqn in cN gauge with G, but with general en. mom. tensor Ma & Bertschinger 1995
0p P Anisotropic stress

K (o—) = 12nGa*(p+ P)a/ P

'T\

Measure of deviation from traditional GR with perfect fluid + fluctuations (y=¢ -0 =0)

Now with G(D) , o=0 Hamber & Toriumi 2011
Slip function

P — ¢ 16 oG a sc oL
b 30 Go *8|ue ag ~ 1.15 > a,=1 & (&)
= —1.49¢; —6.42¢, 2+ 30.07¢; 2° + - - - negative and scale dependent
= w()(l + ,:)_3 wWo = (:)'OQJ:(()):ES (supernovae, weak lensing, CMB) Daniel, S. et al, 2009
—0.071+0-13 14

wo = —0.16 (future, mock data (CMB, weak lensing))



Conclusions

QFT motivated generally covariant scale dependent G

5G@) [ 1\ 5G G),‘j
Gy 0 £20 2 Go ' \¢

comoving frame

cosmological parameters that measure deviations from classical GR:

Y = 0.5562 = (1.60 + 7.20cn) ¢ + O (¢ )
~ 59
= 0 —149¢; —6.42¢; 2+ 30.07¢; 2° + - -

) 'T‘

classical GR Corrections are Negative and scale dependent

W — ¢

e /4
ratio: " ~+ 40 Hamber and Toriumi 2011
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o | 1/2v
Infrared Regulate G(O) = Go[l - (-0(525) gt ]

G[) /{2 —I—m2
3G(D) ( 1 )%
Gy — 2041

W —

= —0.7T¢e; —4 1l 2+ 1219¢ 2+ - -

)

negative and scale dependent ( with infrared regulated

ce = L ~ 0618
)

Ca NCt

Co 33

( with big uncertainty,
but expect ~O (1) )




ybrn)

0.55
From lattice calculation, but with a
significant uncertainty...
co~ 33 €> ¢~ 20
<k
Cy =~ 0.618 Co ¢ ,T( length scale (1/momentum)
~ size of clusters of galaxies ~& (k~0)

18



addendum; 7\., Gaﬂﬂ()t Trun

Argument 3) Redefinition of the field and physical coupling G
QG 1n 2 + € Dimensions Kawai, Ninomiya 1990

1
R+ A
167G VIlt+ vy

Fixing the gauge: Lgf = %a\/ggyp (V, hH —% g**'V ,h) (VAhAp — %ﬂg)‘pvxh)

L=—

L — ﬁ"‘ﬁg:f +£ghost

—

a;  a
Tadpole type Ao — Ao [1 — (?1 + 6—;) G]

Radiative corrections — .

% pe :
Charge renormalization 7163 — 167G <1 - EG)
/—al (av /6)

Gauge dependent parameters — ao(f3)

_b(p) 19

—




continued

addendum; 7\., Gaﬂﬂ()t Trun

Argument 3) Redefinition of the field and physical coupling G
QG 1n 2 + € Dimensions

al ) 2/d
Field redefinition: Juv = [1 - ( . + 6_2) G] 9/,Ly

/

1€ 1
L=— VIR+Xovg > _1(;7TG[1__.([_‘% G]\/;R“F)\()f

167Gy

Gauge independent!

-t
l.e., G G €

Therefore G is the physical coupling
and
The running of A can be absorbed into the redefinition of the field.



