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• Derive the Dynamical System for Scalar-Tensor theories  

• Input a cosmic history (ΛCDM) and get the non-minimal 

coupling F(Φ) and the potential U(Φ) 

• Derive the Critical Points in radiation, matter and de-

Sitter eras

• Compare the analytic forms of F and U with numeric 

results

• Show that the forms for F, U are also motivated by 

imposing a Noether symmetry



• Assuming a FRW backround

• Sc-Ten theories are given by the Lagrangian



• Get the EOM by varying the action with respect to the 
metric
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• The matter and radiation densities obey the usual eqs: 



• Rewrite (1) in the form: 

where 

)4(



• Define the dimensionless variables

• Set and rewrite the previous eq.



where 

• Then the dynamical system takes the following form: 



• The total effective equation of state is:

• and it has a value:

• Input a cosmic history:
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• Now we can study the 
dynamics of the system by 

finding the critical points 

and their stability in each 
one of the three eras.

The “attractor” critical points will serve as

a prediction for the numerical evolution of

our dynamical system.



where 

where µ1,µ2 are the eigenvalues of M and will characterize our point



• If µ1<0 and µ2<0 then the CP is an attractor

• If µ1>0 and µ2>0 then the CP is a source

• If µ1<0 and µ2>0 then the CP is a saddle

• If |M|<0 and Re(µ1) ,Re (µ2)<0 then the CP is a stable 
spiral
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• The evolution of the system:
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• The phase space trajectories:

Yes! As we can reconstruct F and U analytically in each era.



Consider a critical point of the form =const

or

Doing the same for the potential



If is a point-like Lagrangian in the space of

then the Noether theorem states that L is invariant under a 
transformation X generated  by

if

• In scalar-tensor gravity the point-like Lagrangian is

the generator of the Noether symmetry is



• Separating the linearly independent terms gives 

rise to a coupled system of ODEs

mess…

and we can calculate the Lie derivative of L



• It can be solved for α, β by separation of variables 

and as by-products we get U and F

A particular solution is 

where

For the potential we get





• We derived the Dynamical System for Scalar-Tensor 

theories  

• For a particular cosmic history (ΛCDM) we found analytic 

forms of F(Φ) and U(Φ) 

• We compared the analytic forms of F and U with numeric 

results

• We showed that the forms for F, U may also be motivated

by a Noether Symmetry Approach


