Braneworlds:
gravity & cosmology

David Langlois
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Introduction

e Extra dimensions and gravity

— Large (flat) extra dimensions
— Warped extra dimensions

« Homogeneous brane cosmology
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Other models



Brane-world: introduction

e Based on two ideas:
— Extra dimensions =) higher dim spacetime: the “bulk”

— Confinement of matter to a subspace: the “brane” (in
contrast with Kaluza-Klein approach)

* Motivations
— Strings: D-branes, Horava-Witten supergravity; AAS/CFT
— Particle physics: hierarchy problem (why Mgy < Mp; ?), etc...
— Gravity : new compactification scheme

 Many models; essentially two categories:
— flat compact extra-dimensions
— warped extra-dimensions



Kaluza-Klein approach

e Single extra-dimension

Compactification y—y+2rR

« Example of matter field: scalar field

p(at,y) =3 T ()

n2
6(25)¢ — ngb =0 |::> 8(24)¢n — (mz _I_ ﬁ) an =0
5d Klein-Gordon eq \

eff&:tive
4d mass

e Experimental constraints

Ripr < (10%2 GeV) 1 ~ 10729 m



Large (flat) extra dimensions

Arkani-Hamed, Dimopoulos, Dvali ‘98

Matter fields are confined to a 3-brane

Flat compact extra dimensions: D=4+4n
yl — yl + 27R |::> V(n) — (QWR)TL

Gravity:

Newton’s law with extra dimensions: F(r) = Gp) v

742—|—n

but this applies only on small scales, much below R.

On larger scales, compactness must be taken into account.



Large (flat) extra dimensions

e Poisson equation / i
oo
A@+n)® = 8224n) G(n) Pm LS ——e e |
= /CF dS = Q21 Gy Mass(C) ‘ L '

e On large distances 7 >> R
2 LN\"
F(T) Ln (47‘(‘7“ ) —_ Q(Q—I—n)G(n) m <E)

m $2(2+4n) G (n)
) (D=CGu 5 CGuy=—y o

2 24+n n
Mpy ~ Mgy B

Deviations from the 4D Newton'’s law below scales of order R.




Deviations from Newton’s law

Vir) =G mame (1 - ae_T/A)
r
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Present constraints: A <56 pm (Ja| = 1)



Warped geometries

* Instead of a flat bulk spacetime with metric
ds? = napdridz? = nuvdztdz” + 87 ydy! dy”’

one can envisage more complicated metrics, warped
metrics , of the form

ds? = a?(y)Guvdatds’ + hyydy'dy’

e Simplest example: one extra-dimension

ds® = aQ(y)nlu,/dx“da:“ dy?




Randall-Sundrum model

Empty 5D bulk with cosmological constant
Self-gravitating brane with tension

“Mirror” symmetry with respect to the brane

The static metric ~ ds? = a?(y)nuw datda? + dy?
IS a solution of the 5D Einstein eqgs

_ 27b _
Gap + Ngop = KT H3NE w2 = Mg °]

a

4
. K
provided one has A+ —502 =0



Randall-Sundrum model

6

e Lengthscale ¢ suchthat A = —5

Einstein's equations inthe bulk  my a(y) = ety/t

* Energy-momentum tensor of the brane (located at y = 0O)
Tap = 551511/3Tw/5(y) Ty = —oguw
» Einstein’s equations imply

G,LLV — 3 (aa// + CL/ ) 77,LW f— H}QTILU/(g(y) _I_ —CL 77,LW

|::> 3 [aa/} e — k%0

—€

%2
[a] = a’(O"’) —d(07) = —30' N o — i

K2/



Randall-Sundrum (2) model

e Scale factor

a(y) = e WI/E

ds® = a2(y)mwdx“dw“ + dy? K2

Portion of anti-de Sitter spacetime



Randall-Sundrum: effective gravity

 Metric of the form
ds® = a°(y) Guvdztdxt 4 dy?

« 5D action

M3 M3 400 3
Sgrav = 75/d5$\/—gR = 75/—_00 dy az(y)/d4x\/—§R

—+ o0 —+ o0 B
MIQDZ = MS[_ dy a?(y) = 2M53/O dy e 2y/t — MSZ.

©.@)

Compactification without compactification !

6 K2 k4

azm = 87‘(‘G57:€O‘



Geometry of hypersurfaces

Embedding of a hypersurface in a spacetime

XA — XA(x'u) /_\/
A
Tangent vectors 4 0xA €1
“n = oxH
Unit normal vector n
gABeﬁnB=0, gapn  n- =1
Induced metric on the brane
hap = gap—nanp, hu = hap eﬁl el = gan 6;? el




Junction conditions

Extrinsic curvature tensor Kip = hngnB,

or 1 1
Kap = SLnhap = (n“Vchap + hopVan® + hacVpn©)

Intrinsic curvature 4y bulk curvature & extrinsic curvature

Gauss-Codacci equations
Gaussian Normal coordinates

1
ds? = hpydatda” +dy? ) Ky = Oy
Integrate Einstein’s eqs around the brane with T = Sapd(y)

_ 2 is-
[Kap — Khapl = —k“SaB _ Darmois-lsrael
junction conditions

One also gets DAS§ = — [TAC n® hé



Randall-Sundrum: linearized gravity

« Metric perturbations:  g,, = g, + hgp

Linearized Einstein’s equations yield the equation of motion

2.2 > 4 4 _
(47208, + 02 — =5 + Z5(w) ) hyuw = 0.

which is separable.

 Eingenmodes of the form

h(z*, y) = um(y)e®P™ | ppH = —m?



Effective gravity in the brane

« The mode dependence on the fifth dimension is obtained by solving
a Schroedinger-like equation for +,, = a=1/2u,,

(with z = / dy/a(y) ):

d?1m
dz2

—V(2)Ym = —m2¢m

3
V(z) = 202 + 02 — Zé(z)

 One finds
— azero mode (m=0) concentrated near the brane ) 4d GR!

— a continuum of massive modes  weakly coupled to the brane.



* Qutside a spherical source of mass M,

GM 202

V(’r> B —T <1 _I_ ﬁ) ’ r> ‘ 10° CE I.I o IIIIIII'EXCIULIw:IDIIIII

Standard gravity on scales r > ¢! @ | s e .

NG SN G

« Tests of Newton’s law = 1 1

AV/V=acN] :

1072 =

¢<0.1mm => M, > 105 GeV. [ . oo
> .3 ¢ 1% 10 10° 107

» This holds beyond linearized gravity (2nd order calculations,
numerical gravity).

 However, things are more complicated for black holes.

Conjecture, based on the AdS/CFT correspondence, that RS black
holes should evaporate classically.

Life time of a black hole: 7 ~ 10?2 (M /M) (¢/1mm) 2 years



Brane cosmology

Cosmological symmetry : 3d slices with maximal
symmetry, i.e. homogeneous and isotropic.

Generalized cosmological metric
ds® = —n?(t,y)dt*+a?(t,y)d= 5 +dy?

[ Gaussian Normal coordinates, with the brane at y=0. ]

Brane energy-momentum tensor
Ty = Diag(—py(t), Py(£)8,0)5(y)

5D Einstein eqgs
Gap + Ngap = KTy 2"



Brane cosmology

One can solve explicitly Einstein’s equations

In the brane,
dsg = —ny(t)2dt? + ap(t)2d=z, [np(t) = n(t,0),a,(t) = a(t,0)]

and the scale factor satisfies the modified Friedmann equation

) 4
a N\ K C k
H2=2b =14 2 _
b ag 6_l_36pb—|_ag1 ag

Conservation equation unchanged (empty bulk)

VuTHF =0 = »m+3H(pp+FH)=0
Example

1
N=0,C=0, k=0, pp=wp, =) ap(t) oc 30 +w)

___2
In contrast with a(t) oc t3(1+w)



Viable brane cosmology

Generalize the Randall-Sundrum setup:

. . 6M3
Minkowski brane:  pp, = o = ; 5
Cosmological brane: p,(t) = o + p(t),
A kA 5 e e 5
g-l-%(a—l—p) = EUP‘F%P

Friedmann equation:
2 87TG k /14 2 C

HfE = ——— H —
b3 P a2 36" T af
Two new features:
a p? term, which becomes significant at high energy;
a radiation-like term, C/ a,*, usually called dark radiation .



Viable brane cosmology

Friedmann

8nG ko k® C
g2 877G 2
- T A .

Conservation equation
p+3H(p+P)=0

Example: C =0, k=0, p=wp

1/
a(t)octl/q<1—|—gz> T y=3(14w)

Constraints: nucleosynthesis in the low energy regime

ol/4 > 1MeV = Mg > 10%GeV

but Ms > 108GeV already required from gravity constraints



Effective 4D Einstein equations

 Decompose matter on the brane

S,Lu/ — —O'h,ul/ + Ty

1 k4 > /<;4
' Ng=— N+ — , 8mG = —
with 4= 3 ( + g ) 7 c°
1 1 1
I_I,LLI/ = —Z’TILLO-TO-V—I—]-QT ,LLI/_I_ ( po-TpJ — 572) h'[u/

E;u/ — Cyuyu where Cabcd Is the bulk Weyl tensor

2 1
Rapcp = Capep + 3 (QA[CRD]B - gB[CRD]A> ~ g94ic9p)B B }



Another point of view

 The five-dimensional metric can be rewritten as

ds? = —n?(t,r)dt* + b2(t,r)dr? + R?(t,r)d~%, (k= 0,+1)

This is analogous to a spherically symmetric ansatz in 4D.

* In vacuum, one gets the analog of Birkhoff's theorem
and the metric is of the form

> 5 dR? 5. B R2_C
ds® = — f(R)dT +—f(R>—|—R d>7, f(R)—k—I—EQ =5

(integration constant C analogous to the Schwarzschild mass)

And the brane is moving !



Dark radiation

. 2
For a strictly empty bulk, g2 — §_7_T3_§ ( 4+ _gi(_f_ 4+ PD) |
- 8t C
with =2~ = — =
3 PD CL4-

Constraint on extra radiation from nucleosynthesis

AN, S02=> ¢ep = pD/:OT 5 0.03 (g*/g*N)1/3

Y

[ep < 0.09 with d.o.f. of the standard model ]

However, interactions of brane particles will generate
bulk gravitons .

And the brane loses energy: p+ 4Hp oc —§(T)x>T°

Exactly solvable model: 5D Vaidya



Dark radiation < O

e 5d AdS-Vaidya metric

2 ¢
ds2 — — (k 4 % _ (;’)> dv2 4 2drdv + r2dx>
¢/ r

solution of 5d Einstein’s eqgs with
TCLb — w k'a,k'b (kckc — O)

 Cosmological evolution governed by the coupled eqgs:

—~

p ~ R
prs +4Hp = —ap?, R in the low energy limit
- o d 0 = 1
H2:2p+p2+a_4’ . (p=p/o K1)
dC C — const

E:2aa4ﬁ2<1—|—ﬁ—ﬁ). D

e But the bulk gravitons are only radial...



e The bulk is filled with the gravitons '
produced by the brane. .

:> Effective bulk
energy-momentum tensor

Top = /d5p § (Pep®) V—9 f Papp,

r

e The evolution of the ""dark component” py is given by
po + 4Hpp = ~2(1 + p/0) Typu'n® = 2HE Typnn) .

Energy flux (>0) Transverse pressure (<0)

" p=1778 ——

e Late in the low energy regime,
Pp behaves like radiation, I
i.e. the production of bulk S |
gravitons becomes negligible. |

0.001 ! ! ! ! ! ! ! !
1 2 3 4 5 6 7 8 9 10

[From D.L., Sorbo '03]



De Sitter brane

Obtained by “detuning” the brane tension: pp = o + p
The metric in GN coordinates is separable:
ds? = A(y)? (—dt? 4 e2Htdx?) 4 dy?
with

A(y) = cosh(y/t) — (1 +£) sinh(ly|/£)

The tensor modes satisfy a wave equation, which is separable .
The y-dependent part can be rewritten as

42w, N N\_

15H3 3

V) = ann2(tgs) ¢

(1+ p/0) 5= — )+, H3 “

) Gap between the zero mode and the massive continuum



Brane inflation

» 4D scalar field localized on the brane /

1. 1.
po =50+ V(0),  py=_¢"—V(9) &

8t 1% : 174
Slow-roll: H2~ """y (1 + _> R .

e Scalar spectrum

Extension of the 4D formula 54 ~ % pé/Q x E(g(b o
H -
Ps o Tm Pg = PLD (1 + 2—)
o)

e Tensor spectrum

Pt = PEO) F2( 1) F(@:{ﬁﬂz_xzm Llﬁ L



Cosmological perturbations

« Direct link with cosmological observations, in particular
— large scale structures
— CMB anisotropies

 To determine completely the predictions of brane
cosmology, a 5D analysis is required.

The evolution of (metric) perturbations is governed by
partial differential equations, which are not separable in
general.

mm) Numerical approach



Evolution of tensor modes

The 4D tensor modes satisfy the wave equation

hag+ 3Hhag+ (k?/a?)hag = O
For k< aH, h,, is constant, whereas, inside the Hubble radius, h,4
behaves like a.

Taking into account only the change of homogeneous cosmology,
one finds QX k43 for modes entering the Hubble radius in the high
energy (radiation) era.

Five-dimensional effects: MD RD(low-energy) RD(high-energy)

k < aH :hsyconstant S
~ > H > ¢~ massive modes produced 1o
¢ —> damping of the zero mode ol LisA L1cof

ém.lc I
What is the relative strength of the f2

14 f°
two effects ? They cancel each other ! i

1 dIn pguw 3w—1 A F 10 )

ng = 0 din k o k3wt2 [From Hiramatsu '06]
C




Cosmological perturbations: the brane
point of view

o Effective Einstein’s equations on the brane

G,uy + Ny9uv = KAQLT,MV + /12|_|,uy — B,

« Projected Weyl tensor E, ——)> Effective energy-
momentum tensor for a “Weyl” fluid

e The equations governing the evolution of the
perturbations are modified in two ways:
— background corrections (negligible in the low energy limit)
— additional contributions due to the Weyl fluid



Brane induced gravity

DGP model (Dvali-Gabadadze-Porrati)

G p @)
S = /d%\/— —l—/d4:1:\/— —— +Lm
]
12
- . 5
Critical lengthscale  r7c = —5
2/454
Pertubative treatment breaks down below ry = (rgrg) 1/3
4D Einstein 4D Brans-Dicke 5D




Brane induced gravity

2
. . . ok .
Junction conditions  K¥ — Kt = - (Tu — k] ij)

v

 Cosmological solutions

H 8nG
Friedmann H? — e~ = —p
re 3
e ¢ =41 : self-accelerating solution
c e=—1 : “normal” solution

* Ghost problem !
Linearized perturbations about self-accelerating solution

C> Ghost



Codimension 2 branes

* Einstein-Maxwell theory in the 6D bulk

R 1
Sbulk = /d%\/—g(@) [2%% — N — ZFABFAB

* Flux compactification

dS% Nuv det dx” + Yij (y)dyidyj

N dat da¥ + af (62 + sin® 0dp?)

Fij = /v Boe€ij

with B3 =2A,, ai=—-%5




Codimension 2 branes

 Introducing branes of tension o ...

vii(y)dy'dy’ = a3 (d92 + a2 sin? 9dg02>

o)

Deficitangle: a=1

o 4
2 M6

Conical defects:
codimension 2 branes

Rugby-ball geometry
[ From Carroll & Guica '03 ]



Codimension 2 branes

* Einstein-Maxwell theory in the 6D bulk

R 1
_ [ 6
Sbulk = /d T\/—9(6) [W — N — g FaBl

6
e Warped solution

AB

b
d86 = p Uﬂydﬂ?udib + + CO.f(p)dSO , Lo = __(A)L
f( ) p
Ao o bg Ho
FP)==10" " 1226 T 3

Assume f(p) hastworoots p4 > p— >0
Two codim 2 branesat p=p- and p=p4



Regularized codimension 2 branes

Codim 2 branes support only a tension-like energy momentum
tensor in Einstein gravity

cap
Effective gravity on codim 2 branes ? S

Regularization
Replace codim 2 branes with
ring-like codim 1 branes

Brane matter: complex scalar field

[From Kobayashi, Minamitsuji '07]

She = — [ dEav/ma(V(16:) + 5 Dab(D%6)")

Usual 4d gravity recovered on large scales



Conclusions

Is our Universe brany ?

— modifications of gravity at small (or large) scales
— collider physics

— cosmology...

Cosmology of the simplest warped model:
— modification of Friedmann equation
— change in amplitude of primordial spectra
— dark radiation (nucleosynthesis constraints)
— cosmological perturbations: no full predictions yet

Randall-Sundrum model satisfies so far all observational constraints

Other models: brane induced gravity, two extra dims

Look at old or new problems with a different point of view...



