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The braneworld construction

= the Randall-Sundrum braneworld model incorporates certain
Interesting ideas from string/M-theory:
0 universe has extra dimensions
0 we live on a ‘brane’
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= cosmic microwave background (if we add A)
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= big bang nucleosynthesis

even consistent with standard inflationary picture of

generation of perturbations

= fifth dimension corrections to spectral index of order
slow-roll (Koyama et al 2006)

recent numeric progress in modeling cosmological

perturbations for H 2 1/¢

= behaviour of scalar and tensor perturbations altered
from GR, but no observational “smoking gun”
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= detriment: it's actually pretty difficult to test this model
0 best direct test is laboratory constraints on Newton'’s law

= as far as | am aware, these limit / < 50 ym

= these are already difficult experiments

test of Newton’s law probe static gravity

gravitational waves probe dynamic gravity

what are the gravitational wave signatures of RS

scenarios?

= binary pulsar (Durrer and Kocian 2003; Palma 2006)

= GWs from sub-lunar mass primordial black hole
binaries (Inoue and Tanaka 2003)

= generalization of quadrupole formulae to RS (Kinoshita
et al 2005)

this talk: what are the gravitational wave signatures from

braneworld black holes?
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The problem with black holes on the brane

= |t is notoriously difficult to find exact solutions representing
static brane localized black holes

= |n fact, in the one-brane case there is no solution (see R
Gregory lectures)
0 this is possibly due to fundamental results from the
AdS/CFT correspondence
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Action and field equations

Consider a (4 4+ 1)-D manifold (M, g)

define a scalar function
® () with spacelike

gradient g420, @050 > 0
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level surfaces ¥, : d(z4) =y
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2y
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RS gauge choice

= we have gauge freedom to put hap — hap + 2V (4&p)
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—0(5
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RS gauge choice

Bulk EOM in RS gauge:

Aap“Phep + (GMa)*(£7 — 4k )hap = —2(GMa)*k2ERE

where we have defined the operator

AP = (GMa)* MV V arqhaS a5V p +2WRAC 5P

=(GMa)

—(GM)

e

26%6% [5gégvpvp + ZRO%(S} qece?

~

[5g5gvpvp n 230755} eCep
g
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RS gauge choice

Bulk EOM in RS gauge:
AssPhep + (GMa)?(£2 — 4k®)hap = —2(GMa)? k2550,
where we have defined the operator
Aap“? = (GMa)*[¢""VaranaGap Ve + 2WRAC 5"
= (GMa)ere% [5gégvpvp + ZRO%(S} qege?

— (GM)ereBB [5gégvpv,, + 2R0755} ege?
g

= curvature tensor on >,
WRyNPg = I anapa6 Rasep + 2K ypKopn
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RS gauge choice

Bulk EOM in RS gauge:
Aap“Phep + (GMa)*(£7 — 4k )hap = —2(GMa)*k2ERE

where we have defined the operator

AP = (GMa)* MV V arqhaS a5V p +2WRAC 5P

=(GMa)

= (GM)?

256 | 0105V7V, + 2RS |

eje%

C D
€ 65
q Y

[5g5gvpvp n 230755} eCep
g

= curvature tensor on >,

WRyNPg = I anapa6 Rasep + 2K ypKopn

Schwarzschild

= induced metric on X, q.5 = a®gap Where g, is
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A braneworld black hole model

Linear perturbations

« What do e pertur? where we have defined the operator

e Perturbing the bulk

e Brane bending

A D 21 MN P D 4 D
° rturbed juction conditions AABC — (GMCL) [q VMqN qg qB VP + 2( )RACB ]

e RS gauge consequences

e Streamlined bulk EOM — (GMa)QeieﬁB |:5Z{5gvpvp — 2R0756:| 6065
q

e Summary fy

The massive modes

Recovering GR

— (GM)ereBB [5gégvpv,, + 2R0755} ege?
g

Angular decomposition

= curvature tensor on >,

Gregory-Laflamme instability

Source-free GWs (4>RMNPQ — qﬁqﬁnggRABCD —|_ 2KM[PKQ]N
GWs from point sources [ | |nduced metrIC on Ey qaﬁ — a,2gaﬁ Where gOé,B IS
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= |-, or ¢ means calculate with g,z Or gaz
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RS gauge consequences

Bulk EOM:
AaPhep + (GMa)?(£2 — 4k*)hap = —2(GMa)?k2xDuk
Junction conditions:
5Q% 5 = {20548V oV pé + L[ £, ag]
+
+2khap + k2 (Tap — TqaB) }0 =0

Gravitational waves in braneworld scenarios - p. 18/68



http://www.tech.port.ac.uk/staffweb/seahras

RS gauge consequences

Bulk EOM:

Randall-Sundrum scenarios

Aas“Phep + (GMa)?(£2 — 4k hap = —2(GMa)?k2x5Ux

A braneworld black hole model

Linear perturbations Junction conditions:

e What do we perturb?

e Perturbing the bulk
e Brane bending

e Perturbed junction conditions 5QAB — {QQA qg VCVDg + [oE hAB]

e RS gauge choice

+
o Streamlined bulk EOM :|:2,l€hAB + /ﬁ}g (TAB — %TQAB) }O =0
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RS gauge consequences

Bulk EOM:
Aag

Junction conditions:

Phop + (GMa)?*(£2 — 4k*)hap =

0Q%p = {20445V Vi + 5[£nhap]
+2khap + ki (Tap —

—2(GMa)? k2D

YTqap)}; =0

= LHS of bulk EOM manifestly traceless and orthogonal to y

bulk
YAB = €A€p

RS gauge not general!

Zbulk

oaﬁ Zbulk

0

0 just like radiation gauge in GR (see Wald)
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RS gauge consequences

Bulk EOM:
Phop + (GMa)?*(£2 — 4k*)hap =

Junction conditions:

0Q%p = {20445V Vi + 5[£nhap]
+2khap + ki (Tap —

oaﬁ bulk
AB —€A€B 2

RS gauge not general!
0 just like radiation gauge in GR (see Wald)

= trace of junction conditions yields an EOM for £+

ABV \V4 é-:l:

—2(GMa)? k2D

YTqap)}; =0

= LHS of bulk EOM manifestly traceless and orthogonal to y

=0
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RS gauge consequences

Principal equations in RS gauge:

A

hA, = gAByBuk _ o —

hAB—TL

AABCDhCD + (GMCL)Q(,,EQ — 4k2)hAB — —Q(GMG,)Q/{, Zbulk

Azbulk VAh 5

+
{2QAQB VeVpé+ 2[£nhag] £2khap + ki (Tap — —TQAB)}O =0

BV Vet =

1

+
/<;5T
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RS gauge consequences

Principal equations in RS gauge:

A

Aap DhCD -+ (GMCL)

(£2 — 4k hap = —2(GMa)?k2X0AS
pA 4 = gABxbulk —

n“hap =n SOE = Vah'p

+
{2CJAC]B VeVpé+ 2[£nhag] £2khap + ki (Tap — —TQAB)}O =0
qABvAvBé-:I: l/ﬁ)5T:|:

= Generalization of seminal Garriga & Tanaka (1999) result to
bulk with C 4gcp # 0 and arbitrary bulk coordinates
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RS gauge consequences

Principal equations in RS gauge:

A

Aap®Phep + (GMa)*(£
hA, = gAByBuk —

hAB—TL

2 _4k*)hap = —2(GMa)*kz X"

Azbulk VAh 5

+
{2CJAC]B VeVpé+ 2[£nhag] £2khap + ki (Tap — —TQAB)}O =0

CIABVAVBgjE l/435Ti

= Generalization of seminal Garriga & Tanaka (1999) result to
bulk with C 4gcp # 0 and arbitrary bulk coordinates

= we will set Xhulk =

Thuk = 0 from now on
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Streamlined bulk equation of motion

= can incorporate junction conditions into bulk EOM by
Introducing distributional sources

A A2

= the brane sources are

Yap = (T

Aa“Phep — (2hap =

—2(GMa)

Ky

K% Z 5(y o ye)
e==+

)
B — T%qaB) + 549595 VeV pE™
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Streamlined bulk equation of motion

= can incorporate junction conditions into bulk EOM by
Introducing distributional sources

Aap“Phep — [iPhap = —2(GMa)? Z 0y — Ye)Xan
= the brane sources are

2
ZAB - (TZEB B %TiQAB) + 2 CIAC]B BVeVpe®
5

= the /i operator is

2 2
2 = —(GMa)? | £2 + 75 3" A8(y — ye) — 4k°
3 =4
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Streamlined bulk equation of motion

= can incorporate junction conditions into bulk EOM by
Introducing distributional sources

Aap“Phep — [iPhap = —2(GMa)? Z 0y — Ye)Xan
= the brane sources are

2
ZAB - (TZEB B %TiQAB) + 2 CIAC]B BVeVpe®
5

= the /i operator is
~2 o | po | 2A3 € 2
p? = —(GMa)® | £5+ =2 ) A0y —ye) — 4k
S =

= recover previous formulae by integrating over small y interval
across each brane
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Kaluza-Klein decomposition

Aag“Phep — [Phap = —2(GMa)’k2 >~ 6(y — ye)Sap
e==

= A,5°P is a differential operator tangent to the brane
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Kaluza-Klein decomposition

A

= they formally commute [A 4¢P

N2
y

Aag“Phep — [Phap = —2(GMa)’k2 >~ 6(y — ye)Sap

e=+

A 45P is a differential operator tangent to the brane
(i is a differential operator orthogonal to the brane

|hep =0
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Kaluza-Klein decomposition

A

Aag“Phep — [Phap = —2(GMa)’k2 >~ 6(y — ye)Sap
e==

A 45P is a differential operator tangent to the brane
(i is a differential operator orthogonal to the brane

they formally commute [A 43P, i2lhep = 0
hence we can seek a solution by separation of variables

~

hag(2%,y) = Z(Y)hap(z*) p°Z(y) =’ Z(y)

i.e.. Z(y) is a eigenfunction of 4* with eigenvalue ;°
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Even parity eigenfunctions

= if we assume that Z = Z(y) is reflection symmetric about
each brane, the eigenvalue problem reduces to

—a®(y) |0y +4k Y edly —yo) — 4k*| Z(y),

where u = GMm
» transform into Schrodinger form with « = ¢e*¥ and

) = 21/27

>

shadow brane

m2a

e=+

=~ + V(2)y

V(z)

>
ne

shadow bra

. . v
visible brane

V
8
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Even parity eigenfunctions

= there is a discrete spectrum of solutions labeled by the
positive integersn =1,2,3...:

Zn(y) = oz;l[Yl(mnf)Jg(mnfekw') — Jl(mnf)Yg(mnﬁeMy')]
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Even parity eigenfunctions

= there is a discrete spectrum of solutions labeled by the
positive integersn =1,2,3...:

= o, (Vi (mn ) Jo(mn €eM 1) — Ty (m,€) Yo (b))

= the «,,’s are constants and m,, = u,,/GM is the n™ solution

of

Yl(mnﬁ)Jl(mnéekd) = J1(mp4)Y1 (mnfekd)
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Even parity eigenfunctions

= there is a discrete spectrum of solutions labeled by the
positive integersn =1,2,3...:

o Y1 (mpl)Js (mnfek|y|) — J1(mpl)Ys (mnﬁekw' ]

= the «,,’s are constants and m,, = u,,/GM is the n™ solution

Yl(mnﬁ)Jl(mnéekd) = J1(mp4)Y1 (mnfekd)

= the «,, constants are determined from demanding that {Z,, }
forms an orthonormal set

dy a2 (y) Zm (y) Zn(y)
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Even parity eigenfunctions

there is a discrete spectrum of solutions labeled by the
positive integersn =1,2,3...:

Zn(y) = oz;l[Yl(mnE)Jg(mnfekw') — Jl(mnf)Yg(mnﬁekw')]

the «,,’s are constants and m,, = u,,/GM is the n™ solution
of

Yl(mnﬁ)Jl(mnéekd) = J1(mp4)Y1 (mnfekd)

the «,, constants are determined from demanding that {Z,, }
forms an orthonormal set

- / Ay )22

there is also a solution corresponding to mg = pg = 0, which
IS known as the zero-mode:

ZO(?J) _ &616_2k|y|, g = \/Z<1 o 6_2kd)1/2.
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= there are also odd parity harmonics satisfying
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Odd parity eigenfunctions

= there are also odd parity harmonics satisfying
m*Z(y) = —a*(y) (0, —4k*)Z(y) 0=Z(y4) = Z(y-)
= solutions are

Zn—I— (y) — &;_'1_% [YQ(mn+%€)J2(mn—|—%€6k|y|)

— Ja(m,, 1 0)Ya(m,, 1 Leb V)]

N

= the mass eigenvalues are now the solutions of

Yg(mn+%€)J2(mn+%€ekd) = Jg(mn+%€)Y2(mn+%€ekd)
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Odd parity eigenfunctions

= there are also odd parity harmonics satisfying

m*Z(y) =
m solutions are

Zn—I— (y) —

N

—a*(y)(0, —4k*)Z(y) 0= Z(y4) = Z(y-)

Oy W20y T2 ()

— Ja(m,, 1 0)Ya(m,, 1 Leb V)]

= the mass eigenvalues are now the solutions of

Yg(mn+%€)J2(mn+%€ekd) = Jg(mn+%€)Yg(mn+;€ekd)

= We can verify

2

m1<m3/2<m2<m5/2<---
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Source-free solution

= |n the absence of sources, the general solution to the bulk

EOM is

hap = ehely > [AnZahll)

n=0

n+3/2
+Bn+3/22n—i—3/2h(aﬁ 2)

= the contribution of the odd modes to the perturbed brane

metric vanishes at linear order
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Source-free solution

= |n the absence of sources, the general solution to the bulk

EOM is

hap = ejep Z {A Zn h(n) + Bn+3/22n+3/2h(”+3/2>
n=0

= the contribution of the odd modes to the perturbed brane

metric vanishes at linear order

= each of the hg‘ﬁ) behaves like a massive graviton on the

Schwarzschild background

VIV, LYY + 2RISR — m2hlY =
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Source-free solution

In the absence of sources, the general solution to the bulk
EOM s

hap = ejep Z {A Zn h(n) + Bn+3/22n+3/2h(”+3/2>
n=0

the contribution of the odd modes to the perturbed brane
metric vanishes at linear order

each of the hg‘ﬁ) behaves like a massive graviton on the
Schwarzschild background

h(n) _

n d1(n
VIV A 4 2RIP R — m2h(Y =

since mg = 0, the zero-mode behaves exactly like massless
graviton in GR
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Graviton In a box

(only showing
even modes)

profile of bulk modes
along extra dimension

...oD graviton is like a
wave trapped in a box with
discrete modes of propagation
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Graviton In a box

(only showing
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along extra dimension
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Graviton In a box

(only showing
even modes) profile of bulk modes
along extra dimension

modes are labeled by

\//\ number of zeros
]

in-between branes

\
¥\7Q\ ...oD graviton is like a

wave trapped in a box with

- h I : i
zero-mode behaves exactly discrete modes of propagation

like 4D massless (spin-2) graviton
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(only showing
even modes)

higher-order
“Kaluza-Klein”
modes act as
coupled massive
spin-0, spin-1 and
spin-2 fields

<

Graviton In a box

profile of bulk modes
along extra dimension

zero-mode behaves exactly
like 4D massless (spin-2) graviton

>

effective 4D mass

modes are labeled by
number of zeros
in-between branes

...oD graviton is like a
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Zero-mode truncation

= consider a solar system like situation:
0 weak matter source on visible brane
O no matter in the bulk or on the shadow brane

= the even KK modes satisfy the following completeness

relation

6(y — y+)

o0

=" 022, (y) Zn ()

n=0

= can use this to re-write bulk equation of motion

A

Ay

CD .9
B hcp — i hap =

—2(GM)* k5% BZZ Y+)Zn(y)
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Zero-mode truncation

consider a solar system like situation:
0 weak matter source on visible brane
O no matter in the bulk or on the shadow brane

the even KK modes satisfy the following completeness
relation

o0

=" 022, (y) Zn ()

n=0

6(y — y+)

can use this to re-write bulk equation of motion

A

AABCDhCD —ﬂQhAB (GM 2/%%2 AB ZZ y_|_ )

zero-mode truncation:
series

retain only the first term in the
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Some eigenfunction approximations

= zero-mode truncation based on (physical) assumption that
the Z, contribution to h 45 IS much larger than the Z,, parts
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Some eigenfunction approximations

= zero-mode truncation based on (physical) assumption that
the Z, contribution to h 45 IS much larger than the Z,, parts

= recall that

Zn(y) = cv;l[Yl(mnf)b(mnéek'y') — Jl(mnE)Yg(mnEek|y|)]

Y1 (mp ) J1 (mple*®) = Jy (mp )Y (my lef).

d
O, = / dy a™*(y) Zm(y) Zn(y)

—d

= in approximation e*¢ >> 1, we can solve second and third

equations for m,, and «,,; yielding

Z,(0) = VEO(e7*/2) « Z,(0) = VEO(1)

= this justifies zero-mode truncation (sort-of)
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Physical brane metric

= under the zero-mode truncation hap ~ Zo(y)eie%hag(zp)

= induced metric at y = y satisfies

AapPhp = —2(GM)*s3¥ 74 25 (y+)

(no extra dimensional content)
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Physical brane metric

= under the zero-mode truncation hap ~ Zo(y)eie%hag(zp)

= induced metric at y = y satisfies

AapPhp = —2(GM)*s3¥ 74 25 (y+)

(no extra dimensional content)

= however, metric at perturbed brane positiony =y, — £, IS

+
Qip = lgap —nang

]—I—
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Physical brane metric

under the zero-mode truncation hap ~ Zo(y)eie%hag(zp)
Induced metric at y = y., satisfies

AapPhp = —2(GM)*s3¥ 74 25 (y+)

(no extra dimensional content)
however, metric at perturbed brane position y =y, — £, IS

Ghs =l9ap —nang|t

similar to our previous calculation of perturbed junction
conditions, we find

_ ) 5 5 +
5QXB _ hZB { dAB 5P & dAB Sne + dAB 59013}

oD onc 5gC’D 0
— h}B — 2k§+qu — (naVp + nBVA)§+
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Brans-Dicke theory

s define

ht :eéegﬁjB T, =e GBTXB 77 = Z3(yy) =

af af

VYhi, = 2kVaEF

1 — e—de

perturbation to physical brane metric not TT

aﬁhaﬁ _ 8]€f+
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Brans-Dicke theory

define

ht :eéegﬁjB T, =e GBTXB 77 = Z3(yy) =

af af 1 — 6—2kd

perturbation to physical brane metric not TT

Vihi, =2kVaet g*Phl, = 8ket

equation of motion for 2] ;:

V”V,yfzag + VQV5B77 — VVVOJLBV — VVVQ?LOW =

1 k
—27% Kz [Taﬁ -3 (1 + 57 ) T gw] +(6k—423 )V oV
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Brans-Dicke theory

= still have the gauge freedom

BQIB — E/aﬁ + voﬂ]@ -+ VBT]@

= use this to enforce

Vh, — 3V ahPs = (222 — 3k)V &

= in this gauge h.s behaves as in Brans-Dicke theory

V7V7 haﬁ + QRafYﬁcsing — —167GG

o

1 4+ wep
T, g,
3+ 2w8D> 9 B]
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Brans-Dicke theory

still have the gauge freedom
hag = hag + Vanig + Vi
use this to enforce
Vh, — 3V ahPs = (222 — 3k)V &
in this gauge h. 3 behaves as in Brans-Dicke theory

1+ wgp
T
3+ 2w8D> 79&5]

Brans-Dicke parameter and Newton constant related to
brane separation

V”VvﬁangQRJ[fl_w = —167G [Taﬁ — (

3 K2
Wep — 5(62d/€ _ 1) - °

Gravitational waves in braneworld scenarios - p. 31/68



http://www.tech.port.ac.uk/staffweb/seahras

Brans-Dicke theory

Randall-Sundrum scenarios

A braneworld black hole model

1 + wgp ~
3 + 2wgp 7

VIV has + 2R hys = —167G | Topg — Jas

Linear perturbations

The massive modes

Recovering GR _ 3 (€2d/£ L 1)

e Zero-mode truncation wBD - 5

e Some approximations
e Physical brane metric

e Brans-Dicke theory

Angular decomposition

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007 Gravitational waves in braneworld scenarios - p. 31/68



http://www.tech.port.ac.uk/staffweb/seahras

Brans-Dicke theory

Randall-Sundrum scenarios

A braneworld black hole model — - 1 _|_ wBD

VIV has + 2R hys = —167G | Topg —

.
3 + 2wgp 7

9dap

Linear perturbations

The massive modes

. 3 2d /¢
TZero-mogdStTuncation wBD — 5(6 / o ]‘)
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Brans-Dicke theory

VIV has + 2RSS hys = —167G

3

I + wep
[ ’ (3 - 2w5D> 1o 6]

Wap = _(€2d/£ o 1)

2

= |nfinite brane separation means wgp = oo and we recover

GR exactly

= solar system constraint

wep > 4 x 10%

= d/M =5
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Brans-Dicke theory

- T I + wep
IV ohas + 2R hes = —167G | Ths — T q,
VIV, hap + 8 Nvs m [ 3 (3+2wso> vg 6]

3
Wap = 5(€2d/£ o 1)

= |nfinite brane separation means wgp = oo and we recover

GR exactly

= solar system constraint

weo =>4 x 10 = d/t>5

= Wwe need to adopt this limit on brane separation to model

black holes in the nearby universe as black strings
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Angular harmonic decomposition
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S — we already know how to decompose
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Recall background geometry: ds? = a?(y)[—f dt?> + f~1dr? + r? | + dy?

Randall-Sundrum scenarios

A braneworld black hole model L 2-Sph€1’e metric: Yab

e anti-symmetric pseudo-tensor: €,
e covariant derivative on the 2-sphere: D,

Linear perturbations

The massive modes

Recovering GR

polar axial
Angular decomposition
OSSN rank 0 (S) Yim
e Master wave equations rank 1 (V) Da}/lm EabDb}/lm
e Regge-Wheeler gauge Is]
e Example: axial perturbations rank 2 <T> DanYlm a’nd }/lmfyab _GC(an)D lem

2-sphere
for fixed (I, m):

Gregory-Laflamme instability

Source-free GWs ( \ t
s fom bt sources r e six S degrees of freedom
KK scaling formulae haip = ( 9 ¢> e six V degrees of freedom
O B \ ) 7 e three T degrees of freedom
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t oy ((9) ¢> y fifteen total DOF's
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Tensor harmonics

Recall background geometry: ds? = a?(y)[—f dt?> + f~1dr? + r? | + dy?

e 2-sphere metric: g4

e anti-symmetric pseudo-tensor: €,
e covariant derivative on the 2-sphere: D,

polar axial
rank 0 (S) Yim
rank 1 (V) D,Yim €’ DpYim
rank 2 (T) | Do DypYipn and Vi Yar  —€c(aDp)DYim

—

hap =

r (0,9)

/
fa
e

/)

Y

t
r

(6, 0)
J

2-sphere
RS gauge for fixed (I, m):

o g, S degrees of freedom
three

® 3y V degrees of freedom
four

e three T degrees of freedom

fiftegn total DOF's

ten
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Tensor harmonics

Recall background geometry: ds? = a?(y)[—f dt?> + f~1dr? + r? | + dy?

Randall-Sundrum scenarios

A braneworld black hole model L 2-Sph€1’e metric: Yab

e anti-symmetric pseudo-tensor: €,
e covariant derivative on the 2-sphere: D,

Linear perturbations

The massive modes

Recovering GR

polar axial
e | 0 (9 Vi
Vi e s rank 1 (V) D,Yim €’ Dy Yim
N a0k 2 (1) | DuDYYi a0 Vit —eaDDVin |
Cregory-Laflamme Ietablly RS gauge for fixed (I,m): P

Source-free GWs

X

deorees of freedom

GWs from point sources

e polar: transforms as (—1)! under x — —x

KK scaling formulae hAB p— es Of freedom
Detection scenarios e axial: transforms as (—1)"*! under x — —x
forees of freedom
Final comments \ y
fifregn total DOF's
t r ((97 ¢> y ten
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Tensor harmonics

Randall-Sundrum gauge choice

Randall-Sundrum scenarios .. fOCUS On RS gauge

A braneworld black hole model

P
hap = 7

Linear perturbations

Separation of variables:

The massive modes o0
Recovering GR haﬁ — Z Zn (y) hgg (‘TM)
n=0

Angular decomposition

e Tensor harmonics

e Master wave equations

|© © © O O|le

No e S SN O S S

10 DOFs

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations
e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Tensor harmonics

...focus on RS gauge

Separation of variables:

S Zaly)h! ()
n=0
spherical
harmonics
ey ="l

lm

Randall-Sundrum gauge choice

hap =

hap

[ S S © Ole

No e S SN O S S

10 DOFs

Gravitational waves in braneworld scenarios - p. 33/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations
e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Tensor harmonics

..focus on RS gauge

Separation of variables:

QB_ZZ (")

hap =

")

spherical

ha

rmonics

((lnﬁ) _ Z h(nhn)

(nlnz

n/
aﬁ’ Z 7)

P“

Im) ‘I‘ZA

g

TV
polar

Randall-Sundrum gauge choice

hap

\

P)AT™

NV
axial

[ S S © Ole

T DI s+

10 DOFs
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations
e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Tensor harmonics

Randall-Sundrum gauge choice

v
.focus on RS gauge 0\ ¢
h of| r
. | _ hap = *? ol | o
Separatlon of variables: ol | o
_ 10 DOFs
spherical
harmonics
hfxnﬁ) — Z h(nlm) | | polar axial
Im, rank 0 (S) Yim
rank 1 (V) D.Yim, €’ DpYim
rank 2 (T) Danlem and lemﬂ)/ab _ec(an)DCY'lm

(nlm)

(zlm)+ZA (jlm)
A_ }

—~—
“standard” tensor spherical harmonics

ZP
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations
e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Tensor harmonics

Randall-Sundrum gauge choice

v
.focus on RS gauge o ¢
h o r
hap = *? ol | o
Separation of variables: AB ol | o
_ 10 DOFs
spherical
harmonics
hfxnﬁ) — Z h(nlm) | | polar axial |
Im, rank 0 (S) Yim
rank 1 (V) D.Yim, €’ DpYim
rank 2 (T) Danlem and lemﬂ)/ab _ec(an)DCY'lm
(nlm) ZPTM (zlm) + ZA (jlm)
. I '

dynamics of these expansion coefficients determined by
linearized field equations... polar and axial sets are decoupled
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Master wave equations

ViV, h(nlm> + 2R, 5h(nlm) h(n ™) _ gources

Randall-Sundrum scenarios

A braneworld black hole model ( l ) ( l ) ( l )
nLm 2 : em 2 : m
Linear perturbations 7) _|_ A (Q)

The massive modes

Recovering GR = for any given (nim), EOMs imply that some of the P}** and

Angular decomposition 1 mn

e Tensor harmonics ’I:ZL are red U ndant

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

(nlm)

VIV, RS 4 2RI R —

3
Q)+ > AW (¢,
j=1

ZP

(zlm)

h(n m)

— Sources

2lm
AL ()

= for any given (nlm), EOMs imply that some of the P/** and

nj
Alm

are redundant

= as in 4D black hole perturbation theory, can express h("™)

in term of master variables {}
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

ViV, h(nlm> + 2R, 5h(nlm) h(n ™) _ gources

3
nlm lm nj ilm
hes" = ZP Pas (@) + 3 AR (LA™ ()
71=1

= for any given (nlm), EOMs imply that some of the P/** and
A7 are redundant

= as in 4D black hole perturbation theory, can express k(")
In term of master variables {1}

= general idea Is to solve dynamical equations for master

variables {v'} and then obtain metric perturbation 1™ py
algebra/differentiation/quadrature
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

ViV, h(nlm> + 2R, 5h(nlm) h(n ™) _ gources
3 . .
hiy™ = Z PR (t,r)BLG™ () + 3 AW (£, r) AL ()
j=1

= for any given (nlm), EOMs imply that some of the P/** and
A7 are redundant

= as in 4D black hole perturbation theory, can express k(")
In term of master variables {1}

= general idea Is to solve dynamical equations for master

variables {v'} and then obtain metric perturbation 1™ py
algebra/differentiation/quadrature

= actual process of finding master variables tedious and often
Involves trial and error
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

= essential DOFs are described by (vector-valued) master
variables ¢, = w¥* (7, 2), which satisfy wave equations

nlm nlm

07 — 07 + Vi (z,mn)]

a
nlm

= source(matter, £¥)
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

= essential DOFs are described by (vector-valued) master

variables ¥¢ = ¥ (7, 2), which satisfy wave equations
(02 — 0% + V¢ (x,m,)]¥%, = source(matter, )

0 r=t/GM and z = r/GM + 21In(r/2GM — 1)
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Master wave equations

= essential DOFs are described by (vector-valued) master

variables ¥¢ = ¥ (7, 2), which satisfy wave equations
(02 — 0% + V¢ (x,m,)]¥%, = source(matter, )

0 r=t/GM and z = r/GM + 21In(r/2GM — 1)

0 V} Is a square matrix
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

= essential DOFs are described by (vector-valued) master

variables ¥¢ = ¥ (7, 2), which satisfy wave equations
(02 — 0% + V¢ (x,m,)]¥%, = source(matter, )

0 r=t/GM and z = r/GM + 21In(r/2GM — 1)

0 V} Is a square matrix
0 a = (polar, axial)
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Master wave equations

= essential DOFs are described by (vector-valued) master

variables ¥¢ = ¥ (7, 2), which satisfy wave equations
(02 — 0% + V¢ (x,m,)]¥%, = source(matter, )

0r=t/GMand x =r/GM + 2In(r/2GM — 1)

0 V} Is a square matrix

0 a = (polar, axial)

0 number of radiative DOFs in zero-mode sector:

n =20 polar axial
[ =0 n/a n/a
[ =1 n/a n/a
[>2 dimW¥?, =1 dmW¥?, =1
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge
e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Master wave equations

= essential DOFs are described by (vector-valued) master

variables ¥¢ = ¥ (7, 2), which satisfy wave equations
(02 — 0% + V¢ (x,m,)]¥%, = source(matter, )

0r=t/GMand x =r/GM + 2In(r/2GM — 1)

0 V} Is a square matrix

0 a = (polar, axial)

0 number of radiative DOFs in massive mode sector:

n>1 polar axial
[=0 dimw¥? =1 n/a

nlm

|>2 dim®?, =3 dim®?, =2
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Regge-Wheeler gauge

Randal Surdrum scendrios = we don’t always have to use the RS gauge with n*h 5 =0
A braneworld black hole model (Ie hty — hf’ry A — hyy — O)

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics
e Master wave equations

e Regge-Wheeler gauge

e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Regge-Wheeler gauge

Randal Surdrum scendrios = we don’t always have to use the RS gauge with n*h 5 =0
A braneworld black hole model (Ie h/ty — hry A — hyy — O)

S = inthe general hag =5, .. Zn(y )h(nlm) with

The massive modes

Recovering GR 4

sl decomposiion (nlm) Z 7) (zlén) (Q) 4+ Z ./4 ( )A(zlm) (Q)

e Tensor harmonics

e Master wave equations

e Regge-Wheeler gauge

e Example: axial perturbations

g=1

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Regge-Wheeler gauge

Randal Surdrum scendrios = we don’t always have to use the RS gauge with n*h 5 =0
A braneworld black hole model (Ie h/ty — hry A — hyy — O)

inear perturbations Zn (y)h(nlm) Wlth

= inthe general hap =)

The massive modes nl m

Recovering GR 4

Angular decomposition nlm tilm ilm
| pUm) = ZP PUEY Q)+ Y A (¢, )AL R ()

e Tensor harmonics

e Master wave equations ] =1

e Regge-Wheeler gauge

e Example: axial perturbations

]P’“’lm) and A(”m are the natural 5D generalizations of the
4D tensor harmonics

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics
e Master wave equations

e Regge-Wheeler gauge

e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Regge-Wheeler gauge

we don’t always have to use the RS gauge with n4h g =0
(.e. Aty = hypy = -+ - = hyy = 0)

inthe general hap =S, Z,(y)hW"™ with

ZP

]P’“’lm) and A(”m are the natural 5D generalizations of the
4D tensor harmonics

as in 4D, the Regge-Wheeler gauge involves setting the
coefficients of the most “complicated” harmonics equal to
Zero

nlm

B ) + 3 A 1AL @)

g=1

(nlm)
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Randall-Sundrum scenarios
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Regge-Wheeler gauge

we don’t always have to use the RS gauge with n4h g =0
(.e. Aty = hypy = -+ - = hyy = 0)

inthe general hag = >, Zn(y )h(”lm) with

ZP

]P’“’lm) and A(”m are the natural 5D generalizations of the
4D tensor harmonics

as in 4D, the Regge-Wheeler gauge involves setting the
coefficients of the most “complicated” harmonics equal to
Zero

also as in 4D, the remaining coefficients are gauge invariant

B ) + 3 A 1AL @)

g=1

(nlm)
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Example: [ > 2 axial perturbations

= radial wavefunctions in the RS gauge follow from the master
Randall-Sundrum scenarios e q U a.tl O n

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

e Tensor harmonics
e Master wave equations
e Regge-Wheeler gauge

e Example: axial perturbations

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments
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Randall-Sundrum scenarios
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e Example: axial perturbations

Gregory-Laflamme instability
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Example: [ > 2 axial perturbations

= radial wavefunctions in the RS gauge follow from the master

equation:

d2

dx?

U

RS RS
VIt Vis Ui

RS RS
Vor Vs U2
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Randall-Sundrum scenarios

A braneworld black hole model
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Recovering GR

Angular decomposition

e Tensor harmonics
e Master wave equations
e Regge-Wheeler gauge
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Source-free GWs
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KK scaling formulae
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Example: [ > 2 axial perturbations

= radial wavefunctions in the RS gauge follow from the master

equation:

lim
xr— — OO

U2

RS RS
Vl 1 V12

RS
21

RS
22

|
=

Uy

U

lim
xTr— 00

RS RS
VIt Vis Ui

RS RS
Vor Vs U2

RS RS
Vl 1 Vl 2

RS
21

RS
22

m? 0

0 m?
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations
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Recovering GR
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e Example: axial perturbations
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Source-free GWs
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KK scaling formulae
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Example: [ > 2 axial perturbations

= radial wavefunctions in the RS gauge follow from the master
equation:

2 RS RS

o 2 RS RS
. VRS VRS . VRS VRS m2 O
hm 1Rls 1R2S - O’ hm 1R18 1R2S - 2
Lo 21 Va2 Lo 21 Vo2 0 m

= |n the RW gauge, we obtain a different potential matrix

VRV VE L Vi)Y = RW potential for a massive 4D graviton
VRV VR | VRY = RW potential for a massive 4D photon
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations
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Recovering GR
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e Example: axial perturbations

Gregory-Laflamme instability
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KK scaling formulae

Detection scenarios

Final comments
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Example: [ > 2 axial perturbations

= radial wavefunctions in the RS gauge follow from the master

equation:
2 RS RS
. VRS VRS . VRS VRS m2 O
hm 1Rls 1R2S - O’ hm 1R18 1R2S - 2
Lo 21 Va2 Lo 21 Vo2 0 m

= |n the RW gauge, we obtain a different potential matrix

VRV VE L Vi)Y = RW potential for a massive 4D graviton
VRV VR | VRY = RW potential for a massive 4D photon

= 4D observers interpret these perturbations as a massive

graviton coupled to a massive graviphoton
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability

e Spherical perturbations

e Spherical wave equation

e The s-wave potential

e Braneworld stability criteria
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Gregory-Laflamme instability
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Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability
[+ Spherical peruoatons |
e Spherical wave equation
e The s-wave potential
e Braneworld stability criteria
e Other instabilities?

Source-free GWs
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KK scaling formulae
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Spherical perturbations

(see also Kodama and Obler lectures)
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Recovering GR
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e Spherical wave equation
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Detection scenarios
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Spherical perturbations

(see also Kodama and Obler lectures)

= Birkhoff’s theorem states the only solution to N-dimensional
Einstein equations G4 = Agap with structure R? x SN2

are time-independent
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Randall-Sundrum scenarios

A braneworld black hole model
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Spherical perturbations

(see also Kodama and Obler lectures)

= Birkhoff’s theorem states the only solution to N-dimensional
Einstein equations G4 = Agap with structure R? x SN2

are time-independent

0 they possess a hypersurface orthogonal timelike Killing

vector

= in 4D, this implies that there are no spherical GWs about a

Schwarzschild background
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Spherical perturbations

(see also Kodama and Obler lectures)

Birkhoff's theorem states the only solution to /N-dimensional
Einstein equations G ap = Agap With structure R? x S&—2
are time-independent
0 they possess a hypersurface orthogonal timelike Killing
vector

In 4D, this implies that there are no spherical GWs about a
Schwarzschild background

black string background has structure R3 x S?
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Birkhoff's theorem states the only solution to /N-dimensional
Einstein equations G ap = Agap With structure R? x S&—2
are time-independent
0 they possess a hypersurface orthogonal timelike Killing
vector

In 4D, this implies that there are no spherical GWs about a
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black string background has structure R3 x S?
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Spherical perturbations

(see also Kodama and Obler lectures)

Birkhoff's theorem states the only solution to /N-dimensional
Einstein equations G ap = Agap With structure R? x S&—2
are time-independent
0 they possess a hypersurface orthogonal timelike Killing
vector

In 4D, this implies that there are no spherical GWs about a
Schwarzschild background

black string background has structure R3 x S?
0 Birkhoff's theorem does not apply
0 can have radiative s-wave (I = 0) GWs
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Spherical wave equation

= In 1991, Gregory and Laflamme showed that black strings in

vacuum space are unstable
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Spherical wave equation

= In 1991, Gregory and Laflamme showed that black strings in
vacuum space are unstable
0 generalized to AdS space in 2000 by Gregory
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Spherical wave equation

= In 1991, Gregory and Laflamme showed that black strings in

vacuum space are unstable
0 generalized to AdS space in 2000 by Gregory

= original Gregory-Laflamme instability was found for an [ = 0
perturbation

polar

= writing BP0 = ¢"“74), () and switching off sources, we
have
2 d2
W™ =+ 2 — Vs(x,my)| ¢Yn =0
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Spherical wave equation

In 1991, Gregory and Laflamme showed that black strings in
vacuum space are unstable
0 generalized to AdS space in 2000 by Gregory

original Gregory-Laflamme instability was found for an [ = 0
perturbation

polar

writing ¥ 5
have

= "), (z) and switching off sources, we

d2
2 _
W™ =+ 2 — Vs(z,myp)| ¢, =0
e'“7 time dependence = instability if the potential supports a
normalizable bound state (with w? < 0)
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Spherical wave equation

In 1991, Gregory and Laflamme showed that black strings in
vacuum space are unstable
0 generalized to AdS space in 2000 by Gregory

original Gregory-Laflamme instability was found foran [ =0
perturbation

polar

writing ¥ 5
have

= "), (z) and switching off sources, we

d2
2 _
w” + i Vs(x,my)| ¥, =0

e'“7 time dependence = instability if the potential supports a
normalizable bound state (with w? < 0)

does the s-wave potential actually support a bound state?
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Potential in the s-wave equation

potential Vi (x, m)

= = = = - =
—_ ) O N &) o))

-]

uw=GMm

20  -10

0 10 20 30
tortoise coordinate x
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~

Recovering GR
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Gregory-Laflamme instability
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“ordinary” potential

for scalar excitations
of Schwarzschild

potential Vi (x, m)
o o
o W

<
[a—

Source-free GWs

p=70
/

GWs from point sources

-]
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<
o)

uw=GMm

A braneworld black hole model

S
n

Linear perturbations

The massive modes

—
~

Recovering GR

Angular decomposition

emergence of a
potential well

p=0.2
e a
0 10

Gregory-Laflamme instability
e Spherical perturbations

e Spherical wave equation

e Braneworld stability criteria
e Other instabilities?

potential Vi (x, m)
o o
o W

<
[a—

Source-free GWs

GWs from point sources

-]

KK scaling formulae

Detection scenarios _20 — 1 O
Final comments tortoise coordinate x
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Gregory-Laflamme instability
e Spherical perturbations

e Spherical wave equation

e Braneworld stability criteria
e Other instabilities?

well gets
smaller

S
bo

potential Vi (x, m)
=
(V)

<
[a—

Source-free GWs

GWs from point sources

-]

X

Detection scenarios —2',0' | '—1I0' | | | O | | | | IIO | | | | 20 | | | | 30
S o tortoise coordinate x

KK scaling formulae

Sanjeev S. Seahra; 19 April, 2007 Gravitational waves in braneworld scenarios - p. 40/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability
e Spherical perturbations

e Spherical wave equation

e Braneworld stability criteria
e Other instabilities?

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Potential in the s-wave equation
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Potential in the s-wave equation

potential Vi (x, m)

= = = = - =
—_ ) O N &) o))

-]

uw=GMm

the well has
virtually
disappeared
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uw=GMm

A braneworld black hole model

Linear perturbations

The massive modes

WKB approximation =
bound state exists for 0 < p < 0.4301

Recovering GR

Angular decomposition
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Potential in the s-wave equation

instability: 0 < GMm,, < 0.4301 for n =1,3/2,2,5/2, ...

profile of bulk modes
along extra dimension
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instability: 0 < GMm,, < 0.4301 for n =1,3/2,2,5/2, ...

Randall-Sundrum scenarios

1

wavelength in the extra dimension ~ m_;

A braneworld black hole model

= GL is an infrared instability

Linear perturbations
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Potential in the s-wave equation

instability: 0 < GMm,, < 0.4301 for n =1,3/2,2,5/2, ...

1

wavelength in the extra dimension ~ m_;

= GL is an infrared instability

profile of bulk modes
along extra dimension

= avoid instability by T M or “squeezing” branes
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Braneworld stabllity criteria

s first KK mass m; = u1/GM was smallest solution of

Y1 (mp ) J1 (mple"®) = Jy (m, 0)Y; (my, £e)
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Braneworld stabllity criteria

s first KK mass m; = u1/GM was smallest solution of
Y1 (mp ) J1 (mple"®) = Jy (m, 0)Y; (my, £e)

= the Gregory-Laflamme instability is circumvented if

M1 = M1 (M, d, 6) — GMm1 (d, f) > (0.4301

Gravitational waves in braneworld scenarios - p. 41/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability
e Spherical perturbations

e Spherical wave equation

e The s-wave potential

e Braneworld stability criteria

e Other instabilities?

Source-free GWs

GWs from point sources

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Braneworld stabllity criteria

s first KK mass m; = u1/GM was smallest solution of

Y1 (mp ) J1 (mple"®) = Jy (m, 0)Y; (my, £e)

= the Gregory-Laflamme instability is circumvented if

M1 = M1 (M, d, 6) — GMm1 (d, f) > (0.4301

= useful stability criterion when e*? > 1:

M

Mg

>1.1x107° (

14

0.1 mm

) (d—=50)/1
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Braneworld stabllity criteria

mass log GM /¢

ﬂondition on first
allowed KK mass translates

configurations| INto constraint on

mass and brane

\ separation J

unstable configurations

10 15 20 25
brane separation d//
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Braneworld stabllity criteria

mass log GM /¢

scalar-tensor limit

allowed
configurations

constraints limit
minimum brane
separation

\_

/brane bending DOF
mimics scalar-tensor
theory at low energy;
hence, solar system

),

unstable configurations

BT

15 20 25

brane separation d//¢
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Braneworld stabllity criteria

Randall-Sundrum scenarios

..... 104 Mg

2
lowed A ——— 102 M
fi 17 00) 8 1 T

configurations <. Wi

A braneworld black hole model
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Linear perturbations

The massive modes
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Ll l Ll 1l

Recovering GR

Angular decomposition

Gregory-Laflamme instability

e Spherical perturbations

N
I I l 1 1 I I

e Spherical wave equation
e The s-wave potential

e Braneworld stability criteria

e Other instabilities?

\9)
Il l Ll

unstable configurations

mass log GM /¢
2
scalar-tensor limit

Source-free GWs

-
Ll l Ll 1

“assuming ¢ = 0.1 mm

GWs from point sources

KK scaling formulae
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|
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Other Iinstabilities?

= are there any instabilities for non-spherical perturbations?
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Other Iinstabilities?

= are there any instabilities for non-spherical perturbations?
= analytically addressing this is hard (see Kodama’s lectures)
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Other Iinstabilities?

= are there any instabilities for non-spherical perturbations?
= analytically addressing this is hard (see Kodama’s lectures)
= we have tried various things like numerically integrating the

wave equations in the time domain with various initial
conditions
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Other Iinstabilities?

= are there any instabilities for non-spherical perturbations?
= analytically addressing this is hard (see Kodama’s lectures)
= we have tried various things like numerically integrating the

wave equations in the time domain with various initial
conditions
0 no evidence for any other unstable modes
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Other Iinstabilities?

= are there any instabilities for non-spherical perturbations?
= analytically addressing this is hard (see Kodama’s lectures)
= we have tried various things like numerically integrating the

wave equations in the time domain with various initial
conditions

0 no evidence for any other unstable modes

0 not a proof...
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Numeric integration of wave equations

= principal differences between 4D-like zero-mode and
massive mode signals can be seen by numerically
Integrating master equations

= work with source-free axial [ = 2 equations and no brane
bending (consistent solution of field equations)
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Numeric integration of wave equations

= principal differences between 4D-like zero-mode and

massive mode signals can be seen by numerically
Integrating master equations

= work with source-free axial [ = 2 equations and no brane

bending (consistent solution of field equations)

m |ook at lowest-order KK modes n =0...3
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Numeric integration of wave equations

= principal differences between 4D-like zero-mode and
massive mode signals can be seen by numerically
Integrating master equations

= work with source-free axial [ = 2 equations and no brane
bending (consistent solution of field equations)

m |ook at lowest-order KK modes n =0...3

= |nitial data is a gaussian pulse at x = 50 incident on the
string (same for each mode)
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Numeric integration of wave equations

= principal differences between 4D-like zero-mode and
massive mode signals can be seen by numerically
Integrating master equations

= work with source-free axial [ = 2 equations and no brane
bending (consistent solution of field equations)

m |ook at lowest-order KK modes n =0...3

= |nitial data is a gaussian pulse at x = 50 incident on the
string (same for each mode)

m waveforms are for an observer at z = 100 on the visible
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Numeric integration of wave equations

= principal differences between 4D-like zero-mode and
massive mode signals can be seen by numerically
Integrating master equations

= work with source-free axial [ = 2 equations and no brane
bending (consistent solution of field equations)

m |ook at lowest-order KK modes n =0...3

= |nitial data is a gaussian pulse at x = 50 incident on the
string (same for each mode)

m waveforms are for an observer at z = 100 on the visible
brane

= dimensionless KK mass u,, = GMm,,
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Composite gravitational wave signal

= the total gravity wave signal is a sum of contributions from all

mass modes
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Composite gravitational wave signal

= the total gravity wave signal is a sum of contributions from all
mass modes

= {0 reconstruct the total signal, we need to specify bulk initial
data and decompose it with respect to the {Z,, } basis
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Composite gravitational wave signal

= the total gravity wave signal is a sum of contributions from all

mass modes

= {0 reconstruct the total signal, we need to specify bulk initial

data and decompose it with respect to the {Z,, } basis

= the expansion coefficients tell us how much of each massive

mode to include in the composite signal
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Composite gravitational wave signal

= the total gravity wave signal is a sum of contributions from all
mass modes

= {0 reconstruct the total signal, we need to specify bulk initial
data and decompose it with respect to the {Z,, } basis

= the expansion coefficients tell us how much of each massive
mode to include in the composite signal

= practically, we are limited to using the 9 lowest mass modes
In the composite waveforms
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Composite gravitational wave signal

= Example 1: truncated zero separation d/¢ = 6

I
mode initial data a '
<
=
o
=
z
Ze]a extra dimension Z@
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Composite gravitational wave signal

= Example 1: truncated zero separation d/¢ = 6
mode initial data

= (very) crude approximation
to the gravitational field of a
small brane confined black
hole or relativistic star

initial data

dimension Z@
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\g
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Composite gravitational wave signal

= Example 1: truncated zero
mode initial data

= (very) crude approximation
to the gravitational field of a
small brane confined black
hole or relativistic star

= |ate time corrections to the
usual BH ringdown
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Composite gravitational wave signal

= Example 2: Gaussian initial separation d/{ = 20
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Composite gravitational wave signal

= Example 2: Gaussian initial
data

= corresponds to an event that
takes place ‘mostly in the
bulk, like the merger of black
strings
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Composite gravitational wave signal

= Example 2: Gaussian initial
data

= corresponds to an event that
takes place ‘mostly in the
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The story behind wavetails

(see also Siopsis and Kokkotas lectures)
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The story behind wavetails

(see also Siopsis and Kokkotas lectures)

= why do we have this long lasting massive mode wavetail?
= we're solving equations of the form

(07 =02+ V) =0 9(0,2) = known = ¢(0, )

where the potential V goes to u? + O(1/r) as & — oo
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The story behind wavetails

(see also Siopsis and Kokkotas lectures)

why do we have this long lasting massive mode wavetail?
we’re solving equations of the form

(07 =02+ V) =0 9(0,2) = known = ¢(0, )

where the potential V goes to u? + O(1/r) as & — oo

the formal solution of the initial value problem involves using
a frequency-space Green'’s function

Y(t, ) ~ /da:’/dw ewt'Ma (x, 2T, (x)

0 G, (x,2") is the Fourier transform of the Green’s function
0 Z,(x") is some function of the initial data
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The story behind wavetails

(see also Siopsis and Kokkotas lectures)

why do we have this long lasting massive mode wavetail?
we’re solving equations of the form

(07 =02+ V) =0 9(0,2) = known = ¢(0, )

where the potential V goes to u? + O(1/r) as & — oo

the formal solution of the initial value problem involves using
a frequency-space Green'’s function

p(t, ) ~ /da:’/dw eWtMa (x, 2T, (')
0 G, (x,2") is the Fourier transform of the Green’s function

0 Z,(x") is some function of the initial data
the interesting features come from the w integral
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Contour integration

Imw

Rew

To compute the integral, we complete the contour as shown
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Various parts of the integral are responsible for

different gravity wave features
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Contour integration

A non-zero field mass changes the branch cut

and integration contour
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Late time Green’s function

= Koyama and Tomimatsu (2001) have looked at the branch

cut contribution for V = u? 4+ O(1/r)
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Late time Green’s function

= Koyama and Tomimatsu (2001) have looked at the branch
cut contribution for V = p? 4+ O(1/r)

= they find

G(t;z,z') ~ p'/?(ut) =% sin(put)
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Late time Green’s function

= Koyama and Tomimatsu (2001) have looked at the branch

cut contribution for V = u? 4+ O(1/r)
= they find

G(t;z,z') ~ p'/?(ut) =% sin(put)

m we'll use this later
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Massive mode frequencies

= to determine if we can actually detect slowly-decaying KK
modes, we need to know about their frequencies and
amplitudes
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Massive mode frequencies

= to determine if we can actually detect slowly-decaying KK
modes, we need to know about their frequencies and
amplitudes

= GW frequency associated with »" mode is

—d/e 1
I~ ce (n+7) — 1.0 x 1010 (@) 5=/ + 1) Hz

20 /
(recall that d/¢ = 5). N.B.: f, is independent of M
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Massive mode frequencies

= to determine if we can actually detect slowly-decaying KK
modes, we need to know about their frequencies and

amplitudes

= GW frequency associated with »" mode is

ce= ¥ (n + 1

fn%

20

4):10x1m0<

14

0.1 mm

) >~ (n+ T) Hz

(recall that d/¢ = 5). N.B.: f, is independent of M
= assuming ¢ = 0.1 mm:

d/t

fn

eg. detector

string mass

33
24
10

> 1072 Hz
> 10" Hz
> 10" Hz

LISA
LIGO
B’ham (?)

> 1076 Mg
> 1072 Mg
>107* Mg
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Black string GW sources

= what kind of real astrophysical events could result in GW

emission from black strings?
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Black string GW sources

= what kind of real astrophysical events could result in GW

emission from black strings?
0 two black strings merge
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Black string GW sources

= what kind of real astrophysical events could
emission from black strings?
0 two black strings merge

result in GW

0 a brane localized black hole grows past the GL threshold

by accretion and becomes a black string
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Black string GW sources

= what kind of real astrophysical events could
emission from black strings?
0 two black strings merge

result in GW

0 a brane localized black hole grows past the GL threshold

by accretion and becomes a black string

0 a small object on one of the branes has a close

encounter with the black string
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Black string GW sources

= what kind of real astrophysical events could result in GW
emission from black strings?
0 two black strings merge
0 a brane localized black hole grows past the GL threshold
by accretion and becomes a black string
0 a small object on one of the branes has a close
encounter with the black string

= first two events are intriguing and may produce a lot of GWSs,
but we don’t really know how to calculate this
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Black string GW sources

= what kind of real astrophysical events could result in GW

emission from black strings?

0 two black strings merge

0 a brane localized black hole grows past the GL threshold
by accretion and becomes a black string

0 a small object on one of the branes has a close
encounter with the black string

= first two events are intriguing and may produce a lot of GWSs,

but we don’t really know how to calculate this

= Wwhen the mass ratio is small, the last event can be modeled

In perturbation theory
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Black string GW sources

what kind of real astrophysical events could result in GW
emission from black strings?
0 two black strings merge
0 a brane localized black hole grows past the GL threshold
by accretion and becomes a black string
0 a small object on one of the branes has a close
encounter with the black string

first two events are intriguing and may produce a lot of GWSs,
but we don’t really know how to calculate this

when the mass ratio is small, the last event can be modeled
In perturbation theory
0 analogous to extreme mass ratio inspirals (EMRIs) in GR
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Point source assumption

= In GR, EMRIs are modeled by assuming the smaller object

IS a point source
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Point source assumption

= In GR, EMRIs are modeled by assuming the smaller object
IS a point source

= makes sense If the horizon radius of the black hole is much
larger than the dimensions of the small body
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Point source assumption

= In GR, EMRIs are modeled by assuming the smaller object

IS a point source

= makes sense if the horizon radius of the black hole is much

larger than the dimensions of the small body

= in our problem there is another length scale ¢
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Point source assumption

= In GR, EMRIs are modeled by assuming the smaller object
IS a point source

= makes sense If the horizon radius of the black hole is much
larger than the dimensions of the small body

= in our problem there is another length scale ¢
= problematic: a typical small body will still be larger than ¢
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Point source assumption

= In GR, EMRIs are modeled by assuming the smaller object
IS a point source

= makes sense If the horizon radius of the black hole is much
larger than the dimensions of the small body

= in our problem there is another length scale ¢
= problematic: a typical small body will still be larger than ¢

= |et’s use the delta function approximation anyways, should
give an upper limit on the amplitude of GWs from these
events
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Equations of motion with sources

= Wwe make the assumptions

YOk —=0and X}, =00rx,, =0
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Equations of motion with sources

= Wwe make the assumptions

YOk —=0and X}, =00rx,, =0

= Wwe decompose hap as

/4:5(GM

hap =

BBZZ

(n)
y)h).

0 C is a normalization constant (to be specified later) with

dimensions of (mass)~
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bulk
EAB -

hap =

= Wwe decompose hap as

/4:5(GM

= Wwe make the assumptions

BBZZ

Equations of motion with sources

Oand Xz =00rX, ;=0

(n)
y)h).

0 C is a normalization constant (to be specified later) with
dimensions of (mass)~

@:I:

A
5 = Cey,

Brp=t

¢ =

= define a dimensionless brane stress-energy tensors and
brane bending scalars by

Ce*

(GM)2k?2
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Equations of motion with sources

= the equation of motion for h<”>

(GM)? VIV ) + 2RISR | — u2hl) =

— 2 (0,

5 — 20ga5) — 4(GM)*V, V¢
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Equations of motion with sources

= the equation of motion for h<”>

(GM)? [Wv B + 2R 5h<”>}

— 2 (0,

= the equation of motion for ¢ is

vo{

\ =

1
6

12 h

(n) _
af

5 — 20ga5) — 4(GM)*V, V¢
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Equations of motion with sources

= the equation of motion for h<”>

(GM)? [Wv B + 2R 5h<”>}

— 2 (0,

= the equation of motion for ¢ is

VOV = 6

= we also have the conditions

V%h

()

ozﬁ_

12 h

(n) _
af

5 — 20ga5) — 4(GM)*V, V¢

Vo‘@aﬁ — O — gaﬁhg’g
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Radiative s-wave channel

= Wwe decompose the problem in terms of spherical harmonics:

3

5(8)
\/ﬁ

h(n s)
VA

o0 l

Z lmflm

=1 m=-1

oo

[ 10
D ID PPk

[=1 m=—11=1

o’ l 10

=1 m=—I z'=1

1Y s

o h(nlm)

@(lm)
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Radiative s-wave channel

= Wwe decompose the problem in terms of spherical harmonics:

3

= just worry about s-wave sector from now on

5(8)

h(n s)

\/E

o)
046

o0 l

2

=1 m=

oo

53D 3P

lmflm

[ 10
D IDIP P

[=1 m=—11=1

(@)

5 h(nlm)

@(lm)
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Radiative s-wave channel
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Randall-Sundrum scenarios = write the [ = 0 contribution to the metric perturbation as

A braneworld black hole model

n,s)

Linear perturbations hfyﬁ — Hl toétﬁ — 2H2 t(a?aﬁ) —I— H3 TOéTOé —I— KW@B?

The massive modes

where we have defined

Recovering GR

Angular decomposition ta — f_1/28t, rO{ — f1/287~, ,yoéﬁ — gaﬁ _|_ tOét/B . T(XTB

Gregory-Laflamme instability

e = more definitions:

GWs from point sources

e Black string GW sources T t IO

e Point source assumption p — , T — — y €Tr = 10 —I— 2 1]_’]_ (— — 1)
e EOMs with sources GM GM 2

e Point mass Lagrangian

———— s the master variables:

e Fly-by orbit

KK scaling formulae 2,03 a K ag (S)
Detection scenarios ¢ 2 _|_ ILL2 103 <IO 87- f 2) ’ Sp IO aT
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Radiative s-wave channel

m ¢ =1(7,x) and p = (7, z) satisfy:

(2 =2+ V) =Sy +Le

(07 = 0; + Vi )p = S,
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?* Radiative s-wave channel

m ¢ =1(7,x) and p = (7, z) satisfy:

(2 =2+ V) =Sy +Le
(07 =+ Vi) = S,

s the various terms are

Vi

Sy =

f

p> (2 + pu?)
2fp’

3(2 + p?p?)

T =

_ 2

vV
¥ ,03

8f

2+ 12)?

Sp = %&Al

5 |:,LL6,09—|_6 ,LL4,07_]-8M4,06_24 ,LL2,04+36 Iu2103_i_8i|

5 |P2H120%)0- (201 + BAs)+6(% " —4) fAs |

6fp°0, + (u’p® — 6p+8)]
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Radiative s-wave channel

= we have defined the following three scalars:

Al =-0

9

ap A2 _

—0L P Az =40
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Radiative s-wave channel

T = we have defined the following three scalars:

A braneworld black hole model

Al — _@Sﬁ)gaﬁ A2 — _@;Sﬁ)tozrﬁ A3 _ _I_@gésﬁ)/yozﬁ

Linear perturbations

The massive modes

= also have the inversion formulae

Recovering GR

Angular decomposition

o-H1 =

Gregory-Laflamme instability

Source-free GWs

GWs from point sources H 2 p—

e Black string GW sources
e Point source assumption
e EOMs with sources

o-H
e Point mass Lagrangian T 3
e Bounded orbit
e Fly-by orbit

KK scaling formulae 87_ K p—

Detection scenarios

VDI DI DI DI

Final comments

Sanjeev S. Seahra; 19 April, 2007 Gravitational waves in braneworld scenarios - p. 55/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

e Black string GW sources
e Point source assumption
e EOMs with sources

e Radiative s-wave channel
e Bounded orbit

e Fly-by orbit

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Point mass Lagrangian

= take the Lagrangian of a particle on either brane to be

4
ﬁi:% 0% (2! — 2p

)

p 2 \/TC]

where n is an affine parameter

q

¢
dz]‘j‘ dzp

ap—L =2
5 dy ¥
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Point mass Lagrangian

= take the Lagrangian of a particle on either brane to be

rr_ M /54(2”_"‘5)q %%d
v=q “Pdn dn

P 2
where n is an affine parameter
= everything defined w.r.t. induced metric g}, = a3 gag

Gravitational waves in braneworld scenarios - p. 56/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

e Black string GW sources
e Point source assumption
e EOMs with sources

e Radiative s-wave channel
e Bounded orbit

e Fly-by orbit

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Point mass Lagrangian

= take the Lagrangian of a particle on either brane to be

TR . J K
P 2 vV —q p dn dn
where n is an affine parameter
= everything defined w.r.t. induced metric g}, = a3 gag

= need to re-express in terms of Schwarzschild metric gz
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Point mass Lagrangian

take the Lagrangian of a particle on either brane to be

[,i:% /54('2”_25)q dz_g%d
P2 v=a *Pdn dy
where n is an affine parameter

everything defined w.r.t. induced metric ¢, = a2 gas

need to re-express in terms of Schwarzschild metric g,
leads to stress energy tensor

M, [ 6*(z"—zh)
a4 V=9

where A is the affine parameter w.r.t. g,z

u*V u’ =

Tjﬁ = U UG A,
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Point mass Lagrangian

Randall-Sundrum scenarios O Tjﬁ can be decomposed in spherical harmonics

A braneworld black hole model

Linear perturbations

[
+ f 1
The massive modes TO{ﬁ Cj:Ep ua’U:ﬁé(p pp) 47_‘_ —|_ Z Z l }/lm )l/lm(Q )

Recovering GR l =1 m=—

Angular decomposition
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Point mass Lagrangian

i Tjﬁ can be decomposed in spherical harmonics

[
+ f 1
Taﬁ Cj:Ep ’LLO/UJ55(,0 IOP) 47T + Z Zl}/lm )lem(Q )

= we have defined

(GM)’

Cr=—
A4bekyi

l.e. ' is the usual energy

=1 m=

— _gaﬁuafg) 585) = 0.

Gravitational waves in braneworld scenarios - p. 56/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

e Black string GW sources
e Point source assumption
e EOMs with sources

e Radiative s-wave channel
e Bounded orbit

e Fly-by orbit

KK scaling formulae

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Point mass Lagrangian

i Tjﬁ can be decomposed in spherical harmonics

[
__/ 1
Taﬁ Cj:Ep ’LLO/UJ55(,0 IOP) 47T + Z Zl}/lm ))/lm(Q )

=1 m=

= we have defined

(GM)’

Cr=—
A4bekyi

— _gaﬁuafg) 585) = 0.

l.e. ' is the usual energy
= the s-wave contribution is the first one in the square brackets
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Bounded orbit

Randall-Sundrum scenarios
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Linear perturbations x=5. 3
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[+ Bounded o S L : .
pyew— Particle in quasi-periodic orbit close to black string
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Bounded orbit

Randall-Sundrum scenarios

A braneworld black hole model Ve Sigﬂa

Wl massive mode —
Linear perturbations gfavtty JC;o visible Lé 'é] “ lml ”““ 0
The massive modes T j 0 é N““'H ‘H h ‘f ”““I““” ’W“M ‘HH WW“ M

| Wm l""fnhumm\n;,\mmw“ M, (‘.‘W'

Recovering GR

0.02

Angular decomposition

x=150

r /‘l{WWWW"‘WW'WM'W'N

NHHHH!MHHHWM

T T T T T T »
2000 3200 3400 3600 3800 3000

-7

Gregory-Laflamme instability

Q
~

Source-free GWs

GWs from point sources

e Black string GW sources

e Point source assumption

e EOMSs with sources 2000

e Radiative s-wave channel 1000 ﬂm
e Point mass Lagrangian 0

e Fiy-by orbit Distant observer only sees (weak) periodic signal with

KK scaling formulae frequency m (no information about orbit)

Detection scenarios
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Fly-by orbit

—

High kinetic energy particle briefly captured by black string

before escaping to infinity
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Fly-by orbit

x=-20 l signal falling into string

-200
+4 700

l signal seen by distant observer l x=200
400 =

l

) =}
A

(=} [\
—

log signa

>

+2

log signal

22 26 3 34
log time

o W
’\,/\\ \,} -4 0
-

Much higher amplitude slowly-decaying signal observed
far away due to sharp acceleration

signal <

—T T r T [T
1200 1600 2000

time

——
400 800
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Scaling formulae for KK amplitudes
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Estimating high n amplitudes

(02 — 0% + Vf))% = Sy +Zy
(5’3 - 8:% + V@)SO = Sy
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Estimating high n amplitudes
(02 — 0% + Vf))% = Sy +Zy

(5’3 - 8:% + V@)SO = Sy

= the total GW signal involves contributions from all n
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Estimating high n amplitudes

(02 — 0% + Vf))% = Sy +Zy
(33 - a:?; + ch)SO — ‘54/3

= the total GW signal involves contributions from all n
= we can’t do an infinite number of simulations

Gravitational waves in braneworld scenarios - p. 60/68



http://www.tech.port.ac.uk/staffweb/seahras

Randall-Sundrum scenarios

A braneworld black hole model

Linear perturbations

The massive modes

Recovering GR

Angular decomposition

Gregory-Laflamme instability

Source-free GWs

GWs from point sources

KK scaling formulae

e Estimating high 72 amplitudes

o Amplitudes

Detection scenarios

Final comments

Sanjeev S. Seahra; 19 April, 2007

Estimating high n amplitudes

(02 — 0% + Vf))% = Sy +Zy

(33 - a:?; + ch)SO — ‘54/3

= the total GW signal involves contributions from all n
= we can’t do an infinite number of simulations

= |tis possible to estimate the amplitude of high p,, modes
from low p simulations using asymptotic expansions of the

Green’s functions
(02 = 02+ V" )G(ri2,2") =
(02 — 07 + V) D(133,a") =
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(33 - a:?; + ch)SO — ‘54/3

the total GW signal involves contributions from all n
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It is possible to estimate the amplitude of high u,, modes
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Green'’s functions
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Estimating high n amplitudes

(02 — 0% + Vf))% = Sy +Zy
(33 - a:?; + ch)SO — ‘54/3

the total GW signal involves contributions from all n
we can’'t do an infinite number of simulations

It is possible to estimate the amplitude of high u,, modes
from low p simulations using asymptotic expansions of the

Green'’s functions
(02 — 2+ V" )G(ry2,2') = §
(02 - 02+ V,)D(r;2,2") = 6

also need to take into account the p scaling of:
0 source terms
0 formulae that express hojgs)
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far from the string:
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Angular decomposition T2 "y (tc’/GM) , fly-by orbits
Gregory-Laflamme instability a T

Source-free GWs [wp ~ cl™H(n +1/4)me~%* 1 = distance from string]

GWs from point sources

let us illustrate the properties of the characteristic
amplitudes with an example:

KK scaling formulae
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M =10Mg, M, = 1.4Mg, r = 1kpc, £ = 0.1 mm
Detection scenarios (A[p is the mass of the perturbing particle)
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Signal-to-noise ratio

= let H,(t) be the linear response of a GW detector to the n'"
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Signal-to-noise ratio

= let H,(t) be the linear response of a GW detector to the n'"

KK mode
= the signal-to-noise ratio in the detector is

SNR = ;%/{) H2(t) dt

1/2

where S(f) is the spectral noise density and 7' is the

observation time
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Signal-to-noise ratio

= let H,(t) be the linear response of a GW detector to the n'"
KK mode

= the signal-to-noise ratio in the detector is

1/2

SNR = ;%/{) H2(t) dt

where S(f) is the spectral noise density and 7' is the
observation time

= increasing d/¢ generally decreases H,(t)
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Signal-to-noise ratio

= let H,(t) be the linear response of a GW detector to the n'"
KK mode

= the signal-to-noise ratio in the detector is

1/2

SNR = ;%/{) H2(t) dt

where S(f) is the spectral noise density and 7' is the
observation time

= increasing d/¢ generally decreases H,(t)

= however, for a “low frequency” device like (A)LIGO
Increasing d/¢ puts more modes in the waveband and
actually increases the SNR
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Detection of shadow particles

= may be possible to
detect shadow matter

with (A)LIGO
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Final comments = N is the number of modes in the detector waveband
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0 for large brane separations, the KK modes are lower
frequency but have relatively low amplitude

this make the detection of KK modes with devices such as
LIGO tricky

the situation is much better for a high frequency detector

GWs from matter on the shadow brane are much easier to
detect
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Some things to keep in mind

= our choice of sources to model was based on computational
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Some things to keep in mind

= our choice of sources to model was based on computational
convenience, not physics
0 events like black string mergers and GL phase transition
could produce a lot more KK radiation

= did we really need the black string?
0 it was awful nice to have an analytic background to
perturb
0 the main observational signatures were derived from
generic properties of the potential
= these should go through to other compact sources
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