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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

Concept for gravitational lensing in strong de�ection limit
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

We consider a Kerr-like solution to the Einstein massless scalar
equations (Rij = 8πϕ,iϕ,j with ϕ;i

,i = 0, where Rij is Ricci tensor and
ϕ is the massless scalar �eld)

ds2 =
(

1− 2Mr

γρ

)γ

(dt− wdφ)2

−
(
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γρ

)1−γ

ρ

(
dr2

∆
+ dθ2 + sin2 θdφ2

)

+ 2w(dt− wdφ)dφ,

where

γ =
M√

M2 + q2
, w = a sin2 θ, ρ = r2 + a2 cos2 θ,

∆ = r2 + a2 − 2Mr
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

We consider a lensing in the equatorial plane. The reduce metric
with condition θ = π

2 is

ds2 = −A(r)dt2 + B(r)dr2 + C(r)dφ2 −D(r)dtdφ,

The Einstein de�ection angle is

α(x0) = φf (x0)− π

φf (x0) = 2
∫ ∞

x0

dφ

dx
dx

dφ

dx
= ±

√
B|A0|(D + 2JA)

√
C
√

4AC + D2

√
sgn(A0)[A0 −AC0

C + J
C (AD0 −A0D)]

where r0 is the closest distance of approach of the light ray.
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

Photon sphere {r = rps}
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

In strong de�ection limit the de�ection angle is

α(θ) = −ā ln
(

θDOL

Jps
− 1

)
+ b̄ + O(J − Jps),

where the coe�cients of expansion are

Jps =
−Dps +

√
4ApsCps + D2

ps

2Aps
,

ā =
R(0, xps)
2
√

βps

,

b̄ = −π + bR + ā ln
{

4βpsCps

Jps|Aps|(Dps + 2JpsAps)

}

Mytilene, Greece 6 September 2007



Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 1: Strong de�ection limit coe�cient Jps as a function of angular
momentum a for scalar charge q = 0M (from above) to scalar charge q =√

3M (below) by scalar charge q = 0.2M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 2: Strong de�ection limit coe�cient ā as a function of angular mo-
mentum a for scalar charge q = 0M to scalar charge q =

√
3M by scalar

charge q = 0.2M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 3: Strong de�ection limit coe�cient b̄ as a function of angular mo-
mentum a for scalar charge q = 0M to scalar charge q =

√
3M by scalar

charge q = 0.2M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 4: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = −0.5 and scalar charge q = 0M to
scalar charge q = 1.6M by scalar charge q = 0.4M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 5: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0 and scalar charge q = 0M to
scalar charge q = 1.6M by scalar charge q = 0.4M

Mytilene, Greece 11 September 2007



Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 6: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0.5 and scalar charge q = 0M to
scalar charge q = 1.6M by scalar charge q = 0.4M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 7: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = −0.5 and scalar charge q = 2.2M

to scalar charge q = 3.8M by scalar charge q = 0.4M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 8: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0 and scalar charge q = 2.2M to
scalar charge q = 3.8M by scalar charge q = 0.4M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 9: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0.5 and scalar charge q = 2.2M to
scalar charge q = 3.8M by scalar charge q = 0.4M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 10: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = −0.5 and scalar charge q = 4.0M

to scalar charge q = 12.0M by scalar charge q = 2.0M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 11: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0 and scalar charge q = 4.0M to
scalar charge q = 12.0M by scalar charge q = 2.0M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 12: De�ection angle α(J) of the light ray as a function of impact
parameter J for angular momentum a = 0.5 and scalar charge q = 4.0M to
scalar charge q = 12.0M by scalar charge q = 2.0M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit

Observables

To obtain the coe�cients ā and b̄, we separate the outermost image
θ1 from all the others θn|n→∞ ≡ θ∞ (innermost image) .
Our observables will thus be

s = θ1 − θ∞ = θ∞e(b̄−2π)/ā, r̃ =
µ1∑∞

n=2 µn
= e2π/ā.

ā =
2π

ln(r̃)
, b̄ = ā ln

(
rs

θ∞

)
.

Jps = DOLθ∞.

Mytilene, Greece 19 September 2007



Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 13: The inner relativistic images θ∞ as a function of angular mo-
mentum a for scalar charge q = 0M (from above) to scalar charge q =

√
3M

(below) by scalar charge q = 0.2M
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Gravitational lensing by naked singularities for equatorial observer in the strong de�ection limit
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Figure 14: The ratio r̃ between the �ux of the outermost and the �ux of the
all the others images for scalar charge q = 0M to scalar charge q = 2.2M

by scalar charge q = 0.2M
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