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Abstract

Soon after Kaup and Ruffini and Bonazzola derived asymptot-
ically flat, spherically symmetric equilibrium solutions of Einstein-
Klein-Gordon equations describing the so-called boson stars, these
have been seen as candidates for non-baryonic dark matter in the uni-
verse, sources of gravitational waves, or the supermassive compact
dark object which have been observed in the center of our Galaxy,
producing similar spectra to a black hole. Since the the system of
coupled equations describing fields interacting via gravity, have been
treated mainly by numerical formalisms, the aim of the present paper
is to derive approximating analytical solutions to the system of Klein-
Gordon-Maxwell-Einstein equations, describing a minimally coupled
charged boson to a spherically symmetric spacetime. The correspond-
ing metric functions are used to compute the main observables of a
boson nebula, in terms of the model parameters, which can accom-
modate a wide range of numerical estimations. Finally, within a first-
order perturbative approach, we derive the effective potential and the
current, employed in computing quantum transitions related to the
gravitoelectric particle creation.
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1 Introduction

We term by a boson star a gravitationally bound, both globally U(1) and
spherically symmetric, compact equilibrium configurations of cold complex
scalar fields. At almost 40 years, since Kaup [1] and Ruffini and Bonazzola
2] discovered them, they still arise as promising candidates for non-baryonic
dark matter in the universe [3]. Recently, on serious theoretical grounds, it
has been revealed that a boson star can supplant a black hole in the role of
a compact object accreting matter since, for certain values of its parameters,
they both produce similar spectra. Few years ago, by lensing experiments, it
has been shown that the hypothesis of a central black hole was unconclusive
and that a boson star could better explain the supermassive compact dark
object Sagittarius A* which have been observed in the center of our Galaxy,
4].

Such configurations, if existed, are remnants of first-order gravitational
phase transitions and their mass should be ruled by the epochs when they
decoupled from the cosmological background.

These assumptions raise the question whether such configurations are
dynamically stable [5] and the settling down of a boson star to a stable state
has been investigated via numerical calculations [6].

In our approach, we are dealing with a boson nebula defined as the
charged scalar cloud which finds itself in one of the spherically symmetric
positive-frequency modes of radial wave number k, with k2 — 0., and pul-

Y2 Such a configuration is obviously unstable [7] and

sation wy = [mi + k7]
the instabilities are expected to lead to the formation of a boson star from
an initially smooth state [8]. Not very much is specifically known in this
direction [7], although the reversed stability to instability passage has been
extensively investigated [5, 6, 9]. Analytically, exactly solvable models for

boson stars with large self-interaction [10] and for boson-fermion stars [11]



have been worked out only in low dimensional gravity. In four dimensions,
the bosonic or the mixed fermion-bosonic fields interacting via gravity have
been investigated mainly by numerical calculations [1 — 7, 9, 12].

Nevertheless, using the Newtonian approximation, the whole analysis gets
greatly simplified allowing interesting and inspiring investigations, as for ex-
ample the process of gravitational-radiation emission from an excited boson
star [13]. On the other hand, the role of a non-vanishing radial-momentum
is important when dealing with quantum transitions since it is affecting both
the effective potential and the current, leading to serious consequences re-
garding the actual dispersion, the continuity equation and the growth, and
respectively decay, of the quantum mode-excitations. Therefore, a general-
relativistic analytical study of the coupled field equations could be of interest
for a better understanding of different stellar configurations as well as for a
numerical-functional combined iterative treatment which describes the dy-
namics of charged boson nebulae.

Recently, besides the bosonic or the mixed fermion-bosonic configura-
tions, the spherically symmetric stable quark stars with shells of hadronic
composition has been also taken as candidates for the missing matter of any
kind. For a total mass of few solar masses, these objects could be detected by
gravitational microlensing of the galactic halo towards the Magellanic clouds
[14].

2 The Klein—Gordon—Maxwell-Einstein Sys-
tem of Equations

For a spherically symmetric configuration, let us consider the metric, ex-

pressed in Schwarzschild coordinates, as being
ds® = e* (dr)? + r? (d02 + sin29dg02) — e (dt)?, (1)
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where f and h are functions of r and ¢. We introduce the pseudo-orthonormal

tetradic frame {e,},_77 , with the corresponding dual orthonormal base
w=¢eldr, w2=rdi, WP =rsinfde, ' = cdt 2
¥

and derive the non-vanishing connection coefficients

=f -f
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F12 = — 7(,&)2 s F13 = — 7&}3 y F23 = — 3
r T r

T = fuw' +hpw*, (3)

and the components of the Einstein tensor
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Gu = 2— fu. (4)
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where ()1 = €q( ).
In this configuration, a charged boson of mass mg, coupled to the elec-
tromagnetic field, is described by the SO(3,1) x U(1)-gauge invariant La-

grangean density

- - 1
L= 77ab ¢;a¢;b + mg ¢¢ + ZFabFab7 (5)
where
¢;a = ¢\a - iqAa¢ > (E;a = $|a + iqAa&a (6>

and the Maxwell tensor Fy, = Ay, — Aqp is expressed in terms of the Levi—

Civita covariant derivatives of the four-potential A, i.e. Aup = Agp — Al
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By varying with respect to different fields, we come to the Klein—-Gordon—
Maxwell (KGM) equations
O¢ — mg¢ = 2iq AP + ¢*A°A.¢, andits h.c., (7)
Fty = —iqn™ |6 (p — iqAue) — (dp + igAud) o] (8)

and to the Einstein ones G, = KTy, where G, have the explicit form (4)

and the energy-momentum tensor 7, is
Tab = (E;a(b;b + (E;b(b;a + FaCFbc - 77ab£- (9)

Working in the minimally symmetric ansatz A; = Ay (r,t), Ay = Ay(r,t),
¢ = ¢(r,t), the KGM system (7-8) turns into

672f {¢7T7’ + |:h77' _.fﬂ“ +i:| ¢7T } - 672h {¢7tt + [f7t _hvt] ¢7t } - m?)(b
= 2ig Are ¢, —2iqAse "¢, + ¢ [(A1)2 — (A4)2] ¢ , and its h.c.(10)
e [ (Auy + hop Ag) — €7 (Avy + F A

it

= iq e (60, —0,r ) — 2iq4160] (11)
e [ (Aup + B Ag) = 7" (Ar+ fu Ay)]

2 f (07 (A + o Ad) = ™ (Avg + £ A1)

= 1q {e_h (Q_W;t —Qf_),t <Z5) - 2iqA4gz_5q§] ) (12>

where (, ) stands for the usual derivatives, the Lorentz condition reads

2
e ! [Alyr + <h7r + r) A1:| — e [Ag+fe Ag) = 0, (13)



while the Einstein equations explicitly become

e—2f 1— e 2f _ - . 1
27 hyy — 2 F {Qﬁ;lﬁb;l + Guda — My op — B} (F14)2] ;
1
672f hﬂ“?’ + (hﬂ" _fﬂ" ) hﬂ’ + ; (hﬂ' _fﬂ’ ):| - eth [f;tt + (fat _hvt ) fvt]

= —K é;l@l - $;4¢;4 + m?) $¢ - ;(Fl‘l)ﬂ )

—2f 1 — ¢ 2f _ _ . 1
2 67 fa'r + 7«72 =K |:¢;1¢§1 + ¢§4¢§4 + m(2) ¢¢ + 5 (F14)2] 7
LU f = w5 [Bagu + Gadal (14)

The system of equations (10-12, 14) generalizes the one derived in [12], for
the equilibrium configuration when the metric functions are time-independent,
the gauge field is chosen in such a way that one has only electric charges and
a self-interacting term has been added in order to increase the limits on the

critical mass and particle number.

3 Charge, Radius and Mass of Boson Nebu-
lae

Since for bosonic fields interacting via gravity, only the zero-node solutions,
corresponding to the lowest energy state, has been under investigation, and
the interest has been focused mainly on numerical analyses of different stellar
configurations, let us follow an analytical perturbative approach, in order to
derive a solution to the system (10-14).

What we generally mean by a (charged) boson star is a charged scalar
“cloud” which finds itself, at large radial coordinate distances, in one of the
spherically symmetric positive-frequency modes, of the complex scalar field,
of radial wave number k, with k2 — 0, and pulsation wy, = [m2 + k%]'/%. Of

course, such a configuration is obviously unstable as w? — m2 = k* > 0, in-



stead of w < my, i.e. k* < 0, as it is required for the possible stable (charged)
boson star. Yet, we would like to derive first, within a first-order approxima-
tion by the U(1)-gauge coupling constant “q”, the concretely expressed form,
in terms of elementary functions, of the Klein—-Gordon-Maxwell-Einstein
equations. Their analytical, (r,t)-dependent, solutions might be serving well
as an easily handling starting point in conceiving a combined numerical-
functional iterative method which aims, by its higher-order solutions to the
U(1)-gauge invariant KGME-system, to a better understanding of the dy-
namics of charged boson stars formation from the initially unstable stars.
As it is mentioned in the Introduction, not very much is specifically known
in this direction, although the reversed way — the stability to instability
passage — has been extensively investigated.

So, we start with the physically reasonable assumption that the charged
scalar field is the main source of both the electromagnetic and gravitational
fields. Hence, at large radial distances and within the framework of a first-
order approximation in the U(1)-gauge coupling ¢, the feedbacks of gravity
and electromagnetism on the charged scalar source can be neglected and
therefore, its equation of motion does simply become the one of an [ = 0 (i.e.

spherically symmetric) state on a Minkowskian background (f = 0 = h), i.e.

2
Gyrr + = Gy — Oy —migd = 0, and its h.c. (15)
r
with the positive-frequency mode solutions
N . - N .
¢ _ 767,(/’~c1”—a.)kt) - ¢ _ 7€—z(kr—wkt)7 (16)
where wy, = [k* + mg]l/ ? and the dimensionless amplitude-factor A" can be

semiclassically related (see [7]), by its squared modulus, to the Minkowskian

(f =0 = h) estimated number

Ny = 22 — ¢4W/OR (00— 0] r* dr (17)
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of charged spinless bosons, making up a Minkowskian averaged star of radius
R, ie.

NO 1/2
87Tm0R} ’

whenever k? — 0. Similarly, concerning the employed approximation, the

No = 8mmo RIN?? & V| = [

gravity feedback on the Maxwell sector can be neglected at first, as it effec-
tively involves second-order contributions of the charged scalar ¢, and, on the
right hand side of the Maxwell equations, the source of the electromagnetic
(actually, electric) field is only given — within the first-order contributions

of ¢ — by the globally U(1)-conserved current

J = —iqn® [660— 600 . a€{L4) (18)

Thus, the Lorentz condition (13) and the Maxwell equations (11) and (12)
do actually read

A, + iAl — Ay =0 (19)
and
A + 72~A1’r - A — Ay = —2qk |N|
Ay + 3A4,r — Ay = 2quy, il (20)
with the (particular) solution(s)
Ay = qk|N|?, (21)
Ay = 2qup N log + 2qk |N| (22)
which correspond to the electric field (intensity)
E=Fy~ A, —A, = 2qwkwr| — 2qk ‘Nl? (23)



In these assumptions, the components (9) of the energy-momentum tensor

have the explicit form:

2
T, = ka‘N‘ V] —2q2<2k2+m0> |N| _|_42 2’ * logi
r4 r2 o
4 4
+8q2wkk| | t—2q2k2w—4|t2
r
Ty = Tz3
2 4
_ _|-/\[4| <2k2 >|N| 4gPw? 2|N| gl+2q2k2 |N| 12
r
2
T = 2 WP WP o T |N| ML |N| |
r2 r4
4 4
Ty = —ka“N‘ 2¢%wik lNl — 4¢* wk|N| —4q2k32—|j\[3| t
7“0 r

(24)

Consequently, the system of Einstein equations, in the long range approx-

imation and for |[N'|> = 1/¢?, have the following solutions:

1 2k(k* —2w2) k(14 2k%t%) C
f(r,t) = —ilog 1+ 7 + pepe -
C Kk2t?
hir,t) = —— —_—
(r,1) o0 @2r?’
where -
o 8%2 wj, .
drwi — q

In the particular case k = 0 where the star is just above the passage to
the possible stable excited states, its mode pulsation w = mgy being located

at the accumulation point of the eigenfrequencies of an excited boson star,



the correspondingly linearized Einstein field equations become

2 2 4
h,r_gf:%m 2 VI VI ];
r 72 r2 7o
1 4 4
harr + - (hﬂ” _f,r) == l |N| 2 ’N’ =+ 4q2 |/\/;| log T] ;
r 72 T
2 2 N N N N
e i
T T T ré r2 To
(25)
The solutions
01 b r
f(r) = 7—2—r2+2010gr—0+(a—c), (26)
C’1 r r\2
hr) = — X 4 Oy + (a—2¢)log — + 2 (log ) RNCYe
To To
where
a = rmgINT*, b= kKINP, c=remg N (28)

and Cp, Cy are two integration constants — the former getting the clear
significance of a Schwarzschild mass M — generalize the asymptotic relation
n [12]. By imposing to have the ordinary Minkowski metric at asymptotia,
we get Cy = 0 and a = 2c or |NV|? = 1/(2¢?) and thus, in the next calculations,
we may use the simplified h function
h(r) = — - (29)
With these metric functions, solutions of Klein—-Gordon—Maxwell-Einstein
equations (in a first order approximation), one is able to compute the to-
tal charge, particle number, radius and mass of the analyzed configuration.
Thus, by integrating the time component of the conserved current, one gets

the total charge of the boson star,

b\ /b
Q = /ef_hj4 Arridr = 47T7ZO (27"2> \/;ez Intq, (30)
0
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where z = 2C% /b and

2

Int /OO gy = e !
vz (y+ z) 20 T (3+c)

% {_ coszcﬂ) 1 <_ ; — O ;’Z> a si\n/ZTZr) L (C’ ;’2)} (31)

is expressed in terms of the Kummer confluent hypergeometric function

1F1(e; B; 2) and of the LaguerreL polynomial.

The radius of the Bose star, defined via the particle number density
N =Q/q [15], is

1 1 b \b
R = 7N/T€f_hj4 47TT2dT = Q47TTnO () 562 [ntr, (32>

q q \2r2
where
o0 eV’ 1
Intr = / o dy = e ¢ 33
N TENC LA )

X {F(—l—c)lFl <—1—c,;,z> —{—2\/EF<—;—C> F <—;—c,2,z>}.

Finally, the total gravitational mass of the Bose star, given by the Tol-

man’s relation [16], which in our conventions reads
M = /T44 eIt dmrtdr | (34)
gets the expression
M = 8 s bc{r(l )
Tk 2 2 ¢
1 b 1
+ T <— 5 c) 3 +log§ — PolyGamma (0, -5 c) , (35)

depending on the mass of the quanta and on the value of the U(1) coupling

constant, included in the ¢ and b parameters.
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Of course, the results we have analytically derived are quite general and
a numerical estimation would be of a real help in a better understanding of
the analyzed configurations. In this respect, we use the asymptotically flat

simplified solutions

h(r) = ——, (36)

where, in the expression of f, the term in a ~ (mg/Mp)® can be neglected
at energy scales much below the Planck one. Here,

I o M
2 Y1 — 2
aM2 M2

1
WIQZ%,b=%INl2= (37)

where a@ = ¢?/(47) is the fine structure constant, Mp denotes the Planck

mass and

1
Mapy = —8?/52 % dK (38)

is the Arnowitz-Desser-Misner mass computed at infinity, using the timelike
Killing 1-form field K = — e w*. The dimensionfull parameter r( is a pivot
length scale characterizing the nebula radial extension with respect to the
central Coulomb-like singularity in the source field ¢(r, ).

Using the proper energy density

—1,,,2 —2
Ty = =0 [3+ 0 4 om (rﬂ
™

2 o

and the metric functions (36) the Tolman formula (34) for the boson nebula
mass comprised within a sphere of radius R, does concretely become (in
dimensionless variables z = mqr, zo = mgoro)

-1

moR [ 1 . -1 2
M:a—mO/ ’ [+21n<2>+3]e_z2dz, with C:oz(mo)
2 0 z2 2o 2

12



and exhibits an intriguing self-similarity-based resonance which uniquely sets
the pivot length scale, the radius of the becoming star and the maximum mass
of the seeds. A complete analysis of this point is too long to be given here.

Nevertheless, we notice that, making the similarity assumption
R=mg's, ro=mg'-5-€¥?, ie. R=e%"p (40)

the mass function M turns into the form

a1 sT1 z _ e
MITmo/O [22—|—2ln<):|€ 22 dZ, (41)

S

whose approximative value is:

A RG]

and the extremum, M(s,), of (41) is located at the solution of the highly

transcendental equation

dM

ds

1 —<
e . (42)

[}

=0 & /*e_z%dz:
0 28,

Sx

Fortunately, at scales mg < Mp, ¢ — 0 rapidly and e~/ (for s # 0) does
basically equate 1. At s = 0 there is no singularity — on the contrary, it

stands for the trivial solution — and so, the equation turns extremely simple

Sx

= s 22 —-1=0. 43

This gets the positive root s, = v/2/2, which clearly fixes the length-scale at
7o &~ 3.17mg " and the radius at R, =~ 0.707mg ", for the region of the nebula
which is going to become a Bose star. A numerical estimation (nevertheless
imprecise because of the exponentially entering coefficient ¢ ~ 1073, at
mg ~ 1 GeV) yields the maximum mass M, = M(s,) of the seeding region

somewhere around 10 Mp, being, somewhat intriguingly, quite insensitive to
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the realistic sub-Planckian values of the scalar quanta mass, mg. Also, it can
be shown that this similarity-induced mass-resonance M, is indeed a global
maximum over the rest of the other formations with radii R # R, ~ mg Land

therefore, just alike the case of Bose stars, it can be identified with M pyy.

4 First-Order Perturbative Approach

In this section, we are going further and analyze the feedback of gravity and
electric field, respectively expressed by the metric functions (36) and the
four-potential (21-22), on the Klein-Gordon equations.

Within a first-order perturbative approach, we write down the wave func-

tion describing the charged scalar field as
O(r,0,¢,1) = ¢(r,t) + x(r,0, ¢, )", (44)

where ¢ is the Minkowskian background solution (16), with |N| = 1/4/2¢2,

namely

1
P(r,0,0,t) = \/—Tqrel(kr 0. (45)

While dealing with the Klein—-Gordon equation (10), we employ the following

approximations:

e x| < 1/(qr),

2

e in the metric function f(r) in (36), the term br—* can be discarded

compared to 2C 7!, once r exceeds few tens of Planck distances.

e We apply the long range approximation where

o zlj:A—Cl—kO l(j:)\cl> 1 , for A=1,2. (46)
r r n>2
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Also, while grouping together the terms

S () e (2)
T To To

we notice that, at any distance r, at least few units above 2r, =

6.3mg" ~ 9R,, the leading contribution comes solely from the term
In?(r/ro).

Finally, trading C; = M, /M2 for the more common notation M, the ap-
proximating expression of the basic Klein—Gordon equation can be put in the
standard form employed in Perturbation Theory, Dy = VX +J, as:

-5 + LS Ay =Vx+JT. (47)

Px 2 . 10x 1
ittt o e

The operators

A 2M [ 02 3ik 1\ 0 0? , MN 0
V(T’,t) = [W+<2+T>ar+atQ‘|—22G(T,t)<1—‘rT>at(48)

r

1 , K /3 M ik M
- S A [ 4
T (1) T G (5+7) \/§qr2< +2) @)
where L
t r
G(r,t) = 7—|—wln (ro), (50)

are respectively describing the (perturbed) effective potential and the current.
In order to develop a first-order perturbative approach, we start with the 0-th

order equation

— - - x =0 (51)
and we perform the variables separation

X = e exp [~ (b Q)] 1) Y0, (52)
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with 0 = k2 4+ 4a2. We come to the following differential equation,
dn k
dz Q

zd2—n+[ 2(04+1) — 2] —

72 +€+1]n=0,z:zﬂr, (53)

which is satisfied by the hypergeometric function U(«;7; 2), with a = k/Q +
¢+1 and v = 20+ 2. Finally, one is able to compute the first-order transition

amplitudes:
i = [ X @) (VX (2)) 2 dradt, (54)

where () = (r,0,¢,t) and V is given by (48), or to use (49) to study the
spontaneous creation of charged bosons in the presence of the electric field
potential A4. It can be noticed that the radial wave number £ destroys by the
Coulomb term 2ikr~! the hermiticity of the radial operator in (51), affects as
well the effective potential by the gravity-based dipole contribution 3ikMr—2
and drives the “current” J complex. These lead to serious consequences
regarding the actual dispersion, the continuity equation and the growth, and
respectively decay, of the quantum mode-excitations.

The case k = 0 deserves a closer attention and it has been extensively
investigated in previous papers [8]. Now, the 0-th order equation,

10 (,0h) 1+ 0%

provides the complete orthonormal set of positive-frequency modes (in terms

of spherical Hankel functions)

hoim(r, 0, 0, t) = (wr)Ym(Q @)e ™t (56)

2\/_

This has been employed, in [8], to compute the first-order transition ampli-

tudes between the initial and final states as:

wlm

! /mw, (Vhoim()) r2drdS2dt (57)
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where (z) = (r,0, ¢,t) and V is given by (48), with k = 0, namely

A 2M [ 062 10 0? , r MN O
Vint) === lge ot W]_ZMIH(T(])(UFT)&&' (58)

In what it concerns the current operator (49), whose form becomes

J(rt) = — \/;qr w? In? <;> , (59)

it enables us to study the possibility of spontaneous creation of charged

bosons in the presence of the electric field potential A,. This process is

described by the transition amplitude
Ay = / Vo bty ()T (1) r2drdQdt
r

m2
= —2710(w —mg) V21w Q—qo \/_Hl/Q(wr) In <

To

) dr (60)

which comes to the closed form expression

2m?
= 21 (w — =7, 61
Ag = 2o = mo) (61)
where
7 - Yx2q; X—7L2 (62)
T2 ST
with
X = v+ Infwrg]. (63)
Finally, using
d 2m
%PJF(mO;J) = 276 (w — my) < ™ 0) IZ) | (64)

we come to the coherent source-field regeneration rate and the power involved

in this process as being

ro_ /oo dPeriw _ m()C |I|2 —F_17
o dt w
m264
P = 0 |Z|*, where |I|2:5.35><10*3. (65)
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At mg ~ 1GeV level, one gets the following numerical results: I' ~ (2 +
3) x 10 571 7~ (3+5) x 107% s and P ~ 4 x 10" W respectively.
The extremely short time-constant (7) seems to confirm the main conclusion
drawn in [13] that intense gravitational bursts are accompanying the boson
star formation. Nevertheless, in the case of nebulae, on their way to becoming
stars, the released power (P) in the initiating phase is 24 orders of magnitude

smaller than the one emitted in the final stage.
Acknowledgement

The warm hospitality, enjoyable atmosphere and fertile environment of the
IAFE Institute in Buenos Aires and La Plata National University are deeply
acknowledged. Special thanks go to Carmen Nunez and Fidel Schaposnik.
This work is supported by the CNCSIS Type A Grant, Code 1160.

References

[1] D.J. Kaup, Phys. Rev. 172, 1331 (1968).
[2] R. Ruffini and S. Bonazzola, Phys. Rev. 187, 1767 (1969).

[3] E.W. Mielke and R. Scherzer, Phys. Rev. D 24 2111 (1981); E.W. Mielke
and F.E. Schunck, Nucl. Phys. B564, 185 (2000).

[4] D.F. Torres, S. Capozziello and G. Lambiase, gr-qc/0012031.

[5] M. Gleiser, Phys. Rev. D 38, 2376 (1988); M. Gleiser and R. Watkins,
Nucl. Phys. B319, 733 (1989); S.H. Hawley and M. W. Choptuik, Phys.
Rev. D 62, 104024 (2000); Ph. Jetzer and J.J. van der Bij, Phys. Lett. B
227, 341 (1989); T.D. Lee and Y. Pang, Nucl. Phys. B315, 477 (1989).

[6] E. Seidel and W.M. Suen, Phys. Rev. D 42, 384 (1990).

18



[7] A.R. Liddle and M.S. Madsen, Int. J. Mod. Phys. D 1, 101 (1992).

[8] C. Dariescu and M.A. Dariescu, Phys. Lett. B 548, 24 (2002); 566, 19
(2003).

[9] J. Balakrishna, E. Seidel and W.M. Suen, Phys. Rev. D 58, 104004
(1998); E. Seidel and W.M. Suen, Phys. Rev. Lett. 66, 1659 (1991); 69,
1845 (1992); 72, 2516 (1994).

[10] K. Sakamoto and K. Shiraishi, JHEP 9807, 015 (1998).
[11] K. Sakamoto and K. Shiraishi, Phys. Rev. D 58, 124017 (1998).

[12] Ph. Jetzer, Nucl. Phys. B 316, 411 (1989); Phys. Lett. B 222, 447
(1989); 231, 433 (1989); 243, 36 (1990); Nucl. Phys. B 14B, 265 (1990);

[13] R. Ferrell and M. Gleiser, Phys. Rev. D 40, 2524 (1989).

[14] P. Minkowski and S. Kabana, Preprint hep-ph/0204103(Apr 2002).
[15] Ph. Jetzer and J.J. van der Bij, Phys. Lett. B 227 (1989) 341.

[16] R.C. Tolman, Phys. Rev. 35 (1930) 875.

[17] L.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Prod-
ucts (Academic Press, New York, 1965).

19



