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QG phenomenology

Popular phenomenological “windows” for quantum gravity:
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QG phenomenology

Popular phenomenological “windows” for quantum gravity:
e Modified energy-momentum dispersion relations (time delays, modified thresholds)
o Departures from CPT symmetry

e Fundamental decoherence
THIS TALK: add to the list departures from ordinary particle statistics

some works scattered in the literature argued for such possibility
(Jackson and Hogan, “A New Spin on Quantum Gravity,” Int. J. Mod. Phys. D 17, 567-570 (2008) [arXiv:hep-th/0703133
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Popular phenomenological “windows” for quantum gravity:
e Modified energy-momentum dispersion relations (time delays, modified thresholds)
o Departures from CPT symmetry

e Fundamental decoherence
THIS TALK: add to the list departures from ordinary particle statistics

some works scattered in the literature argued for such possibility
(Jackson and Hogan, “A New Spin on Quantum Gravity,” Int. J. Mod. Phys. D 17, 567-570 (2008) [arXiv:hep-th/0703133
[hep-th]]; Swain, “Exotic Statistics for Ordinary Particles in Quantum Gravity,” Int. J. Mod. Phys. D 17, 2475-2484 (2009)
[arXiv:0805.2373 [gr-qc]] )

I will argue that one of the most studied effective frameworks for QG phenomenology,
non-commutative deformations of Poincaré symmetries,
leads to modifications of the usual Fock space picture in QFT
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A “flat space-time limit" of QG?

THE IDEA: there exists a “flat space-time limit” of quantum gravity

h,G —0 with \/gzn:const

The Planckian quantity x, introduces a fundamental (observer independent)
UV energy scale in the the algebraic structure of relativistic symmetries

e “Quantum Minkowski space-time” described by a non-commutative algebra of

functions of coordinates belonging to a Lie algebra which becomes abelian in the
Kk — oo limit

e The four-momenta describing the particle kinematics become coordinates on a
non-abelian Lie group
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e When A = 0 all solutions to the Einstein's equation are locally flat!
e The theory is topological: it admits no local degrees of freedom

e Point particles are described by conical defects; their momenta are elements of
the Lie group SL(2,R) (Matschull and Welling, Class. Quant. Grav. 15, 2981-3030 (1998))
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Group-valued momenta from 2 + 1-dimensional gravity

[ This scenario is realized for QG in 2 + 1 space-time dimensions! ]

e When A = 0 all solutions to the Einstein's equation are locally flat!
e The theory is topological: it admits no local degrees of freedom

e Point particles are described by conical defects; their momenta are elements of
the Lie group SL(2,R) (Matschull and Welling, Class. Quant. Grav. 15, 2981-3030 (1998))

e Upon quantization relativistic particles are described by a non-commutative field
theory with s[(2, R) coordinates (Freidel and Livine, Phys.Rev.Lett. 96 (2006))

[X/,L7Xl/] == éG}LDAXA

(See also 't Hooft, Class. Quant. Grav. 13, 1023-1040 (1996))
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Group momentum space from 3d gravity

[ Curved momentum space in flatland }

o Point particles — conical space with deficit angle o = 8wrGm
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8o = €*C™0 where vy = {_1 0}
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Group momentum space from 3d gravity

[ Curved momentum space in flatland ]

e Point particles — conical space with deficit angle o = 8wrGm

e Particle’s mass is a topological charge determined by a rotation g € SL(2,R)

~Gm 0 1
8o = €*C™0 where vy = {_1 0}

e The three-momentum of a particle of mass m is obtained by “boosting” gu:
g = hgoh™* with h € SL(2,R)

(for a review see MA, Latini and Lotito SIGMA 10, 079 (2014))
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Group momentum space from 3d gravity

[ Curved momentum space in flatland ]

e Point particles — conical space with deficit angle o = 8wrGm

e Particle’s mass is a topological charge determined by a rotation g € SL(2,R)

0

e The three-momentum of a particle of mass m is obtained by “boosting” gu:
g = hgoh™* with h € SL(2,R)

(for a review see MA, Latini and Lotito SIGMA 10, 079 (2014))

g0 = e*7CmM0 \where Yo = {_01 1}

{ Bottomline: momenta are elements of SL(2,R) ]
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Basic quantum theory

Elementary one-particle Hilbert space H: irreps of Poincaré group
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Basic quantum theory

Elementary one-particle Hilbert space H: irreps of Poincaré group

o basis of H: eigenstates of the translation generators labelled by on-shell
momenta k

P*|k)y = k*|k)
e action on (k| € H*, dual space:
P#(k| = —k*(k| = (k|(=Kk") = (k|S(P")
® action on composite system H & H.:

PH(lk) ® ko)) = P¥|k1) @ lka) + |k1) ® P¥|k2) = (ki' + ky')| k1) @ |k2)
EAP“|I{1>\§C“(2>

“Antipode”: S(P*) = —P" |, “Co-product”: AP* =P*®@1+1® P"

Hopf algebra notions “built in” in everyday quantum theory..
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Deformed quantum theory

Deformation of symmetry generators provide a generalization of these basic notions
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Deformed quantum theory
Deformation of symmetry generators provide a generalization of these basic notions

o kets |g) labelled by elements of a non-abelian Lie group g € G

P"lg) =P"(g)le)
‘P* coordinate functions on the group manifold

e for the action on bras the non-trivial properties of momenta come into play
P“(gl = P" (g~ ")(gl = (g|S(P")
e action on multi-particle states
P (1) ® |&2)) = P"(&182)l&1) ® |g2) = AP |&1) ® |g2)
e composition rule of momentum eigenvalues is deformed

P (g1g2) = P"(g1) ® P (g2) # P"(2281), P (g)®@P"(g™")=P"(1)=0

[ In Hopf algebraic lingo: non-trivial co-product AP* and antipode of S(P*) ]
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Embedding coordinates and non-trivial coproduct

Fix choice of P*:
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Embedding coordinates and non-trivial coproduct

Fix choice of P*: parametrize group elements by coordinates p*
g=ul+Ey,

where Tr(v,) =0 and k = (47G) ™"

Unit determinant condition
v+ pP /P =1

p" are embedding coordinates on 3d AdS space;
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Embedding coordinates and non-trivial coproduct

Fix choice of P*: parametrize group elements by coordinates p*
g=ul+Ey,

where Tr(v,) = 0 and x = (47G) ™"

Unit determinant condition
v+ pP /P =1

p" are embedding coordinates on 3d AdS space;

Given two SL(2,RR) elements: g1 = u(p1)l + p%b'y# and g&» = v(p2)1 + %'yu
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Embedding coordinates and non-trivial coproduct

Fix choice of P*: parametrize group elements by coordinates p*
g=ul+2y,

where Tr(v,) = 0 and x = (47G) ™"

Unit determinant condition
v+ pP /P =1
p" are embedding coordinates on 3d AdS space;
i w
Given two SL(2,R) elements: g1 = u(p1)L + 2, and g» = v(p2)1 + 2,
momentum coordinates obey a non-abelian composition rule

1 rvo
p*(g1&2) = v(p2) pi* + u(pr) Py + ;e" P P2o

1 vo
Pl @ Py =pl +p5 + e ppo + O(1/5) # pf @ pf

reflecting a non-trivial co-product for translation generators

AP =P@1+1Q P*+ %e“”"PV ® P, + O(1/K%)
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e It has been speculated that a UV completion of QG might be a topological theory
(K. Krasnov, Proc. Roy. Soc. Lond. A 468, 2129-2173 (2012))

e particles coupled to gravity described by a topological BF theory can exhibit a

deformation of kinematics similar to the 2 + 1-dimensional case
(Kowalski-GIikman and Starodubtsev, Phys. Rev. D 78, 084039 (2008))

A rigorous link between deformed kinematics and QG is far from being established...

= focusing on deformed kinematics is important in order to develop effective
models of Planck-scale physics useful to extract phenomenological predictions

THE MODEL: k-Poincaré algebra:it was introduced more than 30 years ago
(Lukierski, Nowicki and Ruegg, Phys. Lett. B 293, 344 (1992))
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Group-valued momenta in 3+1 dimensions?
GR in 3+1 dimensions certainly is not a topological theory...

e It has been speculated that a UV completion of QG might be a topological theory
(K. Krasnov, Proc. Roy. Soc. Lond. A 468, 2129-2173 (2012))

e particles coupled to gravity described by a topological BF theory can exhibit a
deformation of kinematics similar to the 2 + 1-dimensional case
(Kowalski-GIikman and Starodubtsev, Phys. Rev. D 78, 084039 (2008))

A rigorous link between deformed kinematics and QG is far from being established...

= focusing on deformed kinematics is important in order to develop effective
models of Planck-scale physics useful to extract phenomenological predictions

THE MODEL: k-Poincaré algebra:it was introduced more than 30 years ago
(Lukierski, Nowicki and Ruegg, Phys. Lett. B 293, 344 (1992))

= use quantum groups tools to deform symmetries introducing a UV energy-scale
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k-deformation

e Basic geometric picture:
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k-deformation

o Basic geometric picture:

k-four-momenta: coordinates on Lie group AN(3) obtained form the
lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3), sub-manifold of dS4

embedding coordinates os

—po+ P +pi1 |=K, potp-1>0 o

(see e.g. Kowalski-Glikman and Nowak, hep-th/0411154)
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k-deformation

e Basic geometric picture:

k-four-momenta: coordinates on Lie group AN(3) obtained form the
lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3), sub-manifold of dS4

embedding coordinates

—po+ P +pi1 |=K, potp-1>0 i

(see e.g. Kowalski-Glikman and Nowak, hep-th/0411154)

e an(3) Lie algebra: k-Minkowski “non-commutative space-time”

[Xo, X,] = éxa, [Xa, X] = 0
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Lorentz transformations of AN(3) momentum space
From the lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3) an element
G € 50(4,1) can be decomposed as

S0(4,1) 5 G = Ag € SO(3,1)AN(3)

where A € SO(3,1) and g € AN(3).
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Lorentz transformations of AN(3) momentum space

From the lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3) an element
G € S0(4,1) can be decomposed as

50(4,1) > G =NAg € SO(3,1)AN(3)
where A € SO(3,1) and g € AN(3).
One can also wright the “right” lwasawa decomposition of the same element

G=NAg=g'A; € AN(3)SO(3,1)
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Lorentz transformations of AN(3) momentum space

From the lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3) an element
G € S0(4,1) can be decomposed as

50(4,1) > G =NAg € SO(3,1)AN(3)
where A € SO(3,1) and g € AN(3).
One can also wright the “right” lwasawa decomposition of the same element
G=NAg=g'A; € AN(3)SO(3,1)
This allows to define the Lorentz transformed AN(3) momentum

g =Ngh !
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From the lwasawa decomposition of SO(4,1) ~ SO(3,1)AN(3) an element
G € S0(4,1) can be decomposed as
50(4,1) > G =NAg € SO(3,1)AN(3)

where A € SO(3,1) and g € AN(3).
One can also wright the “right” lwasawa decomposition of the same element

G=NAg=g'A; € AN(3)SO(3,1)
This allows to define the Lorentz transformed AN(3) momentum

g =Ngh

For two momenta
)
(gh)" = Nghhy,
and (gh)’ # g'h":
(gh) = Ag/\g_l A; h/\g;l =g A/g h/\g;1
leading to a deformed co-product for Lorentz generators
(MA and Kowalski-Glikman, Phys. Rev. D 107, no.6, 065001 (2023) [arXiv:2212.03703 [hep-th]])
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Deformed translations from AN(3) momentum space

Consider translation generators P" associated to embedding coordinates p* on dS,
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Deformed translations from AN(3) momentum space

Consider translation generators P" associated to embedding coordinates p* on dS,

Their co-products and antipodes at leading order in K

A(PY) = P°®]l+]l®P°+%P’"®P’",
A(P) = Pi®]l+]l®Pi+%P’®P°,
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S(P) = —P"+%P" P°,
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Deformed translations from AN(3) momentum space

Consider translation generators P" associated to embedding coordinates p* on dS,

Their co-products and antipodes at leading order in

APY) = P°®1+1®P°+%P’”®P’",
A(P) = Pi®]l+]l®Pi+%P’®P°7
S(P) = P4 P,
S(P) = —P"+%P"P°,

this choice of translation generators of the k-Poincaré is called “classical” because

e action of Lorentz sector on P* in undeformed;

e mass-shell condition undeformed (P°)? — P? = const

In embedding coordinates we have ordinary relativistic kinematics at the
one-particle level...all non-trivial structures confined to “co-algebra” sector
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For further reading...
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The trouble with (anti)-symmetrized states

In QFT Fock space is given by (anti-)symmetrized tensor prods of one-particle states

2 (Ip) ® |p2) + |p2) @ |p1))
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The trouble with (anti)-symmetrized states

In QFT Fock space is given by (anti-)symmetrized tensor prods of one-particle states

2 (Ip) ® |p2) + |p2) @ |p1))

Noncommutative case total momentum of |g1) ® |g2) is determined by the co-product

AP, (lg1) ® |g2) = p"(g182)(lg1) ® |g2))

[ lg1) ® |g2) and |g2) ® |g1) have different total momenta: p“(g1g2) # p*(g281) ]

The standard symmetrized state % (lg1) ® |g2) + |g2) ® |g1)) is not an eigenstate of P,
(MA and Marciano, Phys. Rev. D 76, 125005 (2007))

Flip of tensor products as “exchange” of particles = changes total momentum??
if the particles are indistinguishable, swapping the factors in the tensor product

describing their state should lead to another state which is indistinguishable from the
original one, i.e., with the same quantum numbers!!
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Braiding multi-particle states

Way out (?): |g1) ® |@) — |giger ") @ |g1) “flux metamorphosis” (Bais, NPB 170, 32 (1980))

Michele Arzano — Quantum particles in noncommutative spacetime: An identity crisis 16/20



Braiding multi-particle states

Way out (?): |g1) ® |@) — |giger ") @ |g1) “flux metamorphosis” (Bais, NPB 170, 32 (1980))
The symmetrized state

ae) = (&) @ leo) + s @ 1a)

has well defined total momentum p*(g1g>)!
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Braiding multi-particle states

Way out (?): |g1) ® |@) — |giger ") @ |g1) “flux metamorphosis” (Bais, NPB 170, 32 (1980))
The symmetrized state
1 _
g182) = 75 (la0) @ le2) + lgasi) @ len)
has well defined total momentum p*(g1g>)!

The two-particle case straightforwardly extends to n-particle states via

(M)(lg) ®...|g) ®lgit1) ... ®lgn)) = g1y ® ... |gigitg ) D &) - .. ® |gn)

The “deformed exchange operators 7(i) = (0 o R); do not square to the identity
and they provide a representation of the braid group

(MA, Kowalski-Glikman and Trzesniewski, Class. Quant. Grav. 31, 035013 (2014))
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Braiding multi-particle states

Way out (?): |g1) ® |@) — |giger ") @ |g1) “flux metamorphosis” (Bais, NPB 170, 32 (1980))
The symmetrized state
1 _
g182) = 75 (la0) @ le2) + lgasi) @ len)
has well defined total momentum p*(g1g>)!

The two-particle case straightforwardly extends to n-particle states via

(M)(lg) ®...|g) ®lgit1) ... ®lgn)) = g1y ® ... |gigitg ) D &) - .. ® |gn)

The “deformed exchange operators 7(i) = (0 o R); do not square to the identity
and they provide a representation of the braid group

(MA, Kowalski-Glikman and Trzesniewski, Class. Quant. Grav. 31, 035013 (2014))

So, can we build a Fock space?
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A closer look at the braiding

Main question for deformations of Fock space is relativistic covariance...
(MA and Marciano, Phys. Rev. D 76, 125005 (2007) and following Works)
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In the 3d case easy to check that the braided symmetrization is covariant
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In 4d the k-Poincaré algebra notoriously lacks an R-matrix but
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In the 3d case easy to check that the braided symmetrization is covariant
(A(h) @ \(h))|gr, g2) = |hgih™", hg2h™")

This is no surprise since the 3d deformed algebra comes equipped with an R-matrix...
In 4d the k-Poincaré algebra notoriously lacks an R-matrix but

)@ [h) — A lg) @ 1h) = lg") ® IAs hAG")

AP* (A > |g) ® |h) = p"((gh)) (A > |g) ® |h))

lghg™") ® |g) — A > [ghg ™) ® |g) = (ghg ") Ajr—1) ® N 8" A ™)

ap* (ho lghg™) @ 1g)) = p((h)) (A > lehg™) @ le)
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An identity crisis
Let's go back to the symmetrized state

ae) = 7 (Ie0 © e + laeeei™) @ o)
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An identity crisis
Let's go back to the symmetrized state
lg1g2) = < (|g1> ® &) + lage ) © |g1>)
=7 A

it is evident that if we braid twice the state |g1g2) we obtain

&) @ |g2) — |g1g28r ) @ l&) — |g1geg18; ‘a1 ') ® |grgagr )

and the final state has again total momentum p*(gig)!
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An identity crisis
Let's go back to the symmetrized state
| ) = 1
8182) = \/E

it is evident that if we braid twice the state |g1g2) we obtain

(1g0) © l&2) + lereasi™) @ lgn) )

&) ® |&2) — gigg; 1) ® |g1) = |a1gegig; 'ar ') @ lgigeg; )

and the final state has again total momentum p*(gig)!

Any superposition of states obtained from an arbitrary number of braidings of
the initial state |g1) ® |g2) is a legitimate candidate for a two-particle state with
total momentum p*(g1g)!
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An identity crisis
Let's go back to the symmetrized state
1 _
lg1g2) = 7 (|g1> ® &) + |gigeei ) © |g1>)
it is evident that if we braid twice the state |g1g2) we obtain

&) ® |&2) — gigg; 1) ® |g1) = |a1gegig; 'ar ') @ lgigeg; )

and the final state has again total momentum p*(gig)!

Any superposition of states obtained from an arbitrary number of braidings of
the initial state |g1) ® |g2) is a legitimate candidate for a two-particle state with
total momentum p*(g1g)!

e Loss of Fock space description?
e Multiparticle states defined in terms of “equivalence classes” of tensor products?

e Only total momentum of the system is a well-defined quantum number?
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Open questions

Non-commutative theories with Lie group momentum space lead to a radical
departure from description of quantum multiparticle states in terms of a Fock space
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Open questions

Non-commutative theories with Lie group momentum space lead to a radical
departure from description of quantum multiparticle states in terms of a Fock space

e What kind of mathematical structure replaces the Fock space in these
non-commutative models?

e How does one obtain on ordinary Fock space description in the limit
K — 007

e What’s the physical picture/can we extract useful phenomenological
insights?
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Open questions

Non-commutative theories with Lie group momentum space lead to a radical
departure from description of quantum multiparticle states in terms of a Fock space

e What kind of mathematical structure replaces the Fock space in these
non-commutative models?

e How does one obtain on ordinary Fock space description in the limit
K — 007

e What’s the physical picture/can we extract useful phenomenological
insights?

Fascinating challenges for the non-commutative community!
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