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Metric Geometry 

and 


Differential Forms



Main message
There is an exotic, unfamiliar to most people construction that encodes a metric on a space into a 

collection of differential forms on the same space

PDE’s on the metric              PDE’s on differential forms

The purpose of the talk is to describe a collection of examples, as well as the principle which explains why 
these examples exist

At the end of the talk I will explain why a physicist would (should) care

(Metric, unit spinor) (Collection of differential forms)
<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,

More precisely

<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,



4D geometry via triples of 2-forms
This is the canonical example that exhibits all non-triviality, as well as provides a pattern for higher D

<latexit sha1_base64="9BI9MtQB9fgoxF8bMSTqZFJ70ZQ=">AAACFXicbZBPS8MwGMbT+W/Of1WPXoJDmDBGO0U9Dr14UJjoNmGtI03TLSxNS5IKo+xLePGrePGgiFfBm9/GbCuimw8Efjzv+yZ5Hy9mVCrL+jJyc/MLi0v55cLK6tr6hrm51ZRRIjBp4IhF4tZDkjDKSUNRxchtLAgKPUZaXv9sVG/dEyFpxG/UICZuiLqcBhQjpa2OWXauaTdEd3YZZlT9oQOHcuhc6Mt8bZcu9ztm0apYY8FZsDMogkz1jvnp+BFOQsIVZkjKtm3Fyk2RUBQzMiw4iSQxwn3UJW2NHIVEuul4qyHc044Pg0jowxUcu78nUhRKOQg93Rki1ZPTtZH5X62dqODETSmPE0U4njwUJAyqCI4igj4VBCs20ICwoPqvEPeQQFjpIAs6BHt65VloViv2UcW+OizWTrM48mAH7IISsMExqIFzUAcNgMEDeAIv4NV4NJ6NN+N90pozsplt8EfGxzfPOZy2</latexit>

⌃1,⌃2,⌃3 2 ⇤2(M)
<latexit sha1_base64="YRhWfn/uaL4jEQKcLJtMUDGAEwE=">AAACMHicbZDLSgMxFIYzXmu9VV26CRbBVZlpRd0IRRe6rGgv0I4lkzltQ5OZIckopfSR3PgoulFQxK1PYdpOwbb+EPjznXNIzu9FnClt2+/WwuLS8spqai29vrG5tZ3Z2a2oMJYUyjTkoax5RAFnAZQ10xxqkQQiPA5Vr3s5rFcfQCoWBne6F4ErSDtgLUaJNqiZuWrcsrYg907jEfw24Mn1PDH5aZ6f8MI0LzQzWTtnj4TnjZOYLEpUamZeGn5IYwGBppwoVXfsSLt9IjWjHAbpRqwgIrRL2lA3NiAClNsfLTzAh4b4uBVKcwKNR/TvRJ8IpXrCM52C6I6arQ3hf7V6rFtnbp8FUawhoOOHWjHHOsTD9LDPJFDNe8YQKpn5K6YdIgnVJuO0CcGZXXneVPI55yTn3BxnixdJHCm0jw7QEXLQKSqia1RCZUTRE3pFH+jTerberC/re9y6YCUze2hK1s8vmvWotw==</latexit>

⌃1 ^ ⌃1 = ⌃2 ^ ⌃2 = ⌃3 ^ ⌃3

<latexit sha1_base64="sESk+P0h2RegVnmAUXbnhhuSNCU=">AAACEXicbVC7TgJBFJ3FF+ILtbSZSEwoDNk1Rm1IiDaWGOWRsEhmZy8wMDu7zsxqCOEXbPwVGwuNsbWz828cYAsFT3KTM+fcm7n3eBFnStv2t5VaWFxaXkmvZtbWNza3sts7VRXGkkKFhjyUdY8o4ExARTPNoR5JIIHHoeb1L8Z+7R6kYqG40YMImgHpCNZmlGgjtbJ595p1AnLL3AfwO4CTZ69oH2L3LiY+Zq4IdbHXyubsgj0BnidOQnIoQbmV/XL9kMYBCE05Uarh2JFuDonUjHIYZdxYQURon3SgYaggAajmcHLRCB8YxcftUJoSGk/U3xNDEig1CDzTGRDdVbPeWPzPa8S6fdYcMhHFGgSdftSOOdYhHseDfSaBaj4whFDJzK6YdokkVJsQMyYEZ/bkeVI9KjgnBefqOFc6T+JIoz20j/LIQaeohC5RGVUQRY/oGb2iN+vJerHerY9pa8pKZnbRH1ifPx1fnI8=</latexit>

⌃i ^ ⌃j = 0, i 6= j

Let be a triple of 2-forms such that

Can be encoded more compactly as
<latexit sha1_base64="vCXRDw2mr7gTLngWDnQ3OK9p1Yo=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKkEIGCtYGIugD6lpK8e5bd3aSWQ7oCrqJ7DwKywMIMTKyMbf4LYZoOVIVzo+51753uPHnCntON/WwuLS8spqbi2/vrG5tW3v7FZVlEgKFRrxSNZ9ooCzECqaaQ71WAIRPoeaP7ga+7V7kIpF4Z0extAUpBuyDqNEG6ltH3m3rCtIi3kPEHQBZ8++p5jAXgBck1bK+qO2XXCKzgR4nrgZKaAM5bb95QURTQSEmnKiVMN1Yt1MidSMchjlvURBTOiAdKFhaEgEqGY6OWiED40S4E4kTYUaT9TfEykRSg2FbzoF0T01643F/7xGojsXzZSFcaIhpNOPOgnHOsLjdHDAJFDNh4YQKpnZFdMekYRqk2HehODOnjxPqidF96zo3pwWSpdZHDm0jw7QMXLROSqha1RGFUTRI3pGr+jNerJerHfrY9q6YGUze+gPrM8fCgmdPA==</latexit>

⌃i ^ ⌃j ⇠ �ij

We will refer to such a triple of 2-forms satisfying the algebraic conditions as SU(2) structure

Definition: a G-structure is a reduction of the principal GL(n,R) bundle of frames over M to a G-subbundle

Proposition: the GL(4,R) stabiliser of a triple of 2-forms (satisfying the algebraic conditions) is SU(2)

Follows from the following two propositions
<latexit sha1_base64="lEufBYGL0ehxHBRQAarjN+QlOVY="></latexit>

g⌃(⇠, ⌘)vg =
1

6
✏ijki⇠⌃

i ^ i⌘⌃
j ^ ⌃kProposition: the symmetric pairing defined via

<latexit sha1_base64="Ga38JlYbCHuP46mrIoUa57GhegI=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuiHoMevEiRMgLsjHMTibJkNnZZaZXDUv+w4sHRbz6L978GyePgyYWNBRV3XR3BbEUBl3328ksLa+srmXXcxubW9s7+d29mokSzXiVRTLSjYAaLoXiVRQoeSPWnIaB5PVgcD326w9cGxGpCg5j3gppT4muYBStdO8/iROfI/WFIpXbdr7gFt0JyCLxZqQAM5Tb+S+/E7Ek5AqZpMY0PTfGVko1Cib5KOcnhseUDWiPNy1VNOSmlU6uHpEjq3RIN9K2FJKJ+nsipaExwzCwnSHFvpn3xuJ/XjPB7mUrFSpOkCs2XdRNJMGIjCMgHaE5Qzm0hDIt7K2E9ammDG1QORuCN//yIqmdFr3zond3VihdzeLIwgEcwjF4cAEluIEyVIGBhmd4hTfn0Xlx3p2PaWvGmc3swx84nz+0/5H/</latexit>

⇠, ⌘ 2 TM

is a Riemannian metric on M
<latexit sha1_base64="vc4zcPiJnas8JPsEa/sSJ1dkH5o=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIqMuiG5cV7QOaWCaTm3To5MHMRCmhbvwVNy4UcetfuPNvnLYRtPXAhTPn3Mvce7yUM6ks68uYm19YXFourZRX19Y3Ns2t7aZMMkGhQROeiLZHJHAWQ0MxxaGdCiCRx6Hl9S9GfusOhGRJfKMGKbgRCWMWMEqUlrrmrnPNwojcMuzcgx8C/nl3zYpVtcbAs8QuSAUVqHfNT8dPaBZBrCgnUnZsK1VuToRilMOw7GQSUkL7JISOpjGJQLr5+IIhPtCKj4NE6IoVHqu/J3ISSTmIPN0ZEdWT095I/M/rZCo4c3MWp5mCmE4+CjKOVYJHcWCfCaCKDzQhVDC9K6Y9IghVOrSyDsGePnmWNI+q9knVvjqu1M6LOEpoD+2jQ2SjU1RDl6iOGoiiB/SEXtCr8Wg8G2/G+6R1zihmdtAfGB/fvqyWcQ==</latexit>

⌃i ^ ⌃i is a natural orientation

It follows that the GL(4,R) stabiliser of 
<latexit sha1_base64="MYOChhUo5pE1MkSe6Eu96vlJzas=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/ZB2Ldk024Ym2SXJCmXpr/DiQRGv/hxv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDrpoXPH+5I8ctwtlb2KNwVeJH5OypCj1i19dXoxTSVTlgpiTNv3EhtkRFtOBRsXO6lhCaFD0mdtRxWRzATZ9OAxPnZKD0exdqUsnqq/JzIijRnJ0HVKYgdm3puI/3nt1EaXQcZVklqm6GxRlApsYzz5Hve4ZtSKkSOEau5uxXRANKHWZVR0IfjzLy+SxmnFP6/4t2fl6lUeRwEO4QhOwIcLqMIN1KAOFCQ8wyu8IY1e0Dv6mLUuoXzmAP4Aff4AQm2QDg==</latexit>

⌃i is inside SO(4,R)



Proposition:            are self-dual 2-forms (in the orientation defined by        )  
<latexit sha1_base64="MYOChhUo5pE1MkSe6Eu96vlJzas=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/ZB2Ldk024Ym2SXJCmXpr/DiQRGv/hxv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDrpoXPH+5I8ctwtlb2KNwVeJH5OypCj1i19dXoxTSVTlgpiTNv3EhtkRFtOBRsXO6lhCaFD0mdtRxWRzATZ9OAxPnZKD0exdqUsnqq/JzIijRnJ0HVKYgdm3puI/3nt1EaXQcZVklqm6GxRlApsYzz5Hve4ZtSKkSOEau5uxXRANKHWZVR0IfjzLy+SxmnFP6/4t2fl6lUeRwEO4QhOwIcLqMIN1KAOFCQ8wyu8IY1e0Dv6mLUuoXzmAP4Aff4AQm2QDg==</latexit>

⌃i
<latexit sha1_base64="MYOChhUo5pE1MkSe6Eu96vlJzas=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/ZB2Ldk024Ym2SXJCmXpr/DiQRGv/hxv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDrpoXPH+5I8ctwtlb2KNwVeJH5OypCj1i19dXoxTSVTlgpiTNv3EhtkRFtOBRsXO6lhCaFD0mdtRxWRzATZ9OAxPnZKD0exdqUsnqq/JzIijRnJ0HVKYgdm3puI/3nt1EaXQcZVklqm6GxRlApsYzz5Hve4ZtSKkSOEau5uxXRANKHWZVR0IfjzLy+SxmnFP6/4t2fl6lUeRwEO4QhOwIcLqMIN1KAOFCQ8wyu8IY1e0Dv6mLUuoXzmAP4Aff4AQm2QDg==</latexit>

⌃i in the metric <latexit sha1_base64="J3rP2tMMr3l42vaTaYK9Ra6dr0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbp0dxN3N0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZekHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2BNOZO0ZZjhtJsoikXAaScY3+R+54kqzWL5YCYJ9QWOJAsZwcZK3WjQv2eRwINqza27M6Bl4hWkBgWag+pXfxiTVFBpCMda9zw3MX6GlWGE02mln2qaYDLGEe1ZKrGg2s9m907RiVWGKIyVLWnQTP09kWGh9UQEtlNgM9KLXi7+5/VSE175GZNJaqgk80VhypGJUf48GjJFieETSzBRzN6KyAgrTIyNqGJD8BZfXibts7p3UffuzmuN6yKOMhzBMZyCB5fQgFtoQgsIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB6GeP4w==</latexit>g⌃

It follows that the stabiliser of 
<latexit sha1_base64="MYOChhUo5pE1MkSe6Eu96vlJzas=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/ZB2Ldk024Ym2SXJCmXpr/DiQRGv/hxv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDrpoXPH+5I8ctwtlb2KNwVeJH5OypCj1i19dXoxTSVTlgpiTNv3EhtkRFtOBRsXO6lhCaFD0mdtRxWRzATZ9OAxPnZKD0exdqUsnqq/JzIijRnJ0HVKYgdm3puI/3nt1EaXQcZVklqm6GxRlApsYzz5Hve4ZtSKkSOEau5uxXRANKHWZVR0IfjzLy+SxmnFP6/4t2fl6lUeRwEO4QhOwIcLqMIN1KAOFCQ8wyu8IY1e0Dv6mLUuoXzmAP4Aff4AQm2QDg==</latexit>

⌃i is SU(2) that does not act on 
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+
<latexit sha1_base64="yzx0TheiLvEnuAZtv58iLPDK6bQ=">AAACDHicbVDNSgMxGMzWv1r/qh69BIsgiGW3iHoRil48eKhgf6C7lmw224ZmkyXJCmXpA3jxVbx4UMSrD+DNtzFtt6CtA4HJzHwk3/gxo0rb9reVW1hcWl7JrxbW1jc2t4rbOw0lEolJHQsmZMtHijDKSV1TzUgrlgRFPiNNv3818psPRCoq+J0exMSLUJfTkGKkjdQpltwbEw7QfeViyo6gK2KWqOn92KTssj0GnCdORkogQ61T/HIDgZOIcI0ZUqrt2LH2UiQ1xYwMC26iSIxwH3VJ21COIqK8dLzMEB4YJYChkOZwDcfq74kURUoNIt8kI6R7atYbif957USH515KeZxowvHkoTBhUAs4agYGVBKs2cAQhCU1f4W4hyTC2vRXMCU4syvPk0al7JyWnduTUvUyqyMP9sA+OAQOOANVcA1qoA4weATP4BW8WU/Wi/VufUyiOSub2QV/YH3+ADYvmnY=</latexit>

⇤2 = ⇤+ � ⇤�

Remark:  we note, for later purposes that  
<latexit sha1_base64="PsgZaL3KklA36FNYPolDbzHFLWw="></latexit>

dim(GL(4,R)/SU(2)) = 16� 3 = 13 = 10 + 3

metric extra
<latexit sha1_base64="vAEs5m385eA8xEcTBWPyUp+ShlM=">AAACG3icbZDLSsNAFIYn9VbrrerSzWARWpCalKJuhKILXQjWSy/QlDKZTtqhM0mYmQgl5D3c+CpuXCjiSnDh2zhNs9DqDwM/3zmHOed3AkalMs0vIzM3v7C4lF3OrayurW/kN7ea0g8FJg3sM1+0HSQJox5pKKoYaQeCIO4w0nJGZ5N6654ISX3vTo0D0uVo4FGXYqQ06uUrlnkS2YLDPuVxESb2/DIuVvdtjtTQcaKbuHSQ4NsrjUsl2MsXzLKZCP41VmoKIFW9l/+w+z4OOfEUZkjKjmUGqhshoShmJM7ZoSQBwiM0IB1tPcSJ7EbJbTHc06QPXV/o5ymY0J8TEeJSjrmjOycLy9naBP5X64TKPe5G1AtCRTw8/cgNGVQ+nASlAxEEKzbWBmFB9a4QD5FAWOk4czoEa/bkv6ZZKVuHZeu6WqidpnFkwQ7YBUVggSNQAxegDhoAgwfwBF7Aq/FoPBtvxvu0NWOkM9vgl4zPb7bbnrU=</latexit>

10 = dim(GL(4,R)/SO(4))It is thus clear that 
<latexit sha1_base64="MYOChhUo5pE1MkSe6Eu96vlJzas=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/ZB2Ldk024Ym2SXJCmXpr/DiQRGv/hxv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDrpoXPH+5I8ctwtlb2KNwVeJH5OypCj1i19dXoxTSVTlgpiTNv3EhtkRFtOBRsXO6lhCaFD0mdtRxWRzATZ9OAxPnZKD0exdqUsnqq/JzIijRnJ0HVKYgdm3puI/3nt1EaXQcZVklqm6GxRlApsYzz5Hve4ZtSKkSOEau5uxXRANKHWZVR0IfjzLy+SxmnFP6/4t2fl6lUeRwEO4QhOwIcLqMIN1KAOFCQ8wyu8IY1e0Dv6mLUuoXzmAP4Aff4AQm2QDg==</latexit>

⌃i encode more than a metric

We will later see that this is (metric, unit spinor)

We also note that 
<latexit sha1_base64="3vbejmzLxWNUT5/5KcTIU2yc1HY="></latexit>

dim({⌃i}/constraints) = 18� 5 = 13

All this seems exotic, it is not clear why this works, and how to generalise it. This will be explained later.



PDE’s for an SU(2) structure
Our task is now to see how natural PDE’s on the metric (e.g. Einstein equations) can be encoded as PDE’s on 2-forms

Proposition: let        be the Levi-Civita connection for the metric defined by 
<latexit sha1_base64="APlhAd275VmNMR1IL/BGUX0So7g=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHYmRwG6p7Ff8GcgyCXJShhy1bumr01M0S5i0VKAx7cBPbThGbTkVbFLsZIalSIfYZ21HJSbMhOPZtRNy6pQeiZV2JS2Zqb8nxpgYM0oi15mgHZhFbyr+57UzG1+HYy7TzDJJ54viTBCryPR10uOaUStGjiDV3N1K6AA1UusCKroQgsWXl0njvBJcVoL7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcKj/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AgVSPFg==</latexit>r

<latexit sha1_base64="jbEjDarMatZyJ/xPs/43j6Qql8M=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/YB2Ldk024Ym2TXJCmXpn/DiQRGv/h1v/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDqp1bnjfUkeeLdU9ireFHiR+DkpQ45at/TV6cU0lUxZKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdVUQyE2TTe8f42Ck9HMXalbJ4qv6eyIg0ZiRD1ymJHZh5byL+57VTG10GGVdJapmis0VRKrCN8eR53OOaUStGjhCqubsV0wHRhFoXUdGF4M+/vEgapxX/vOLfnpWrV3kcBTiEIzgBHy6gCjdQgzpQEPAMr/CGHtELekcfs9YllM8cwB+gzx/p2I/k</latexit>

⌃i

on the space of 3-forms

<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai such that
<latexit sha1_base64="PZ4GS/qaYpcow7XqRwfr8ThGo38=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoMgCHFXRL0IUS8eI5oHZJPQO5kkk52dXWZmhbDkM7z4K148KOI1N//GyUPQxIKGoqqb7i4v4kxp2/6yUguLS8sr6dXM2vrG5lZ2e6eswlgSWiIhD2XVA0U5E7Skmea0GkkKgcdpxfNvRn7lkUrFQvGg+xGtB9ARrM0IaCM1s8euAI8Ddu9ZJ4AGw0fYpZFiPBSNhPX8Ab5q9H5c/9JuZnN23h4DzxNnSnJoimIzO3RbIYkDKjThoFTNsSNdT0BqRjgdZNxY0QiIDx1aM1RAQFU9GT82wAdGaeF2KE0Jjcfq74kEAqX6gWc6A9BdNeuNxP+8WqzbF/WEiSjWVJDJonbMsQ7xKCXcYpISzfuGAJHM3IpJFyQQbbLMmBCc2ZfnSfkk75zlnbvTXOF6Gkca7aF9dIgcdI4K6BYVUQkR9IRe0Bt6t56tV+vD+py0pqzpzC76A2v4DSWHnzY=</latexit>

r⌃i + ✏ijkAj⌃k = 0

Remark:        is called the “intrinsic torsion” of the SU(2) structure
<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai

Remark: can project the definition relation for     
<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai
<latexit sha1_base64="fnNAKqI93m2kxTZhd+m/+1EN+KI=">AAACGXicbVDLSgMxFM3UV62vqks3wSIIQpkRUTdC1Y3LivYBnbZkMrdt2kxmSDJKGfobbvwVNy4Ucakr/8b0IWjrgcDhnHO5uceLOFPatr+s1Nz8wuJSejmzsrq2vpHd3CqrMJYUSjTkoax6RAFnAkqaaQ7VSAIJPA4Vr3c59Ct3IBULxa3uR1APSFuwFqNEG6mZtX3s3rB2QBoMH2AXIsV4KBoJ6/YG+LzRde/Bb8NPpndmN7M5O2+PgGeJMyE5NEGxmf1w/ZDGAQhNOVGq5tiRridEakY5DDJurCAitEfaUDNUkABUPRldNsB7RvFxK5TmCY1H6u+JhARK9QPPJAOiO2raG4r/ebVYt07rCRNRrEHQ8aJWzLEO8bAm7DMJVPO+IYRKZv6KaYdIQrUpM2NKcKZPniXlw7xznHeuj3KFi0kdabSDdtE+ctAJKqArVEQlRNEDekIv6NV6tJ6tN+t9HE1Zk5lt9AfW5zcEgp+y</latexit>

d⌃i + ✏ijkAj ^ ⌃k = 0

This determines         completely
<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai

In particular, this means that        is completely determined by the exterior derivatives   
<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai
<latexit sha1_base64="6saZt1ToYiW80S+DoLT8+2DBXSw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8eK9gPSWDabTbt0dxN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemApuwHW/ndLK6tr6RnmzsrW9s7tX3T9omyTTlLVoIhLdDYlhgivWAg6CdVPNiAwF64Sjm6nfeWLa8EQ9wDhlgSQDxWNOCVjJj3Dvng8keeS4X625dXcGvEy8gtRQgWa/+tWLEppJpoAKYozvuSkEOdHAqWCTSi8zLCV0RAbMt1QRyUyQz06e4BOrRDhOtC0FeKb+nsiJNGYsQ9spCQzNojcV//P8DOKrIOcqzYApOl8UZwJDgqf/44hrRkGMLSFUc3srpkOiCQWbUsWG4C2+vEzaZ3Xvou7dndca10UcZXSEjtEp8tAlaqBb1EQtRFGCntErenPAeXHenY95a8kpZg7RHzifP1l+kKY=</latexit>

d⌃i

There exists a triple of 1-forms

Proposition: let     
<latexit sha1_base64="PklOegTDL/yHR3GfRlqS37cPiZA="></latexit>

F i = dAi +
1

2
✏ijkAj ^Ak Then

<latexit sha1_base64="Z54jueLA0zkHLXMsbu26wv2sv3g="></latexit>

F i
µ⌫ =

1

2
Rµ⌫

↵�⌃i
↵�

Riemann curvature



Proposition: In 4D, the SD/ASD decomposition of Riemann is     

<latexit sha1_base64="umcNdrh9goQXJb4sX5AoF3j+JEo="></latexit>

Riemann =

✓
W+ + scalar Rc0

Rc0 W� + scalar

◆

Ricci tracefree
The Einstein equations (in the absence of matter) 

<latexit sha1_base64="kQC5SJDEtMfTvJ+LVbUyjUZW+ew=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QdOPCRRX7gM4wZDKZNjTJDElGKEO3bvwVNy4UcesfuPNvTNsBtfVA4HDOPdzcE6aMKu04X1ZpYXFpeaW8Wllb39jcsrd3WirJJCZNnLBEdkKkCKOCNDXVjHRSSRAPGWmHg8ux374nUtFE3OlhSnyOeoLGFCNtpMCGt0Hu8cwT2QieQ+/aJCMEez9iYFedmjMBnCduQaqgQCOwP70owRknQmOGlOq6Tqr9HElNMSOjipcpkiI8QD3SNVQgTpSfTy4ZwQOjRDBOpHlCw4n6O5EjrtSQh2aSI91Xs95Y/M/rZjo+83Mq0kwTgaeL4oxBncBxLTCikmDNhoYgLKn5K8R9JBHWpryKKcGdPXmetI5q7knNvTmu1i+KOspgD+yDQ+CCU1AHV6ABmgCDB/AEXsCr9Wg9W2/W+3S0ZBWZXfAH1sc3pd2ZrA==</latexit>

Rµ⌫ = ⇤gµ⌫
Equivalent to 

<latexit sha1_base64="4Mk0CA3V5xPDgEHvvckUjqncsnA=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KlkR9SIUvXisYj+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWIy/vaXlldW19cJGcXNre2e3tLffMCrVlNWpEkq3QmKY4JLVLbeCtRLNSBwK1gyHNxO/+cS04Uo+2FHCgpj0JY84JdZJjXvaxVe4WyrjCp4CLRI/J2XIUeuWvjo9RdOYSUsFMabt48QGGdGWU8HGxU5qWELokPRZ21FJYmaCbHrtGB07pYcipV1Ji6bq74mMxMaM4tB1xsQOzLw3Ef/z2qmNLoOMyyS1TNLZoigVyCo0eR31uGbUipEjhGrubkV0QDSh1gVUdCH48y8vksZpxT+v+Hdn5ep1HkcBDuEITsCHC6jCLdSgDhQe4Rle4c1T3ov37n3MWpe8fOYA/sD7/AGAKo5t</latexit>

Rc0 = 0

In view of the previous remarks, equivalent to 
<latexit sha1_base64="cYSd/Fzv6X75bGfpU31vyNj6plY=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVERL0IRUG8CBXtB7Rp2Wy37babTdjdCCUU/CtePCji1d/hzX/jts1BWx8MPN6bYWaeH3GmtON8W5mFxaXllexqbm19Y3PL3t6pqDCWhJZJyENZ87GinAla1kxzWoskxYHPadUfXI396iOVioXiQQ8j6gW4K1iHEayN1LL3rpsMXaDbZsL6I9S4Z90AN/stO+8UnAnQPHFTkocUpZb91WiHJA6o0IRjpequE2kvwVIzwuko14gVjTAZ4C6tGypwQJWXTM4foUOjtFEnlKaERhP190SCA6WGgW86A6x7atYbi/959Vh3zr2EiSjWVJDpok7MkQ7ROAvUZpISzYeGYCKZuRWRHpaYaJNYzoTgzr48TyrHBfe04N6d5IuXaRxZ2IcDOAIXzqAIN1CCMhBI4Ble4c16sl6sd+tj2pqx0pld+APr8we+KJS4</latexit>

F i = M ij⌃j Where     
<latexit sha1_base64="EFqzFGiz/5Eeh8+kwkcW7hSM73o=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SJUsB/QxrLZbtq1m03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ74zSeujYjVPY4S7ke0r0QoGEUrNcntQyYex91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+m547JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI76QnNGcqRJZRpYW8lbEA1ZWgTKtoQvPmXF0njtOKdV7y7s3L1Ko+jAIdwBCfgwQVU4QZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AAdCPXA==</latexit>

M ij is an arbitrary 3x3 matrix
(automatically symmetric by a 
version of the Bianchi identity) Einstein equations in the language of 2-forms

Curvature of the SO(3) connection (intrinsic torsion) 
<latexit sha1_base64="pQnHBDTYt6SJurfMxTAXqQQVrtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdXT7wXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOFnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt5Z1bs9rdSu8jiKcACHcAwenEMNbqAODWAwgCd4gVdHOM/Om/M+by04+cw+/ILz8Q0NOY2m</latexit>

Ai is self-dual as a 2-form

Worth emphasising that all the equations are written in terms of the exterior derivative on forms



Corollary: Assume that 
<latexit sha1_base64="jHijyGcdxV7V2lB0ABHwyOisr5k=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANJbNZtMu3d2E3Y1QQn+GFw+KePXXePPfuG1z0OqDgcd7M8zMC1POtHHdL6e0tLyyulZer2xsbm3vVHf32jrJFKEtkvBEdUOsKWeStgwznHZTRbEIOe2Eo+up33mkSrNE3ptxSgOBB5LFjGBjJT/q3bGBwA/s0u1Xa27dnQH9JV5BalCg2a9+9qKEZIJKQzjW2vfc1AQ5VoYRTieVXqZpiskID6hvqcSC6iCfnTxBR1aJUJwoW9KgmfpzIsdC67EIbafAZqgXvan4n+dnJr4IcibTzFBJ5ovijCOToOn/KGKKEsPHlmCimL0VkSFWmBibUsWG4C2+/Je0T+reWd27Pa01roo4ynAAh3AMHpxDA26gCS0gkMATvMCrY5xn5815n7eWnGJmH37B+fgGn+OQ0w==</latexit>

d⌃i = 0 Triple of closed 2-forms satisfying  
<latexit sha1_base64="vCXRDw2mr7gTLngWDnQ3OK9p1Yo=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKkEIGCtYGIugD6lpK8e5bd3aSWQ7oCrqJ7DwKywMIMTKyMbf4LYZoOVIVzo+51753uPHnCntON/WwuLS8spqbi2/vrG5tW3v7FZVlEgKFRrxSNZ9ooCzECqaaQ71WAIRPoeaP7ga+7V7kIpF4Z0extAUpBuyDqNEG6ltH3m3rCtIi3kPEHQBZ8++p5jAXgBck1bK+qO2XXCKzgR4nrgZKaAM5bb95QURTQSEmnKiVMN1Yt1MidSMchjlvURBTOiAdKFhaEgEqGY6OWiED40S4E4kTYUaT9TfEykRSg2FbzoF0T01643F/7xGojsXzZSFcaIhpNOPOgnHOsLjdHDAJFDNh4YQKpnZFdMekYRqk2HehODOnjxPqidF96zo3pwWSpdZHDm0jw7QMXLROSqha1RGFUTRI3pGr+jNerJerHfrY9q6YGUze+gPrM8fCgmdPA==</latexit>

⌃i ^ ⌃j ⇠ �ij

Then 
<latexit sha1_base64="pgPZKrY/1FYUc+qxMppOxPPLhkA=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFcSJkRUTdCVRCXFewD2rFk0kwbmmSGJCOUob/hxoUibv0Zd/6NmXYW2nrgcg/n3EtuThBzpo3rfjsLi0vLK6uFteL6xubWdmlnt6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYTVZpF8sGMYuoL3JcsZAQbK3WuHtmle4xus9Ytld2KOwGaJ15OypCj1i19dXoRSQSVhnCsddtzY+OnWBlGOB0XO4mmMSZD3KdtSyUWVPvp5OYxOrRKD4WRsiUNmqi/N1IstB6JwE4KbAZ61svE/7x2YsILP2UyTgyVZPpQmHBkIpQFgHpMUWL4yBJMFLO3IjLAChNjYyraELzZL8+TxknFO6t496fl6nUeRwH24QCOwINzqMId1KAOBGJ4hld4cxLnxXl3PqajC06+swd/4Hz+AMCakDM=</latexit>

Ai = 0, F i = 0 and thus by previous discussion  

Ricci-flat, half-flat 4D spaces are known to be hyper-Kahler 

<latexit sha1_base64="U4ALI2GtE5iteXsOgATdGHJY13c=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMgKGFXRL0Egl48RjEP2KxhdjKbDJmdWWZ6hbDkM7x4UMSrX+PNv3HyOGhiQUNR1U13V5gIbsB1v53c0vLK6lp+vbCxubW9U9zdaxiVasrqVAmlWyExTHDJ6sBBsFaiGYlDwZrh4GbsN5+YNlzJBxgmLIhJT/KIUwJW8u9pxT3FzceTitspltyyOwFeJN6MlNAMtU7xq91VNI2ZBCqIMb7nJhBkRAOngo0K7dSwhNAB6THfUkliZoJscvIIH1mliyOlbUnAE/X3REZiY4ZxaDtjAn0z743F/zw/hegqyLhMUmCSThdFqcCg8Ph/3OWaURBDSwjV3N6KaZ9oQsGmVLAhePMvL5LGWdm7KHt356Xq9SyOPDpAh+gYeegSVdEtqqE6okihZ/SK3hxwXpx352PamnNmM/voD5zPH9Xij6k=</latexit>

Rc = 0,W+ = 0

They have a triple of integrable complex structures satisfying
<latexit sha1_base64="X26tVRYjxUh1O44lbnRCnAGNX+w=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MXHJYJ5QLKE2clsMmRmdpmZFcKSX/DiQRGv/pA3/8bZZA+aWNBQVHXT3RXEnGnjut9OYWl5ZXWtuF7a2Nza3inv7jV1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkbXmd96okqzSD6acUx9gQeShYxgk0m3d5f3vXLFrbpToEXi5aQCOeq98le3H5FEUGkIx1p3PDc2foqVYYTTSambaBpjMsID2rFUYkG1n05vnaAjq/RRGClb0qCp+nsixULrsQhsp8BmqOe9TPzP6yQmvPBTJuPEUElmi8KEIxOh7HHUZ4oSw8eWYKKYvRWRIVaYGBtPyYbgzb+8SJonVe+s6j2cVmpXeRxFOIBDOAYPzqEGN1CHBhAYwjO8wpsjnBfn3fmYtRacfGYf/sD5/AFPuY3D</latexit>

IJ = K

Action principles:
<latexit sha1_base64="VWTZgqRAmwWgVfLnjQVjOjUxXgY="></latexit>

S[⌃] =

Z

M
⌃i✏ijkAj(⌃)Ak(⌃)

Second-order action

First-order action
<latexit sha1_base64="LrO7w9GOU+kr9jEZ57sepaRKDTw=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISURUTdCVRA3QqX2AUkaJtNpO3QyCTMToYSu3fgrblwo4tYvcOffOG2z0NYDFw7n3Mu99wQxo1JZ1reRm5tfWFzKLxdWVtfWN8zNrbqMEoFJDUcsEs0AScIoJzVFFSPNWBAUBow0gv7VyG88ECFpxO/VICZeiLqcdihGSku+uVt13CrthujwwoPn0KVc+bdwIrUovG5R3yxaJWsMOEvsjBRBhopvfrntCCch4QozJKVjW7HyUiQUxYwMC24iSYxwH3WJoylHIZFeOn5lCPe10oadSOjiCo7V3xMpCqUchIHuDJHqyWlvJP7nOYnqnHkp5XGiCMeTRZ2EQRXBUS6wTQXBig00QVhQfSvEPSQQVjq9gg7Bnn55ltSPSvZJyb47LpYvszjyYAfsgQNgg1NQBjegAmoAg0fwDF7Bm/FkvBjvxsekNWdkM9vgD4zPH5i/mPE=</latexit>

S[⌃, A] =

Z

M
⌃iF i

Critical points  - <latexit sha1_base64="J3rP2tMMr3l42vaTaYK9Ra6dr0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbp0dxN3N0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZekHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2BNOZO0ZZjhtJsoikXAaScY3+R+54kqzWL5YCYJ9QWOJAsZwcZK3WjQv2eRwINqza27M6Bl4hWkBgWag+pXfxiTVFBpCMda9zw3MX6GlWGE02mln2qaYDLGEe1ZKrGg2s9m907RiVWGKIyVLWnQTP09kWGh9UQEtlNgM9KLXi7+5/VSE175GZNJaqgk80VhypGJUf48GjJFieETSzBRzN6KyAgrTIyNqGJD8BZfXibts7p3UffuzmuN6yKOMhzBMZyCB5fQgFtoQgsIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB6GeP4w==</latexit>g⌃ Ricci-flat

In both of these need to remember that 
<latexit sha1_base64="vCXRDw2mr7gTLngWDnQ3OK9p1Yo=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKkEIGCtYGIugD6lpK8e5bd3aSWQ7oCrqJ7DwKywMIMTKyMbf4LYZoOVIVzo+51753uPHnCntON/WwuLS8spqbi2/vrG5tW3v7FZVlEgKFRrxSNZ9ooCzECqaaQ71WAIRPoeaP7ga+7V7kIpF4Z0extAUpBuyDqNEG6ltH3m3rCtIi3kPEHQBZ8++p5jAXgBck1bK+qO2XXCKzgR4nrgZKaAM5bb95QURTQSEmnKiVMN1Yt1MidSMchjlvURBTOiAdKFhaEgEqGY6OWiED40S4E4kTYUaT9TfEykRSg2FbzoF0T01643F/7xGojsXzZSFcaIhpNOPOgnHOsLjdHDAJFDNh4YQKpnZFdMekYRqk2HehODOnjxPqidF96zo3pwWSpdZHDm0jw7QMXLROSqha1RGFUTRI3pGr+jNerJerHfrY9q6YGUze+gPrM8fCgmdPA==</latexit>

⌃i ^ ⌃j ⇠ �ij

Plebanski action
<latexit sha1_base64="trOg3dA6iCvJNAJ0EyfO4RTLAG0="></latexit>

S[⌃, A, ] =

Z

M
⌃iF i � 1

2

✓
 ij +

⇤

3
�ij

◆
⌃i⌃j

Many other things one can do with this formalism, but need to move on to understand why it is possible



Spinors and the geometric (squaring) map
Let M be spin, and let S be the bundle of spinors

The basic fact about spinors
<latexit sha1_base64="NMOq0gm63KU5lUEyb3PXE6llwNM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIAUulChYGhqLSh9SkkeO6rVXHjmwHqYr6BSz8CgsDCLEys/E3uG0GaDmSpaNz7r2+94Qxo0o7zreVW1ldW9/Ibxa2tnd29+z9g6YSicSkgQUTsh0iRRjlpKGpZqQdS4KikJFWOLqe+q0HIhUV/F6PY+JHaMBpn2KkjRTYpbonNI2IgnVYgZ6IWaKCdFRxJl0OvVszqIe6o8AuOmVnBrhM3IwUQYZaYH95PYGTiHCNGVKq4zqx9lMkNcWMTApeokiM8AgNSMdQjswGfjo7ZwJLRunBvpDmcQ1n6u+OFEVKjaPQVEZID9WiNxX/8zqJ7l/6KeVxognH84/6CYNawGk2sEclwZqNDUFYUrMrxEMkEdYmwYIJwV08eZk0T8vuedm9OytWr7I48uAIHIMT4IILUAU3oAYaAINH8AxewZv1ZL1Y79bHvDRnZT2H4A+szx/kiJtj</latexit>

S ⌦ S = �n
k=0⇤

k

Will refer to this as the geometric (squaring) map, because its result is a collection of geometric objects - differential forms 

Spinors in 4D:
<latexit sha1_base64="la0w3SqVjwdpsBKu+Oq4x4qKA2A="></latexit>

�1 =

✓
0 1
1 0

◆
, �2 =

✓
0 �i
i 0

◆
, �3 =

✓
1 0
0 1

◆
Pauli matrices

<latexit sha1_base64="+K2S+/qi444I7w92paVwSoS7NDE="></latexit>

�4 =

✓
0 I
I 0

◆
, �i

✓
0 i�i

�i�i 0

◆

<latexit sha1_base64="X9VAVIyGZcoS08d782poPmjr0Ok=">AAACGXicbZDLSsNAFIYn9VbrrerSzWARBLUkRdSNUOzGZaX2Ak0Mk8mkHTqTpDMToYS+hhtfxY0LRVzqyrdx2mah1R8GPv5zDnPO78WMSmWaX0ZuYXFpeSW/Wlhb39jcKm7vtGSUCEyaOGKR6HhIEkZD0lRUMdKJBUHcY6TtDWqTevueCEmj8FaNYuJw1AtpQDFS2nKLZuOy4R7ZUcwSCRvuyTG0h8ME+ZrtmENbUg5TmyPV9zxYG99V3GLJLJtTwb9gZVACmepu8cP2I5xwEirMkJRdy4yVkyKhKGZkXLATSWKEB6hHuhpDxIl00ullY3igHR8GkdAvVHDq/pxIEZdyxD3dOdlRztcm5n+1bqKCCyelYZwoEuLZR0HCoIrgJCboU0GwYiMNCAuqd4W4jwTCSodZ0CFY8yf/hValbJ2VrZvTUvUqiyMP9sA+OAQWOAdVcA3qoAkweABP4AW8Go/Gs/FmvM9ac0Y2swt+yfj8BtGAnvU=</latexit>

S = S+ � S�, S± ⇠ C2
Dirac spinors are 4-component

Weyl spinors are 2-component

Invariant inner product on
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±

<latexit sha1_base64="VLduUPdRrKcLcg5tSQTxlHwlt4o="></latexit>

S± 3  =

✓
↵
�

◆
.

where 
<latexit sha1_base64="QuqtgKMTlASSzRZL5qBzs2EHbLg=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKVHruJEb3MO69OeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk2a14l1WvPuLcu0mj6MAx3ACZ+DBFdTgDurQAAYKnuEV3hzjvDjvzse8dcXJZ47gD5zPH/NqkHI=</latexit>

 1,2 are both either in           or in 
<latexit sha1_base64="qxAjEDmZFZMlvM4QCySS4MTyILI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJaPZpygH9GB5CFn1FipXu+d90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLyrivdwWa7e5nEU4BhO4Aw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/MI417</latexit>

S+
<latexit sha1_base64="LSCtjdWmY5IKHG3ASVa18iVtS9c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHstHM07Qj+hA8pAzaqxUr/fOe6WyW3FnIMvEy0kZctR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTQvKt5VxXu4LFdv8zgKcAwncAYeXEMV7qEGDWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfPK419</latexit>

S�

-matrices are off-diagonal<latexit sha1_base64="1HbveT5JU6V0eK6wHlVYfExiar0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rAT3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiOOPGw==</latexit>�
<latexit sha1_base64="ZLeyXzzSLLHaFTdWFReBS9sARig=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgiCURUXFVdOOyUvuAJoTJdNIOnZmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bYKS8srq2vF9dLG5tb2jl3ebak4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDm8mfvuBSEVjca9HCfE56gsaUYy0kQK77PUR5+iqERx7OoaN4CSwK07VmQIuEjcnFZCjHthfXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1VCBOlJ9NTx/DQ6P0YBRLU0LDqfp7IkNcqREPTSdHeqDmvYn4n9dNdXTpZ1QkqSYCzxZFKYPmyUkOsEclwZqNDEFYUnMrxAMkEdYmrZIJwZ1/eZG0TqvuedW9O6vUrvM4imAfHIAj4IILUAO3oA6aAINH8AxewZv1ZL1Y79bHrLVg5TN74A+szx/PsZMP</latexit>

� : S+ ! S�

and vice versa

Invariant conjugation on
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±
Spin(4) stabiliser of a spinor in           is SU(2)  <latexit sha1_base64="qxAjEDmZFZMlvM4QCySS4MTyILI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJaPZpygH9GB5CFn1FipXu+d90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLyrivdwWa7e5nEU4BhO4Aw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/MI417</latexit>

S+
<latexit sha1_base64="FLnuD2DLFDJJ6In8rM9VjC0Ycs8=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEBclEVE3QtGNywr2Ak0sk+lJO3QyCTMToYRu3Pgqblwo4tZ3cOfbOG2z0NYfBj7+cw5nzh8knCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWFOo15LFsBUcCZgLpmmkMrkUCigEMzGFyP680HkIrF4k4PE/Aj0hMsZJRoY3Xsfa9PdOYlio3wJfbAAI8FHhv3xx277FScifA8uDmUUa5ax/7yujFNIxCacqJU23US7WdEakY5jEpeqiAhdEB60DYoSATKzyZXjPChcbo4jKV5QuOJ+3siI5FSwygwnRHRfTVbG5v/1dqpDi/8jIkk1SDodFGYcqxjPI4Ed5kEqvnQAKGSmb9i2ieSUG2CK5kQ3NmT56FxUnHPKu7tabl6lcdRRHvoAB0hF52jKrpBNVRHFD2iZ/SK3qwn68V6tz6mrQUrn9lFf2R9/gDWsZgl</latexit>

 ̂ = ✏ ⇤

<latexit sha1_base64="P2MQrY5xIL2qQkUZkbxqSjyz8Ds="></latexit>

h 1, 2i =  T
1 ✏ 2, ✏ =

✓
0 �1
1 0

◆
.



Can define
<latexit sha1_base64="6yOdCew0NmGmFPtwKPHuWgnTbHI="></latexit>

! :=
i

2
h , �[µ�⌫] idxµ ^ dx⌫

<latexit sha1_base64="lFoXN0LEbjW98WpI85un69/jKl0="></latexit>

⌦ :=
i

2
h , �[µ�⌫] idxµ ^ dx⌫

A simple computation gives
<latexit sha1_base64="siU24R6WFpEyFz0lF3AQ3eoevqY=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1E2h6MadFe0DOtPhTpq2ocnMNMkIpfRr3PgrblxURNz5KabtLLT1QOBwzrnc3BPEnClt21/W0vLK6tp6ZiO7ubW9s5vb26+qKJGEVkjEI1kPQFHOQlrRTHNajyUFEXBaC3o3E7/2RKViUfioBzH1BHRC1mYEtJH8XNGNBO0ALuJqk/lurBh2H1hHQJOdYrffT6CF3bs0IuYjfi5vF+wp8CJxUpJHKcp+buy2IpIIGmrCQamGY8faG4LUjHA6yrqJojGQHnRow9AQBFXecHrmCB8bpYXbkTQv1Hiq/p4YglBqIAKTFKC7at6biP95jUS3r7whC+NE05DMFrUTjnWEJ53hFpOUaD4wBIhk5q+YdEEC0abZrCnBmT95kVTPCs5Fwbk/z5eu0zoy6BAdoRPkoEtUQreojCqIoGf0isbo3Xqx3qwP63MWXbLSmQP0B9b3DyqEpGI=</latexit>

! = V i
 ⌃

i, ⌦ = mi
 ⌃

i

where 
<latexit sha1_base64="ODKKnSgP3b4erxrTfSw2wRMAOa8="></latexit>

⌃i = dx4 ^ dxi � 1

2
✏ijkdxj ^ dxk is the basis of self-dual 2-forms on 

<latexit sha1_base64="1Md9VKooyrFXAi02Fyz8hfRZYHc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APasSRppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JNDYsG1cd1vp7Cyura+UdwsbW3v7O6V9w+aOkoUZQ0aiUi1CdZMcMkahhvB2rFiOCSCtcjoJvNbY6Y0j+SDmcTMD/FA8oBTbKzkp90QmyEh6H76eN4rV9yqOwNaJl5OKpCj3it/dfsRTUImDRVY647nxsZPsTKcCjYtdRPNYkxHeMA6lkocMu2ns9BTdGKVPgoiZZ80aKb+3khxqPUkJHYyy6gXvUz8z+skJrjyUy7jxDBJ54eCRCAToawB1OeKUSMmlmCquM2K6BArTI3tqWRL8Ba/vEyaZ1XvourdnVdq13kdRTiCYzgFDy6hBrdQhwZQeIJneIU3Z+y8OO/Ox3y04OQ7h/AHzucPSQORyA==</latexit>

R4

and 

The data
<latexit sha1_base64="cFcbsdwG/KziDxmpYiqVblmC1wY=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVpMyIqMuiG3dWsA/oDCWTZtrQPIYkUyhD/8SNC0Xc+ifu/Bsz7Sy09cDlHs65l9ycKGFUG8/7dlZW19Y3Nktb5e2d3b199+CwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5Gd7nfHhOlqRRPZpKQkKOBoDHFyFip57rVQHIyQOcweMj7Wc+teDVvBrhM/IJUQIFGz/0K+hKnnAiDGdK663uJCTOkDMWMTMtBqkmC8AgNSNdSgTjRYTa7fApPrdKHsVS2hIEz9fdGhrjWEx7ZSY7MUC96ufif101NfBNmVCSpIQLPH4pTBo2EeQywTxXBhk0sQVhReyvEQ6QQNjassg3BX/zyMmld1Pyrmv94WanfFnGUwDE4AVXgg2tQB/egAZoAgzF4Bq/gzcmcF+fd+ZiPrjjFzhH4A+fzB/xvkpg=</latexit>

(!,⌦) is not arbitrary but satisfies
<latexit sha1_base64="iR6YK2Y6dQWo6D1PDe0BI5uSjP4="></latexit>

⌦ ^ ⌦ = 0, ⌦ ^ ! = 0, 2⌦ ^ ⌦ = !2

real complex

Squaring map in 4D

<latexit sha1_base64="IDNbGEGF18TK8xolG+udYNjl1QU="></latexit>

~V = (2Re(↵⇤�), 2Im(↵⇤�), |↵|2 � |�|2) 2 R3

<latexit sha1_base64="i6vuE44a2kmHRxwMtRyV7gpCV6o=">AAACL3icbZDLSgMxFIYzXmu9VV26CRahxbbMFFE3QlEQlxXsBTrjkElP29DMhSRTKEPfyI2v0o2IIm59C9PLQlsPhPx8/zkk5/cizqQyzTdjZXVtfWMztZXe3tnd288cHNZlGAsKNRryUDQ9IoGzAGqKKQ7NSADxPQ4Nr3878RsDEJKFwaMaRuD4pBuwDqNEaeRm7uwB0MQfuXYkGb7GuaJNeNQjT+Uz2wOl7wIustwizBdwecamIO9msmbJnBZeFtZcZNG8qm5mbLdDGvsQKMqJlC3LjJSTEKEY5TBK27GEiNA+6UJLy4D4IJ1kuu8In2rSxp1Q6BMoPKW/JxLiSzn0Pd3pE9WTi94E/ue1YtW5chIWRLGCgM4e6sQcqxBPwsNtJoAqPtSCUMH0XzHtEUGo0hGndQjW4srLol4uWRcl6+E8W7mZx5FCx+gE5ZCFLlEF3aMqqiGKntEYvaMP48V4NT6Nr1nrijGfOUJ/yvj+AUpIpsM=</latexit>

~m = (�↵2 + �2,�i(↵2 + �2), 2↵�)

<latexit sha1_base64="W/pHOfkC3CtDW+dtpOROhNkpawg="></latexit>

(~V , ~V ) = (|↵|2 + |�|2)2 = h , i2
<latexit sha1_base64="GrRKc+77Zp/GfCzktk47FoOVTmI="></latexit>

(~m , ~m ) = 0, (~m , ~V ) = 0, (~m , ~m
⇤
 ) = 2h , i2

Alternatively, the triple 
<latexit sha1_base64="/4DPu2EhuDgzKUeqz4wTP0HyQZI=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0IGVGRF0W3ejKKvYBnVIy6W0bmswMSUYoQ7/Bjb/ixoUibl2582/MTIto64GQc8+5l+QeL+RMadv+sjILi0vLK9nV3Nr6xuZWfnunroJIUqjRgAey6REFnPlQ00xzaIYSiPA4NLzhReI37kEqFvh3ehRCW5C+z3qMEm2kTr5UjF0p8C2M3WsBfXKI0/pK/NRukNwl3MkX7LKdAs8TZ0oKaIpqJ//pdgMaCfA15USplmOHuh0TqRnlMM65kYKQ0CHpQ8tQnwhQ7ThdaYwPjNLFvUCa42ucqr8nYiKUGgnPdAqiB2rWS8T/vFake2ftmPlhpMGnk4d6Ecc6wEk+uMskUM1HhhAqmfkrpgMiCdUmxZwJwZldeZ7Uj8rOSdm5OS5UzqdxZNEe2kdF5KBTVEGXqIpqiKIH9IRe0Kv1aD1bb9b7pDVjTWd20R9YH9/gcZxW</latexit>

(Re⌦, Im⌦,!) is an SU(2) structure in the sense previously defined

Summary: (Metric, unit spinor)
<latexit sha1_base64="n7b22BJmynRsvnOwbK7HbGybAqQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1UvbvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5MTkXM=</latexit>) SU(2) structure, 2-forms arise as

<latexit sha1_base64="bRan3ECytDyXLDWvJKFhp0wqfB4=">AAACLnicbZBNS8NAEIY3ftb6FfXoZbEIHqQkIuqxKILHCvYDmlA22227dJMNuxOhhP4iL/4VPQgq4tWf4SYNoq0Du7z7zAyz8wax4Boc59VaWFxaXlktrZXXNza3tu2d3aaWiaKsQaWQqh0QzQSPWAM4CNaOFSNhIFgrGF1l+dY9U5rL6A7GMfNDMoh4n1MCBnXta29IIPVizSeeBB4yjbPHcX4XpADzhT+ka1ecqpMHnhduISqoiHrXfvZ6kiYhi4AKonXHdWLwU6KAU8EmZS/RLCZ0RAasY2REzDw/zded4ENDergvlTkR4Jz+7khJqPU4DExlSGCoZ3MZ/C/XSaB/4ac8ihNgEZ0O6icCg8SZd7jHFaMgxkYQqrj5K6ZDoggF43DZmODOrjwvmidV96zq3p5WapeFHSW0jw7QEXLROaqhG1RHDUTRA3pCb+jderRerA/rc1q6YBU9e+hPWF/ffDKqpQ==</latexit>

 ̂ ⌦  , ⌦  ,  ̂ ⌦  ̂

Dimensions of these spaces match and every SU(2) structure comes by this construction from some metric and unit spinor



Towards higher D
Details of this construction are specific to 4D, but the general idea extends to any dimension

(Metric, Unit spinor) Collection of differential forms
<latexit sha1_base64="n7b22BJmynRsvnOwbK7HbGybAqQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1UvbvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5MTkXM=</latexit>)

Squaring Map

One can generally expect that there is a sufficient number of diff. forms

That determines both the metric and the spinor (up to sign)



Further examples: 6D
Geometric (squaring) map produces

<latexit sha1_base64="8k6bqH+q0XkibXT765ZTe8LglEA=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgupCS1qMtiNy4EK9gHNDFMJtN26GQSZiZCCf0RN/6KGxeKuHAj/o2TNovaemDgcM49zL3HjxmVyrJ+jKXlldW19cJGcXNre2fX3NtvySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf1jO//UiEpBG/V6OYuCHqc9qjGCkteWbViULSRw7l0LnRsQA9VE6hc5uJcFY985wQqYHvp/WxZ5assjUBXCR2TkogR8Mzv5wgwklIuMIMSdm1rVi5KRKKYkbGRSeRJEZ4iPqkqylHIZFuOrluDI+1EsBeJPTjCk7U2USKQilHoa8nsw3lvJeJ/3ndRPUu3ZTyOFGE4+lHvYRBFcGsKhhQQbBiI00QFlTvCvEACYSVLrSoS7DnT14krUrZPi/bd9VS7SqvowAOwRE4ATa4ADVwDRqgCTB4Ai/gDbwbz8ar8WF8TkeXjDxzAP7A+P4F58yhNA==</latexit>

! 2 ⇤2,⌦ 2 ⇤3
C

Sufficient to take
<latexit sha1_base64="/t7J1XCC9sfB821xoxYuV5crU58=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4kDJTRd0IxW5cCFaxtdCpJZPetqFJZkgyQhn6H278FTcuFHEluPBvTB8LbT0QOJxzDzf3BBFn2rjut5Oam19YXEovZ1ZW19Y3sptbVR3GikKFhjxUtYBo4ExCxTDDoRYpICLgcBf0SkP/7gGUZqG8Nf0IGoJ0JGszSoyVmtmCHwroEJ9J7F/aWIvcFw5w6SzxlcA3MPCvpu3DZjbn5t0R8CzxJiSHJig3s59+K6SxAGkoJ1rXPTcyjYQowyiHQcaPNUSE9kgH6pZKIkA3ktFtA7xnlRZuh8o+afBI/Z1IiNC6LwI7KYjp6mlvKP7n1WPTPm0kTEaxAUnHi9oxxybEw6JwiymghvctIVQx+1dMu0QRamydGVuCN33yLKkW8t5x3rs+yhXPJ3Wk0Q7aRfvIQyeoiC5QGVUQRY/oGb2iN+fJeXHenY/xaMqZZLbRHzhfPwCVoCY=</latexit>

! 2 ⇤2, C = Re⌦ 2 ⇤3

C determines an almost complex structure JThese are subject to algebraic constraints
<latexit sha1_base64="flQaZsCeFWpvPuA0oe5oCj8/Igs=">AAACI3icbVDLSgMxFM3UV62vUZdugkVwIWVGpYogFLtxWcE+oFNLJr3ThmYeJBmlDPMvbvwVNy6U4saF/2LazkJbDwROzrmH5B434kwqy/oyckvLK6tr+fXCxubW9o65u9eQYSwo1GnIQ9FyiQTOAqgrpji0IgHEdzk03WF14jcfQUgWBvdqFEHHJ/2AeYwSpaWueeWEPvSJ8wS9PuAqvsbWCa5mV2dAVFJNteh4gtDETpNyimeJh7OuWbRK1hR4kdgZKaIMta45dnohjX0IFOVEyrZtRaqTEKEY5ZAWnFhCROiQ9KGtaUB8kJ1kumOKj7TSw14o9AkUnqq/EwnxpRz5rp70iRrIeW8i/ue1Y+VddhIWRLGCgM4e8mKOVYgnheEeE0AVH2lCqGD6r5gOiK5D6VoLugR7fuVF0jgt2eWSfXderNxkdeTRATpEx8hGF6iCblEN1RFFz+gVvaMP48V4M8bG52w0Z2SZffQHxvcP7GKinw==</latexit>

! ^ C = 0, C ^ Ĉ =
1

6
!3 <latexit sha1_base64="4K/l3xhNXM0PWfFTis4qktRlCqw=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0IGVGRd0IxW7EVQX7gM5QMplMG5p5kNwRytAPceOvuHGhiBsXgn9j+lj04YHkHs65l+QeNxZcgWn+GpmV1bX1jexmbmt7Z3cvv3/QUFEiKavTSESy5RLFBA9ZHTgI1oolI4ErWNPtV0d+84lJxaPwEQYxcwLSDbnPKQEtdfLndo9AWh0WbepFcDpzl25wtXg/EeZKqZMvmGVzDLxMrCkpoClqnfy37UU0CVgIVBCl2pYZg5MSCZwKNszZiWIxoX3SZW1NQxIw5aTj5Yb4RCse9iOpTwh4rM5OpCRQahC4ujMg0FOL3kj8z2sn4F87KQ/jBFhIJw/5icAQ4VFS2OOSURADTQiVXP8V0x6RhILOM6dDsBZXXiaNs7J1WbYeLgqV22kcWXSEjlERWegKVdAdqqE6ougZvaJ39GG8GG/Gp/E1ac0Y05lDNAfj5w+nDqB3</latexit>

Ĉ(·, ·, ·) = C(J ·, J ·, J ·)Here

The metric is determined as
<latexit sha1_base64="kbqz1KF16blTynxoTq6AG9CRwXQ=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURUTdC0Y24qmAf0IQymUzSoZNMmJkIJfQH3Pgrblwo4ta9O//GaZpFrR64l8M59zJzj5cwKpVlfRulhcWl5ZXyamVtfWNzy9zeaUueCkxamDMuuh6ShNGYtBRVjHQTQVDkMdLxhtcTv/NAhKQ8vlejhLgRCmMaUIyUlvrmQVhzsM/Vcd6PLqHDIxKi2u2s2jerVt3KAf8SuyBVUKDZN78cn+M0IrHCDEnZs61EuRkSimJGxhUnlSRBeIhC0tM0RhGRbpZfM4aHWvFhwIWuWMFcnd3IUCTlKPL0ZITUQM57E/E/r5eq4MLNaJykisR4+lCQMqg4nEQDfSoIVmykCcKC6r9CPEACYaUDrOgQ7PmT/5L2Sd0+q9t3p9XGVRFHGeyBfVADNjgHDXADmqAFMHgEz+AVvBlPxovxbnxMR0tGsbMLfsH4/AGRYJqe</latexit>

g(·, ·) = !(J ·, ·)

Proposition:    
<latexit sha1_base64="0c5E8fmalCDBr4mqoJ/3BV2ef6k=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgQkoiom4KxW5cVrAPaEqZTCbt0HnEmYlQQsFfceNCEbd+hzv/xmmbhbYeuHA4517uvSdMGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdoh0oRRQRqGGkbaiSKIh4y0wmFt4rceidJUinszSkiXo76gMcXIWKnnHkaB5KSPKt5Z8JCiCEa1igd7bskre1PAReLnpARy1HvuVxBJnHIiDGZI647vJaabIWUoZmRcDFJNEoSHqE86lgrEie5m0/PH8MQqEYylsiUMnKq/JzLEtR7x0HZyZAZ63puI/3md1MTX3YyKJDVE4NmiOGXQSDjJAkZUEWzYyBKEFbW3QjxACmFjEyvaEPz5lxdJ87zsX5b9u4tS9SaPowCOwDE4BT64AlVwC+qgATDIwDN4BW/Ok/PivDsfs9YlJ585AH/gfP4AD8CUQA==</latexit>

d! = 0, dC = 0
<latexit sha1_base64="n7b22BJmynRsvnOwbK7HbGybAqQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1UvbvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5MTkXM=</latexit>) The metric determined by these data is special Kahler

Has parallel spinor, holonomy in SU(3)

The GL(6,R) stabiliser of these data is SU(3)

In particular, Ricci flat



3-forms in 7D
Geometric (squaring) map produces

Another example is obtained by taking a real unit spinor in 7D
<latexit sha1_base64="5ETetrz4sEY2p3RcfN+cSRV+rc8=">AAACCXicbVC7SgNBFL3rM8bXqqXNYBBEJOxqUMtgGguLCOYB2U2YncwmQ2Znl5lZIYS0Nv6KjYUitv6BnX/j5FHExAMDh3Pu4c49QcKZ0o7zYy0tr6yurWc2sptb2zu79t5+VcWpJLRCYh7LeoAV5UzQimaa03oiKY4CTmtBrzTya49UKhaLB91PqB/hjmAhI1gbqWWjkscE8u5Moo2bF2eo1DydVQotO+fknTHQInGnJAdTlFv2t9eOSRpRoQnHSjVcJ9H+AEvNCKfDrJcqmmDSwx3aMFTgiCp/ML5kiI6N0kZhLM0TGo3V2cQAR0r1o8BMRlh31bw3Ev/zGqkOr/0BE0mqqSCTRWHKkY7RqBbUZpISzfuGYCKZ+SsiXSwx0aa8rCnBnT95kVTP8+5l3r0v5Io30zoycAhHcAIuXEERbqEMFSDwBC/wBu/Ws/VqfVifk9Ela5o5gD+wvn4BfayYTg==</latexit>

C 2 ⇤3, C⇤ 2 ⇤4

Sufficient to take 
<latexit sha1_base64="GDLTNhm2iZ41Ffig7yyBuZV+IxE=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUoAAWNFFwaGItGH1KSV4zitVceJbAdURf0PFgYQYuVf2Pgb3DYDtBzJ0tE55+peHz/hTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf1Sf+u1HKhWLxYMeJ9SL8ECwkBGsjdSru0wg987kA9w775crdtWeAS0TJycVyNHol7/cICZpRIUmHCvVdexEexmWmhFOJyU3VTTBZIQHtGuowBFVXja7eoJOjBKgMJbmCY1m6u+JDEdKjSPfJCOsh2rRm4r/ed1Uh9dexkSSairIfFGYcqRjNK0ABUxSovnYEEwkM7ciMsQSE22KKpkSnMUvL5PWWdW5rDr3F5XaTV5HEY7gGE7BgSuowS00oAkEJDzDK7xZT9aL9W59zKMFK585hD+wPn8Aau2R0A==</latexit>

C 2 ⇤3 Not subject to any algebraic constraints

<latexit sha1_base64="uUxEhm8q/f8GRO5Ris71GgpVuwY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfEd412</latexit>

G2Its GL(7,R) stabiliser is 

Determines the metric via
<latexit sha1_base64="FGDmaezN4Ca3LHkSQcj2iKpqrwo="></latexit>

gC(⇠, ⌘)vg =
1

6
i⇠C ^ i⌘C ^ C

The extra information in C (on top of the metric) is either that of a unit spinor

Or that of a cross-product in TM
<latexit sha1_base64="lIZN55GLrmNzyXT00FdIdcVsnHs=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVSkmqqBuh2I3LCvYBTQiT6aQdOpmEmYlYSv/Djb/ixoUirgQX/o2TJgttPTDM4Zx7ufceP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/1Ej9zj0Rkkb8To1j4oZowGlAMVJa8sxa2Xmgnu0oGhKZ0loFpt/piTeAV7CR2ZXMyQ2zZFWtGeAisXNSAjmanvnp9COchIQrzJCUPduKlTtBQlHMyLToJJLECI/QgPQ05Uiv4k5mt03hsVb6MIiEflzBmfq7Y4JCKcehrytDpIZy3kvF/7xeooJLd0J5nCjCcTYoSBhUEUyDgn0qCFZsrAnCgupdIR4igbDScRZ1CPb8yYukXava51X79qxUv87jKIBDcATKwAYXoA5uQBO0AAaP4Bm8gjfjyXgx3o2PrHTJyHsOwB8YXz/PfJ7D</latexit>

(⇠1 ⇥ ⇠2, ⇠3)g = C(⇠1, ⇠2, ⇠3)

Proposition:    
<latexit sha1_base64="ISGOrWSJb3Uqc4Hgi+xF+OR3Tac=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0UQkZKIqJdCsRePFewHtLFsNpt26WYTdzdiKf0rXjwo4tU/4s1/47bNQVsfDDzem2Fmnp9wprTjfFtLyyura+u5jfzm1vbOrr1XaKg4lYTWScxj2fKxopwJWtdMc9pKJMWRz2nTH1QnfvORSsVicaeHCfUi3BMsZARrI3XtQlAtO6eo85DiAAXV+5Oy07WLTsmZAi0SNyNFyFDr2l+dICZpRIUmHCvVdp1EeyMsNSOcjvOdVNEEkwHu0bahAkdUeaPp7WN0ZJQAhbE0JTSaqr8nRjhSahj5pjPCuq/mvYn4n9dOdXjljZhIUk0FmS0KU450jCZBoIBJSjQfGoKJZOZWRPpYYqJNXHkTgjv/8iJpnJXci5J7e16sXGdx5OAADuEYXLiECtxADepA4Ame4RXerLH1Yr1bH7PWJSub2Yc/sD5/ABS1kog=</latexit>

dC = 0, dC⇤ = 0
<latexit sha1_base64="n7b22BJmynRsvnOwbK7HbGybAqQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1UvbvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5MTkXM=</latexit>) The metric determined by C has holonomy in 

Has parallel spinor

In particular, Ricci flat

<latexit sha1_base64="uUxEhm8q/f8GRO5Ris71GgpVuwY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj0oMeK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfEd412</latexit>

G2



4-forms in 8D
Yet another example is obtained by taking a real Weyl unit spinor in 8D

Geometric (squaring) map produces
<latexit sha1_base64="jzOXMWZJMdwDO0e3gLogc5iHyrY=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5WgChgrWBgYikQfUhMqx3Faq44T2Q6oKv0UFgYQYuVL2Pgb3DYDtBzJ0tE59+henyDlTGnH+bYKK6tr6xvFzdLW9s7unl3eb6kkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5N/fYDlYol4k6PUurHuC9YxAjWRurZZa8xYB4TyLsxoRDf13p2xak6M6Bl4uakAjkaPfvLCxOSxVRowrFSXddJtT/GUjPC6aTkZYqmmAxxn3YNFTimyh/PTp+gY6OEKEqkeUKjmfo7McaxUqM4MJMx1gO16E3F/7xupqMLf8xEmmkqyHxRlHGkEzTtAYVMUqL5yBBMJDO3IjLAEhNt2iqZEtzFLy+T1mnVPau6t7VK/TKvowiHcAQn4MI51OEaGtAEAo/wDK/wZj1ZL9a79TEfLVh55gD+wPr8AUGHk1o=</latexit>

� 2 ⇤4

Subject to 27 independent algebraic constraints that are somewhat hard to characterise explicitly

GL(8,R) stabiliser Spin(7)

The 4-form determines the metric, but the formula is more complicated than the previously encountered ones

The extra data in the 4-form (on top of the metric) is that it, together with a choice of a unit vector in TM,

identifies TM with octonions

Proposition:    
<latexit sha1_base64="6myAp9rSgPwIUsoPgivXCslQYhQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrWFNpTNZtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1LBtXHdb6e0srq2vlHerGxt7+zuVfcPHnWSKYYtlohEdQKqUXCJLcONwE6qkMaBwHYwup367SdUmifywYxT9GM6kDzijBortcNec8iv3X615tbdGcgy8QpSgwLNfvWrFyYsi1EaJqjWXc9NjZ9TZTgTOKn0Mo0pZSM6wK6lksao/Xx27oScWCUkUaJsSUNm6u+JnMZaj+PAdsbUDPWiNxX/87qZia78nMs0MyjZfFGUCWISMv2dhFwhM2JsCWWK21sJG1JFmbEJVWwI3uLLy+TxrO5d1L3781rjpoijDEdwDKfgwSU04A6a0AIGI3iGV3hzUufFeXc+5q0lp5g5hD9wPn8AleaPFA==</latexit>

d� = 0
<latexit sha1_base64="n7b22BJmynRsvnOwbK7HbGybAqQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1UvbvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5MTkXM=</latexit>) Parallel spinor, holonomy in Spin(7)

In particular Ricci-flat



PDE’s
In all considered examples only the “natural” first-order PDE’s on the differential forms are known:

Closure of the relevant differential forms

What is not know is what are the “best” second-order PDE’s in each case

In 8D I have studied this question in 2403.16661 [math.DG]

The natural, written in the language of the exterior derivative PDE’s describe gravity coupled to exotic matter

(coming from the spinor degree of freedom)

There is still a lot to be understood here

What is clear is that when we are to describe the dynamics of (metric, spinor) system there 

are other natural PDE’s that can be written, apart from Einstein equations

Phrased a a physics question, this is the question of the low energy dynamics of such a system

https://arxiv.org/abs/2403.16661


Physics motivations: Unification
All of the known to us physics requires the following types of fields: Metric, gauge fields, scalar fields

They all get unified by a metric in a space of sufficiently high dimension

Spinors

Unified by a spinor in a sufficiently high dimension

With this in mind, the question of dynamics of (metric, spinor) in higher D is a very natural one



Physics motivations: Discrete gravity
Discretising gravity (putting it on a simplicial complex) is a natural approach to both numerical and quantum gravity

Works in 2D, 3D, but so far no real progress in higher dimensions

At the same time differential forms and the exterior derivative can naturally be discretised

This is what the spin foam approach to QG attempts, but so far there are serious issues with it

It is much easier to discretise differential forms rather than Lie algebra valued differential forms

All higher D examples I described work with ordinary differential forms

It is possible that some models of simplicial higher D quantum gravity (coupled to a spinor) can be produced along these lines



Summary
4D gravity can be described using triples of 2-forms rather than metrics. Extremely efficient formalism

The origin of this formalism lies in spinors. The relevant differential forms are produced by the squaring map

In all known examples this gives the most efficient known way to describe geometry and impose PDE’s on it 

Many other examples described in dimension 6,7,8

Do not use the metric to describe geometry. Use differential forms that originate in spinors



Thank you!


