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Intro: BSM
 Physics Beyond the Standard Model is necessary due to

 discussing issues that the SM cannot mention 
 (e.g., dark matter, dark energy, inflation)

 addressing (experimental) anomalies that the SM cannot explain 
 (e.g., muon g-2, RD)
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Intro: BSM
 Physics Beyond the Standard Model is necessary due to

 discussing issues that the SM cannot mention 
 (e.g., dark matter, dark energy, inflation)

 We can focus on another BSM: Beyond the Standard Method:

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="sQDJ/1mOgqtSR/dQ1Wgm9Fi4G3M="></latexit>

 (t,xxx) ⇠ e�iEpppt+ippp·xxx
⇣
= e+ipµx

µ
⌘

note: (metric) = diag(-1,1,1,1); 
taking afterward:

<latexit sha1_base64="v5V60vmmDt8O3zYv6J1fN+4SHcI=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgKsyIaDZCwI3LCOYDyRDedDpJk56esfuNEIZcwAu41Ru4E7fewgt4DjvJLExiwYOi6j3qUUEshUHX/XZya+sbm1v57cLO7t7+QfHwqGGiRDNeZ5GMdCsAw6VQvI4CJW/FmkMYSN4MRrdTv/nEtRGResBxzP0QBkr0BQO0kt8ZBqDpDWV2vG6x5JbdGegq8TJSIhlq3eJPpxexJOQKmQRj2p4bo5+CRsEknxQ6ieExsBEMeNtSBSE3fjp7ekLPrNKj/UjbUUhn6t+LFEJjxmFgN0PAoVn2puJ/XjvBfsVPhYoT5IrNg/qJpBjRaQO0JzRnKMeWANPC/krZEDQwtD0tpAQaRhwnBVuMt1zDKmlclL2r8uX9ZalaySrKkxNySs6JR65JldyRGqkTRh7JC3klb86z8+58OJ/z1ZyT3RyTBThfv7JwmOo=</latexit>

~ = c = 1

The plane-wave form is widely used for 
representing quantum particles. 

 

(a de facto standard)

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

Wave-packet form 
for quantum particles

“beyond”
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 addressing (experimental) anomalies that the SM cannot explain 
 (e.g., muon g-2, RD)



Intro: how about locality?
 We remember that 
  wave profiles need to be localised.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

 In conclusion,

• On the other hand, however, the plane wave lacks some nature  
of quantum particles, at least the locality.

• The plane-wave description of quantum particles 
 well describes part of necessary properties of particles.

By use of a localised wave (wave packet), 
we can overcome this difficulty and obtain 
the full information of quantum transitions!

[A. Tonomura, Proceedings of the National Academy of Sciences, USA, 102, 14952 (2005]
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Problem in plane-wave S-matrix

 Plane-wave  
  S-matrix (1→2) def.:

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

(factorised) 
amplitude

manifest energy-momentum 
conservation

[QFT textbooks]

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past far future

free

state

free

state

free

state

far 
distant

position

taking all possible configurations 
(up to an order)
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Problem in plane-wave S-matrix

 |SPW|2 is ill-defined due to |𝛿4(Pout-Pin)|2 = 𝛿4(Pout-Pin) × 𝛿4(0). 

 ⇒ Only the averaged (per V and T) frequencies of events is calculable. 

(2π)-4[(Volume)(Time) → ∞] 

We will see soon later. (Tin (= Tinitial) = -∞, Tout (= Tfinal) = +∞)

 Plane-wave  
  S-matrix (1→2) def.:

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

(factorised) 
amplitude

Why the problem happens? 

Plane Wave is 

non-normalisable!

manifest energy-momentum 
conservation

[QFT textbooks]

 Corresponding probability is given as |SPW|2.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp
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 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

well defined 
(The volume is cancelled out.)

ill-defined! 
(since T, V→∞)

What is calculable?

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="fY/6GjtV0KnLWLDbu/cTU3656UA="></latexit>

[(PW) phase space] =
(V )d3ppp1
2E1(2⇡)3

(V )d3ppp2
2E2(2⇡)3

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu 1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]
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 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

What is calculable?

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="fY/6GjtV0KnLWLDbu/cTU3656UA="></latexit>

[(PW) phase space] =
(V )d3ppp1
2E1(2⇡)3

(V )d3ppp2
2E2(2⇡)3

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu 1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]

<latexit sha1_base64="20+Q8j76o+in5EYZOcoeHQJ40l0="></latexit>

|SPW|2 ⇥ [phase space]

T<latexit sha1_base64="i/y49w/wGm/YsDUz3hVhlu7AB00="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3

well defined!

The frequency per time (= Γ: decay rate) 
is well defined and calculable.

<latexit sha1_base64="tivSjBjGLInD1fx6F1bPjw3gkA4=">AAAB/nicdVDLSgNBEJyNrxhfUY9eBoPgadldlyTegl48RswLkiXMTmaTIbMPZnqFEAL+gFf9A2/i1V/xB/wOZ5MIRrSgoajqprvLTwRXYFkfRm5tfWNzK79d2Nnd2z8oHh61VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vbH15nfvmdS8ThqwCRhXkiGEQ84JaCluwZu9Ysly7yslh23jC3Tsiq2Y2fEqbgXLra1kqGElqj3i5+9QUzTkEVABVGqa1sJeFMigVPBZoVeqlhC6JgMWVfTiIRMedP5qTN8ppUBDmKpKwI8V39OTEmo1CT0dWdIYKR+e5n4l9dNIah6Ux4lKbCILhYFqcAQ4+xvPOCSURATTQiVXN+K6YhIQkGns7LFl2TMYFbQwXx/j/8nLce0y6Z765ZqV8uI8ugEnaJzZKMKqqEbVEdNRNEQPaIn9Gw8GC/Gq/G2aM0Zy5ljtALj/Qsys5YV</latexit>

TV

<latexit sha1_base64="eYrQjbU73kOKEo7k7Q1feUO85kc=">AAACFHicbVC7SgNBFJ31GeMramFhMxgECwm7EjRlwMYygnlAdgmzk7s6ZPbBzF1JWPY3/AFb/QM7sbX3B/wOJ4/CJB4YOJxzL+fO8RMpNNr2t7Wyura+sVnYKm7v7O7tlw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe0PbsZ++wmUFnF0j6MEvJA9RCIQnKGReqVjF0UImroXtOsiDDELZDrMvV6pbFfsCegycWakTGZo9Eo/bj/maQgRcsm07jp2gl7GFAouIS+6qYaE8QF7gK6hETOpXjb5QE7PjNKnQazMi5BO1L8bGQu1HoW+mQwZPupFbyz+53VTDGpeJqIkRYj4NChIJcWYjtugfaGAoxwZwrgS5lbKH5liHE1ncym+YgPAvGiKcRZrWCaty4pzVaneVcv12qyiAjkhp+ScOOSa1MktaZAm4SQnL+SVvFnP1rv1YX1OR1es2c4RmYP19QtafJ7O</latexit>

⇥ [flux]

Intro. 4/6



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

(for Pin = 0)

(skippable) 

details



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]

(skippable) 

details



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
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3
xxx
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⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]

(skippable) 

details



S-matrix in Gaussian basis
 S-matrix (1→2) def.:

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

in 
free state

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

“additional” 
information

Normalisability of Gaussian 
can makes S itself finite! 
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 S-matrix (1→2) def.:
<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin

<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout ~√σ1 ~√σ2

~√σ0X0(@t=T0)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P1 P2

P0

all possible configurations 
(up to an order)

Normalisability of Gaussian 
can makes S itself finite! 

(Tout-Tin being 

finite in general)

in 
free state

X1(@t=T1) X2(@t=T2)

◦ First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

◦ Claims on various phenomena 
by Ishikawa-san et. al.

e.g. [Ishikawa, Jinnouchi, Kubota, 
  Sloan, Tatsuishi (1901.03019)]

Experiment by the same group → (1907.01264)

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

<latexit sha1_base64="QvZ8llYvZ1amfASTqR22vzSoT60="></latexit>

(22Na ! 22Ne⇤e+⌫, e+(e�) ! 2�)
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Short Summary

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

in 
free state

out 
free state

 plane-wave S-matrix:

 Gaussian S-matrix:

For the same focused physical 1→2 process,

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

more 
informative

suitable limits/ 
marginalisations

not equal ( )
“additional” 
information

(note: we can similarly construct those for m→n processes.)
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Short Summary

 |plane-wave S-matrix|2:

 |Gaussian S-matrix|2:

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

<latexit sha1_base64="I6BjYodkBEACxeHiybMq8WCUbsE=">AAACDHicbVDLTsJAFL3FF+KDqks3E4mJK9ISoi6JblxiFDCBSqbDFCZMH5mZmpDSX/AH3OofuDNu/Qd/wO9wCl0IeJKbnJxzb+7JcSPOpLKsb6Owtr6xuVXcLu3s7u2XzYPDtgxjQWiLhDwUDy6WlLOAthRTnD5EgmLf5bTjjq8zv/NEhWRhcK8mEXV8PAyYxwhWWuqb5WnPx2pEME/u0uljrW9WrKo1A1oldk4qkKPZN396g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6SSz4Ck61coAeaHQEyg0U/9eJNiXcuK7ejNLKZe9TPzP68bKu3QSFkSxogGZP/JijlSIshbQgAlKFJ9ogolgOisiIywwUbqrhS+uwGOq0pIuxl6uYZW0a1X7vFq/rVcaV3lFRTiGEzgDGy6gATfQhBYQiOEFXuHNeDbejQ/jc75aMPKbI1iA8fULi9mbuw==</latexit>

|S|2 itself is well defined.

itself is ill defined.
<latexit sha1_base64="RqKjRRgKSQextwOHT//WQ6+E/xQ=">AAACDHicbVBLTgJBFOzBH+KHUZduJhITV2SGEHVJdOMSo3wSGElP84AOPZ90vzGSgSt4Abd6A3fGrXfwAp7DBmYhYCUvqVS9l3opLxJcoW1/G5m19Y3Nrex2bmd3bz9vHhzWVRhLBjUWilA2PapA8ABqyFFAM5JAfU9AwxteT/3GI0jFw+AeRxG4Pu0HvMcZRS11zPz4rtNGeMKk2piMH0ods2AX7RmsVeKkpEBSVDvmT7sbstiHAJmgSrUcO0I3oRI5EzDJtWMFEWVD2oeWpgH1QbnJ7PGJdaqVrtULpZ4ArZn69yKhvlIj39ObPsWBWvam4n9eK8bepZvwIIoRAjYP6sXCwtCatmB1uQSGYqQJZZLrXy02oJIy1F0tpHiSDgEnOV2Ms1zDKqmXis55sXxbLlSu0oqy5JickDPikAtSITekSmqEkZi8kFfyZjwb78aH8TlfzRjpzRFZgPH1C3NCm6w=</latexit>

|SPW|2

<latexit sha1_base64="3YE4pUFvzIFkczW6B81xabCZN6g="></latexit>

dP = |S|2 d
3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

(dimensionful, 
 relative frequency)

(dimensionless, 
 absolute frequency)

External states are characterised 
by momenta.

External states are characterised 
by momenta and positions of centres.

For the same focused physical 1→2 process,
(note: we can similarly construct those for m→n processes.)

<latexit sha1_base64="xVDJ7ySPJOTxGVcMwzPxe8C9i7g="></latexit>

d� =
1

2Ein

|SPW|2

TV

d3ppp1
2E1(2⇡)3

d3ppp2
2E2(2⇡)3
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1. Intro: Gaussian S-matrix with “full” information 
[6 pages] 

2. Anomalous kinetic effect near mass threshold 
(for wave packets) [6 pages] 

3. Isospin anomalies are resolved via the effect. 
[6 pages]

NEXT
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Structure of Transitions

In state

Out state

Overlap region

Wave packets

<latexit sha1_base64="dEi9SRwSqGdAI2sQgISp+wd5/BQ="></latexit>

⌅0(t)

<latexit sha1_base64="NJHlPIeNc8MFOpdCxjU/erZkRLk="></latexit>

⌅1(t)
<latexit sha1_base64="WjsXoYwEUJzgWHXTOT3wtv02SpM="></latexit>

⌅2(t)

<latexit sha1_base64="JV9P9Cwh42M36C+bmE78zlOOVkU="></latexit>

T
<latexit sha1_base64="PzCuZp30KrD5uM7mOzfboB108IQ="></latexit>p
�t

<latexit sha1_base64="xdwJljxaoNbLB7D4ext48cYzZjg="></latexit>p
�s

<latexit sha1_base64="aouuHGikgntv0IC8ZZN8IkqSV0g="></latexit>

⇠
p
�t

In-time-boundary 
region

Out-time-boundary 
region

<latexit sha1_base64="aouuHGikgntv0IC8ZZN8IkqSV0g="></latexit>

⇠
p
�t

<latexit sha1_base64="wNgVTtNCOGmG/W1tvW7fdaTGPeA="></latexit>

t

<latexit sha1_base64="XMBjeBL1F7Cdr2yaHriPZplzKoQ="></latexit>

Tin

<latexit sha1_base64="6Tc/RxNM5Zms7oLUrOS7w82ees4="></latexit>

Tout (! 1)

Bulk region

<latexit sha1_base64="sLFV5bDBROYsgqFX7nfDgjKRwNY="></latexit>⇡

<latexit sha1_base64="sLFV5bDBROYsgqFX7nfDgjKRwNY="></latexit>⇡

Spatially infinite 
overlap region

In state

Out state

Plane waves

6B;m`2 R, a+?2K�iB+ };m`2 7Q` i?2 }MBi2 r�p2@T�+F2i T`Q+2bb UH27iV �M/ i?2 BM}MBi2 TH�M2@r�p2
T`Q+2bb U`B;?iV rBi?Qmi i�FBM; BMiQ �++QmMi i?2 HB72iBK2 ⌧0X AM i?2 H27i- r2 ?�p2 b?QrM i?2 iBK2
Q7 BMi2`b2+iBQM Tc i?2 bT�iB�H �M/ i2KTQ`�H bBx2b Q7 i?2 Qp2`H�T p

�s �M/ p
�t- `2bT2+iBp2Hvc i?2

+2Mi2` Q7 r�p2 T�+F2ib ⌅A UA = 0, 1, 2Vc �M/ i?2 BMBiB�H �M/ }M�H iBK2b Q7 i?2 b+�ii2`BM; TBM
�M/ TQmi- `2bT2+iBp2HvX �HbQ- i?2 #mHF TBM ⌧ t ⌧ TQmi- BM@iBK2@#QmM/�`v U|t� TBM| .

p
�tV-

�M/ Qmi@iBK2@#QmM/�`v U|TQmi � t| . p
�tV `2;BQMb �`2 b?QrMX Uh?Bb T�M2H +Q``2bTQM/b iQ i?2

#mHF@HBF2 +�b2 |T� TBM| �
p
�tc b22 6B;X kXV AM i?2 `B;?i- i?2 bT�iB�H Qp2`H�T Q7 i?2 TH�M2

r�p2b M2p2` /2+`2�b2b BM iBK2- �M/ ?2M+2 i?2 BMi2`�+iBQM rQmH/ #2 M2p2` brBi+?2/ Qz- �M/
i?2 b+�ii2`BM; rQmH/ #2 M2p2` +QKTH2i2/c i?2`27Q`2 i?2 2ti`� /�KTBM; 7�+iQ` e⌥✏t

R
/3x bHUAV

BMi(t,x)

rBi? �M BM}MBi2bBK�H ✏ > 0 Bb +QMp2MiBQM�HHv Tmi #v ?�M/ 7Q` i?2 7mim`2 �M/ T�bi BM}MBi2
iBK2b t ! ±1- r?B+? Bb /2TB+i2/ #v i?2 /�KTBM; Q7 i?2 QT�+Biv Q7 i?2 Q`�M;2 `2;BQMX h?Bb
7�+iQ` 2p2Mim�HHv `2bmHib BM i?2 T`QT�;�iQ` /

�
p2 +m2 � i✏

�
�1 BM i?2 +QMp2MiBQM�H 62vMK�M

/B�;`�K +�H+mH�iBQMX

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, URdV

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
UR3V

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. URNV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkyV

3

No boundary

No boundary

 The plane-wave S-matrix has no time boundaries (only in time bulk).

 The wave-packet S-matrix has time boundaries (also in time bulk).
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What’s next?
 We examined the simplest 1→2 case in wave-packet formalism. 
  Now, we will be interested in

2. When does the wave-packet effect become significant?

1. How about the 2→2 full scattering, including the production part?

Today’s main topic

No detailed discussion today
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 So, the `best’ process to see a wave-packet intrinsic nature requires

◦ domination of the boundary contribution, e.g., via a narrow phase space

◦ resonant production & decay

+

◦ experimental anomalies being reported

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
We found such a process! 
⇒ heavy quarkonium decays into mesons near kinetic threshold

<latexit sha1_base64="J84cYAhe0YDX2yRhLywWkuXygQQ=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoPgxbArQT1JwIvHiOYByRpmJ73JkNnZZaZXCEvAH/Cqf+BNvPor/oDf4STZg0ksaCiquunu8mPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSLZ9qEFxCHTkKaMUKaOgLaPrDm4nffAKleSQfcBSDF9K+5AFnFI10D49n3WLJKTtT2MvEzUiJZKh1iz+dXsSSECQyQbVuu06MXkoVciZgXOgkGmLKhrQPbUMlDUF76fTUsX1ilJ4dRMqURHuq/p1Iaaj1KPRNZ0hxoBe9ifif104wuPJSLuMEQbLZoiARNkb25G+7xxUwFCNDKFPc3GqzAVWUoUlnbouv6BBwXDDBuIsxLJPGedm9KFfuKqXqdRZRnhyRY3JKXHJJquSW1EidMNInL+SVvFnP1rv1YX3OWnNWNnNI5mB9/QIJOJX1</latexit>

e�

<latexit sha1_base64="bUeFxz0nQzjwTQI4SXfUNz2o5ls=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoMgCGFXgnqSgBePEc0DkjXMTnqTIbOzy0yvEJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPd5ceCa3Scbyu3srq2vpHfLGxt7+zuFfcPGjpKFIM6i0SkWj7VILiEOnIU0IoV0NAX0PSHNxO/+QRK80g+4CgGL6R9yQPOKBrpHh7PusWSU3amsJeJm5ESyVDrFn86vYglIUhkgmrddp0YvZQq5EzAuNBJNMSUDWkf2oZKGoL20umpY/vEKD07iJQpifZU/TuR0lDrUeibzpDiQC96E/E/r51gcOWlXMYJgmSzRUEibIzsyd92jytgKEaGUKa4udVmA6ooQ5PO3BZf0SHguGCCcRdjWCaN87J7Ua7cVUrV6yyiPDkix+SUuOSSVMktqZE6YaRPXsgrebOerXfrw/qcteasbOaQzMH6+gUGCJXz</latexit>
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.
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◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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, UjV

r?2`2 gV+ UgV 0V Bb i?2 +QmTHBM; #2ir22M V �M/ P+P� UP 0P 0V �M/ mV - mP+ - �M/ mP 0

�`2 i?2 K�bb2b Q7 V - P+- �M/ P 0- `2bT2+iBp2HvX 1p2M B7 r2 �bbmK2 �M BbQbTBM@bvKK2i`B+
R>2`2 �M/ ?2`2�7i2`- r2 QKBi (3770)- (1020)- �M/ (4S)X ⌥(4S) Bb bQK2iBK2b r`Bii2M �b ⌥(10580)X q2 /Q

MQi /BbiBM;mBb? i?2 r2�F@BMi2`�+iBQM 2B;2Mbi�i2b K0K0 �M/ i?2 K�bb 2B;2Mbi�i2b K0
GK

0
a- M2;H2+iBM; i?2 bK�HH

CP pBQH�iBM; 2z2+ibX Pi?2` T`Q+2bb2b ?�p2 2p2M bK�HH2` CP pBQH�iBM; 2z2+ib �M/ r2 M2;H2+i i?2K iQQX
kAM i?2 Q`B;BM�H _27X (R)- i?2 }`bi irQ Q7 1[X UkV �`2 ;Bp2M BM Bib BMp2`b2

�
R�1
�

� S.: = 0.690± 0.015,
�
R�1
 

� S.: = 1.253± 0.016,

�M/ r2 ?�p2 BMp2`i2/ i?2K BM 1[X UkVX AM i?2 i?2Q`2iB+�H HBi2`�im`2- i?2 `�iBQ URV Q7 +?�`;2/ iQ M2mi`�H KQ/2b
Bb K�BMHv mb2/- �M/ r2 7QHHQr Bi 7Q` 2�b2 Q7 +QKT�`BbQMX

jAM i?2 2p�Hm�iBQM Q7 R⌥ = 1.058±0.024 (R)- i?2 7QHHQrBM; BbQbTBM bvKK2i`v �KQM;- 2X;X- B0 ! J/ Ka �M/
B+ ! J/ K+ Bb �bbmK2/X h?2 2ti2Mi iQ r?B+? i?2 BbQbTBM bvKK2i`v Bb p�HB/ BM ?�/`QMB+ /2+�vb Bb /2#�i�#H2
(S`Bp�i2 *QKKmMB+�iBQM rBi? .`X �FBK�b� Ab?BF�r�)X

j

“Kaons” “D-mesons” “B-mesons”

Measuring Isospin breaking

R AMi`Q/m+iBQM
h?2`2 Bb � HQM;@bi�M/BM; �MQK�Hv U/Bb+`2T�M+v #2ir22M 2tT2`BK2Mi�H �M/ i?2Q`2iB+�H `2bmHibV
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i?2Q`2iB+�H T`2/B+iBQMbX

�i i?2 [m�`F H2p2H- i?2b2 T`Q+2bb2b �`2R
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ub

�
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�
sd̄
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GK
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bb
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,
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mMBivX
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MQi /BbiBM;mBb? i?2 r2�F@BMi2`�+iBQM 2B;2Mbi�i2b K0K0 �M/ i?2 K�bb 2B;2Mbi�i2b K0
GK
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a- M2;H2+iBM; i?2 bK�HH

CP pBQH�iBM; 2z2+ibX Pi?2` T`Q+2bb2b ?�p2 2p2M bK�HH2` CP pBQH�iBM; 2z2+ib �M/ r2 M2;H2+i i?2K iQQX
kAM i?2 Q`B;BM�H _27X (R)- i?2 }`bi irQ Q7 1[X UkV �`2 ;Bp2M BM Bib BMp2`b2

�
R�1
�

� S.: = 0.690± 0.015,
�
R�1
 

� S.: = 1.253± 0.016,

�M/ r2 ?�p2 BMp2`i2/ i?2K BM 1[X UkVX AM i?2 i?2Q`2iB+�H HBi2`�im`2- i?2 `�iBQ URV Q7 +?�`;2/ iQ M2mi`�H KQ/2b
Bb K�BMHv mb2/- �M/ r2 7QHHQr Bi 7Q` 2�b2 Q7 +QKT�`BbQMX

jAM i?2 2p�Hm�iBQM Q7 R⌥ = 1.058±0.024 (R)- i?2 7QHHQrBM; BbQbTBM bvKK2i`v �KQM;- 2X;X- B0 ! J/ Ka �M/
B+ ! J/ K+ Bb �bbmK2/X h?2 2ti2Mi iQ r?B+? i?2 BbQbTBM bvKK2i`v Bb p�HB/ BM ?�/`QMB+ /2+�vb Bb /2#�i�#H2
(S`Bp�i2 *QKKmMB+�iBQM rBi? .`X �FBK�b� Ab?BF�r�)X

j

+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX

q2 #`B2~v `2pB2r i?2 i?2Q`2iB+�H �++QmMib 7Q` i?2 �MQK�Hv rBi?BM TH�M2@r�p2 7Q`K�HBbKX
6Q` R�- Bi im`M2/ Qmi i?�i `�/B�iBp2 +Q``2+iBQMb K�F2 i?2 �MQK�Hv KQ`2 bB;MB}+�Mi (k), h?2
bi�M/�`/ [m�MimK@2H2+i`Q/vM�KB+b UZ1.V +Q``2+iBQMb K�F2 i?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2
`�iBQ 9 W H�`;2`- �M/ BbQbTBM@#`2�FBM; +Q``2+iBQMb iQ i?2 `�iBQ g2�+/g

2
�0 7m`i?2` K�F2 Bi ǳbQK2

k WǴ (k) H�`;2`- H2�/BM; iQ � H�`;2` �MQK�Hv Q7 `Qm;?Hv 5.2� �bbmKBM; i?�i i?2 2``Q` Bb /QK@
BM�i2/ #v i?�i BM 1[X UkVX AM _27X (j) i?2 �mi?Q`b BMi`Q/m+2 � bK2�`2/ /2+�v `�i2 i?�i Bb �
7mM+iBQM Q7 i?2 2M2`;v /Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ }M�H TH�M2@r�p2 bi�i2bc i?Bb bK2�`BM;
Bb #v i?2 GQ`2MixB�M /Bbi`B#miBQM /m2 iQ i?2 BM+HmbBQM Q7 i?2 rB/i? �b r2HH �b #v � T?2MQK2MQ@
HQ;B+�H 7Q`K 7�+iQ` Tmi #v ?�M/ iQ `2;mH�`Bx2 �M mHi`�pBQH2i UloV /Bp2`;2M+2c i?2 �MQK�Hv
7Q` � +�M #2 2tTH�BM2/ rBi? � K�bb T�`�K2i2` M ' 1.5:2o BM i?2 T?2MQK2MQHQ;B+�H 7Q`K
7�+iQ`X AM _27X (9)- i?2 �mi?Q`b ?�p2 2biBK�i2/ i?2 2z2+ib Q7 i?2 2H2+i`QK�;M2iB+ bi`m+im`2 Q7
F�QMb �M/ Qi?2` KQ/2H@/2T2M/2Mi +QMi`B#miBQMb iQ i?2 `�/B�iBp2 +Q``2+iBQMb- �M/ i?2 `2bmHi�Mi
+Q``2+iBQMb ?�p2 im`M2/ Qmi iQ #2 iBMvX AM _27X (8)- irQ U� "`2Bi@qB;M2` �M/ � MQM@`2H�iBpBbiB+
GQ`2MixB�MV ivT2b Q7 �p2`�;2/ /2+�v rB/i?b Qp2` i?2 BMBiB�H@bi�i2 2M2`;v �`2 BMi`Q/m+2/ rBi?
irQ T?2MQK2MQHQ;B+�HHv +?Qb2M 2M2`;v BMi2`p�Hb RXyRyĜRXyey :2o �M/ RXyyyĜRXRyy :2o- iQ `2@
H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX
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○ PDG values:

○ plane-wave 
   results:
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Anomaly in heavy vector quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0
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� S.: = 0.690± 0.015,
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� S.: = 1.253± 0.016,

�M/ r2 ?�p2 BMp2`i2/ i?2K BM 1[X UkVX AM i?2 i?2Q`2iB+�H HBi2`�im`2- i?2 `�iBQ URV Q7 +?�`;2/ iQ M2mi`�H KQ/2b
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�
ub

�
B�(bū) ,

�(ss) ! K0(ds̄)K0
�
sd̄
�
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GK
0
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�
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�
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�
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�
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�
,
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�
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�( ! D+D�)
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“Kaons” “D-mesons” “B-mesons”

Measuring Isospin breaking
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� S.: = 0.690± 0.015,
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�M/ r2 ?�p2 BMp2`i2/ i?2K BM 1[X UkVX AM i?2 i?2Q`2iB+�H HBi2`�im`2- i?2 `�iBQ URV Q7 +?�`;2/ iQ M2mi`�H KQ/2b
Bb K�BMHv mb2/- �M/ r2 7QHHQr Bi 7Q` 2�b2 Q7 +QKT�`BbQMX

jAM i?2 2p�Hm�iBQM Q7 R⌥ = 1.058±0.024 (R)- i?2 7QHHQrBM; BbQbTBM bvKK2i`v �KQM;- 2X;X- B0 ! J/ Ka �M/
B+ ! J/ K+ Bb �bbmK2/X h?2 2ti2Mi iQ r?B+? i?2 BbQbTBM bvKK2i`v Bb p�HB/ BM ?�/`QMB+ /2+�vb Bb /2#�i�#H2
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j

+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX

q2 #`B2~v `2pB2r i?2 i?2Q`2iB+�H �++QmMib 7Q` i?2 �MQK�Hv rBi?BM TH�M2@r�p2 7Q`K�HBbKX
6Q` R�- Bi im`M2/ Qmi i?�i `�/B�iBp2 +Q``2+iBQMb K�F2 i?2 �MQK�Hv KQ`2 bB;MB}+�Mi (k), h?2
bi�M/�`/ [m�MimK@2H2+i`Q/vM�KB+b UZ1.V +Q``2+iBQMb K�F2 i?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2
`�iBQ 9 W H�`;2`- �M/ BbQbTBM@#`2�FBM; +Q``2+iBQMb iQ i?2 `�iBQ g2�+/g

2
�0 7m`i?2` K�F2 Bi ǳbQK2

k WǴ (k) H�`;2`- H2�/BM; iQ � H�`;2` �MQK�Hv Q7 `Qm;?Hv 5.2� �bbmKBM; i?�i i?2 2``Q` Bb /QK@
BM�i2/ #v i?�i BM 1[X UkVX AM _27X (j) i?2 �mi?Q`b BMi`Q/m+2 � bK2�`2/ /2+�v `�i2 i?�i Bb �
7mM+iBQM Q7 i?2 2M2`;v /Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ }M�H TH�M2@r�p2 bi�i2bc i?Bb bK2�`BM;
Bb #v i?2 GQ`2MixB�M /Bbi`B#miBQM /m2 iQ i?2 BM+HmbBQM Q7 i?2 rB/i? �b r2HH �b #v � T?2MQK2MQ@
HQ;B+�H 7Q`K 7�+iQ` Tmi #v ?�M/ iQ `2;mH�`Bx2 �M mHi`�pBQH2i UloV /Bp2`;2M+2c i?2 �MQK�Hv
7Q` � +�M #2 2tTH�BM2/ rBi? � K�bb T�`�K2i2` M ' 1.5:2o BM i?2 T?2MQK2MQHQ;B+�H 7Q`K
7�+iQ`X AM _27X (9)- i?2 �mi?Q`b ?�p2 2biBK�i2/ i?2 2z2+ib Q7 i?2 2H2+i`QK�;M2iB+ bi`m+im`2 Q7
F�QMb �M/ Qi?2` KQ/2H@/2T2M/2Mi +QMi`B#miBQMb iQ i?2 `�/B�iBp2 +Q``2+iBQMb- �M/ i?2 `2bmHi�Mi
+Q``2+iBQMb ?�p2 im`M2/ Qmi iQ #2 iBMvX AM _27X (8)- irQ U� "`2Bi@qB;M2` �M/ � MQM@`2H�iBpBbiB+
GQ`2MixB�MV ivT2b Q7 �p2`�;2/ /2+�v rB/i?b Qp2` i?2 BMBiB�H@bi�i2 2M2`;v �`2 BMi`Q/m+2/ rBi?
irQ T?2MQK2MQHQ;B+�HHv +?Qb2M 2M2`;v BMi2`p�Hb RXyRyĜRXyey :2o �M/ RXyyyĜRXRyy :2o- iQ `2@
H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX

9

○ PDG values:

○ plane-wave 
   results: 2.1σ 0.32σ9.5σ!!

[for isospin-symmetric case (gP+ = gP0)]
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 The mass difference in the final states deviates the ratio from unity.

 In the plane-wave calculation, R(Φ) and R(ψ) depend on only 
  the masses in the isospin-symmetric limit (g+ = g0).

It should be good since mu ~ md ~ O(1) MeV, 
while ms ~ O(102) MeV and mc ~ O(1) GeV.

where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay
� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
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Isospin breaking and QED corrections do not 
resolve the discrepancy of R(Φ).

[Branon,Escribano,Lucio,Pancheri, hep-ph/0003273]
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iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX

9

+QmTHBM; gV+ = gV 0- i?2 /Bz2`2M+2 BM i?2 Tb2m/Q@b+�H�`@K2bQM K�bb2b mP+ 6= mP 0 `2bmHib BM
� /2pB�iBQM BM RV 7`QK mMBiv, SmiiBM; i?2 K�bb p�Hm2b BM _27X (R)-9 r2 Q#i�BM

RTH�M2
� =

g2�+
g2�0

(1.5156± 0.0033) , RTH�M2
 =

g2 +
g2 0

(0.6915± 0.0046) , RTH�M2
⌥ =

g2⌥+

g2⌥0

(1.047± 0.026) .

U9V

*QKT�`BM; 1[bX UkV �M/ U9V- r2 b22 i?�i i?2 BbQbTBM@bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM; gV+ =
gV 0 `2bmHib BM i?2 �MQK�Hv �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32� 7Q` �-  - �M/ ⌥- `2bT2+iBp2HvX

q2 #`B2~v `2pB2r i?2 i?2Q`2iB+�H �++QmMib 7Q` i?2 �MQK�Hv rBi?BM TH�M2@r�p2 7Q`K�HBbKX
6Q` R�- Bi im`M2/ Qmi i?�i `�/B�iBp2 +Q``2+iBQMb K�F2 i?2 �MQK�Hv KQ`2 bB;MB}+�Mi (k), h?2
bi�M/�`/ [m�MimK@2H2+i`Q/vM�KB+b UZ1.V +Q``2+iBQMb K�F2 i?2 i?2Q`2iB+�H T`2/B+iBQM Q7 i?2
`�iBQ 9 W H�`;2`- �M/ BbQbTBM@#`2�FBM; +Q``2+iBQMb iQ i?2 `�iBQ g2�+/g

2
�0 7m`i?2` K�F2 Bi ǳbQK2

k WǴ (k) H�`;2`- H2�/BM; iQ � H�`;2` �MQK�Hv Q7 `Qm;?Hv 5.2� �bbmKBM; i?�i i?2 2``Q` Bb /QK@
BM�i2/ #v i?�i BM 1[X UkVX AM _27X (j) i?2 �mi?Q`b BMi`Q/m+2 � bK2�`2/ /2+�v `�i2 i?�i Bb �
7mM+iBQM Q7 i?2 2M2`;v /Bz2`2M+2 #2ir22M i?2 BMBiB�H �M/ }M�H TH�M2@r�p2 bi�i2bc i?Bb bK2�`BM;
Bb #v i?2 GQ`2MixB�M /Bbi`B#miBQM /m2 iQ i?2 BM+HmbBQM Q7 i?2 rB/i? �b r2HH �b #v � T?2MQK2MQ@
HQ;B+�H 7Q`K 7�+iQ` Tmi #v ?�M/ iQ `2;mH�`Bx2 �M mHi`�pBQH2i UloV /Bp2`;2M+2c i?2 �MQK�Hv
7Q` � +�M #2 2tTH�BM2/ rBi? � K�bb T�`�K2i2` M ' 1.5:2o BM i?2 T?2MQK2MQHQ;B+�H 7Q`K
7�+iQ`X AM _27X (9)- i?2 �mi?Q`b ?�p2 2biBK�i2/ i?2 2z2+ib Q7 i?2 2H2+i`QK�;M2iB+ bi`m+im`2 Q7
F�QMb �M/ Qi?2` KQ/2H@/2T2M/2Mi +QMi`B#miBQMb iQ i?2 `�/B�iBp2 +Q``2+iBQMb- �M/ i?2 `2bmHi�Mi
+Q``2+iBQMb ?�p2 im`M2/ Qmi iQ #2 iBMvX AM _27X (8)- irQ U� "`2Bi@qB;M2` �M/ � MQM@`2H�iBpBbiB+
GQ`2MixB�MV ivT2b Q7 �p2`�;2/ /2+�v rB/i?b Qp2` i?2 BMBiB�H@bi�i2 2M2`;v �`2 BMi`Q/m+2/ rBi?
irQ T?2MQK2MQHQ;B+�HHv +?Qb2M 2M2`;v BMi2`p�Hb RXyRyĜRXyey :2o �M/ RXyyyĜRXRyy :2o- iQ `2@
H�t i?2 �MQK�HvX

6Q` R - �MQi?2` ivT2 Q7 �p2`�;2/ /2+�v rB/i? Bb BMi`Q/m+2/ BM _27X (e)- �M/ i?2 `2bmHi�Mi
�MQK�Hv ?�b #2+QK2 2p2M KQ`2 bB;MB}+�MiX h?2`2 Bb MQ 2tTH�M�iBQM 7Q` i?Bb 9.5� �MQK�Hv bQ
7�`X

h?2 �#Qp2 bK2�`BM;f�p2`�;BM; Qp2` i?2 2M2`;v T`QpB/2b bB;MB}+�Mi 2z2+ib #2+�mb2 i?2 /2@
+�v V ! PP Bb M2�` i?2 i?`2b?QH/ mV ' 2mP X AM bBim�iBQMb M2�` i?2 i?`2b?QH/- Bi Bb /2bB`�#H2
iQ i`2�i i?2 /2+�v KQ`2 `B;Q`QmbHv #v mbBM; r�p2 T�+F2ib 7Q` i?2 BMBiB�H �M/ }M�H bi�i2bX _2@
+�HH i?�i i?2 S@K�i`Bt BM i?2 TH�M2@r�p2 7Q`K�HBbK +QMi�BMb i?2 2M2`;v@KQK2MimK@+QMb2`pBM;
/2Hi� 7mM+iBQM �M/ Bb i?2Q`2iB+�HHv BHH@/2}M2/ r?2M +QKTmiBM; i?2 T`Q#�#BHBiv `�i?2` i?�M i?2
`�i2X � r2HH@/2}M2/ /2+�v T`Q#�#BHBiv +�M #2 +�H+mH�i2/ QMHv �b � i`�MbBiBQM 7`QK � r�p2
T�+F2i iQ � T�B` Q7 r�p2 T�+F2ibX h?Bb Bb i?2Q`2iB+�HHv KQ`2 `2HB�#H2X

AM i?2 T`2pBQmb �M�Hvb2b (j- 9- 8)- Bi ?�b #22M �bbmK2/ i?�i i?2 i`�MbBiBQM T`Q+2bb2b �`2
/2b+`B#2/ #v i?2 UTH�M2@r�p2V `�i2b �HQM2X8 AM i?Bb T�T2`- r2 T`2b2Mi �M �M�HvbBb #�b2/ QM

9*QM+`2i2Hv-

m� = (1019.461± 0.016)J2o, m = (3773.7± 0.4)J2o, m⌥ = (10579.4± 1.2)J2o,

2mK+ = (987.354± 0.032)J2o, 2mD+ = (3739.32± 0.10)J2o, 2mB+ = (10558.7± 0.24)J2o,

2mK0 = (995.222± 0.026)J2o, 2mD0 = (3729.68± 0.10)J2o, 2mB0 = (10559.3± 0.24)J2o,

�bbmKBM; i?2 bi�M/�`/ 2``Q` T`QT�;�iBQM 7Q` i?2 irB+2 Tb2m/Q@b+�H�` K�bbX h?2 iQi�H /2+�v rB/i?b �`2

�� = (4.249± 0.013)J2o, � = (27.2± 1.0)J2o, �⌥ = (20.5± 2.5)J2o.

8a22 �HbQ _27bX (d- 3) 7Q` MQM@bi�M/�`/ �TT`Q�+?2b rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKbX

9

Note:

Here, the form factor [ψ(r=0)] of the vector meson 
is cancelled out in R.

Sec. 2 5/6



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,

SV!PP = ig2zNV

 
2Y

A=0

1p
2EA

✓
1

⇡�A

◆3/4
!
e�

�t
2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T)

⇥ e�
�V
2 (T�T0+i�t�!)+

�2
V �t
8 eF (|V1 � V2|) , UkkV

r?2`2 i?2 rBM/Qr 7mM+iBQM G(T) Bb /2}M2/ �bRe

G(T) :=

Z TQmi

TBM

/tp
2⇡�t

e
� 1

2�t

h
t�

⇣
T��V �t

2 +i�t�!
⌘i2

=
1

2

"
2`7
 
T� TBM � �V �t

2 + i�t�!p
2�t

!
� 2`7

 
T� TQmi � �V �t

2 + i�t�!p
2�t

!#
, UkjV

R8q2 �/QTi i?2 7QHHQrBM; MQi�iBQM 7Q` �`#Bi`�`v b+�H�` �M/ p2+iQ` p�`B�#H2b C �M/ C- `2bT2+iBp2Hv,

C := �s

2X

A=0

CA

�A
, C := �s

2X

A=0

CA

�A
, �C2 := C2 �C

2
.

ReAM 1[X UkjV- T QM i?2 `B;?i@?�M/ bB/2 Bb `2TH�+2/ 7`QK i?2 Q`B;BM�H /2}MBiBQM Q7 G(T) BM (RR) �b T ! T� �V �t
2 X

N
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a finite form



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
A

�
URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,

SV!PP = ig2zNV
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A=0

1p
2EA

✓
1

⇡�A

◆3/4
!
e�

�t
2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T)

⇥ e�
�V
2 (T�T0+i�t�!)+

�2
V �t
8 eF (|V1 � V2|) , UkkV

r?2`2 i?2 rBM/Qr 7mM+iBQM G(T) Bb /2}M2/ �bRe

G(T) :=

Z TQmi

TBM

/tp
2⇡�t

e
� 1

2�t

h
t�

⇣
T��V �t

2 +i�t�!
⌘i2

=
1

2

"
2`7
 
T� TBM � �V �t

2 + i�t�!p
2�t

!
� 2`7

 
T� TQmi � �V �t

2 + i�t�!p
2�t

!#
, UkjV

R8q2 �/QTi i?2 7QHHQrBM; MQi�iBQM 7Q` �`#Bi`�`v b+�H�` �M/ p2+iQ` p�`B�#H2b C �M/ C- `2bT2+iBp2Hv,

C := �s

2X

A=0

CA

�A
, C := �s

2X

A=0

CA

�A
, �C2 := C2 �C

2
.

ReAM 1[X UkjV- T QM i?2 `B;?i@?�M/ bB/2 Bb `2TH�+2/ 7`QK i?2 Q`B;BM�H /2}MBiBQM Q7 G(T) BM (RR) �b T ! T� �V �t
2 X

N

 

form factor for the vector quarkonium

○

q2 +QMbB/2` i?2 7QHHQrBM; K�i`Bt 2H2K2Mi

⌦
Q (p1, s1)Q (p2, s2)

��V (QQ),P
↵
=

Z
/3x1 /3x2 e

iP ·x1+x2
2 Fs1,s2(x1 � x2)

✓
1p
2⇡

◆6

e�ip1·x1�ix2·p2

=

Z
/3X /3r e

i(P�p1�p2)·X�i
⇣

p1�p2
2

⌘
·r 1

(2⇡)3
Fs1,s2(r)

= �3(P � p1 � p2)

Z
/3r e

�i
⇣

p1�p2
2

⌘
·r
Fs1,s2 (r)

| {z }
=: eFs1,s2

⇣
p1�p2

2

⌘

, UNeV

r?2`2 X := (x1+x2)/2- r := x1�x2- �M/ i?2 MQ`K�HBx�iBQM Q7 i?2 7Q`K 7�+iQ` eFs1,s2

�p1�p2
2

�

Bb B``2H2p�Mi 7Q` Qm` Tm`TQb2Xk3

>2`2�7i2`- r2 �bbmK2 i?2 b2T�`�#H2 7Q`K

eFs1,s2

✓
p1 � p2

2

◆
= Ss1,s2

eF
✓
p1 � p2

2

◆
UNdV

7Q` i?2 ?2�pv �M/ MQM@`2H�iBpBbiB+ [m�`Fb QQ- r?B+? ?�p2 M2;HB;B#H2 bTBM@Q`#Bi�H �M;mH�`
KQK2MimK BMi2`�+iBQMX 6m`i?2`- r2 /`QT i?2 bTBM bi`m+im`2 Ss1,s2 - r?B+? rBHH #2 +�M+2H2/ Qmi
BM i?2 `�iBQ Q7 i?2 M2mi`�H iQ +?�`;2/ `�i2b- �M/ 7Q+mb QM i?2 KQK2MimK T�`iXkN

q2 �/QTi �M �TT`QtBK�i2 7Q`K Q7 i?2 r�p2 7mM+iBQM Q7 i?2 Us@r�p2V ;`QmM/ bi�i2 mM/2`
� *QmHQK# TQi2MiB�H BM i?2 TQbBiBQM bT�+2,

F (r) =
Np
2⇡R0

e
� r

R0

r
, UN3V

r?2`2 r := |r|- i?2 T�`�K2i2` R0 /2b+`B#2b � ivTB+�H H2M;i? b+�H2 Q7 i?2 #QmM/ bi�i2 /Bb+mbb2/
#2HQr- �M/ N Bb i?2 B``2H2p�Mi MQ`K�HBx�iBQM 7�+iQ` K2MiBQM2/ �#Qp2X Aib 6Qm`B2`@i`�Mb7Q`K
Bb

eF (p) = N

Z /3r

(2⇡)3/2
e�ip·rF (r) =

N

⇡
p
R0

1

p2 + 1
R2

0

, UNNV

r?2`2 r2 mb2/
R1
0 /r sin(pr) e�

r
R0 = p

p2+ 1
R2
0

X AM i?Bb T�T2`- r2 +?QQb2 N = ⇡/R3/2
0 bm+? i?�i

eF (0) = 1,

eF (p) =
1

R2
0

1

p2 + 1
R2

0

. URyyV

h?Bb 7Q`K Bb �HbQ BMi`Q/m+2/ BM _27X (j) iQ +mi Qz � lo /Bp2`;2M+2 BM i?2 TH�M2@r�p2 +QKTm@
i�iBQMX h?2 i`2�iK2Mi BM _27bX (9- 8) Bb 2[mBp�H2Mi iQ i�FBM; i?Bb 7Q`K 7�+iQ` iQ #2 mMBivX

k3q?�i Bb `2H2p�Mi Bb QMHv i?2 T`Q/m+i Q7 i?2 MQ`K�HBx�iBQM Q7 i?2 2z2+iBp2 +QmTHBM; �M/ i?�i Q7 i?2 7Q`K
7�+iQ`X am+? � MQ`K�HBx�iBQM 7�+iQ` rBHH #2 /`QTT2/ Qmi Q7 i?2 }M�H `�iBQ Q7 i?2 /2+�v T`Q#�#BHBiB2b mM/2` i?2
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[approximate form of 
(s-wave) ground state under 

a Coulomb potential 
(beyond “r=0” approximation)]
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In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 

Fourier 
transform & 
normalising

Non-rel 
Approx.

(c.f., a similar introduction for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]

Sec. 2 6/6

a finite form



(c.f., a similar discussion for Φ→2K)
[Fischbach, Overhauser, Woodahl, hep-ph/0112170]

Form of Gaussian wave-packet S-matrix
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Fourier 
transform & 
normalising

Non-rel 
Approx.

In this order, 
the form factor depends on 
final-state configurations 

→ NOT factored out in RV. 
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(the Ratio in terms of transition probability)

Non-relativistic approximations work fine.

Sec. 2 6’/6

a finite form



Form of Gaussian wave-packet S-matrix
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���T� TBM � �V �t

2 + i�t�!
���

p
2�t

� 1,

���T� TQmi � �V �t
2 + i�t�!

���
p
2�t

� 1. UkdV

S?vbB+�HHv- 2�+? Q7 i?2b2 +QM/BiBQMb Bb b�iBb}2/ r?2M �i H2�bi QM2 Q7 i?2 7QHHQrBM; i?`22 +QM@
/BiBQMb Bb K2i,

Ç |T� TBM| �
p
�t UQ` |T� TQmi| �

p
�tV r?2M i?2 BMi2`�+iBQM iBK2 T Bb �T�`i 2MQm;?

7`QK TBM UQ` TQmiV +QKT�`2/ iQ i?2 i2KTQ`�H rB/i? Q7 i?2 Qp2`H�T p
�t- r?B+? ivTB+�HHv

+Q``2bTQM/b iQ i?2 ǳ#mHF@HBF2Ǵ +�b2 U6B;X k- H27iVc

Ç p
�t � ��1

V r?2M i?2 ǳK2�M HB72iBK2 i?`Qm;? #mHF 2z2+iǴ ��1
V Bb Km+? b?Q`i2` i?�M i?2

i2KTQ`�H rB/i? Q7 i?2 Qp2`H�T `2;BQM p
�t- r?B+? ivTB+�HHv +Q``2bTQM/b iQ i?2 bQ@iQ@b�v

ǳ/2+�v rBi?BM r�p2@T�+F2i Qp2`H�TǴ +�b2 U6B;X k- `B;?iVc
RdJQ`2 T`2+Bb2Hv- i?2 #mHF `2;BQM Bb i?2 QM2 b�iBb7vBM; |t� TBM| �

p
�t �M/ |TQmi � t| � p

�tX

Ry

g+ = g0 (→g) is suggested via 
the isospin symmetry (u⇔d)

(skippable) 

details



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX
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URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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normalisation factors 
of free Gaussians

overlaps of the wave packets 
(including approximated 

Energy-Momentum conservation)

(skippable) 

details



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
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URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
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`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
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�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

● Geometrical variables characterise S.
<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

They are functions of 
Xi, Pi, σi (i=0,1,2)

(skippable) 

details



Form of Gaussian wave-packet S-matrix

Ç p
�t Bb � ivTB+�H i2KTQ`�H bBx2 Q7 i?2 BMi2`�+iBQM `2;BQM,R8

�t :=
�s

�V 2
. URdV

Ç T Bb i?2 iBK2 Q7 BMi2`b2+iBQM Q7 i?2 i?`22 r�p2 T�+F2ib,

T := �t
V ·X� V ·X

�s
, UR3V

r?2`2

XA := ⌅A(0)
�
= XA � VAX

0
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URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 2�+? r�p2 T�+F2i �i Qm` `272`2M+2 iBK2 t = 0X �b
K2MiBQM2/ �#Qp2- 2�+? r�p2 T�+F2i i�F2b i?2 :�mbbB�M 7Q`K +2Mi2`2/ �i XA �i Bib
`272`2M+2 iBK2 X0

AX

Ç R Bb +�HH2/ i?2 Qp2`H�T 2tTQM2Mi- r?B+? T`QpB/2b i?2 2tTQM2MiB�H bmTT`2bbBQM r?2M r�p2
T�+F2ib �`2 b2T�`�i2/ 7`QK 2�+? Qi?2`,

R :=
�X2

�s
� T2

�t
. UkyV

Ç q2 r`Bi2 i?2 /2pB�iBQM Q7 2M2`;v@KQK2MimK 7`QK i?2 +QMb2`p2/ p�Hm2b U7Q` i?2B` +2Mi`�H
p�Hm2b Q7 r�p2 T�+F2ibV

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , UkRV

r?2`2 !A := EA � V · PA Bb i?2 ǳb?B7i2/ 2M2`;vǴ Q7 2�+? T�+F2iX
� b+?2K�iB+ };m`2 Bb b?QrM BM i?2 H27i T�M2H Q7 6B;X R- +QKT�`2/ rBi? i?2 TH�M2@r�p2 +QmM@
i2`T�`i BM i?2 `B;?iX

�7i2` i?2 b[m�`2 +QKTH2iBQM Q7 t �M/ i?2 �M�HviB+ :�mbbB�M BMi2;`�iBQM Qp2` x BM UR9V- �b
K�/2 BM (RR)- r2 `2T`2b2Mi i?2 S@K�i`Bt �b 7QHHQrb,
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<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

● Geometrical variables characterise S.
<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
conservation
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Form of Gaussian wave-packet S-matrix
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“window function”
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t
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<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>
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<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx
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~ √σt

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

determined by the trajectories 
(configurations of 
external particles)

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

: time of overlap (around which three wave packets overlap).
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details

• p
�t is a typical temporal size of the interaction region:15

�t :=
�s

�V 2
. (17)

• T is the time of intersection of the three wave packets:

T := �t
V ·X� V ·X

�s
, (18)

where

XA := ⌅A(0)
�
= XA � VAX

0

A

�
(19)

is the location of the center of each wave packet at our reference time t = 0. As
mentioned above, each wave packet takes the Gaussian form centered at XA at its
reference time X0

A.

• R is called the overlap exponent, which provides the exponential suppression when wave
packets are separated from each other:

R :=
�X2

�s
� T2

�t
. (20)

• We write the deviation of energy-momentum from the conserved values (for their central
values of wave packets)

�P := P1 + P2 � P0,

�E := E1 + E2 � E0, �! := �E � V · �P , (21)

where !A := EA � V · PA is the “shifted energy” of each packet.

A schematic figure is shown in the left panel of Fig. 1, compared with the plane-wave coun-
terpart in the right.

After the square completion of t and the analytic Gaussian integration over x in (14), as
made in [11], we represent the S-matrix as follows:
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16In Eq. (23), T on the right-hand side is replaced from the original definition of G(T) in [11] as T ! T� �V �t
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• p
�t is a typical temporal size of the interaction region:15
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• T is the time of intersection of the three wave packets:
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�
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is the location of the center of each wave packet at our reference time t = 0. As
mentioned above, each wave packet takes the Gaussian form centered at XA at its
reference time X0

A.

• R is called the overlap exponent, which provides the exponential suppression when wave
packets are separated from each other:
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where !A := EA � V · PA is the “shifted energy” of each packet.

A schematic figure is shown in the left panel of Fig. 1, compared with the plane-wave coun-
terpart in the right.
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Form of Gaussian wave-packet S-matrix
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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The off-shell-ness (decaying nature) 
of the initial state is taken into 

account (Weisskopf-Wigner Approx.).

(skippable) 

details

rescaling factor for decaying-Φ wavefunction



Form of Gaussian wave-packet S-matrix
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“window function”

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

: time of overlap (around which three wave packets overlap).
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<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“bulk”
<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(out) boundary”

suppres
sed

~0

(skippable) 

details

(by taking Tout → ∞)
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Predictions for the Ratio
 For

Parameters:

within saddle-point 

approx.
Experimental data are available.

Overall normalisation 
does not contribute to the ratio R(ψ).

wave-packet profile

<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

Parameter of 
Form factor [Length]

Size of 
Wave Packet 

(final D & Dbar) 
[Length2]

Renormalisation 
of initial-ψ’s 

wavefunction 
(due to decaying 

nature)

Size of 
Wave Packet 

(initial ψ) 
[Length2]

<latexit sha1_base64="qVPkSh9WjQ3K1D5cUwaJUJ3ZWGE="></latexit>⇥
�de-Brogile = O

�
10�2 MeV�1

�⇤
Note 1:

<latexit sha1_base64="q12uPrmuAVTsy/F84MOc1cmUaEg="></latexit>

�de-Brogile .
p
�D

Sec. 3 1/6

Tin provides overall effects (NOT to the ratio).Note 2:



Predictions for the Ratio
 For

Parameters:

within saddle-point 

approx.
Experimental data are available.

Overall normalisation 
does not contribute to the ratio R(ψ).

wave-packet profile

<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

Parameter of 
Form factor [Length]

Size of 
Wave Packet 

(final D & Dbar) 
[Length2]

Renormalisation 
of initial-ψ’s 

wavefunction 
(due to decaying 

nature)

Size of 
Wave Packet 

(initial ψ) 
[Length2]

<latexit sha1_base64="qVPkSh9WjQ3K1D5cUwaJUJ3ZWGE="></latexit>⇥
�de-Brogile = O

�
10�2 MeV�1

�⇤Note:

<latexit sha1_base64="q12uPrmuAVTsy/F84MOc1cmUaEg="></latexit>

�de-Brogile .
p
�D

Sec. 3 1’/6

○ Tin and Tout provide overall effects (NOT to the ratio).
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<latexit sha1_base64="Um4SJ+19+o1motMahC3laEZssMs="></latexit>

RWP
V :=

PV!P+P�

PV!P 0P 0

(the Ratio in terms of transition probability)

Non-relativistic approximations work fine.

[Reminder]



Predictions for the Ratio
 For

Parameters:

Experimental data are available. wave-packet profile

<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).in a small wave packet

Sec. 3 2/6

(bulk+boundary+interference)



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile

Sec. 3 2/6

(bulk+boundary+interference)



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦Wave-packet calculations explain 
the PDG result.

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile
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(bulk+boundary+interference)

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

(bulk+boundary+interference)

◦ R0 ~ O(10-2) MeV-1 ~ (QCD scale)-1 
is a reasonable choice.

Predictions for the Ratio

in a small wave packet
Experimental data are available. wave-packet profile
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6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Parton-level (factored form factor) 
   deviated from PDG (as reported).

◦Wave-packet calculations explain 
the PDG result.

◦ The improved form factor 
provides the compositeness well. 
⇒ good fits!



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)
Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 1 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Bulk-only wave-packet result 
is far away from PDG 
(outside the shown region), 

    also does not make sense. 
    ⇒ Boundary part should be taken.

Predictions for the Ratio

in a large wave packet
Experimental data are available. wave-packet profile

Sec. 3 3/6

(bulk+boundary+interference)



 For

Parameters:
<latexit sha1_base64="5B5aVYffXY5c+hjaFFu6K40R04I="></latexit>

m , mD+ (= mD�), mD0 (= mD0), ⌧ (= ��1
 ); R0, �D, � ;Nd

<latexit sha1_base64="LiDk8ntUhX7OdxPrrhfbCbtA4k0="></latexit>

 ! D+D� and  ! D0D0

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)
Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 1 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

◦ Bulk-only wave-packet result 
is far away from PDG 
(outside the shown region), 

    also does not make sense. 
    ⇒ Boundary part should be taken.

◦ R0 for explaining PDG is similar 
   for smaller and bigger wave packets.

Predictions for the Ratio

in a large wave packet
Experimental data are available. wave-packet profile
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(bulk+boundary+interference)



Predictions for the Ratio

PDG(±1�)
Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)

Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.8

1.0

1.2

1.4

1.6

R0 [MeV-1 ]

R
�

(�K)1/2 = 1 [MeV-1]

PDG(±1�)
Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)

Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.8

1.0

1.2

1.4

1.6

R0 [MeV-1 ]

R
�

(�K)1/2 = 0.1 [MeV-1]

6B;m`2 N, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb
/`�rM �b � 7mM+iBQM Q7 R0- r?2`2 i?2 +�TiBQMb ǳ`2HǴ �M/ ǳLQM@`2HǴ K2�M i?2 `2H�iBpBbiB+ �M/
MQM@`2H�iBpBbiB+ `2bmHib b?QrM BM 1[bX UeRV �M/ UejV- `2bT2+iBp2HvX 6Q` +QKT�`BbQM- r2 �HbQ
b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 p�K = 1J2o�1

UH27i T�M2HV �M/ p
�K = 0.1J2o�1 U`B;?i T�M2HVX AM #Qi? T�M2Hb- i?2 TH�M2@r�p2 `2bmHib �`2

i?2 b�K2 bBM+2 i?2v �`2 BM/2T2M/2Mi Q7 �K X h?2 2tT2`BK2Mi�H `2bmHi- b?QrM BM 1[X UkV- Bb
T`QpB/2/ #v S.: (R)X

6Q` �MQi?2` +QKT�`BbQM- r2 rBHH �HbQ b?Qr �M�Hvb2b mbBM; Bib MQM@`2H�iBpBbiB+ �TT`QtBK�i2/
7Q`K,

RTH�M2
V ) RTH�M2- MQM@`2H

V :=
m1/2

P+ (mV � 2mP+)3/2

m1/2
P 0 (mV � 2mP 0)3/2

�������

⇣
R0mP0 |V1�V2|P0

2

⌘2
+ 1

⇣
R0mP+ |V1�V2|P+

2

⌘2
+ 1

�������

2

, UejV

rBi?

|V1 � V2|P+ ⇡ 2 (mV � 2mP+)1/2

m1/2
P+

, |V1 � V2|P 0 ⇡ 2 (mV � 2mP 0)1/2

m1/2
P 0

, Ue9V

r?2`2 ǳ)Ǵ `2T`2b2Mib i?2 QT2`�iBQM Q7 i�FBM; i?2 MQM@`2H�iBpBbiB+ �TT`QtBK�iBQM �M/ ⇡ /2@
MQi2b 2[m�HBiv mM/2` i?2 MQM@`2H�iBpBbiB+ �TT`QtBK�iBQMX h?2 +QMi`B#miBQMb 7`QK i?2 7Q`K
7�+iQ` �`2 MQi +�M+2H2/ Qmi BM RTH�M2

V XkR LQi2 i?�i i?2 `�iBQ UejV +�M #2 Q#i�BM2/ 7`QK i?2
r�p2@T�+F2i +QmMi2`T�`i #v i�FBM; i?2 HBKBib �V ! 0 �M/ �P ! 1 BM �V PV!PP c b22 �T@
T2M/Bt . 7Q` /2i�BHbX

9X9 SH�M2@r�p2 `2bmHib
q2 T`QpB/2 +QKK2Mib QM i?2 TH�M2@r�p2 `2bmHib b?QrM BM 6B;bX N- Ry- �M/ RR #2HQr,

Ç 6Q` �HH Q7 i?2 p2+iQ` K2bQMb- �-  - �M/ ⌥- i?2 T�`iQM@H2p2H `�iBQb U9V UmM/2` i?2 BbQbTBM@
bvKK2i`B+ HBKBi 7Q` i?2 +QmTHBM;b-kk rBi?Qmi i�FBM; BMiQ �++QmMi i?2 7Q`K 7�+iQ`V �`2
/Bb7�pQ`2/ rBi? i?2 S.:Ƕb +2Mi`�H p�Hm2b �i i?2 H2p2H Q7 2.1�- 9.5�- �M/ 0.32�- `2bT2+@
iBp2HvX

kR� bBKBH�` 7�+iQ` Bb i�F2M BMiQ �++QmMi BM _27X (j) �b � Tm`2Hv T?2MQK2MQHQ;B+�H +miQz 7�+iQ` Q7 � /Bp2`;2Mi
BMi2;`�H rBi?BM i?2 TH�M2@r�p2 7Q`K�HBbKX

kk>2`2- r2 �`2 �bbmKBM; i?2 BbQbTBM@bvKK2i`B+ HBKBi BM i?2 b2Mb2 Q7 1[X U3V 7Q` #Qi? i?2 r�p2@T�+F2i �M/
TH�M2@r�p2 +�H+mH�iBQMbX

kR

6B;m`2 Ry, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ  ! D0D0 Bb
/`�rM �b � 7mM+iBQM Q7 R0X 6Q` +QKT�`BbQM- r2 �HbQ b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/
r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 p�D = 1J2o�1 UH27i T�M2HV �M/ p

�D = 0.01J2o�1

U`B;?i T�M2HVX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2 �b BM 6B;X NX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

R0 [MeV-1 ]

R
�

(�B)1/2 = 1 [MeV-1]

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet (full)

Plane-Wave (rel)Plane-Wave
(Non-rel)

0.01 0.02 0.03 0.04 0.05
0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

R0 [MeV-1 ]

R
�

(�B)1/2 = 0.01 [MeV-1]

6B;m`2 RR, h?2 TH�M2@r�p2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 ⌥ ! B+B� iQ ⌥ ! B0B0 Bb
/`�rM �b � 7mM+iBQM Q7 R0X 6Q` +QKT�`BbQM- r2 �HbQ b?Qr i?2 r�p2@T�+F2i `2bmHib 7Q` irQ }t2/
r�p2@T�+F2i bBx2b Q7 i?2 "@K2bQMb Q7 p

�B = 1J2o�1 UH27i T�M2HV �M/ p
�B = 0.01J2o�1

U`B;?i T�M2HVX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2 �b BM 6B;X NX

kk

Kaon and B-meson Cases also work fine.

 For Kaons:

 For B-mesons:

Sec. 3 4/6



�� �� �� ���� ��

� ���-�

���� ��� ���	

		
 �


 �
�
 �
�
 �


 �
�
 �
�
 �
�




�



�




��



�




��



� [���]

�(
�-
�+

�
�

�
�+
�-

)
[�

�]

(��)�/�=��[���-�]���=������[���-�]	 
���-
��
�� �� �� ���� ��

� ���-�

���� ��� ���	

		
 �


 �
�
 �
�
 �


 �
�
 �
�
 �
�




�



�




��



�




��



� [���]

�(
�-
�+

�
�

�
�+
�-

)
[�

�]

(��)�/�=��[���-�]���=����[���-�]� 	�
�-�
�

6B;m`2 Rk, h?2 }ii2/ `2bQM�M+2 /Bbi`B#miBQMb Q7 � BM e�e+ ! � ! K+K� �`2 /`�rM 7Q`
i?2 irQ b2ib Q7 i?2 }t2/ T�`�K2i2`b p

�K = 10J2o�1 �M/ R0 = 0.0015J2o�1 (G27i T�M2H)
�M/ p

�K = 10J2o�1 �M/ R0 = 0.01J2o�1 (_B;?i T�M2H)- r?2`2 i?2 K�bb Q7 � �M/ i?2
MQ`K�HBx�iBQM 7�+iQ` Ne�e+!� �`2 /2i2`KBM2/ i?`Qm;? Qm` bi�iBbiB+�H �M�HvbBb #�b2/ QM i?2
�2 7mM+iBQM /2}M2/ BM 1[X Ud3VX h?2 #2bi@}i T�`�K2i2`b �M/ i?2 �2 7mM+iBQMb 7Q` i?2 H27if`B;?i
T�M2H �`2 b?QrM BM 1[bX UdNV �M/ U3yV f BM 1[bX U3RV �M/ U3kV- `2bT2+iBp2Hv- 7Q` i?2 r�p2@T�+F2i
UqSV �M/ TH�M2@r�p2 rBi?QmifrBi? 7Q`K 7�+iQ` U"qf"q rBi? 66VX

Ç 7Q` p
�K = 10J2o�1 �M/ R0 = 0.0015J2o�1 (G27i T�M2H Q7 6B;X Rk),

mqS
�

��
#2bi@}i = 1019.8J2o, NqS

e�e+!�

���
#2bi@}i

= 6.23⇥ 105 J2o�1,

mSq@S�`iQM
�

��
#2bi@}i = 1019.4J2o, NSq@S�`iQM

e�e+!�

���
#2bi@}i

= 1.50⇥ 104 J2o�1,

mSq@66
�

��
#2bi@}i = 1019.4J2o, NSq@66

e�e+!�

���
#2bi@}i

= 1.62⇥ 104 J2o�1, UdNV

�2
�,qS

(.P6b)

�����
#2bi@}i

' 5.5,
�2
�,Sq@S�`iQM
(.P6b)

�����
#2bi@}i

' 6.3,
�2
�,Sq@66
(.P6b)

�����
#2bi@}i

' 6.7, U3yV

Ç 7Q` p
�K = 10J2o�1 �M/ R0 = 0.01J2o�1 (_B;?i T�M2H Q7 6B;X Rk),

mqS
�

��
#2bi@}i = 1019.9J2o, NqS

e�e+!�

���
#2bi@}i

= 3.94⇥ 106 J2o�1,

mSq@S�`iQM
�

��
#2bi@}i = 1019.4J2o, NSq@S�`iQM

e�e+!�

���
#2bi@}i

= 1.51⇥ 104 J2o�1,

mSq@66
�

��
#2bi@}i = 1019.6J2o, NSq@66

e�e+!�

���
#2bi@}i

= 1.03⇥ 105 J2o�1, U3RV

�2
�,qS

(.P6b)

�����
#2bi@}i

' 14,
�2
�,Sq@S�`iQM
(.P6b)

�����
#2bi@}i

' 6.3,
�2
�,Sq@66
(.P6b)

�����
#2bi@}i

' 14. U3kV

q2 +QKK2Mi QM i?2 /Bz2`2M+2 #2ir22M i?2 TH�M2@r�p2 `2bQM�Mi b?�T2b rBi? �M/ rBi?Qmi i?2
7Q`K 7�+iQ`X qBi?Qmi i?2 7�+iQ`- i?2 b?�T2 Q#2vb i?2 "`2BiĜqB;M2` /Bbi`B#miBQM UdjV �M/ Bb
bvKK2i`B+ mM/2` i?2 `2~2+iBQM �`QmM/ i?2 T2�F UM = m�V- r?BH2 i�FBM; BMiQ �++QmMi Bi- i?2

kd

Constraint via Resonant shape
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6B;m`2 Rj, q2 THQi i?2 p�`B�#H2 �2
�/(.P6b)

���
KBM

/2}M2/ BM 1[X U3jV iQ +QKT�`2 i?2 bB;MB}@
+�M+2 Q7 i?2 r�p2@T�+F2i +�H+mH�iBQM rBi? i?2 TH�M2@r�p2 QM2 7Q` p�`BQmb p

�K X >2`2- R0 Bb
}t2/ �b 0.0015J2o�1 �M/ 7Q` 2�+? p

�K - m� �M/ Ne�e+!� �`2 /2i2`KBM2/ iQ UHQ+�HHvV KBMB@
KBx2 i?2 +Q``2bTQM/BM; �2 7mM+iBQM BM 1[X Ud3VX h?2 #H�+F +m`p2 �M/ #Hm2 /�b?2/ ?Q`BxQMi�H
HBM2 /2b+`B#2 i?2 p�Hm2b BM i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 +�H+mH�iBQMb rBi?Qmi 7Q`K 7�+iQ`-
r?2`2 i?2 H�ii2` Bb K�MB72biHv BM/2T2M/2Mi Q7 p�K X

`2bQM�Mi b?�T2 #2+QK2b �bvKK2i`B+ mM/2` i?2 `2~2+iBQM �`QmM/ i?2 T2�FX h?2 K�;MBim/2 Q7
i?2 �bvKK2i`v Bb ;Qp2`M2/ #v i?2 T�`i R2

0

�
M2 � 4m2

K+

�
Q7 i?2 7Q`K 7�+iQ`X aQ- 7Q` � ;`2�i2`

R0- � KQ`2 bB;MB}+�Mi �bvKK2i`v rBHH #2 `2�HBx2/- �b Q#b2`p2/ BM 6B;X RkX
>2`2- r2 +QKK2Mi QM i?2 Q`B;BM Q7 i?2 ǳQp2`@5�Ǵ p�Hm2b Q7 �2/(.P6b), i?Bb Bb #2+�mb2 i?2

`2bQHmiBQM Q7 i?2 2tT2`BK2Mi�H `2bmHib M2�` i?2 T2�F Bb p2`v ?B;?- �M/ i?2 +m``2Mi bBKTH2 b+?2K2
7Q` �e�e+!V!PP BM 1[bX Ud8V- UdeV �M/ UddV Bb MQi 2MQm;? 7Q` /Bb+mbbBM; bi�iBbiB+�H bB;MB}+�M+2
T`2+Bb2HvX PM i?2 Qi?2` ?�M/- ?Qr2p2`- r2 �`2 �#H2 iQ /Bb+mbb i?2 `2H�iBp2 bB;MB}+�M+2 #2ir22M
i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 `2bmHibX �++Q`/BM; iQ 1[X U3yV- i?2 b?�T2 Q7 i?2 r�p2@T�+F2i
`2bQM�Mi /Bbi`B#miBQM Bb �i H2�bi �b ;QQ/ �b i?�i Q7 i?2 TH�M2@r�p2 `2bQM�Mi /Bbi`B#miBQM �i i?2
7Q+mb2/ T�`�K2i2` TQBMi- r?2`2 r2 +QM+Hm/2 i?�i i?2 r�p2@T�+F2i `2bmHi �i i?2 }`bi T�`�K2i2`
TQBMi U7Q` i?2 H27i T�M2H Q7 6B;X RkV Bb +QMbBbi2Mi rBi? i?2 2tT2`BK2MiX LQi2 i?�i �i i?2 }`bi
T�`�K2i2` TQBMi- R0 Bb i�F2M �b � ivTB+�H p�Hm2 BM i?2 +m``2Mi b+?2K2 Q7 i?2 7Q`K 7�+iQ` Ub22
�TT2M/Bt �V- �M/ � r�p2 T�+F2i rBi? � ;`2�i2` bBx2 HQQFb bBKBH�` iQ i?2 TH�M2 r�p2X

q2 �HbQ b22 i?2 bB;MB}+�M+2 Q7 i?2 r�p2@T�+F2i `2bmHib Qp2` � #`Q�/ `�M;2 Q7 p�K mM/2`
R0 = 0.0015J2o�1X AM 6B;X Rj- r2 THQi i?2 ǳKBMBKBx2/Ǵ �2/(.P6b) /2}M2/ #v

�2
�,qSfSq@S�`iQM

(.P6b)

�����
KBM

:= min
m�, NqSfSq@S�`iQM

e�e+!�

"
�2
�,qSfSq@S�`iQM

(.P6b)

#
, U3jV

r?B+? K2�bm`2b i?2 bi�iBbiB+�H bB;MB}+�M+2 7Q` p
�K X q2 /Q MQi +QMbB/2` i?2 Sq@66 +�b2

bBM+2 MQ bBx�#H2 /Bz2`2M+2 Bb ;2M2`�i2/ r?2M R0 = 0.0015J2o�1- �b b?QrM BM i?2 H27i T�M2H
Q7 6B;X Rk- �M/ i?2 7Q`K@7�+iQ` T�`i /Q2b MQi /2T2M/ QM p

�K X lM/2` i?2 bBKTH2 ;mB/2HBM2
i?�i � r�p2@T�+F2i `2bmHi Bb �i H2�bi �b ;QQ/ �b i?2 Q`/BM�`v TH�M2@r�p2 QM2- 7`QK 6B;X Rj- r2
+�M Tmi i?2 HQr2` #QmM/ QM p

�K �b
p
�K & 3J2o�1 U39V

7Q` R0 = 0.0015J2o�1X

k3

 via
<latexit sha1_base64="+XwdVtbWh88RoJM3PBfKSSWPizg=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiCNIyI0W7LLgRuqlgL9AbmfRMG5rJDElGKKULX8MXcKtv4E7cuvMFfA7TaRe29YfAx3/O4eT8XsSZ0o7zbaU2Nre2d9K7mb39g8Mj+/ikrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLzR7azeeASpWCge9DiCTkAGgvmMEm2snp2Fbh66l7itQ9yOhiyBijEq3XzPzjkFJxFeB3cBObRQtWf/tPshjQMQmnKiVMt1It2ZEKkZ5TDNtGMFEaEjMoCWQUECUJ1JcsQUnxunj/1Qmic0Tty/ExMSKDUOPNMZED1Uq7WZ+V+tFWu/1JkwEcUaBJ0v8mOOzaGzRHCfSaCajw0QKpn5K6ZDIgnVJrelLZ4kI9DTjAnGXY1hHepXBfe6ULwv5sqlRURplEVn6AK56AaV0R2qohqi6Am9oFf0Zj1b79aH9TlvTVmLmVO0JOvrFxi8nmM=</latexit>

e�e+ ! � ! K+K�

K K

Note: σ(e-e+→Φ) and mΦ are 
determined by statistical fits.

Sec. 3 5/6



 via

Constraint via Resonant shape
<latexit sha1_base64="Gv8747VCn9xPV3aqqjZHNZ93M3E="></latexit>

e�e+ !  ! 2D (D+D� andD0D0)
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6B;m`2 R9, h?2 }ii2/ `2bQM�M+2 /Bbi`B#miBQMb Q7 � BM e�e+ !  ! 2D �`2 /`�rM 7Q` i?2 }t2/
T�`�K2i2`b p�D = 1J2o�1 �M/ R0 = 0.0015J2o�1 U7Q` i?2 H27i T�M2HV- �M/ p

�D = 1J2o�1

�M/ R0 = 0.01J2o�1 U7Q` i?2 `B;?i T�M2HV- r?2`2 i?2 K�bb Q7  �M/ i?2 MQ`K�HBx�iBQM 7�+iQ`
Ne�e+! �`2 /2i2`KBM2/ i?`Qm;? Qm` bi�iBbiB+�H �M�HvbBb #�b2/ QM i?2 �2 7mM+iBQM /2}M2/ BM
1[X U3NVX h?2 #2bi@}i T�`�K2i2`b �M/ i?2 �2 7mM+iBQMb 7Q` i?2 H27if`B;?i T�M2H �`2 b?QrM BM
1[bX UNyV �M/ UNRV f BM 1[bX UNkV �M/ UNjV- `2bT2+iBp2HvX h?2 Qi?2` +QMp2MiBQMb �`2 i?2 b�K2
�b i?Qb2 Q7 6B;X RkX

h?2 �2 7mM+iBQMb �`2 /2}M2/ �b

�2
 ,qS :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�qS
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 ,

�2
 ,Sq@S�`iQM :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�Sq@S�`iQM
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 ,

�2
 ,Sq@66 :=

X

A, "�"�`- "2HH2- "1a- *G1P

X

iA

⇣
�Sq@66
iA

� �2tT-A
iA

⌘2

⇣
��2tT-A

iA

⌘2 , U3NV

r?2`2 �2tT-A
iA

�M/ ��2tT-A
iA

�`2 i?2 +2Mi`�H �M/ 2``Q` Q7 i?2 2tT2`BK2Mi�HHv@/2i2`KBM2/ +`Qbb
b2+iBQM �i i?2 TQBMi iA Q7 i?2 2tT2`BK2Mi A- `2bT2+iBp2HvX �qS

iA
- �Sq@S�`iQM

iA
�M/ �Sq@66

iA
`2T`2b2Mi

i?2 i?2Q`2iB+�H p�Hm2b Q7 i?2 +Q``2bTQM/BM; +`Qbb b2+iBQMb �i i?2 2M2`;v TQBMi B/2MiB}2/ #v iAX
>2`2- r2 rBHH b22 i?2 irQ 2t�KTH2b 7Q` i?2 b�K2 r�p2@T�+F2i bBx2 p

�D = 1J2o�1 #mi irQ
/Bz2`2Mi p�Hm2b 7Q` i?2 7Q`K@7�+iQ` T�`�K2i2` R0X AM i?2 H27i �M/ `B;?i T�M2Hb Q7 6B;X R9- i?2
}ii2/ /Bbi`B#miBQMb �#Qmi i?2 T�`�K2i2`b {Ne�e+! , m } �`2 b?QrM 7Q` R0 = 0.0015J2o�1

�M/ R0 = 0.01J2o�1- `2bT2+iBp2Hv- r?2`2 i?2 p�HB/ `�M;2b Q7 Ne�e+! �M/ m �`2 }t2/ �b

jy
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6B;m`2 R8, q2 THQi i?2 p�`B�#H2 �2
 /(.P6b)

���
KBM

/2}M2/ BM 1[X UN9V iQ +QKT�`2 i?2 bB;MB}@
+�M+2 Q7 i?2 r�p2@T�+F2i +�H+mH�iBQM rBi? i?2 TH�M2@r�p2 QM2 7Q` p�`BQmb p

�DX >2`2- R0 Bb
}t2/ �b 0.0015J2o�1 �M/ 7Q` 2�+? p

�D- m �M/ Ne�e+! �`2 /2i2`KBM2/ iQ UHQ+�HHvV KBM@
BKBx2 i?2 +Q``2bTQM/BM; �2 7mM+iBQM BM 1[X U3NVX h?2 #H�+F +m`p2 �M/ #Hm2 /�b?2/ ?Q`BxQMi�H
HBM2 /2b+`B#2 i?2 p�Hm2b BM i?2 r�p2@T�+F2i �M/ TH�M2@r�p2 +�H+mH�iBQMb- r?2`2 i?2 H�ii2` Bb
K�MB72biHv BM/2T2M/2Mi Q7 p�DX

e amKK�`v �M/ /Bb+mbbBQM
AM i?Bb T�T2`- r2 ?�p2 /Bb+mbb2/ i?2 HQM;@bi�M/BM; �MQK�Hv BM i?2 `�iBQ Q7 i?2 /2+�v `�i2b
Q7 i?2 p2+iQ` K2bQMb � �M/  - M�K2Hv- R� = �(�! K+K�) /�

�
�! K0

GK
0
a
�

�M/ R =

�( ! D+D�) /�
�
 ! D0D0

�
- r?2`2 i?2 bi`QM; BMi2`�+iBQM +�mb2b i?2 /2+�v +?�MM2Hb- �M/

i?2v K2�bm`2 BbQbTBM #`2�FBM;bX A7 r2 2biBK�i2 i?2B` i?2Q`2iB+�H p�Hm2b BM i?2 TH�M2@r�p2
7Q`K�HBbK rBi?Qmi +QMbB/2`BM; i?2 2z2+ib Q`B;BM�iBM; 7`QK i?2 +QKTQbBi2 M�im`2 Q7 i?2 BMBiB�H@
bi�i2 p2+iQ` K2bQMb- i?2v �`2 /Bb7�pQ`2/ rBi? i?2 S.:Ƕb +2Mi`�H p�Hm2b �i i?2 H2p2H Q7 2.1�
�M/ 9.5�X AM T�`iB+mH�`- i?2`2 ?�/ #22M MQ 2tTH�M�iBQM 7Q` i?2 H�ii2` NX8� �MQK�Hv bQ 7�`X

h?2 /2+�v +?�MM2Hb i?�i r2 7Q+mb QM �`2 M2�` i?2 K�bb i?`2b?QH/b- r?2`2 i?2 p2HQ+BiB2b
BM i?2 }M�H bi�i2 �`2 bK�HH- �M/ ?2M+2 i?2 HQ+�HBx�iBQM Q7 i?2 Qp2`H�T Q7 i?2 r�p2 T�+F2ib Bb
KQ`2 bB;MB}+�MiX >2`2- r2 7mHHv i�F2 BMiQ �++QmMi bm+? 2z2+ib BM i?2 :�mbbB�M@r�p2@T�+F2i
7Q`K�HBbKX q2 +�`27mHHv +H�`B}2/ i?2 T`QT2`iB2b Q7 QM2@iQ@irQ@#Q/v MQM@`2H�iBpBbiB+ [m�MimK
i`�MbBiBQMb #2ir22M MQ`K�HBx�#H2 T?vbB+�H bi�i2b /2b+`B#2/ #v :�mbbB�M r�p2 T�+F2ib mM/2`
i?2 T`2b2M+2 Q7 i?2 /2+�vBM; M�im`2 Q7 i?2 BMBiB�H bi�i2- r?B+? Bb � 7mHH@~2/;2/ +�H+mH�iBQM
i�FBM; BMiQ �++QmMi i?2 2bb2M+2b i?�i �`2 KBbbBM; BM i?2 TH�M2@r�p2 +�H+mH�iBQMbX

h?2 `2bmHi b?Qrb �;`22K2Mi rBi? i?2 S.:Ƕb +QK#BM2/ `2bmHib rBi?BM ⇠ 1� +QM}/2M+2
H2p2HX q2 +QM+Hm/2 i?�i i?2 HQM;@bi�M/BM; �MQK�HB2b BM R� �M/ R �`2 `2bQHp2/X

AM i?2 +�H+mH�iBQM- i?2 �#Qp2@K2MiBQM2/ +QKTQbBi2M2bb ?�b #22M /2b+`B#2/ #v i?2 7Q`K
7�+iQ`X h?2 �;`22K2Mi Bb �+?B2p2/ r?2M r2 �TT`QT`B�i2Hv i�F2 i?2 7Q`K@7�+iQ` T�`�K2i2` �i
�`QmM/ i?2 T?vbB+�HHv `2�bQM�#H2 p�Hm2 R0 ⇠ (500J2o)�1X

q2 �HbQ �M�Hvx2/ �M/ K�/2 � +QKK2Mi QM i?2 bb@p2+iQ`@K2bQM +QmMi2`T�`i ⌥- M�K2Hv
R⌥ = �(⌥ ! B+B�) /�

�
⌥ ! B0B0

�
- r?2`2 i?2 TH�M2@r�p2 +�H+mH�iBQM rBi?Qmi +QMbB/2`BM;

i?2 �#Qp2@K2MiBQM2/ +QKTQbBi2 M�im`2 �H`2�/v �;`22b �i i?2 0.32� H2p2H rBi? i?2 +Q``2@
bTQM/BM; S.: `2bmHi /m2 iQ i?2 bK�HHM2bb Q7 i?2 K�bb /Bz2`2M+2 #2ir22M B± �M/ B0X h?2
r�p2@T�+F2i `2bmHi �;`22b r2HH rBi? i?2 S.: `2bmHi �`QmM/ i?2 b�K2 p�Hm2 Q7 R0X

q2 K2MiBQM i?�i i?2 b�K2 7Q`K 7�+iQ`b +�M #2 7Q`K�HHv KmHiBTHB2/ QM i?2 `�iBQ Q7 i?2

jk

Note: σ(e-e+→ψ) and mψ are 
determined by statistical fits.
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Summary & Discussion
1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. Characterising S-matrix, in particular, “bulk” and “boundary”. 

3.

6B;m`2 9, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7 � ! K+K� iQ � ! K0K0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 E�QMb Q7 �1/2K = 1J2o�1 UH27i T�M2HV �M/
�1/2K = 0.1J2o�1 U`B;?i T�M2HVX h?2 /2}MBiBQM BM i?2 r�p2@T�+F2i +�H+mH�iBQM Bb T`QpB/2/ BM
1[X Ue3VX h?2 7Q`KmH�b 7Q` i?2 `2H�iBpBbiB+ U_V �M/ MQM@`2H�iBpBbiB+ ULQM@_V TH�M2 r�p2b �`2
�p�BH�#H2 BM 1[bX UeNV �M/ UdRV- `2bT2+iBp2HvX h?2 2tT2`BK2Mi�H `2bmHi Bb T`QpB/2/ #v S.: (R)
(b?QrM BM 1[X UkV)- �M/ i?2 7Q`KmH� 7Q` i?2 M�Bp2 TH�M2@r�p2 `2bmHi rBi?Qmi i?2 7Q`K@7�+iQ`
2z2+i Bb b?QrM BM 1[X UdyVX

PDG(±1�)

Plane-Wave parton-level(±1�)

Wave-Packet

Plane-Wave (R)

WP-bulk

Plane-Wave
(Non-R)

0.01 0.02 0.03 0.04 0.05

0.7

0.8

0.9

1.0

1.1

R0 [MeV-1 ]

R
�

(�D)1/2 = 0.01 [MeV-1]

6B;m`2 8, h?2 `�iBQ +QKT�`BM; i?2 /2+�v `�i2b Q7  ! D+D� iQ � ! D0D0 Bb /`�rM �b �
7mM+iBQM Q7 R0 7Q` irQ }t2/ r�p2@T�+F2i bBx2b Q7 i?2 .@K2bQMb Q7 �1/2D = 1J2o�1 UH27i T�M2HV
�M/ �1/2D = 0.01J2o�1 U`B;?i T�M2HVX

ky

difference

Considering the form factor 
appropriately, ➜ R0 around the QCD 
scale gives us good fits. 

Can we distinguish the “wave-packet” 
correction from the plane-wave part 
(in this variable or others)? 
➜ Further discussion is necessary.



Summary & Discussion
1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. Characterising S-matrix, in particular, “bulk” and “boundary”. 

3.
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ky

difference

Thank you!

Considering the form factor 
appropriately, ➜ R0 around the QCD 
scale gives us good fits. 

Can we distinguish the “wave-packet” 
correction from the plane-wave part 
(in this variable or others)? 
➜ Further discussion is necessary.
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 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>
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        P

p1

p2

interaction(s)
<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡
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 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)
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time
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⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡
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in 
free state
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free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

manifest energy-momentum 
conservation 

(due to translation invariance)

(factorised) 
amplitude

transition amplitude 
(S-matrix)

<latexit sha1_base64="ilFvtU1K0l7DQ9jy8TxiGBxgz5o="></latexit>

bH(I)
int =

Z 1

�1
d
3
xxx bH(I)

int (t,xxx)◦

(in interaction

picture)

interaction

Hamiltonian density

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

◦ (`T’ represents 
 the time-ordered product 
 for relativistic process.)

position

Review on plane-wave amplitude



Review on plane-wave amplitude
 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)
<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past (Tin→-∞) far future (Tout→+∞)

free

state

free

state

free

state

far 
distant

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

manifest energy-momentum 
conservation 

(due to translation invariance)

(factorised) 
amplitude

<latexit sha1_base64="ilFvtU1K0l7DQ9jy8TxiGBxgz5o="></latexit>

bH(I)
int =

Z 1

�1
d
3
xxx bH(I)

int (t,xxx)◦

(in interaction

picture)

interaction

Hamiltonian density

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

position

@ (t,x)

transition amplitude 
(S-matrix)

[Integrations] 
→ 

taking 
account of 
all possible 

t and x.



plane-wave basis

 Plane wave — the standard tool for describing particles:

 Basis (@ Schrödinger Pic.): 

(plane wave: the eigenstate of     )
<latexit sha1_base64="cJxZIbzy6TQuUGCvW8YxM2Kq28M=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfju5nffqLasEQ+2omiocBDyWJGsHVSu6dElKlpv1zxq/4caJUEOalAjka//NUbJCQVVFrCsTHdwFc2zLC2jHA6LfVSQxUmYzykXUclFtSE2fzcKTpzygDFiXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTGN2HGpEotlWSxKE45sgma/Y4GTFNi+cQRTDRztyIywhoT6xIquRCC5ZdXSeuiGlxVLx9qlfptHkcRTuAUziGAa6jDPTSgCQTG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwCp2o/L</latexit>ppp      completely undetermined

<latexit sha1_base64="PhS7Gycy+IIKuzLfowEBpYb0VjE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7dRvPVJtWCIf7FjRUOCBZDEj2Dqp1VUiyp4mvXLFr/ozoGUS5KQCOeq98le3n5BUUGkJx8Z0Al/ZMMPaMsLppNRNDVWYjPCAdhyVWFATZrNzJ+jEKX0UJ9qVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZkyq1VJL5ojjlyCZo+jvqM02J5WNHMNHM3YrIEGtMrEuo5EIIFl9eJs2zanBZPb+/qNRu8jiKcATHcAoBXEEN7qAODSAwgmd4hTdPeS/eu/cxby14+cwh/IH3+QO2Ao/T</latexit>xxx
(non-normalisable mode)

 Expansion of Scalar operator (in Int. Pic.):

◦

Wave function of plane wave
Annihilation op. 

for momentum-p state

◦

the one-particle state

[QFT textbooks]

(ignoring the overall factor e-iEt)

<latexit sha1_base64="mmtP2Qmy2UlpxHgIiJjf3MVu6zI="></latexit>

�̂(x) =

Z
d3pppp

(2⇡)3(2Eppp)

h
e+ip·xâppp + h.c.

i

<latexit sha1_base64="7GrFDj7i3hpKBG8gW1cwdLmbh2A="></latexit>

|pppi = â†ppp|0i

<latexit sha1_base64="V+NZdtaMtcdDoHyAXyt62aiSFRY=">AAACMXicbVDLSgMxFM34tr6qLt0Ei+BCyoyIuhTduFSwKnRqyaS3NZhJQnJHLOP8khv/RNy4UMStP2H6EJ8HAodz7uHmnsRI4TAMn4KR0bHxicmp6dLM7Nz8Qnlx6dTpzHKocS21PU+YAykU1FCghHNjgaWJhLPk6qDnn12DdUKrE+waaKSso0RbcIZeapYPY8lURwKNTZrkNwW9HTBT0Nh+OlYb1CW4yAWNN7583tL4mSua5UpYDfugf0k0JBUyxFGz/BC3NM9SUMglc64ehQYbObMouISiFGcODONXrAN1TxVLwTXy/sUFXfNKi7a19U8h7avfEzlLneumiZ9MGV66315P/M+rZ9jebeRCmQxB8cGidiYpatqrj7aEBY6y6wnjVvi/Un7JLOPoSy75EqLfJ/8lp5vVaLu6dbxV2dsf1jFFVsgqWScR2SF75JAckRrh5I48kmfyEtwHT8Fr8DYYHQmGmWXyA8H7B9Hpqpw=</latexit>

hxxx|pppi / eippp·xxx

<latexit sha1_base64="bDa60NkwjHbnm+St5Fu3w33zUlc="></latexit>

hx|pppi / ei p·x
���
p0=Eppp

<latexit sha1_base64="mzxf/0H//pvkImW3jdttYbE4bKE=">AAACJXicbVBNSwMxEM36bf2qevQSLIIXy64U7UGh4MWjglWhW0s2nW2D2eySzErLun/Gi3/FiwdFBE/+FdNaQVsfDLy8N0NmXpBIYdB1P5yp6ZnZufmFxcLS8srqWnF949LEqeZQ57GM9XXADEihoI4CJVwnGlgUSLgKbk8G/tUdaCNidYH9BJoR6ygRCs7QSq3ikS+Z6kigPXpPj+nPy0+iIOvlVoObbE9Qv8swO81bPkIPs1AD5BTzVrHklt0h6CTxRqRERjhrFV/9dszTCBRyyYxpeG6CzYxpFFxCXvBTAwnjt6wDDUsVi8A0s+GVOd2xSpuGsbalkA7V3xMZi4zpR4HtjBh2zbg3EP/zGimG1WYmVJIiKP79UZhKijEdREbbQgNH2beEcS3srpR3mWYcbbAFG4I3fvIkudwvewflynmlVKuO4lggW2Sb7BKPHJIaOSVnpE44eSBP5IW8Oo/Os/PmvH+3TjmjmU3yB87nF1IXpTA=</latexit>

hx| = hxxx|e�iĤfreet∙

∙
<latexit sha1_base64="qA8untRHizjXDnYgHGxjKExEJYs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFkpJpGg3haIblxXsBZpYJtNpO3QyCTMTaQl9Aje+ihsXirh17c63cdJmoa0HBj7+/xzOnN8LGZXKsr6NtfWNza3tzE52d2//4NA8Om7JIBKYNHHAAtHxkCSMctJUVDHSCQVBvsdI2xtfJ377gQhJA36npiFxfTTkdEAxUlrqmfkJrEHnig4Lk3sLOiVYqKliKQEn9L14Mku8Ys/MWWVrXnAV7BRyIK1Gz/xy+gGOfMIVZkjKrm2Fyo2RUBQzMss6kSQhwmM0JF2NHPlEuvH8nBnMa6UPB4HQjys4V39PxMiXcup7utNHaiSXvUT8z+tGalB1Y8rDSBGOF4sGEYMqgEk2sE8FwYpNNSAsqP4rxCMkEFY6wawOwV4+eRVa52X7oly5reTq1TSODDgFZ6AAbHAJ6uAGNEATYPAInsEreDOejBfj3fhYtK4Z6cwJ+FPG5w8vUJkN</latexit>

x =
⇣
x0 (= t), xxx

⌘

Int. Pic. Sch. Pic.

4d position

<latexit sha1_base64="IzASp4gta2te5A/bBaAiMMlnKSI="></latexit>⇣
Eppp =

q
ppp2 +m2

�

⌘



Gaussian basis
 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):

normalisable! 
(plane-wave limit: σ→∞)

<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

Centre Position 
at a certain time T

(when T=0)

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

<latexit sha1_base64="z778cbjg6BD1pJjTihznYXk8bHM=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMyUol0W3LisYB/QKSWTZqahSWZIMmIZ5z/c+CtuXCjiSnDh35hOZ6GtBwKHc87l5h4/ZlRpx/m2VlbX1jc2S1vl7Z3dvX374LCjokRi0sYRi2TPR4owKkhbU81IL5YEcZ+Rrj+5mvndOyIVjcStnsZkwFEoaEAx0kYa2jWPIREyAr2Y++l9Bh+gp2jI0flc6WUFaWXQk3l0aFecqpMDLhO3IBVQoDW0P71RhBNOhMYMKdV3nVgPUiQ1xYxkZS9RJEZ4gkLSN1QgTtQgzW/L4KlRRjCIpHlCw1z9PZEirtSU+ybJkR6rRW8m/uf1Ex00BikVcaKJwPNFQcKgjuCsKDiikmDNpoYgLKn5K8RjJBHWps6yKcFdPHmZdGpV96Jav6lXmo2ijhI4BifgDLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MY+uWMXMEfgD6+sHk92hHA==</latexit>

hxxx|�,XXX,PPP i



Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
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 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):
<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

 Expansion of Scalar operator 
 (in Int. Pic.):

(when T=0)

Wave function of Gaussian wave packet 
(X is defined @ T) 

Annihilation op. 
for the corresponding wave-packet state

<latexit sha1_base64="fTI3s0UrR4CiknFjusGySNUoZVw="></latexit>

|Pi = Â†(P) |0i ,
h
P = {�, X0(= T ),XXX| {z }

=:X

,PPP}
i

the one-particle state

◦

◦

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)
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hxxx|�,XXX,PPP i normalisable! 
(plane-wave limit: σ→∞)

Centre Position 
at a certain time T
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P

X

√σ

Gaussian basis



Gaussian wavefunction

Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i
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Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2
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Wave function of Gaussian wave packet 
(X is defined @ T) 

◦

[Ishikawa, Oda (1809.04285)]

<latexit sha1_base64="6taYVBL55yhYeZCt4St5TtvtyTs="></latexit>

f�,X,PPP (x) :=

Z
d3pppp
2Eppp

hx|pppihppp|�, X,PPP i
<latexit sha1_base64="vIm+r3etAqSlS5w/C3/O0nwUBeg="></latexit>

=
⇣�
⇡

⌘3/4
Z

d3pppp
2p0(2⇡)3/2

eip·(x�X)��
2 (ppp�PPP )2

�����
p0=Eppp

<latexit sha1_base64="Y8H6gD0CUZB98PxdKtQjadV9Hcw="></latexit>

(⌅⌅⌅(t) :=XXX + VVV (PPP )(t� T ), VVV (PPP ) := PPP/EPPP )

saddle-point approx. for a large σ

Int. Pic.

Gaussian state

Position of Centre of  
the Gaussian peak at the time (t)

~√σ
P

Ξ(t)

on-shell condition
<latexit sha1_base64="CiECkDd5+0tAQnIko+6/FhNW5jI="></latexit>⇣�
⇡

⌘3/4
✓
2⇡

�

◆3/2 1p
2P 0(2⇡)3/2

eiP ·(x�X)� 1
2� (xxx�⌅⌅⌅(t))2

�����
P 0=EPPP



(some details on Gaussian state)

◦ Normalisable:
<latexit sha1_base64="56M0ejmDiZHUayK2gkYRKEoT94Q=">AAACMXicdVDLSgMxFM3UV62vUZdugkVwIWVGirpRCm66rGAf0BlKJs1MQ5PMkGSEMvaX3Pgn4qYLRdz6E6btLLTVA4HDOfdwc0+QMKq040yswsrq2vpGcbO0tb2zu2fvH7RUnEpMmjhmsewESBFGBWlqqhnpJJIgHjDSDoa3U7/9QKSisbjXo4T4HEWChhQjbaSeXfcYEhEjEHqKRhydQS/hQdYZ56Qxho//W56ch6+h27PLTsWZAS4TNydlkKPRs1+8foxTToTGDCnVdZ1E+xmSmmJGxiUvVSRBeIgi0jVUIE6Un80uHsMTo/RhGEvzhIYz9WciQ1ypEQ/MJEd6oBa9qfiX1011eOVnVCSpJgLPF4UpgzqG0/pgn0qCNRsZgrCk5q8QD5BEWJuSS6YEd/HkZdI6r7gXlepdtVy7yesogiNwDE6BCy5BDdRBAzQBBk/gFbyBd+vZmlgf1ud8tGDlmUPwC9bXN473qJQ=</latexit>

h�,XXX,PPP |�,XXX,PPP i = 1

◦ Coherent:
<latexit sha1_base64="G+b8qWMw0UD+Z1RGIwsBleT95W4="></latexit>

�x2
i =

�

2
, �p2i =

1

2�
(i = x, y, z)

◦ Non-orthogonal:
<latexit sha1_base64="TdeOlYEiifm917cbROGRXLjUPmk="></latexit>

h�,XXX,PPP |�0,XXX 0,PPP 0i =
✓
�I

�A

◆3/4

e�
1

4�A
(XXX�XXX0)2��I

4 (PPP�PPP 0)2+ 1
2�I

(�PPP+�0PPP 0)·(XXX�XXX0)

<latexit sha1_base64="i4CGJDVEYu0Tx2+0i6X9EGCmZLk="></latexit>✓
�A :=

� + �0

2
, ��1

I :=
��1 + �0�1

2

◆

◦ Over-complete:
<latexit sha1_base64="assrRx0+kzlmGh5AXy/jEmM/jM0="></latexit>Z

d3XXXd3PPP

(2⇡)3
|�,XXX,PPP ih�,XXX,PPP | = 1̂

◦ Algebra of Creation/Annihilation operators:
<latexit sha1_base64="cELMT8oHRwi3I+PW/v9226P18wY="></latexit>h
Â(�, T,XXX,PPP ), Â†(�0, T,XXX 0,PPP 0)

i
= h�, T,XXX,PPP |�0, T,XXX 0,PPP 0i∙

∙ (others) = 0



Two contributions in P
 Technically, it is straightforward to derive the form of P (full prob.).

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

p1

p2
P

free stable

state

free stable

state

free stable

state

<latexit sha1_base64="iclG7EpuceMgMGAW1snQSyAErOA="></latexit>

P =

Z
|S|2 d

3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

proportional to (Tout - Tin),  
‘Fermi’s Golden rule’

Constant in (Tout - Tin)

<latexit sha1_base64="3szpq40xIxSBHsFY3A/hQdN9W9U="></latexit>

' �(Tout � Tin) +�P

for large limit 
of  σ’s

(averaged frequency) 
× (time interval)

“correction” 
to “averaging”

Understandable naturally. 

We try to see the structure lying beneath.

[Ishikawa, Oda (1809.04285)]

Note: Hereafter in the appendix, the Initial state is taken as free (non-decaying). 



 When 
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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S-matrix of the simplest 1➔2: Φ(free) ➔ ϕϕ
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(Wick contraction for on-shell part])

2.4 Gaussian S-matrix

Now we compute the probability amplitude under the assumption (28):

S = hout;�3,⇧3;�4;⇧4 | in;�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4| e
iĤfreeToute�iĤTouteiĤTine�iĤfreeTin |�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4|Texp

✓
�i

Z
Tout

Tin

dt ĤI

int(t)

◆
|�1,⇧1;�2,⇧2i

=: h�3,⇧3;�4,⇧4| Ŝ |�1,⇧1;�2,⇧2i , (36)

where ĤI

int
(t) = eiĤfreet

⇣
Ĥ � Ĥfree

⌘
e�iĤfreet is the interaction Hamiltonian in the interaction

picture. In the plane-wave S-matrix, one subtracts the first term in the Dyson series (36),
write Ŝ = 1̂ + iT̂ , and concentrate on the transition amplitude from T̂ . In the Gaussian
formalism, we do not need such regularization of dropping the first term 1̂ because the inner
product of the free states would remain finite even for identical momenta.3 When we integrate
over the final state momenta P 3 and P 4, the contribution from 1̂ would automatically drop
out even if we take the plane-wave limit after all the computations. Hereafter, we omit the
trivial term h�3,⇧3;�4,⇧4 |�1,⇧1;�2,⇧2i from S when we call it “transition amplitude”.

In this paper, we consider the following simplest interaction Hamiltonian:

ĤI

int(t) =


2

Z
d3x �̂2(x) �̂(x) , (37)

where �̂ and �̂ are given in Eq. (1). The tree-level transition amplitude is given by

S =
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0 Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i , (38)

where Tx,x0 is the time ordering with respect to x and x0 only. Hereafter, we concentrate on
the s-channel process because it is dominant in the near on-shell process of our interest.

For example, a part of the s-channel process is

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i . (39)

The Wick contraction with the external line gives, for example,

Â�3(⇧3) �̂(x) =

Z
d6⇧f⇤

�;⇧(x)
h
Â�3(⇧3) , Â

†
�(⇧)

i

=

Z
d6⇧

Z
d3pp
2E�(p)

h�;⇧ |�,pi h�,p |�, xi h�3;⇧3 |�,�;⇧i

=

Z
d3pp
2E�(p)

h�3;⇧3 |�,pi h�,p |�, xi

= f⇤
�3;⇧3

(x) , (40)

3 Recall Eq. (23) for an explicit formula for particular equal-time packets.

8

for a final state
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Â†

�
(⇧1) Â
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f ,�;⇧(x) Â ,�(⇧) + f⇤

 ,�;⇧(x) Â
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 ,�(X,P )

i
, UR9V

r?2`2 p
� Bb i?2 rB/i? Q7 i?2 r�p2 T�+F2ic X Bb i?2 HQ+�iBQM Q7 +2Mi2` �i iBK2 T U�M/ r2 r`Bi2

+QHH2+iBp2Hv X =
�
X0,X

�
= (T,X) �b b�B/ �#Qp2Vc �M/ P Bb Bib +2Mi`�H KQK2MimKX q2 �HbQ

mb2 i?2 b?Q`i?�M/ MQi�iBQM

⇧ := (X,P ) , ⇧ := (X,P ) , /6⇧ :=
/3X /3P

(2⇡)3
, UR8V

bQ i?�i

 ̂UAV(x) =

Z
/6⇧

h
f ,�;⇧(x) Â ,�(⇧) + f⇤
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†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd
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Tree-level decay
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h⇧1,⇧2| Û(TQmi, TBM) |⇧0iUa"V
� . Uk9V

�i i?2 }`bi Q`/2` BM i?2 .vbQM b2`B2b URjV-
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/3x ĤUAV
BMi(x) + · · · , Uk8V

i?2 S@K�i`Bt #2+QK2b

S = i

Z
TQmi

TBM

/t
Z

/3x Ua"V
��

h⇧1,⇧2| L̂UAV
BMi(x) |⇧0iUa"V

�

=
i

2

Z
TQmi

TBM

/t
Z

/3x Ua"V
��

h⇧1,⇧2| �̂UAV(x) �̂UAV(x) |0i h0| �̂UAV(x) |⇧0iUa"V
�

=
ip
2

Z
TQmi

TBM

/t
Z

/3x f⇤
�,�1;⇧1

(x) f⇤
�,�2;⇧2

(x) f�,�0;⇧0(x) . UkeV

j :�mbbB�M S@K�i`Bt, b2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
LQr r2 +QKTmi2 i?2 :�mbbB�M S@K�i`BtX AM a2+X jXR- r2 Q#i�BM i?2 S@K�i`Bt BM i?2 H2�/BM;
b�//H2@TQBMi �TT`QtBK�iBQM UR3V 7Q` i?2 H�`;2 rB/i?b 2tT�MbBQMX AM a2+X jXk- r2 2t�+iHv
BMi2;`�i2 Qp2` i?2 bT�+2iBK2 TQbBiBQM x Q7 i?2 BMi2`�+iBQM TQBMiX AM a2+X jXj- r2 b2T�`�i2 i?2
#mHF �M/ #QmM/�`v 2z2+ibX AM a2+X jX9- � HBKBi Q7 H�`;2 �`;mK2Mi Bb i�F2M iQ ;2i bQK2 T?vbB+�H
BMbB;?iX � b+?2K�iB+ };m`2 7Q` i?Bb b2+iBQM Bb T`2b2Mi2/ BM 6B;X RX

jXR a�//H2@TQBMi �TT`QtBK�iBQM BM TH�M2@r�p2 HBKBi
qBi? i?2 H2�/BM; b�//H2@TQBMi �TT`QtBK�iBQM UR3V BM i?2 H�`;2 rB/i? 2tT�MbBQM 7Q` �HH i?2 BM
�M/ Qmi r�p2 T�+F2ib- r2 Q#i�BM i?2 S@K�i`Bt 7Q` � ;Bp2M +QM};m`�iBQM (⇧0,⇧1,⇧2),Ry

S ! ip
2

 
2Y

A=0

(⇡�A)
�3/4 1p

2EA

!
e�

�t

2 (�!)2��s

2 (�P )2�R
2 +i[··· ]

⇥
Z

TQmi

TBM

/t e�
1

2�t
[t�(T+i�t�!)]

2
Z

/3x e�
1

2�s

⇥
x�

�
X+V t�i�s�P

�⇤2
, UkdV

r?2`2 i?2 bvK#QHb BM/B+�i2 i?2 7QHHQrBM;,
3 LQi2 ?Qr2p2` i?2 Bbbm2 BM 7QQiMQi2 jX
N aQ 7�`- r2 ?�p2 MQi +QMbB/2`2/ �Mv #QmM/�`v 2z2+i �b r2 �bbmK2 ?2`2 i?�i i?2 BMi2`�+iBQMb �`2 M2;HB;B#H2

�i TBM �M/ TQmic b22 �HbQ 7QQiMQi2 jX
Ry _2+�HH i?�i r2 �##`2pB�i2 (�0,⇧0;�1,⇧1;�2,⇧2) iQ (⇧0,⇧1,⇧2)X

3

LQi2 i?�i i?2b2 BM �M/ Qmi bi�i2b #2+QK2 +HQb2- BM i?2 b2Mb2 Q7 1[X UkkV- iQ i?2 7`22 bi�i2b UkRV-
r?B+? �`2 b[m�`2@BMi2;`�#H2 �M/ Q7 }MBi2 MQ`KX3 h?Bb Bb BM +QMi`�bi iQ i?2 TH�M2@r�p2
S@K�i`Bt URRV- r?B+? Bb i?2 BMM2` T`Q/m+i #2ir22M i?2 bi�i2b i?�i #2+QK2 +HQb2 iQ i?2 TH�M2
r�p2b U9V- r?B+? �`2 MQi b[m�`2@BMi2;`�#H2- MQi 2H2K2Mib Q7 i?2 >BH#2`i bT�+2- �M/ ?2M+2 MQi
i?2 T?vbB+�H bi�i2bX .m2 iQ i?Bb }MBi2M2bb Q7 i?2 :�mbbB�M S@K�i`Bt- i?2 T`Q#�#BHBiv 7Q` i?2
i`�MbBiBQM |BM;⇧0iU>V

� ! |Qmi;⇧1,⇧2iU>V
��

Bb bBKTHv Bib b[m�`2, |S|2XN h?2`2 Bb MQ M22/ Q7 i?2
?�M/@r�pBM; �`;mK2Mi Q7 i?2 KQK2MimK /2Hi� 7mM+iBQM �4(0) #2+QKBM; bT�+2iBK2 pQHmK2
2i+X

lbBM; 1[X UkkV- r2 ;2i

S ⇡ Ua"V
��
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[Details of Gaussian (on-shell) wave functions]

saddle-point approx. for a large σ

Wick’s theorem 
for A and A† (@LO)
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⌘ [Ishikawa, Oda (1809.04285)]

S-matrix of the simplest 1➔2: Φ(free) ➔ ϕϕ

[Reminder]

 When 
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

, for finite Tin & Tout, S becomes
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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BMi2;`�i2 Qp2` i?2 bT�+2iBK2 TQbBiBQM x Q7 i?2 BMi2`�+iBQM TQBMiX AM a2+X jXj- r2 b2T�`�i2 i?2
#mHF �M/ #QmM/�`v 2z2+ibX AM a2+X jX9- � HBKBi Q7 H�`;2 �`;mK2Mi Bb i�F2M iQ ;2i bQK2 T?vbB+�H
BMbB;?iX � b+?2K�iB+ };m`2 7Q` i?Bb b2+iBQM Bb T`2b2Mi2/ BM 6B;X RX

jXR a�//H2@TQBMi �TT`QtBK�iBQM BM TH�M2@r�p2 HBKBi
qBi? i?2 H2�/BM; b�//H2@TQBMi �TT`QtBK�iBQM UR3V BM i?2 H�`;2 rB/i? 2tT�MbBQM 7Q` �HH i?2 BM
�M/ Qmi r�p2 T�+F2ib- r2 Q#i�BM i?2 S@K�i`Bt 7Q` � ;Bp2M +QM};m`�iBQM (⇧0,⇧1,⇧2),Ry
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r?2`2 i?2 bvK#QHb BM/B+�i2 i?2 7QHHQrBM;,
3 LQi2 ?Qr2p2` i?2 Bbbm2 BM 7QQiMQi2 jX
N aQ 7�`- r2 ?�p2 MQi +QMbB/2`2/ �Mv #QmM/�`v 2z2+i �b r2 �bbmK2 ?2`2 i?�i i?2 BMi2`�+iBQMb �`2 M2;HB;B#H2

�i TBM �M/ TQmic b22 �HbQ 7QQiMQi2 jX
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LQi2 i?�i i?2b2 BM �M/ Qmi bi�i2b #2+QK2 +HQb2- BM i?2 b2Mb2 Q7 1[X UkkV- iQ i?2 7`22 bi�i2b UkRV-
r?B+? �`2 b[m�`2@BMi2;`�#H2 �M/ Q7 }MBi2 MQ`KX3 h?Bb Bb BM +QMi`�bi iQ i?2 TH�M2@r�p2
S@K�i`Bt URRV- r?B+? Bb i?2 BMM2` T`Q/m+i #2ir22M i?2 bi�i2b i?�i #2+QK2 +HQb2 iQ i?2 TH�M2
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2i+X

lbBM; 1[X UkkV- r2 ;2i
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LQr r2 +QKTmi2 i?2 :�mbbB�M S@K�i`BtX AM a2+X jXR- r2 Q#i�BM i?2 S@K�i`Bt BM i?2 H2�/BM;
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BMbB;?iX � b+?2K�iB+ };m`2 7Q` i?Bb b2+iBQM Bb T`2b2Mi2/ BM 6B;X RX
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N aQ 7�`- r2 ?�p2 MQi +QMbB/2`2/ �Mv #QmM/�`v 2z2+i �b r2 �bbmK2 ?2`2 i?�i i?2 BMi2`�+iBQMb �`2 M2;HB;B#H2

�i TBM �M/ TQmic b22 �HbQ 7QQiMQi2 jX
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S = hP1,P2|Te�i
R Tout
Tin

dt Ĥ(I)
int(t) |P0i

<latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="YRDiVd4VS9PvoGUM2jT/XEUi1Ak="></latexit>

<latexit sha1_base64="ibTQDJY3w5WikFpwhrym8kc0uTA=">AAAB/HicbVDLSgNBEJz1GeMr6tHLYBC8GHZV1GPQi8cEzAOSJcxOepMhs7PLTK8QQvwBr/oH3sSr/+IP+B1Okj2YxIKGoqqb7q4gkcKg6347K6tr6xubua389s7u3n7h4LBu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHA/8RtPoI2I1SMOE/Aj1lMiFJyhlarnnULRLblT0GXiZaRIMlQ6hZ92N+ZpBAq5ZMa0PDdBf8Q0Ci5hnG+nBhLGB6wHLUsVi8D4o+mhY3pqlS4NY21LIZ2qfydGLDJmGAW2M2LYN4veRPzPa6UY3vojoZIUQfHZojCVFGM6+Zp2hQaOcmgJ41rYWynvM8042mzmtgSaDQDHeRuMtxjDMqlflLzr0mX1qli+yyLKkWNyQs6IR25ImTyQCqkRToC8kFfy5jw7786H8zlrXXGymSMyB+frF4galSE=</latexit>�

<latexit sha1_base64="jt/WzYqbdqKUblkbwt2nsKyHwUs="></latexit>

(⇧i := {Xi,PPP i})

<latexit sha1_base64="zVrRN3q/Jk4POUiGkGx5TOhiuzk=">AAACGnicbVDLSgMxFM3UV62vqksRgkWoIGVGRQU3RTcuK9gHdErJpHfa0GRmTDJiGWblb/gDbvUP3IlbN/6A32H6WNjqgQsn59zLzT1exJnStv1lZebmFxaXssu5ldW19Y385lZNhbGkUKUhD2XDIwo4C6CqmebQiCQQ4XGoe/2roV+/B6lYGNzqQQQtQboB8xkl2kjt/K7fTtyKYoeuYl1BLtwKS4sPB9g8Bdy18wW7ZI+A/xJnQgpogko7/+12QhoLCDTlRKmmY0e6lRCpGeWQ5txYQURon3ShaWhABKhWMjojxftG6WA/lKYCjUfq74mECKUGwjOdguiemvWG4n9eM9b+eSthQRRrCOh4kR9zrEM8zAR3mASq+cAQQiUzf8W0RySh2iQ3tcWTpA86zZlgnNkY/pLaUck5LR3fnBTKl5OIsmgH7aEictAZKqNrVEFVRNEjekYv6NV6st6sd+tj3JqxJjPbaArW5w859qDP</latexit>

f ,�;⇧(x) '

More precisely

r?2`2

⌅(t) := X + V  (P ) (t� T ) URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 i?2 r�p2 T�+F2i �i iBK2 t- BM r?B+? V  (P ) := P /E (P )c b22
�TT2M/Bt "X8 qBi?BM i?Bb H2�/BM; Q`/2` �TT`QtBK�iBQM- i?2 rB/i? Q7 i?2 r�p2 T�+F `2K�BMb
+QMbi�Mi BM iBK2X

kXj 6`22 :�mbbB�M r�p2@T�+F2i bi�i2b
LQr r2 +�M 2tTHB+BiHv T`2T�`2 i?2 7`22 r�p2@T�+F2i bi�i2b- 2KTHQv2/ BM i?2 `B;?i@?�M/ bB/2b
Q7 1[bX UNV �M/ URyV-

Z
/3p0 gBM(p0) |p0i
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Z
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Z
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��

, UkyV

`2bT2+iBp2Hv- �b 7QHHQrb,e

|⇧iUa"V
� = Â†

�(⇧) |0i , |⇧1,⇧2iUa"V
��

=
1p
2
Â†

�
(⇧1) Â

†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd
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LQr i?2 :�mbbB�M S@K�i`Bt Bb i?2 BMM2` T`Q/m+i #2ir22M i?2b2 T?vbB+�H bi�i2b,

S = U>V
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hQmi;⇧1,⇧2 | BM;⇧0iU>V
� . UkjV

8 ⌅(t) ?�b BKTHB+Bi /2T2M/2M+2 QM m - P - �M/ X U= (T,X)VX
e 1tTHB+BiHv- gBM UgQmiV Bb � UKmHiBTH2 Q7 BM/2T2M/2MiV 7`22 :�mbbB�M r�p2 7mM+iBQMUbV,
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UAV(t)- i?2 BMi2`�+iBQM >�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X UPi?2`rBb2 i?2 irQ@T�`iB+H2 bi�i2 rQmH/ ?�p2
irQ `272`2M+2 iBK2b T1 �M/ T2 K2�MBM;H2bbHvXV

d A7 r2 K�v i�F2 T0 = TBM �M/ T1 = T2 = TQmi- r2 rQmH/ Q#i�BM
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e
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U>V
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⇡ |⇧1,⇧2i
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��

(t ! TQmi),

`2bT2+iBp2HvX

d

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
BMi(t) = eiĤ7`22tĤBMie�iĤ7`22t Bb i?2 BMi2`�+iBQM

>�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X
�b Bb r2HH FMQrM- i?2 2tT`2bbBQM URkV Bb #�/Hv /Bp2`;2Mi r?2M b[m�`2/- #2BM; T`QTQ`iBQM�H

iQ i?2 KQK2MimK@bT�+2 /2Hi� 7mM+iBQM �4(0)X �HbQ- QM2 M22/b iQ BMb2`i �M BM}MBi2bBK�H BK�;@
BM�`v T�`i 7Q` i?2 BMi2`�+iBQM >�KBHiQMB�M #v ?�M/ BM Q`/2` iQ K�F2 i?2 T2`im`#�iBQM URjV
+QMp2`;2MiX h?Bb Bb #2+�mb2 i?2 Qp2`H�T #2ir22M TH�M2 r�p2b +�M M2p2` #2 bmTT`2bb2/ MQ
K�ii2` ?Qr `2KQi2 T�bi �M/ 7mim`2 QM2 KQp2b QM- r?B+? Bb i?2 `2�bQM r?v QM2 M22/b r�p2
T�+F2ib UNV �M/ URyV 7Q` +QKTH2i2 i`2�iK2Mi Q7 i?2 S@K�i`BtX h?2 +Hmbi2` /2+QKTQbBiBQM M2p2`
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f ,�;⇧(x) Â ,�(⇧) + f⇤

 ,�;⇧(x) Â
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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e�iĤt |Qmi;⇧1,⇧2iU>V
��
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•First defined in momentum space 

•Position-space wave function as its Fourier transform
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Uniform linear motion 
of the centre (= Peak!)

free out-state free in-state

Wick’s theorem 
for A and A† (@LO)
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⌘ [Ishikawa, Oda (1809.04285)]

[Reminder]

 When 

S-matrix of the simplest 1➔2: Φ(free) ➔ ϕϕ



 When , for finite Tin & Tout, S becomes
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0

LQi2 i?�i i?2b2 BM �M/ Qmi bi�i2b #2+QK2 +HQb2- BM i?2 b2Mb2 Q7 1[X UkkV- iQ i?2 7`22 bi�i2b UkRV-
r?B+? �`2 b[m�`2@BMi2;`�#H2 �M/ Q7 }MBi2 MQ`KX3 h?Bb Bb BM +QMi`�bi iQ i?2 TH�M2@r�p2
S@K�i`Bt URRV- r?B+? Bb i?2 BMM2` T`Q/m+i #2ir22M i?2 bi�i2b i?�i #2+QK2 +HQb2 iQ i?2 TH�M2
r�p2b U9V- r?B+? �`2 MQi b[m�`2@BMi2;`�#H2- MQi 2H2K2Mib Q7 i?2 >BH#2`i bT�+2- �M/ ?2M+2 MQi
i?2 T?vbB+�H bi�i2bX .m2 iQ i?Bb }MBi2M2bb Q7 i?2 :�mbbB�M S@K�i`Bt- i?2 T`Q#�#BHBiv 7Q` i?2
i`�MbBiBQM |BM;⇧0iU>V

� ! |Qmi;⇧1,⇧2iU>V
��

Bb bBKTHv Bib b[m�`2, |S|2XN h?2`2 Bb MQ M22/ Q7 i?2
?�M/@r�pBM; �`;mK2Mi Q7 i?2 KQK2MimK /2Hi� 7mM+iBQM �4(0) #2+QKBM; bT�+2iBK2 pQHmK2
2i+X

lbBM; 1[X UkkV- r2 ;2i

S ⇡ Ua"V
��
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⌘ [Ishikawa, Oda (1809.04285)]

“(classical) trajectories” 
⇒ charactering the S-matrix

a secondary 

variable

S-matrix of the simplest 1➔2: Φ(free) ➔ ϕϕ



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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Energy-Momentum conservation)
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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, UekV

r?2`2 r2 ?�p2 /2}M2/ � bB;M 7mM+iBQM 7Q` � +QKTH2t p�`B�#H2,

sgn(z) :=

8
><

>:

1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt

1  :

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Geometrical variables 
characterise S.

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ(free) ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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sgn(z) :=
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>:

1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature 2  :
The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
conservation

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

• Feature Geometrical variables 
characterise S.
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<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ(free) ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
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overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Feature 3  : Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>
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<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>
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<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

Result of S(Φ(free) ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

[in the causality point of view]

Result of S(Φ(free) ➔ ϕϕ)
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 In “1→2”,

• Bulk part is “time-universal”. As expected, we can show

[Marginalised rate 
 per (Volume) & (Time), 
 from Sbulk @ P0→0]
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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S = �

(the decay width from Splane-wave)
(σs→∞ and σt→∞: “plane-wave limit”)

“bulk”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="56CYwpdC9jf6n2yJySyd3T3ty9w="></latexit>

�(plane-wave)
�!��

Result of S(Φ(free) ➔ ϕϕ)



 In “1→2”,

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>

G(T) �

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
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T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement].

<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>
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2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

Result of S(Φ(free) ➔ ϕϕ)



 In “1→2”,

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement]. 

• Suppression via distances between time domains is relaxed e.g., in

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>
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3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
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where we have defined a sign function for a complex variable:

sgn(z) :=

8
><

>:

1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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is the step function.14

We note that Gbdry(z) is discontinuous at <z = 0 but the combination
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Fig. 2. Especially in the limit |z| ! 1, we obtain15
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14As we see in Eq. (70), this step function appears only at T = Tin/out and hence does not contribute when
summed with Gbdry and integrated over T. That is, it appears only at <z = 0 and does not contribute when
integrated over <z in Fig. 2. This might be non-vanishing for a more realistic non-Gaussian wave packet.
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Figure 2: Normalized boundary function
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�
T� Tin/out

�
for T 6= Tin/out,

(73)

that is,16

e��t(�!)
2

����Gbdry

✓
T� Tin/out + i�t�!p

2�t

◆����
2

! 4

⇡
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✓r
�t
2
�!

◆
+ e��t(�!)

2
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where

F (x) := e�x
2

Z
x

0

ez
2

dz = �i

p
⇡

2
e�x

2

erf(ix) (75)

is the Dawson function, whose (asymptotic) expansions read

F (x) = x+O
�
x3
�
, (76)

F (x) = �i

p
⇡

2
e�x

2

sgn(ix) +
1

2x
+O

✓
1

x3

◆
. (77)

More explicitly, the large
p
�t�! expansion gives

4

⇡
F 2

✓r
�t
2
�!

◆
+ e��t(�!)

2

=
2

⇡

1

�t (�!)
2
+O

 
1

�2
t
(�!)4

!
. (78)

In Fig. 3, we plot Gbdry right at either boundary T = Tin/out.

3.4 Limit of large argument

In the limit

|T� Tin + i�t�!|p
�t

,
|T� Tout + i�t�!|p

�t
� 1, (79)

16We have assumed T� Tin/out + i�t�! 6= 0 in writing sgn2 = 1.
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