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Entanglement

“not one but rather the characteristic trait of quantum mechanics”
[Erwin Schrédinger, 1935]

- Entanglement plays an important role in quantum information theory, quantum many
body systems, quantum gravity, AdS/CFT (Holography)

 hasn’t been discussed much in QFT and Particle Physics (until recently)

= What is the role of entanglement in QFT and Particle Physics?
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= What is the role of entanglement in QFT and Particle Physics?

Recent progress:
Cheung, He, Sivaramakrishnan
- Relation between entanglement and on-shell amplitudes  [2304.13052]

Aoude, Elor, Remmen,

- entanglement (entropy) growth <==> positivity of Im[A] g, mensari [2402.16956]

- entanglement <==> cross-section (area law) Law, Yin [2405.08056]

- Observation of spin entanglement in the ¢f pair  ATLAS [2311.07288], CMS [2406.03976]

This talk — 3-particle entanglement in particle physics



Definition separable

- Definition in pure states:
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Definition separable

- Definition in pure states:
U4) ®|¥p)  separable state entangled
00) 4 |11) not separable < entangle state

General state cop|00) + co1|01) + c10]/10) + ¢11]11) is separable iff cooc11 — co1¢10 =0

- Definition in mixed states: p = Zm%ﬂ%\ (pz- >0, ) pi= 1)

Psep = Z q; ,03;4 X ,OZB separable
i

entangled if the state p does not admit such a factorisation



Entanglement as a Resource

- Separable states will never be entangled by Local Operation and Classical
Communication (LOCC)

- LOCC introduces an order among states

—> Entanglement is defined s.t. it decreases under LOCC

maximally LOCC LOCC separable
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Entanglement as a Resource

- Separable states will never be entangled by Local Operation and Classical
Communication (LOCC)

- LOCC introduces an order among states

—> Entanglement is defined s.t. it decreases under LOCC

maximally LOCC LOCC separable Jarie
entangled F~max | > P > Psep  giate p, -
L.O.

- Entanglement measures (monotones), E(p) ex) ]00) +[11) — |00)

. measurement
- monotonically decreases under LOCC

- E(p) = 01if p 1s separable and E(p) > O otherwise

- E(p) = 1 if p 1s maximally entangled states

( - E(p; ® p,) = E(py) + E(py), E < ZPkPk) = ZPkE (Px) )
P k



Entanglement Measures

- Entanglement measures are often defined nicely for pure states |¥) 4p

Von Neumann Entropy: Sy (|U)ap) = —Tr[palogs pal
pa = Trp (JU)(¥],;)

Linear Entropy: SL( ‘I’>AB) — 2[1 - TY(P,QA)]



Entanglement Measures

- Entanglement measures are often defined nicely for pure states |¥) 4p

Von Neumann Entropy: Sy (|U)ap) = —Tr[palogs pal
pa = Trp (JU)(¥],;)

Linear Entropy: SL( ‘I’>AB) — 2[1 - TY(P,QA)]

- Entanglement measures for mixed states pas = »  pi|Uk) (¥

1

Entanglemeqt of Er(pag) = inf [ppSy (V)]
Formation: Pk, | Vi) > minimising over all

possible decompositions

Concurrence: C(,OAB) = inf {pk\/ SL(‘I’lc)
Pk, | Vi)



Entanglement Measures

- Entanglement measures are often defined nicely for pure states |¥) 4

Von Neumann Entropy: Sy (|U)ap) = —Tr[palogs pal
pa = Trp (JU)(¥],;)

Linear Entropy: SL( ‘I’>AB) — 2[1 - TT(P,QA)]

- Entanglement measures for mixed states pas = »  pi|Uk) (¥

1

Entanglement of Er

. (paB) = Inf [ppSv(¥s)]
Formation: Pk |Vk) minimising over all
} possible decompositions

Concurrence: C(,OAB) = inf {pk\/ SL(‘I’Ic)
Pk, | Vi)

 For 2-qubit systems, the concurrence admits the analytical expression: [Wootters 98]
Clp] = max(0,m1 —n2 — 13 —na) € [0, 1]

1y =1, =13 21, are eigenvalues of 4/pp with p = (0, ® 0,)p*(0, ® 0,).



Three-particle entanglement?

2 — 222 0 — 222
Top decay <1 [
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Three qubit system: 222

. 23 = 8 basis kets:

‘\I]ABC> — COOO|OOO> —+ 6001|001> —+ 6010|010> +

- Entanglement among 2-individual particles: @

Casl|VYaBc) =ClpaB] pag = Tro| V) (V| ae

- Entanglement among one-to-other:

Wapc) =10)a ® (co00|00) B + co01[01) B + -+ +)
+[1)a ® (c100]00) e + c101/01) 5o + - +-)

Capoy[Wanc)] = /201~ Tephe]  poe = Tral®)(¥|anc



Classification

Fully-separable: [¢™) 4izjc = |a)a ®|8)5 ® |7)c, % Cij = Ci(jry =0 ]

Bi-separable: [¢°)a;pc = |a)a ® |6)Bc

¢")plac = |B)B ® 10)ac Casco)y =0
o) ciap = [7)c ®16)aB CBC’CB(AC)’CC(AB) 70
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Classification

Fully-separable: [¢™) 4izjc = |a)a ®|8)5 ® |7)c, % Cij = Ci(jry =0 ]

Bi-separable: [¢°)a;pc = |a)a ® |6)Bc
t ") plac = |B)B @ 10) ac Cac) =0
complement "V cias = [)e © |8)an 0307CB(AC)7CC(AB) 70
\ 4
. . : 1
Genuinely Multipartite GHZ-) = —(]000) + 111 _
Entanglod (GME) (GH Z3) ﬂ(I ) +[111)) <7 maximally GME
1
W3) = —({100) + [010) + |001
[W3) \/§(‘ ) +010) + |001)

« All GME states can be classified either GHZ or W classes! [Dur, Vidal, Cirac 2000]

. GHZs)
69N) s Ae B 06T =
W)
. A . W cl
AclI(Ha),BeI(Hp),C e l(He) o
I(H) : set of intertible operators in H [Guhne,

Toch 2009]



Monogamy

« All 3-qubit pure states can be transformed by a local unitary to

[1) = A\o|000) + A16i9‘100> + A2[101) 4+ A3|110) + Ay |111), Ai >0, 27 =1and6 € [0;7]

[Coffman, Kundu,

* 1-2 and 1-1 entanglements are related to by the monogamy relations: |, .. 9]

<®:?‘_,@>Z©+




Monogamy

« All 3-qubit pure states can be transformed by a local unitary to

[1) = A\o|000) + A1€i0‘100> + A2[101) 4+ A3|110) + Ay |111), Ai >0, 27 =1and6 € [0;7]

[Coffman, Kundu,

* 1-2 and 1-1 entanglements are related to by the monogamy relations: |, .. 9]

CJQB(AC) =Cip+Cho+7

0 @
>
Céap) = Cac +Cho+7 &D ~ @ T




Monogamy

« All 3-qubit pure states can be transformed by a local unitary to

[1) = A\o|000) + A1€i0‘100> + A2[101) 4+ A3|110) + Ay |111), Ai >0, 27 =1and6 € [0;7]

[Coffman, Kundu,

* 1-2 and 1-1 entanglements are related to by the monogamy relations: |, .. 9]

CJQB(AC) =Cip+Cho+7

0 o
>
Ce(ap) = Cac +Cho + 7 @:?ED = @ T




Monogamy

« All 3-qubit pure states can be transformed by a local unitary to

[1) = A\o|000) + A16i0‘100> + A2[101) 4+ A3|110) + Ay |111), Ai >0, 27 =1and6 € [0;7]

« 1-2 and 1-1 entanglements are related to by the monogamy relations: %gg{:;g’,g;ndu’
CEX(BC) — 61243 + 61240 + T T = 4>‘8)\421 >0 <«— 3-tangle

CJQB(AC) =Cip+Cho+7

0 @
>
Céap) = Cac +Cho +7 &D ~ @ T

- 1-2 concurrence inequalities

A “concurrence triangle”
Caso) +Chiacy = Coiany 7

* C’C (AB) CB(A C)

Cace) +Caac) 2 Coan) :

CA(BC)



GME measure

Genuine Multi-particle Entanglement (GME) measure: [Dur, Vidal, Cirac 00, Ma, Chen, Chen,
Spengler, Gabriel, Huber ’11, Xie, Eberly '21]

The measure should satisfy:

(1) vanishes for all fully- and bi-separable states

(2) positive for all GME states

(3) non-increasing under LOCC

A

CC(AB) CB(AC)
- The area of the “concurrence triangle” satisfies (1), (2), (3) ! F 3

[Jin, Tao, Gui, Fei, Li-Jost, Qiao (2023)] B

Cao ¢
~ . D)
F3 — {13—6Q(Q —Ca(oy) (@ — Cac)) (@ — CC(AB))_ - [O, 1]
Q= %[CA(BC) +Cp(ac) +Coap)]
\_ )




3-body decay: v, — v;p,y;

Z Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:
. - rest frame of the initial particle O
plljJ — p1(17 07 07 1)
A A . p, is in the z-axis .
A3 \\2 P1 py = p2(1,sin by, 0, cosby)
2 - decay is in the x-z plane py = p3(1, —sin 63,0, cos 3)

n(0, ¢) : polarisation of initial spin

A1, A2, A3 € (4, —) : helicities of 1,2,3
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3-body decay: v, — v;p,y;

initial state

n(0,¢))

* p1isin the z-axis

1=
I >\1 )\2 )\3

)\17)\27>‘3

Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:

- rest frame of the initial particle O

plljJ :p1(170707 1)
py = p2(1,sin b, 0, cos )

- decay is in the x-z plane py = p3(1, —sin 63,0, cos 3)

n(0, ¢) : polarisation of initial spin
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/ amplitude
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3-body decay: v, — v;p,y;

Z Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:
* - rest frame of the initial particle O
.. . plf :p1(170707 1)
* Pyisinthe z-axis Py = p2(1,sin 3,0, cosbz)
- decay is in the x-z plane py = p3(1, —sin 63,0, cos 3)
n(0, ¢) : polarisation of initial spin
A1, A2, A3 € (4, —) : helicities of 1,2,3
/ amplitude
i ‘)\17)\27)‘3><)\17)\27)\3| ngll,)\g,)\g — <)\17)\27>\3|n((97¢)>
A1, >\2 A3
Initial state I

t led
n(00) = T M hdede) = W) e B

>\17)\27>\3



Interaction

- Consider most general Lorentz invariant 4-fermion interactions

4 B ~ ) )
Ling = (11 av0) (s p1ha) Yo = Y1
FA/B S {17 /757 ,y,u’ ,y,u,y57 O-'LW}
\_ W,
% Scalar-type
— , — . CECS—l—iCAzeiél
1(cs +icays)hol[ths(ds + idays )] d=dg+idy = e

* Vector-type
14++°

2
CL,CR, dL7 dR c R

Pr/p =
(W17, (cn Pr + crPr)Yol[3y* (dr Pr, + drPr) 2] /

 Tensor-type

n - c=cy +icg = et

Wl (CM + iCE75)UMV¢O] [¢3(dM + idE/75)0-,uz/¢2] d=dy + idp = 2
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2310.01477] Scalar

C=cg+icy = e

Lint = [Y1(cs +icays)vol|[Ws(ds + idays)a) d=dg +idy = e
cd cd* c*d crd*
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independent of final state momenta 65, 03
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= I3 =0

\V)

“* 1is not entangled with 2and 3 in any way: Ci2 = C13 = Cy(23) =0

< 2 and 3 are maximally entangled: Co3 = 1

“* Due to monogamy, 2 and 3 must be maximally entangled with the rest:

,
Co(13) = C3(12) = 1
Cousy =Ch +Ch+7  Cluy =Ch+Ch+7
[ [ . 7=0

0 1 0 1
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Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

0 crdns® [ogelh +e%sgoB] = +-) + cudnsh [chelh +ePs8s] | - —4)
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“* Individual 2-party entanglement:
Ci2=Ci3 =0, Co3=2|Mr Mfr+ MrrMpp|

“* one-to-other entanglement:

Ca13) = C3012) = 24/ (| M L] + [Mpe|?) (IMLR|? + [MRR|?)
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% 3-tangle 0 0
| |

T = C1(23) Ciy + Cis] = C1(23)




[KS, M.Spannowsky

231,0.0.1 477] VeCtOr 144°

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

o erdps® [c§e +%sgoB] = +o) + cudnsh [chels +e¥s8s%] | - —+)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)

“* Individual 2-party entanglement:
Cia =Ci13 =0, Co3 = 2|MLLMER + MRLM;:}R| <«— vanish if dpdr =0

“* one-to-other entanglement:

62(13) — 63(12) = 2\/(’MLL‘2 + ‘MRLP) (’MLRP -+ ’MRR‘Q) «— vanish if cccgr =drdr =0

Ci(23) = 2|MrrMrr — ML pMgr| <— vanishif crcrdrdr =0

“ 3-tangle ﬁ ﬁ Q All entanglements vanish for weak decays

T = Ci(a) — [C12 + Ci3] = Cia) \R =dr =0




F3 for Vector

n = e, n— 1(ex—|—ey—|—ez)

Il.O
0.8

F3, Vector, coupllngs V2, 6=3, p=2 F3, Vector, couplings = V2, 0=1, ¢=1
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[KS, M.Spannowsky

531001477 Tensor

c=cy +icg = e
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“* No individual 2-party entanglements:

Cio =Ci13=0C23 =0
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531001477 Tensor

c=cpy +icg = ™!

Ling = [1(ear +icuys)ot o[ (dar +idpys) o o] d = dy +idp = ™
B V) = Mg|+ ++) + M| - ——)
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<+ |¥) interpolates product states and the maximally entangled state:
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“* No individual 2-party entanglements: 3-tangle

612 — 613 — 623 = () =— T = Cz(gk) [6223 + C’Z,2 ] Cz(gk)
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531001477 Tensor

c=cpy +icg = ™!

Ling = [1(ear +icuys)ot o[ (dar +idpys) o o] d = dy +idp = ™
B V) = Mg|+ ++) + M| - ——)
o d 26585 % 5% + chsBTR] |+ ++) + ed [e?s§s P + 2855 sG] — —)

<+ |¥) interpolates product states and the maximally entangled state:

(MrMp =0) | ) ¢— |[GHZ) = (| +++)+|-——)) (Mpr=Mp)

%\

“* No individual 2-party entanglements: 3-tangle

612 — 613 = 623 = () =— T = C@(Jk) [Cz23 T C’Z,2 ] Cz(gk)

| |
¢ one-to-other entanglements are universal: 0 0

Ci(23) = Co(13) = C3(12) = 2|MRp M |

Fs3 = 4|MrMi|?
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531001477 Tensor

] - v 7 : ¢ = ey +icg =[e!
Lint — Wl (CM + ZCE/)/5)O-'u wO][¢3(dM + ZdE’Y5)O-,u1/w2] d=dy +idp o e™?
B (V) = Mg|+++) + M| — ——)
X *d 26958525 % 4 eGP0 |4 +4) + cd [5G P50 + 28555 ]| — )

<+ |¥) interpolates product states and the maximally entangled state:

sll+++)+1-—=) (Mgr=Mp)

(MM =0) | ) €— |GHZ) =

%\

“* No individual 2-party entanglements: 3-tangle

612 — 613 = 623 = () =— T = C@(Jk) [Cz23 T C’LQ ] C’L(]k)

| |
¢ one-to-other entanglements are universal: 0 0

_ _ _ \
Ci(23) = Co13) = C3012) = 2|Mpr M| independent of the coupling
» structure (CP phases)

F3:4‘MRML|2 Wi, W92




F3 for Tensor
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- Alice and Bob measure one of their two directions at a time and compute the correlation:

(B) = ((AB) + (A'B)) + ((AB') — (A'B'))
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outcome : ‘ A < outcome :

a,a’ =+1or —1 B b,b) = +1lor —1
- Alice and Bob measure one of their two directions at a time and compute the correlation:
(B) = ((AB) + (A'B)) + ({(AB') — (A'B'))
- If nature is local and real, b = b’ or b = — b’ independently of a and a’
= (B)ir <2

- If this bound is violated, local-real theories, e.g. Hidden Variable Theories, will be excluded.
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outcome : ‘ A < outcome :

a,a’ =+1or —1 b,b) = +1lor —1
- Alice and Bob measure one of their two directions at a time and compute the correlation:
(B) = ((AB) + (A'B)) + ((AB') — (A'B'))
- If nature is local and real, b = b’ or b = — b’ independently of a and a’
= (B)Lr <2

- If this bound is violated, local-real theories, e.g. Hidden Variable Theories, will be excluded.

(PR 2022 NOBEL PRIZE IN PHYSICS

A : hidden variable

(AB)uv = /p()\)a()\)b()\)d)\ p(\) : probability of A




Bell iInequality

o)
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outcome : ‘ A < outcome :

a,a’ =+1or —1 B b, =+1or —1

- Alice and Bob measure one of their two directions at a time and compute the correlation:
(B) = ((AB) + (A'B)) + ({(AB') — (A'B'))

* In QM,

A

82:4_[A7A/][E73/] HAvA/”aHBaE/” < 2 « [0$70y] = 210,

— <BQ>QM <8 = [(B}QM < 22 J [Tsirelson ‘87]

* |f this bound is violated, QM will be excluded.
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Mechanics Mechanics
(Local) (Nonlocal) =
large <€ > small
distance

- Alice and Bob measure one of their two directions at a time and compute the correlation:
(B) = ((AB) + (A'B)) + ({(AB') — (A'B'))

* In QM,

A

82:4_[A7A/][B73,] HAaA/”v‘[Baé/” <2 D [U$70y] = 2o,

— <5’2>QM <8 = [(B}QM < 22 ] [Tsirelson ’87]

* |f this bound is violated, QM will be excluded.

e High-energy Bell inequality test is important to probe beyond QM at short distances.



c,d/l =+1lor—1

outcome : C outcome :
/
a,a/ =+1or —1 Aj b, = +1or —1
N A’ /

B A B ey
/ \ @g

- Completely Hidden Variable: (ABC)cpv = /p()\)[a()\)b()\)c()\)]d)\
- Mermin correlation: By = ABC' + AB'C + A’BC — A'B'C'’

- Mermin inequalities:  (Bny)cuv < 2 (Banyom < 4 [Mermin ’90]

- Partially Hidden Variable: (ABC)ppy = /p()\)[ab()\)c()\)]d)\ : /p()\) [a(A)be(N)]dA, - -

Bs = ABC + ABC' + AB'C + A’BC

« Svetlichny correlation:
Y _A'B'C' — A'B'C — A'BC’ — AB'C'

- Svetlichny inequalities: (Bs)puv <4  (Bs)qum < 4+/2 [Svetlichny "87]
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Summary

« The exploration of QFT and Particle Physics using the Quantum Information Theory (QIT)
framework has seen rapid progress recently.

 QIT concepts with entanglement and Bell non-locality are useful both in experimentally testing
the SM and QM at high-energies and in re-thinking QFT in the QIT language.

- Entanglement and Non-Locality in the 3-qubit system from a 3-body decay are studied in this
talk.

Future works and directions

- Effect of masses in the final particles

* More spin structures: SFEFV, VVFF, SFVIE3,, SVVT---
- How entanglement is created and evolves in the particle physics interactions/measurements?

- Can we constrain new physics from the general properties of entanglement?



Thank you for listening!



