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At weak gauge theory coupling, Feynman perturbation theory can be used to calculate the basic observables
of the theory... At strong gauge theory coupling, string theory becomes weakly coupled and so it is suitable
for calculations in the nonperturbative region... however...

@ Weak/strong coupling dilemma: gauge and the string theory couplings are inversely proportional... the two
perturbative regimes are disconnected from each other... testing AdS/CFT is practically impossible!
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Integrability!

@ Nonetheless, there still exists a large number of nontrivial tests from weak (A — 0) to strong 't Hooft
coupling (A — oo) which confirms the validity of the AdS/CFT correspondence for large values of N..
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@ For example, the spectral problem of the duality has been completely solved... not of course in the sense of
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1 E

EHO:h(A.)<n7§)7 EH:7?7 n:1,27,..
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1 E
Eio=lhw(n—=), Eq=——, n=12,...
2 n?
@ But in the sense that there exists a system of algebraic equations

f(A,2) =0,

which contains, for all values of the coupling constant A, the scaling dimensions A of any local gauge
invariant operator of N’ = 4, SYM...

O (x) = trpl" (x) 3" (x) .. ¢5° ()]
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Eio=lhw(n—=), Eq=——, n=12,...
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@ But in the sense that there exists a system of algebraic equations

f(A,2) =0,

which contains, for all values of the coupling constant A, the scaling dimensions A of any local gauge
invariant operator of N’ = 4, SYM...

O (x) = trpl" (x) 3" (x) .. ¢5° ()]

@ According to the dictionary of the AdS/CFT duality, the above operators of N' = 4, SYM are dual to type
[IB string theory states in AdSsx S°...

O >
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theory operators...
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@ Ideally, we would like to solve the theory... not only its spectrum... where by solve we mean the calculation
of the theory's observables: spectrum, correlation functions, scattering amplitudes, Wilson loop expectation
values, etc...
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The AdS/CFT correspondence

The AdSs/CFT4 correspondence is formulated as follows:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)
On the lhs, N = 4, super Yang-Mills (SYM) theory is a 4-dimensional superconformal gauge theory:

2 1 L1 . 1
L4 = 2 -tr{ - ZFuuF“ 5 (Dui)*+i o Prpa + 7 [oi, o]’ +

YM

3 6
+ Gaga i, ¥s] + ) Gagdhars i, ve] }

i=1 i=4
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The AdSs/CFT4 correspondence is formulated as follows:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)
On the lhs, N = 4, super Yang-Mills (SYM) theory is a 4-dimensional superconformal gauge theory:
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@ Beta function vanishes, S(xr—s) = 0... exact superconformal symmetry PSU(2,2|4)...

@ Dilatation operator (eigenvalues = scaling dimensions) is given by a quantum integrable spin chain in
the planar ('t Hooft/large-N,) limit, N. — oo, A = g&,N. = const. (Minahan-Zarembo, 2002; Beisert-
Kristjansen-Staudacher, 2003; Beisert, 2003)...

@ Spectral problem solved (Gromov-Kazakov-Leurent-Volin, 2013)... solution of full planar theory by comput-
ing all observables (correlators, scattering amplitudes, Wilson loops, etc) underway...

@ Half-BPS boundary conditions in A" = 4 SYM were studied by Gaiotto-Witten (2008)...
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The AdS/CFT correspondence

The AdSs/CFT4 correspondence states that:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)

Type IIB superstring theory on AdSs x S° is described by a nonlinear o-model on a supercoset:

. SO(4,2) SO(6) _  PSU(2,2J4)
AdSs X S" = 55(2,1) ¥ 50(5)  S0(3.1) x SO()"

Green-Schwarz superstring action on AdSs x S° is a WZW sigma model (Metsaev-Tseytlin, 1998):

T, 1
S=—22 [ Pstr [J<2) AxJ® 4 O A J(3)} ., J=gldg, Ta= _ VA
2 2wal 2mh?

The AdSs x S® supercoset is a semi-symmetric space, i.e. its elements afford a Z, decomposition:

J=JO 4 O SO QU] =iy (M) = —KMUET, K= { ms O }
) b 7 0 713 -
Nonlinear sigma models on semi-symmetric spaces are classically integrable (Bena-Polchinski-Roiban, 2003)...

10/ 37


https://arxiv.org/abs/hep-th/9711200
https://arxiv.org/abs/hep-th/9805028
https://arxiv.org/abs/hep-th/0305116

Probe-brane defect systems

Section 2

Probe-brane defect systems
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Probe-brane defect systems The D3-D5 probe-brane system

The D3-D5 system: bulk geometry

Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:

Mink,,

' AdS;xS5
N, D3-branes |

X1 X2 X3 Xa X5 X6 X7 X8 X9
D3 || e | @ ° °

The D3-branes extend along x1, x2, x3...
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Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:
Mink,,

D5-brane
N

N_D3-branes

Now insert a single (probe) D5-brane at x3 = x7 = xg = x9 = 0...
X4 X5 X6 X7 Xg

t X1 X2 X3 X9

D3 || e | @ ° .
D5 || e | @ °
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Probe-brane defect systems The D3-D5 probe-brane system

The D3-D5 system: bulk geometry

Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:
Mink,,

D5-brane
N

[

N, D3-branes |

Now insert a single (probe) D5-brane at x3 = x7 = xg = x9 = 0...
X5 X6 X7 Xg X9

t X1 X2 X3 X4

D3 || e | @ ° .
D5 || e | @ °

.. its geometry will be AdS; x S? (Karch-Randall, 2001b)...
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Probe-brane defect systems The D3-D5 probe-brane system

The D3-D5 system: description

@ The defect reduces the total bosonic symmetry of the system
from SO(4,2) x SO(6) to SO(3,2) x SO(3) x SO(3). The cor-
s D5 . responding superalgebra psu (2,2|4) becomes osp (4|4). Su-
AdSgxS® XS5 ’
Bulk o AdSsxS persymmetry studied by Domokos-Royston (2022)...

@ The D3-D5 system describes 1B string theory on AdSs x S5

bisected by a D5 brane with worldvolume geometry AdSs x S°.
N,D3's

AdS, %87

@ The D5-brane is stable... the tachyonic instability in the fluc-
tuations of 1) does not violate the BF bound (Karch-Randall,
2001b)...

@ The probe D5-brane is classically integrable... i.e. infinite
conserved charges for open strings with D5-brane BCs

Boundary | V=45YM N'=4SYM (Dekel-Oz, 2011)...
SU(N,) SU(N,)

@ The dual field theory is still SU(N:), N' = 4 SYM
X,y in 3 + 1 dimensions, that interacts with a CFT living

on the 2 + 1 dimensional defect: S = Syx—4 + Soy1
(DeWolfe-Freedman-Ooguri, 2001).
z>0
341 dim 341 dim @ N = 4 spin chain not modified by the presence of the de-

fect... open spin chain ending on defect fields remains inte-
grable (DeWolfe-Mann, 2004)...

defect (2+1 dim)
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Probe-brane defect systems The D3-D5 probe-brane system

The (D3-D5), dSCFT

@ Despite stability, add k # 0 units of background

magnetic flux over S2... brane geometry AdS; x S?...
Bulk AdSxS5 D5 AdSyxS @ Db5-brane with flux preserves classical integrability of

2k open strings ( )...

(N4} D3's @ The SCFT gauge group SU(N:) x SU(N.) breaks to

¢ SU(Nc — k) x SU(Nc)...

@ Equivalently, the fields of ' = 4 SYM develop
nonzero vevs (Karch-Randall, 2001b)... dCFT corre-
lators = Higgs condensates of gauge-invariant oper-
ators of V' = 4 SYM (Nagasaki-Yamaguchi, 2012)...

N.D3’s

AdSxS?

@ Matrix product states... overlaps with Bethe states...
Scalar one-point functions (de Leeuw, Kristjansen

N=4 SYM N=4 SYM ! !

Bou—ndary SUN-K) SU(N,) Zarembo, 2015)... closed-form det formulas... in-
¢ tegrable quench criteria satisfied (Piroli, Pozsgay,

tX,y Vernier, 2017;

@ Two-point functions of (spin-2) stress tensor, dis-
250 placement operator, anomaly coefficients (

)... More below!

defect (2+1 dim)

3+1dim 3+1dim

@ Strong-coupling computations were recently set up

( ).
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The D3-D7 probe-brane system
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The D3-D7 system: bulk geometry

IIB string theory on AdSs x S° is encountered very close to a system of N, coincident D3-branes:

Mink,,

' AdS;xS5
N, D3-branes |

X1 X2 X3 Xa X5 X6 X7 X8 X9
D3 || e | @ ° °

The D3-branes extend along x1, x2, x3...
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IIB string theory on AdSs x S° is encountered very close to a system of N, coincident D3-branes:

Mink,,

D7-brane
N

N_D3-branes

Now insert a single D7-brane at x3 = xg = 0...

t | x1 | X | X3 | X4 | Xs | X6 | X7 | X8 | Xo

D3 || e | @ . °

D7 || e | o ° ° ° ° °
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Probe-brane defect systems The D3-D7 probe-brane system

The D3-D7 system: bulk geometry

IIB string theory on AdSs x S° is encountered very close to a system of N, coincident D3-branes:

Mink,,

D7»brane\ ‘A_dSSXSS

N, D3-branes | .

Now insert a single D7-brane at x3 = xg = 0... its geometry will be either AdSs x S* or AdS,; x S? x S%...

t | x1 | X | X3 | X4 | Xs | X6 | X7 | X8 | Xo
D3 o | o ° °

D7 || e | o ° ° ° ° ° °

(Davis-Kraus-Shah, 2008; Myers-Wapler, 2008; Bergman-Jokela-Lifschytz-Lippert, 2010)...
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The D3-D7 system: description

@ The defect reduces the total bosonic symmetry of the sys-

tem from SO(4,2) x SO(6) to either SO(3,2) x SO(5) or
i D7 50(3,2) x SO(3) x SO(3)... All susy broken! (relative brane
Bulk AdSgxS? AdSgxS? codimension in flat space: #np = 6 — no unbroken susy)...

@ The D3-D7 system describes |IB string theory on AdSs x S°
bisected by a D7-brane with worldvolume geometry AdSs x S*

N_D3's or S? x S2... maximal S* & S? x S? sit on the equator of S°...

@ The D7-branes are unstable: tachyonic instabilities in fluc-
tuations violate the BF bound (Davis-Kraus-Shah, 2008;
Bergman-Jokela-Lifschytz-Lippert, 2010)... $* and S? x S?
“slip-off" (either side of ) the S® equator, collapsing to points...

@ Various ways to lift the instability... embed D7 in full D3-
Boundary | V=45YM N=45YM brane geometry instead of near-horizon (Davis-Kraus-Shah,
SU(N,) SU(N,) 2008)... impose an AdS cutoff A (Kutasov-Lin-Parnachev,
2011; Mezzalira-Parnachev, 2015)... add instanton flux on

S* (Myers-Wapler, 2008), and magnetic flux on S? x S2

| (Bergman-Jokela-Lifschytz-Lippert, 2010)...
z>0 @ The dual field theory is still SU(N:), N =4 SYM in3+1
3+1 dim 3+1 dim dimensions, that interacts with a CFT living on the 2 + 1

dimensional defect: S = Sxr—4 + Sz41... boundary degrees of
freedom are fermions (Rey, 2009)...

AdSHSExSE Y AS, XS

defect (2+1 dim)
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The (D3-D7)k system

@ To stabilize the D7-brane, we add a (non-abelian)

instanton bundle through its S* component (Myers-
D7 Wapler, 2008) and an (abelian) magnetic flux
Bulk AdSxS® AdSxS® throu)gh each S? (Bergman-Jokela-Lifschytz-Lippert,
- 2010)...

@ This forces exactly k (flux units) of the N D3-branes
N.D3's (Ne > k) to end on the D7-brane...

(N-K) D3's

@ The homogeneous instanton flux is non-abelian...
study of classical string integrability hard in the
S50(5) symmetric case... the SU(2) x SU(2) sym-
metric system is most probably not integrable...

AdS, xS2XS2 Y AAS, K5

@ On the gauge theory side, gauge group SU (N¢) X
Boundary N=4 SYM N'=4 SYM SU (N¢) breaks to SU (N¢) x SU (N¢ — k)...

SU(N:k) SU(N,) @ Equivalently, the fields of N’ = 4 SYM develop

by nonzero vevs... dCFT correlators = Higgs conden-

sates of gauge-invariant operators of ' = 4 SYM...

| @ Matrix product states... overlaps with Bethe states...
z>0 scalar one-point functions (

3+1dim 3+1dim )... integrable quench criteria satisfied in

the SO(5) symmetric case (Piroli, Pozsgay, Vernier,
2017;

defect (2+1 dim)
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Probe-brane defect systems The D3-D7 probe-brane system

The (D3-D7)k system

@ Yet another sign of integrability of the SO(5)
D7 symmetric system are closed-form determinant for-
Bulk AdSgxS® AdSgxS° mulas which have been found for all scalar on-
= point functions (
(N-K) D3's =
= N.D3's @ Weak-coupling analysis also provides evidence of
= ¢ non-integrability for the SU(2) x SU(2) symmetric
4 system (de Leeuw-Kristjansen-Vardinghus, 2019)...
wl
2 @ Two-point functions of the (spin-2) stress tensor,
displacement operator, anomalies... More below...
@ Strong-coupling computations were recently set up
Boundary |V=45YM N'=4SYM ( )ees
SU(N,k) - SU(N,)
:; Xy
Ei
3 z>0
3+1dim 3+1dim
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Probe-brane defect systems One-point functions

Subsection 3

One-point functions
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The D3-D5 interface: SU(2) x SU(2) symmetry

@ An interface is a wall between two (different/same) QFTs...

interface @ It can be described by means of classical solutions that are known as " fuzzy-
N=4SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...
SU(N-k) | SU(N.-k) —— SU(N,)
everywhere restored
asymptotically
vev ~ © vev~1/z
everywhere Higgs branch

—0

( D kxk Opex(v,~k) )

O —tyxk O —kyx(w, k)

Nk N,
D3-branes D3-branes
z<01z>0
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The D3-D5 interface: SU(2) x SU(2) symmetry

@ An interface is a wall between two (different/same) QFTs...

“i face” . . .

Interface @ It can be described by means of classical solutions that are known as " fuzzy-
N'=4 SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...

Sge[,N;;f,)e SU(N-K) — Sgg(t{,\i‘gi @ Here, an interface (situated at z = 0) separates the SU(Nc) and

7 o SU (N, — k) regions of the (D3-D5), dCFT...
@ For no vectors/fermions, we want to solve the equations of motion for the

scalar fields of N' = 4 SYM:
d?p; ..
vev~o|\  vev~1/z M=ta=0,  TE (o]l =16
everywhere Higgs branch

—0

( D kxk Opex(v,~k) )

O —tyxk O —kyx(w, k)

Nk N,
D3-branes D3-branes
z<01z>0
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The D3-D5 interface: SU(2) x SU(2) symmetry

@ An interface is a wall between two (different/same) QFTs...

“i face” . . .

Interface @ It can be described by means of classical solutions that are known as " fuzzy-
N'=4 SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...

Sge[,N;;f,)e SU(N-K) — Sgg(t{,\i‘gi @ Here, an interface (situated at z = 0) separates the SU(Nc) and

7 o SU (N, — k) regions of the (D3-D5), dCFT...
@ For no vectors/fermions, we want to solve the equations of motion for the

scalar fields of N' = 4 SYM:
d?p; ..
vev~o|\  vev~1/z M=ta=0,  TE (o]l =16
everywhere Higgs branch

-0 @ A manifestly SO(3) ~ SU(2) symmetric solution is given by (z > 0):

1 .
( () exk Orx(v 1) ) ¢ai1(z) = = O(t,)kxk 0 Ok (N — k) & o =0,
O —1yxic On ~kyx(v~1) z (Ne—k) x k (Ne—k) x (Ne —k)
N -k N Diaconescu (1996), Giveon-Kutasov (1998)
c c
D3-branes D3-branes where the matrices t; furnish a k-dimensional representation of su (2):
z<0|z>0

[t,’, tj] = iEijktk~
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The D3-D5 interface: SU(2) x SU(2) symmetry

@ An interface is a wall between two (different/same) QFTs...

“i face” . . .

Interface @ It can be described by means of classical solutions that are known as " fuzzy-
N'=4 SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...

Sge[,N;;f,)e SU(N-K) — Sgg(t{,\i‘gi @ Here, an interface (situated at z = 0) separates the SU(Nc) and

7 o SU (N, — k) regions of the (D3-D5), dCFT...
@ For no vectors/fermions, we want to solve the equations of motion for the

scalar fields of N' = 4 SYM:
d?p; ..
vev~o|\  vev~1/z M=ta=0,  TE (o]l =16
everywhere Higgs branch

-0 @ A manifestly SO(3) ~ SU(2) symmetric solution is given by (z > 0):

((zi)m 0 ) o211 (2) _1 O(ti)kxk . O (N — k) & op =0,
O —1yxic On ~kyx(v~1) z (Ne—k) x k (Ne—k) x (Ne —k)
Nk N, Diaconescu (1996), Giveon-Kutasov (1998)
D3-branes D3-branes @ The solution also satisfies the Nahm equations:
z<0|z>0 d“O"_L.E.. .
dz 2 ijk [9017901(} )

as expected for a half-BPS interface (Gaiotto-Witten, 2008)...
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Probe-brane defect systems One-point functions

One-point functions

Following Nagasaki & Yamaguchi (2012), the one-point functions of local gauge-invariant scalar operators,

C
<O(Z7X)>:Z7Aa Z>07

can be calculated within the D3-D5 defect CFT from the corresponding fuzzy-funnel solution, for example:

. sue) 1
O (2,%) = WMt (a1 . oy 1] oy WL [t Lty

interface ZL

where WH1-#L is an SO (6) symmetric tensor and the constant C is given by (MPS="matrix product state"),

1 (87T2)L/2‘<MPS|\U> { (MPS|W) = wH#igr(t, ... t,] (“overlap”) }

)

VLA R WU e
which ensures that the 2-point function will be normalized to unity (O — (27)* (L)\L)_l/2 -0):
1
(O(x1)O(x2)) = ——a>
|x1 — X2

within SU(N.), N =4 SYM (i.e. without the defect). Once more, we set x; = (zi, X;), where x; = {XSO’1’2)}.
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The D3-D7 interface: SU(2) x SU(2) symmetry

N=4 SYM
SU(N,-k;ky)

everywhere

Vev ~ o
everywhere

Nc_klkz
D3-branes

“interface”
N=4 SYM
SU(N -k;k,) — SU(N,)

restored
asymptotically

vev~1/z

Higgs branch
—0

e Orex(v -1y
O —iyxie Ogn_~1yx(v ~k)
NC
D3-branes

z<0

z>0

To compute correlation functions in the dCFT that is dual to the SU(2) x
SU(2) symmetric D3-D7 system, we set up the corresponding interface...

The interface (placed at z = 0) separates the SU (N¢) and SU (N¢ — ki ko)
regions of the (D3-D7), s, dCFT... It will be described by a fuzzy funnel
solution...

For no vectors/fermions, we want to solve the equations of motion for the
scalar fields of N’ = 4 SYM:

d?pi
dz?

= [¢j; [0jril]l, ij=1,...,6.

The wanted SU(2) x SU(2) C SU(3,2) x SU(2) x SU(2) solution is:

[(t/')kl ® ﬂkQ} O ONe—k k), =1,2,3
wi(z) = = X ) )
[1h ® (6)1,] © O —kyr) 1= 4,5,6.

Kristjansen-Semenoff-Young (2012)

The defect CFT is not supersymmetric so that the interface does not satisfy
the Nahm equations...

22 /37


https://arxiv.org/abs/1210.7015

The D3-D7 interface: SO(5) symmetry

@ The interface for the dCFT that is dual to the SO(5) symmetric D3-D7
“interface” system (placed at z = 0) separates the SU (N¢) and SU (Nc — dg) regions
of the (D3-D7)4. dCFT... It will be described by a fuzzy funnel solution...

N=4 SYM N=4 SYM
SU(N-dg) | SU(N-d;) — SU(N,) @ For no vectors/fermions, we solve the equations of motion for the scalar
everywhere restored fields of N = 4 SYM:
asymptotically
d?p; ..
Ay =1 =0, a2 :[c,oj,[goj,tp;”, ihj=1,...,6.
Z
vev ~ vev~1/z @ A manifestly SO(5) C SO(3,2) x SO(5) symmetric solution is given by:
everywhere Higgs branch G
i D O(Ne—dg) x (N —dg)
-0 i (2) = ———Wemde)x(Nemde) G _q 5 p5=0
59!( ) \/éz ) ¥e6
<(Gi)da><dc Oasx(v ~dg) ) Kristjansen-Semenoff-Young (2012)
Ow ~dgyxds  Owe-deyx(w,~dg)
@ Once more, the defect CFT is not supersymmetric so that the interface
N-dg N, does not satisfy the Nahm equations...
D3-branes D3-branes

The five dg X dg matrices G; are known as the “fuzzy” S* matrices...

z<0]z>0
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The fuzzy S* G-matrices

The five dg x dg fuzzy S* matrices (G-matrices) G; are given by:

n factors
—_—
G=|[7911®.. M+ Rvy®..0 M1+ .. +14Q ... 14a®@; (i=1,...,5),

n terms sym

Castelino-Lee-Taylor (1997)

where ~; are the five 4 x 4 Euclidean Dirac matrices:

L 0 —iO’,‘ P o 0 1|.2 _ 12 0
’71_(,'07 0 )7 1_172733 ’74_(]12 0)7 75_<0 _]12>7
and o; are the three Pauli matrices. The ten commutators of the five G-matrices,
1
G’j = 5 [Gfa GJ] B
furnish a dg-dimensional (anti-hermitian) irreducible representation of so (5) ~ sp (4):

[Gij, Gl = 2 (6 Gir + 0it Gjx — 0 Gjy — 91 Gixc) -
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The fuzzy S* G-matrices

(n+1)(n+2)(n+3)/6:

The dimension of the G-matrices is equal to the instanton number dg
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E.g., for n = 2, here are the 10 x 10 G-matrices:
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Probe-brane defect systems One-point functions

One-point functions

One-point functions of local gauge-invariant scalar operators,

C
<O(Z7X)>:Z7Aa Z>07

can again be calculated within the D3-D7 defect CFT from the corresponding fuzzy funnel solution...

o 1 o
O (z,x) = V" "Ltr [ ... 0] S06), S0B)x300B) 2 ity [y ... 7]

interface ZL

where the matrices 7; are defined in terms of the corresponding fuzzy funnel solution:

Gi/V/3, i=1,...,5

0. i—6 ,  SO(5) symmetric interface

Ti =

(t‘,')k1 Q1L | ® O(Nc*k1k2)v i=1,2,3

) , SO(3) x SO(3) symmetric interface.
]lkl ®(tf)k2 @O(chklkz)y 1 :47576

Again, W is an 50 (6)-symmetric tensor and the constant C is given by (MPS="“matrix product state”),

e 1 <7r2>“2 (MPS|W) {<MPS|w>=wf1~~-’ttr[c,-1...c,-L1 (“overlap")}

VLA (Wjw)z (W) = wiiy,
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Defect anomaly coefficients

Section 3

Defect anomaly coefficients
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Defect anomaly coefficients Defect anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

(TEYI=2 = Sl (-1)%agEq|, n=1.2,...

i

d!Vo I[Sd]
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Defect anomaly coefficients Defect anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

(TEYI=2 = Sl (-1)%agEq|, n=1.2,...

i

d!Vo I[Sd]
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

(T2 =0, n=1.2,...
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Defect anomaly coefficients Defect anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)...
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The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...

and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

(T2 = % (R + 26 (2) K)
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Defect anomaly coefficients Defect anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<T“>d 2n+1 L |:Zb1 +( “U/25,E; 1|, n=1,2,...

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...

and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

(Tt = LR 2 (K), (17 = 2 (R4 burk?)
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

d= S r
(Th) 2”—d,VOI[Sd {ZGIH 2) > bl = (1) e (Ed+0(z)E<b”)], n=12,...
J

Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<T“>d 2n+1 L |:Zb1 +( “U/25,E; 1|, n=1,2,...

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

u\d=2 _ @ p\d=3 _ 5(2) . ~o

(T8 = Z(Re2(2)K). (T =52 (aR+btrK)

p\d=4 _ 1 2 6(2) (bry) _ 3 _ Pq jors
(T = o (€ Wiipo — 2 E0) 4 15 (2™ = brtrR® — by PR Wiers)

where Ey, E4_1 are the bulk/boundary Euler densities, and E(®Y) the boundary term of the Euler characteristic... Kpgq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)...
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

where Eg, Ed—l are the bulk/boundary Euler densities, and E®Y) the boundary term of the Euler characteristic... Kpq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)... We also define the traceless part of extrinsic curvature:

- h R 1 R )
Rpg = Kpg = 2K, K2 =trk? = DK%, trk? = ke — Kirk? 4 S KC
Hrpo paf pys (bry) _ stwip (L par | 2 qpr
- 7504ﬁ75RuV Rpav E; 45pqu5 ERtw + gKt K},
. 1 ’
Y RPT Wiapo = RﬁpaKﬁnuna N ERHU (n*n"K 4+ KH*) + EKR, AP KY Wy po = —KPIWopng.
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

d= S r
(Th) 2”—d,VOI[Sd {ZGIH 2) > bl = (1) e (Ed+0(z)E<b”)], n=12,...
J

Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<T“>d 2n+1 L |:Zb1 +( “U/25,E; 1|, n=1,2,...

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

u\d=2 _ @ p\d=3 _ 5(2) . ~o

(T8 = Z(Re2(2)K). (T =52 (aR+btrK)

p\d=4 _ 1 2 6(2) (bry) _ 3 _ Pq jors
(T = o (€ Wiipo — 2 E0) 4 15 (2™ = brtrR® — by PR Wiers)

where Ey, E4_1 are the bulk/boundary Euler densities, and E(®Y) the boundary term of the Euler characteristic... Kpgq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)...
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Defect anomaly coefficients Defect anomalies

Anomaly coefficients in free theories

Before calculating the A & B anomaly coefficients for the D3-D5 dCFT, let us go through some results for codimension-1:
@ In d = 2 the relation of the anomaly coefficient a to the central charge is ¢ = 12a... For free scalar & Dirac fields:

- _ 1
250 = a=1/2 = e (see e.g. Cardy, 2004).

29 /37


https://arxiv.org/abs/hep-th/0411189
https://arxiv.org/abs/1205.1573
https://arxiv.org/abs/1509.02160
https://iopscience.iop.org/article/10.1088/0305-4470/21/23/005
https://iopscience.iop.org/article/10.1088/0264-9381/6/5/017
 https://doi.org/10.1063/1.528814
https://arxiv.org/abs/1510.01427
https://arxiv.org/abs/1510.04566

Defect anomaly coefficients Defect anomalies

Anomaly coefficients in free theories

Before calculating the A & B anomaly coefficients for the D3-D5 dCFT, let us go through some results for codimension-1:
@ In d = 2 the relation of the anomaly coefficient a to the central charge is ¢ = 12a... For free scalar & Dirac fields:

- _ 1
250 = a=1/2 = e (see e.g. Cardy, 2004).

@ In d = 3 there are two new central charges... for free scalars their value depends on the type of boundary conditions
Dirichlet (D) or Robin (R) (Neumann (N) boundary conditions are not consistent with the residual symmetries)...
1 1

- as:0| _ a5:1/2 -0 1 b5:1/2 — i
96’ R 06’ ’

L .
o/ 64’ 32
Nozaki-Takayanagi-Ugajin (2012), Jensen-O’Bannon (2015)

a0y =-
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96’ R 06’ ’
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o/ 64’ 32
Nozaki-Takayanagi-Ugajin (2012), Jensen-O’Bannon (2015)

a0y =-

@ In d = 4 there are three new central charges... for free fields, bulk charges are independent of boundary conditions...

s=0 _ i7 as:l/2 _ £7 as:l _ E, Cs:O _ i7 Cs:1/2 _ i7 Cs:l _ i
360 360 180 120 120 10
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Anomaly coefficients in free theories

Before calculating the A & B anomaly coefficients for the D3-D5 dCFT, let us go through some results for codimension-1:
@ In d = 2 the relation of the anomaly coefficient a to the central charge is ¢ = 12a... For free scalar & Dirac fields:

- _ 1
250 = a=1/2 = e (see e.g. Cardy, 2004).

@ In d = 3 there are two new central charges... for free scalars their value depends on the type of boundary conditions
Dirichlet (D) or Robin (R) (Neumann (N) boundary conditions are not consistent with the residual symmetries)...
1 1

- as:0| _ a5:1/2 -0 1 b5:1/2 — i
96’ R 06’ ’

L .
o/ 64’ 32
Nozaki-Takayanagi-Ugajin (2012), Jensen-O’Bannon (2015)

a0y =-

@ In d = 4 there are three new central charges... for free fields, bulk charges are independent of boundary conditions...

s=0 _ i as:l/2 _ £ as:l _ E Cs:O _ i Cs:1/2 _ i Cs:l _ i
360’ 360’ 180’ 120’ 120’ 10’
(see e.g. Birrell-Davies)... For the boundary charges of free fields, b; generally depends on the boundary conditions...
_ 2 _ 2 - 2 _ 16
=0| _ =0| _ s=1/2 _ =1 _
by |D_£’ by |R_E’ by |D/R_;7 by |D/R—£
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Anomaly coefficients in free theories

Before calculating the A & B anomaly coefficients for the D3-D5 dCFT, let us go through some results for codimension-1:
@ In d = 2 the relation of the anomaly coefficient a to the central charge is ¢ = 12a... For free scalar & Dirac fields:

- _ 1
250 = a=1/2 = e (see e.g. Cardy, 2004).

@ In d = 3 there are two new central charges... for free scalars their value depends on the type of boundary conditions
Dirichlet (D) or Robin (R) (Neumann (N) boundary conditions are not consistent with the residual symmetries)...

1 s=0 1 s=1/2 =0 1 =1/2 1
- =0 b° = b2 =
% Ir %6 ° ’ o/ 64’ 32

Nozaki-Takayanagi-Ugajin (2012), Jensen-O’Bannon (2015)

a0y =-

@ In d = 4 there are three new central charges... for free fields, bulk charges are independent of boundary conditions...

s=0 _ i as:l/2 _ £ as:l _ E Cs:O _ i Cs:1/2 _ i Cs:l _ i
360’ 360’ 180’ 120’ 120’ 10’
(see e.g. Birrell-Davies)... For the boundary charges of free fields, b; generally depends on the boundary conditions...
_ 2 _ 2 - 2 _ 16
=0| _ =0| _ s=1/2 _ =1 _
by |D_£’ by |R_E’ by |D/R_;7 by |D/R_£’

Melmed (1988), Moss (1989)
whereas the (free field) boundary charge b; is independent of the BCs and proportional to the bulk central charge c:
by = 8c. Dowker-Schofield (1990)
Fursaev (2015), Solodukhin (2015)
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Defect anomaly coefficients Defect anomalies

Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

__ <2 _ c
(T (1) T (32)) = (T (1) T (2) T (33)) R T T

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.
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All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

. c/2 _ c
T Tw)= L T TE TN =

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,

Cr
(T;w (Xl) Tpo (X2)> =5 luvpo (Xl - X2)-
X12
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Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

. c/2 _ c
T Tw)= L T TE TN =

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,
C
(Tuw (1) Tpo (x2)) = 5+ havpe (31 = %2).
X12
E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,

C
T 374
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Defect anomaly coefficients Defect anomalies

Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,
@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:
c/2 c
(TG TG2)) = ——3> (TG T(G2) T (G3)) = ;
(1 - 3)* (1 —32) (52— 33)* (33 —31)°
where T = T3, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,

Cr
(T;w (Xl) Tpo (X2)> =5 luvpo (Xl - X2)-
X12

E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,
- 34 '

On the other hand, the (type A & C) conformal anomaly coefficients become:

Cr

No + 3N1/2 + 12N, 7-(4C7— 2Np + 11N1/2 + 124N,
c= = a=
120 40 ' 720
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Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

<2 )
<T(31) T(32)> - (31 — 52)47 (31 _ 32)2 (32 _ 33)2 (33 731)27

where T = T3, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

(TG TG2) T(33) =

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,
C
(T (x1) Toor (x2)) = g+ huwpo (31 = x2).
8
12

E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,

- 34 '

On the other hand, the (type A & C) conformal anomaly coefficients become:

No + 3N1/2 + 12N, 7-(4C7— 2Np + 11N1/2 + 124N,
c= = a=

Cr

120 40 ’ 720 ’
so that in the case of U(Nc), N =4 SYM, all three coefficients turn out to be equal:
N2 wiCr
a=c=—= .
4 40
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Defect anomaly coefficients Defect anomalies

Anomalies as observables (boundary)

The boundary charges show up in two and three-point functions of the displacement operator D. In d dimensions,

(D)D) = 55, (D)D) D)) =
12 12723731
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Defect anomaly coefficients Defect anomalies

Anomalies as observables (boundary)

The boundary charges show up in two and three-point functions of the displacement operator D. In d dimensions,
c c
(D)D) = 57, (Dx)D(x)D(x3)) = g
X13 X12%33X3;
It can be shown that the single 3d B-type anomaly coefficient and the two 4d B-type anomaly coefficients are given by:

2 273 27t
b:fC,m, 1 = —— Cnnn, » = —— Cnn,

8 35 15

whereas there is no known relation for the 3d A-type anomaly coefficient a... Interestingly, the displacement operator
computations confirm the (old) heat kernel results...
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The D3-D5 stress tensor

Let us now compute the anomaly coefficients for the (codimension-1) dCFT that is dual to the D3-D5 probe-brane system...
Because we are in 4d, there are 4 of them: the bulk charges ¢ & a and the boundary charges b; & by...

Start off from the Lagrangian of N’ =4 SYM...

2 1 , 1 - 1 2
Lpn—4 = > 'tr{ - ZFHVFM — 5 (Duipi)2+l'¢}amwa + Z [‘Piv@pj] +

8ym

3 6
+Y Gl [pivop] + > Glgthars [@ir15] }

i=1 i=4
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The D3-D5 stress tensor

Let us now compute the anomaly coefficients for the (codimension-1) dCFT that is dual to the D3-D5 probe-brane system...
Because we are in 4d, there are 4 of them: the bulk charges ¢ & a and the boundary charges b; & by...

Start off from the Lagrangian of N' = 4 SYM... and obtain the corresponding stress tensor with the canonical recipe...

oL oL 7 oL
= o O Ae o Oupi Ovtha + Ovtpo — guv L.
P

Lo
oM p; EEIR LR
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Defect anomaly coefficients D3-D5 anomaly coefficients

The D3-D5 stress tensor

Let us now compute the anomaly coefficients for the (codimension-1) dCFT that is dual to the D3-D5 probe-brane system...
Because we are in 4d, there are 4 of them: the bulk charges ¢ & a and the boundary charges b; & by...

Start off from the Lagrangian of N' = 4 SYM... and obtain the corresponding stress tensor with the canonical recipe...

2 2 1 - <>
O = —- 'tr{ — Fu®Fuo — 2 (Duwi) (Dvei) + 5 @i DDyyei + 5 ¢a7(uDu)¢a} — g
&vm 3 3 2
2 1 1 , 1 ) 1
A= 2 'tr{—z Fuv FH" = = (Dugi)” — 15 [ei, o) } A = 5 (Bt av).

which we have improved since it was neither traceless nor symmetric...
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Defect anomaly coefficients D3-D5 anomaly coefficients

The D3-D5 stress tensor
Let us now compute the anomaly coefficients for the (codimension-1) dCFT that is dual to the D3-D5 probe-brane system...
Because we are in 4d, there are 4 of them: the bulk charges ¢ & a and the boundary charges b; & by...

Start off from the Lagrangian of N' = 4 SYM... and obtain the corresponding stress tensor with the canonical recipe...

2 2 1 i e
O = —- 'tf{ = FufFvo — 5 (Duepi) (Duei) + 2 i D Dyyoi + 5 %W(HDV)%} — g

2 1 1 , 1 ) 1
/\=g'”{—ZFuuF””—g(Du¢i) —E[@i,%} }7 3y = 5 (apw + avu) -

which we have improved since it was neither traceless nor symmetric... The bulk charge c is read off the two-point function:
640c N2
O (1) Opo (x2)) = 45 “ huvpe (1 —%2), €= -5,
TX7p 4

which is found by Wick-contracting the perturbed fields with the A" = 4 SYM Feynman rules (2 contractions for the LO)...
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Defect anomaly coefficients D3-D5 anomaly coefficients

The D3-D5 stress tensor

Let us now compute the anomaly coefficients for the (codimension-1) dCFT that is dual to the D3-D5 probe-brane system...
Because we are in 4d, there are 4 of them: the bulk charges ¢ & a and the boundary charges b; & by...

Start off from the Lagrangian of N' = 4 SYM... and obtain the corresponding stress tensor with the canonical recipe...

2 2 1 - <>
O = —- 'tf{ = FufFvo — 5 (Duepi) (Duei) + 2 i D Dyyoi + 5 %W(HDV)%} — g
YM
2 1 1 5 1 2 1
A= 2 'tr{—z Fuv FH" = = (Dugi)” — 15 [ei, o) } A = 5 (Bt av).
which we have improved since it was neither traceless nor symmetric... The bulk charge c is read off the two-point function:
640c N2
Ouv (x1)Opo (x2)) = 5 huvpe (1 = x2), €= 5,
TX7p 4

which is found by Wick-contracting the perturbed fields with the A" = 4 SYM Feynman rules (2 contractions for the LO)...

To compute the defect anomaly coefficients, we will need only the scalar part of the (improved) stress tensor (since only
scalars acquire vevs):
2 2 1 1 1 2
O (scalars) = —5~ '”{*g (Oppi) (Ovepi) + 3 @i (Opovei) + G &m [(3Q<Pi)2 t3 [wi #j] ] }

YM
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Defect anomaly coefficients D3-D5 anomaly coefficients

Stress tensor two-point function

Plugging the fuzzy funnel solution for the D3-D5 interface, we find that the stress tensor one-point function vanishes:

O (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...
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Defect anomaly coefficients D3-D5 anomaly coefficients

Stress tensor two-point function

Plugging the fuzzy funnel solution for the D3-D5 interface, we find that the stress tensor one-point function vanishes:

<OMV (X)> =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...

The LO contribution (order A™1) to the (connected) stress tensor two-point function consists of a single Wick contraction:

22
0 A A
<@uu(X1)@pa(Xz)>=.)‘—_1.+<>+.7>‘0.< ) +@+<>O +@+...

By expanding the N/ = 4 fields around the fuzzy funnel solution of the D3-D5 interface we find:

1 4 1 guv z
@(1) = —— —= -t — v — v) @i 8U~i L0, ~,‘—L8~,' -0, 81,",- ti .
uw (x) 2, 322 r Z(nun 8uv) Gi + nudu @i + NG > 3<p-|—2 W Ou @
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Defect anomaly coefficients D3-D5 anomaly coefficients

Stress tensor two-point function

Plugging the fuzzy funnel solution for the D3-D5 interface, we find that the stress tensor one-point function vanishes:
(Ouv (%)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...

The LO contribution (order A™1) to the (connected) stress tensor two-point function consists of a single Wick contraction:

8

1 v -
A =0 (x1) 0 (x2) ) = 5 { (XX - g: ) (xpxs - £22 )A( )+ (XuXphoo + X Xg hipt
12

1
+Xo X up + XVX;,/W; - g;wX;X(/, — 8po XuXv + 2 g;wgpa) B (v) + luvps C (v) }7

contracting with the propagator of the D3-D5 dCFT (Buhl-Mortensen, de Leeuw, Ipsen, Kristjansen, Wilhelm, 2016)...

v O¢ 271 ) , (2Z2 )
Xy=21-———F =0 —ny |, X, =20 —— =—v | —5 — +n, ).
n =21 ¢ BX1“ <X12 (x1 — x2p) Iz p = 22 ¢ Bxg x122 (x1p — x2p) P
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Defect anomaly coefficients D3-D5 anomaly coefficients

Stress tensor two-point function

Plugging the fuzzy funnel solution for the D3-D5 interface, we find that the stress tensor one-point function vanishes:
(Ouv (%)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...

The LO contribution (order A™1) to the (connected) stress tensor two-point function consists of a single Wick contraction:

8

1 v o
A o= (x1) 0 (x2) ) = & { (X - g: ) (xpx; - &2 )A(v) (XuXp oo + XX oot
12

1
+Xo X up + XVX;,/W; - g;wX;X(/, — 8po XuXv + 2 g;wgpa) B (v) + luvps C (v) }7

contracting with the propagator of the D3-D5 dCFT (Buhl-Mortensen, de Leeuw, Ipsen, Kristjansen, Wilhelm, 2016)...

A(v) =4y (6116 + 30t + U2) , B(w)=—v (31)6 - 21)2) , C(v) =~0v? (v2 — 1)2,

which is valid for k > 2, while we have also defined,

32¢, Nc k(k2 — 1) ¢ 5
= = — = —= = — A= Nc.
92\ Ck 2 , 3 s v 1+£7 8ymNe
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b, anomaly coefficient: D3-D5

As we have already mentioned, the b, coefficient can be read off the two-point function of the displacement operator D:

Cnn 15b2
OE)DEa) =G em=
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As we have already mentioned, the b, coefficient can be read off the two-point function of the displacement operator D:

Cnn 15b2
OE)DEa) =G em=

The latter is defined from the divergence of the (improved) stress tensor as follows:

MO, =6(z)n D
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Defect anomaly coefficients D3-D5 anomaly coefficients

b, anomaly coefficient: D3-D5

As we have already mentioned, the b, coefficient can be read off the two-point function of the displacement operator D:

(D (1) D (x2)) = 7 gL

Cn = —-
4
12 27
The latter is defined from the divergence of the (improved) stress tensor as follows:
MO, =6(z)n D
Integrating over the transverse coordinate z from 0~ to 0" (and using the conformal invariance of the defect) we find:

D(x) = ZLlrQJr O33 (z,x) — zL”BL O33(z,x) .
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Defect anomaly coefficients D3-D5 anomaly coefficients

b, anomaly coefficient: D3-D5

As we have already mentioned, the by coefficient can be read off the two-point function of the displacement operator D:

Cnn 15b2
OE)DEa) =G em=

The latter is defined from the divergence of the (improved) stress tensor as follows:
MO, =6(z)n D
Integrating over the transverse coordinate z from 0~ to 0" (and using the conformal invariance of the defect) we find:
D(x) = ZirHJr O33 (z,x) — Zirlr)L O33(z,x) .

The two-point function of the displacement operator then becomes:

. nn 20k (k2 — 1)N,
(DD (x) DV (x) ) = fim (O (1,%1) O (22,%0) ) = < Gy = ( . )Ne
71,22—0% 12 T2\
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Defect anomaly coefficients D3-D5 anomaly coefficients

b, anomaly coefficient: D3-D5

As we have already mentioned, the by coefficient can be read off the two-point function of the displacement operator D:

(D (x1) D (x2)) = 22, = Db

Con = ——.
4
X$p 27

The latter is defined from the divergence of the (improved) stress tensor as follows:
MO, =6(z)n D
Integrating over the transverse coordinate z from 0~ to 0" (and using the conformal invariance of the defect) we find:
D(x) = ZirHJr O33 (z,x) — Zirlr)L O33(z,x) .
The two-point function of the displacement operator then becomes:

im (© Cnn 20k (k2 —1)N
l (0% (21,%1) O (22,%2) ) = 5 Cm= ( JNe
zp—071

DM D - bl S )
(D () DV (x2) ) = < —x ,

1
and the by anomaly coefficient (one contraction) is given by

82k (k% — 1)N.
by = — 238 Z 2

™ #8c=0.
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b, anomaly coefficient: D3-D5

As we have already mentioned, the by coefficient can be read off the two-point function of the displacement operator D:

Cnn 15b2
OE)DEa) =G em=

The latter is defined from the divergence of the (improved) stress tensor as follows:
MO, =6(z)n D
Integrating over the transverse coordinate z from 0~ to 0" (and using the conformal invariance of the defect) we find:
D(x) = ZirHJr O33 (z,x) — Zirlr)L O33(z,x) .

The two-point function of the displacement operator then becomes:

. 1 1 Cnn 20k (k2 — 1)N
(DD (x1) DY (x5) ) = i (0 (21,x1) O (72, %) ) = £ m= =

and the by anomaly coefficient (one contraction) is given by
82k (k% — 1)N.
[ AR S

3

Despite not verifying the free-theory relation by = 8c (at the level of one Wick contraction), the value of by confirms
d=4 (640c 15by d—-1
{a(0),a ()} = {Croem} ZH{ZEE 2L a(v) = S5 - 1(d - DAW) +4B(0) + dCW)],

for d = 4 at the level of a single Wick contraction... These expressions appeared in Herzog-Huang (2017)...

#8c=0.
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Defect anomaly coefficients D3-D7 anomaly coefficients

Subsection 3

D3-D7 anomaly coefficients
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Defect anomaly coefficients D3-D7 anomaly coefficients

b, anomaly coefficient: D3-D7

To compute the anomaly coefficients for the D3-D7 system (both SO(5) and SO(3) x SO(3)), we plug the corresponding
fuzzy funnel solutions into the expression for the stress tensor... We find that the one-point function vanishes:

(O (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...

36 /37


https://arxiv.org/abs/hep-th/9302068
https://arxiv.org/abs/cond-mat/9505127

Defect anomaly coefficients D3-D7 anomaly coefficients

b, anomaly coefficient: D3-D7

To compute the anomaly coefficients for the D3-D7 system (both SO(5) and SO(3) x SO(3)), we plug the corresponding
fuzzy funnel solutions into the expression for the stress tensor... We find that the one-point function vanishes:

(O (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...

The LO contribution (order A~1) to the (connected) stress tensor two-point function consists of a single Wick contraction:

)\2
A0 A A
<euV(X1)epo(X2)>:.>\—7lo+<>+.—>\o<) +@+<X) +@+...

By expanding the N = 4 fields around the fuzzy funnel solution of the D3-D7 interface we find:

ol ()= + 2

1 ~ - ~ 8 ~ z ~
T2 32 - tr { <; (nuny — guv) @i + npOu @i + NuOpuPi — % 03p; + > 8u8v<Pi) Ti} .
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b, anomaly coefficient: D3-D7

To compute the anomaly coefficients for the D3-D7 system (both SO(5) and SO(3) x SO(3)), we plug the corresponding
fuzzy funnel solutions into the expression for the stress tensor... We find that the one-point function vanishes:

(©puv (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...
The LO contribution (order A~1) to the (connected) stress tensor two-point function consists of a single Wick contraction:
1 1
e o=(0) (x1)0W) (x2) ) = o { (XX - g%‘f”) (xoxs - g%") A@) + (XXl + XX ot
12
1
+X,,Xélup + X,/X/;Ip,g - gWX;Xé — 8po XuXu + 1 guugpv) B (v) + luvps € (v) }7

contracting with the propagator of the D3-D7 dCFT (Gimenez-Grau, Kristjansen, Volk, Wilhelm, 2019)...

v O <2z1( )= n ) , v O¢ (222( )+ n )
=71 ——2> =0 X1y — Xop) — =z ——— = —v X1, — X2p) + .
" ! 13 8X§L x% Lp 2 myo P 2 13 8X§ x122 1o 20 P
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b, anomaly coefficient: D3-D7

To compute the anomaly coefficients for the D3-D7 system (both SO(5) and SO(3) x SO(3)), we plug the corresponding
fuzzy funnel solutions into the expression for the stress tensor... We find that the one-point function vanishes:

(©puv (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...
The LO contribution (order A~1) to the (connected) stress tensor two-point function consists of a single Wick contraction:
1 1
e o=(0) (x1)0W) (x2) ) = o { (XX - g%‘f”) (xoxs - g%") A@) + (XXl + XX ot
12
1
+X,,Xélup + X,/X/;Ip,g - gWX;Xé — 8po XuXu + 1 guugpv) B (v) + luvps € (v) }7

contracting with the propagator of the D3-D7 dCFT (Gimenez-Grau, Kristjansen, Volk, Wilhelm, 2019)...

finding,
A(v) =4y (61}6 + 30+ U2) , B(w)=—v (31}6 —vt = 2U2) , C(v)= ~v? (U2 — 1)2 ,
326N, n(n+ 1)(n -+ 2)(n +3)(n+ 4)/48,  SO(5) o B el
= ) = ) = s vT= —.
9N T kko (K2 4 K2 —2) /4, 50(3) x SO(3) 4125 1+¢
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Defect anomaly coefficients D3-D7 anomaly coefficients

b, anomaly coefficient: D3-D7

To compute the anomaly coefficients for the D3-D7 system (both SO(5) and SO(3) x SO(3)), we plug the corresponding
fuzzy funnel solutions into the expression for the stress tensor... We find that the one-point function vanishes:

(©puv (x)) =0,
to lowest order in perturbation theory, as it should for a codimension-1 defect (McAvity-Osborn 1993 & 1995)...
The LO contribution (order A~1) to the (connected) stress tensor two-point function consists of a single Wick contraction:
1 1
e o=(0) (x1)0W) (x2) ) = o { (XX - g%‘f”) (xoxs - g%") A@) + (XXl + XX ot
12
1
+X,,Xélup + X,/X/;Ip,g - gWX;Xé — 8po XuXu + 1 guugpv) B (v) + luvps € (v) }7

contracting with the propagator of the D3-D7 dCFT (Gimenez-Grau, Kristjansen, Volk, Wilhelm, 2019)... finding,
A(v) =4y (60° +3v* +02), B(v) = —v(3° —0v* = 20%), C(v)=y? (v? - 1)2.

The by anomaly coefficient (at the level of a single Wick contraction) is found to be:

_32m2¢Ne

b2 3X

#8c=0.
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Defect anomaly coefficients D3-D7 anomaly coefficients

Summary & outlook

We can summarize our results for the (LO) anomaly coefficients of the D3-D5 and D3-D7 holographic defects as follows:

k(k*=1)/4, k>2 D3-D5
3272¢; N
c=0, b= — #8c=0, c =14 n(n+1)(n+2)(n+3)(n+4)/48, n>1 D3-D7 [SO(5)]
kike (K2 + k2 —2) /4, kip>2 D3-D7 [SO(3) x SO(3)].
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Defect anomaly coefficients D3-D7 anomaly coefficients

Summary & outlook

We can summarize our results for the (LO) anomaly coefficients of the D3-D5 and D3-D7 holographic defects as follows:
k(k?—1)/4, k>2
:32”;%%#5%:0, k= n(n+1)(n+2)(n+3)(n+4)/48, n>1
kiko (K2 + k3 —2) /4, ki2>2

D3-D5
c=0, b

D3-D7 [SO(5)]

D3-D7 [SO(3) x SO(3)].
More results are underway...

@ b; anomaly coefficient related to the stress tensor/displacement operator 3-point function (by = 273 cpn/35)...
@ Crosscheck the D3-D5 results (analytically continued to k = 0) from the 3d SCFT point of view...
@ Strong coupling computations (based on )...

37 /37


https://arxiv.org/abs/2304.10434

Defect anomaly coefficients D3-D7 anomaly coefficients

Summary & outlook

We can summarize our results for the (LO) anomaly coefficients of the D3-D5 and D3-D7 holographic defects as follows:
k(k?—1)/4, k>2
:32”;%%#5%:0, k= n(n+1)(n+2)(n+3)(n+4)/48, n>1
kiko (K2 + k3 —2) /4, ki2>2

D3-D5
c=0, b

D3-D7 [SO(5)]

D3-D7 [SO(3) x SO(3)].
More results are underway...

@ b; anomaly coefficient related to the stress tensor/displacement operator 3-point function (by = 273 cpn/35)...
@ Crosscheck the D3-D5 results (analytically continued to k = 0) from the 3d SCFT point of view...
@ Strong coupling computations (based on )...

Euyaplotom!
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Extra slides

The D3-D5 probe-brane system
@ AdSs5/CFTy duality

@ Probe D5-brane

@ Gamma matrices

@ One-point functions

@ su(2), representations

e The D3-D7 defect

@ The D3-D7 geometries
@ Symmetrized direct products & fuzzy S* matrices

@ One-point functions

The D2-D4 defect

@ AdS,/CFTj3 duality

@ The D2-D4 geometries
@ T and R-matrices

e Correlation functions in CFTs and dCFTs
@ Conformal field theories
@ Defect conformal field theories
@ Boundary conformal bootstrap
@ Conformal anomalies

Codimension-1 determinant formulas
@ D3-D5 domain wall
@ D3-D7 domain wall
@ D2-D4 domain wall

Chiral primary operators
@ 5S0(3) x SO(3) spherical harmonics
@ SO(4) spherical harmonics
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The D3-D5 probe-brane system

Section 4

The D3-D5 probe-brane system
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The AdSs/CFT, correspondence

Let us briefly revisit Maldacena's argument leading to the AdS/CFT correspondence.

@ We consider 2 different descriptions of a system of N, coincident D3-branes...

Mink,,

' AdSsxS®
N, D3-branes !
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The AdSs/CFT, correspondence

Let us briefly revisit Maldacena's argument leading to the AdS/CFT correspondence.

@ We consider 2 different descriptions of a system of N, coincident D3-branes...

Mink,,

' AdSsxS®
N, D3-branes !

@ The D3-branes are extended along the directions xi, x2, x3...

X1 X2 X3 X4 X5 X6 X7 Xs X9

D3 || e | @ . °
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: open string description

In the open string description the system contains (1) open strings ending on the N. D3-branes and (2) closed
strings propagating in the bulk:
S= Sbranes + Sbulk + Sinteractions
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: open string description

In the open string description the system contains (1) open strings ending on the N. D3-branes and (2) closed
strings propagating in the bulk:
S= Sbranes + Sbulk + Sinteraction57

where Spranes is the action of AV = 4, su(N.) SYM theory in 3 + 1 dimensions (plus o’ corrections) and Sy is
the action of type II1B supergravity in 10 dimensions (plus o’ corrections).

A
2

§ J/ 11B Supergravity
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: open string description

In the open string description the system contains (1) open strings ending on the N. D3-branes and (2) closed

strings propagating in the bulk:
S= Sbranes + Sbulk + 5interaction57

where Spranes is the action of AV = 4, su(N.) SYM theory in 3 + 1 dimensions (plus o’ corrections) and Sy is
the action of type II1B supergravity in 10 dimensions (plus o’ corrections).

N=4sYM
§ / 11B Supergravity

At low energies Sinteractions Can be ignored and the system only contains free open & closed strings, or equivalently

Open string description . . .
{ low energy limit = N =4, su(N.) super Yang-Mills + Free type IIB supergravity.
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: closed strings description

In the closed strings description the N. D3-branes act as sources to the bulk fields:

L

4
ds? = H™1/2 (—dt2 n dxi) T+ HY? (dz2 + zzdﬂé) . H@E@) =1+ (E) 0= drgNA

Mink;o
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: closed strings description

In the closed strings description the N. D3-branes act as sources to the bulk fields:

4
ds? = H™1/2 (—dt2 n dxi) T+ HY? (dz2 + zzdﬂé) . H@E@) =1+ (f) 0= drgNA
Far from the horizon (z — o0), the above metric describes 10-dimensional Minkowski spacetime. Close to the

horizon (z — 0) it reduces to the metric of AdSs x S° in Poincaré coordinates:

z2 2 22 2
o’ = % (fdtz + dx§) +5 (dz2 + zdeE,) - {72 (fdt2 n dxi) +5 dz2} + PdQ2.
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The D3-D5 probe-brane system AdS5 /CFTy4 duality

The D3-brane system: closed strings description

In the closed strings description the N. D3-branes act as sources to the bulk fields:

4
ds? = H™1/2 (—dt2 n dxi) T+ HY? (dz2 + zzdﬂﬁ) . H@E@) =1+ (f) 0= drgNA
Far from the horizon (z — o0), the above metric describes 10-dimensional Minkowski spacetime. Close to the

horizon (z — 0) it reduces to the metric of AdSs x S° in Poincaré coordinates:

z2

2
ds :672

22 z? 22
(fdtz + dx§) +5 (dz2 T zzdﬂg) =% (7dt2 n dxi) + 5 d2? b+ dQ2.

V4 z
At low energies, the excitations that live far from the horizon decouple from the excitations that are close to the
horizon and so again the system can be written as the sum of two non-interacting systems:

{ Closed strings description

. 5 .
low energy limit } = Type IIB string theory on AdSy x S + Free type IIB supergravity.
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The D3-D5 probe-brane system  AdSs/CFT4 duality

The D3-brane system: closed strings description

In the closed strings description the N. D3-branes act as sources to the bulk fields:

4
ds? = H™1/2 (—dt2 n dxi) 4 HY? (dz2 + zzdﬂﬁ) . H@E@) =1+ (f) 0= drgNA
Far from the horizon (z — o0), the above metric describes 10-dimensional Minkowski spacetime. Close to the

horizon (z — 0) it reduces to the metric of AdSs x S° in Poincaré coordinates:

z2

2
ds :ﬁ

22 z? 22
(fdtz + dx§) +5 (dz2 T zzdﬂg) =% (7dt2 n dxi) + 5 d2? b+ dQ2.

V4 z
At low energies, the excitations that live far from the horizon decouple from the excitations that are close to the
horizon and so again the system can be written as the sum of two non-interacting systems:

Closed strings description
low energy limit

! ! I

Open string description
low energy limit

} =Type IIB string theory on AdSg x S°® + Free type IIB supergravity.

} = N =4, su(N.) super Yang-Mills + Free type |IB supergravity.

Maldacena (1997)
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The AdS/CFT correspondence

This leads us to the AdSs/CFT, correspondence:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)
On the lhs, N = 4, super Yang-Mills (SYM) theory is a 4-dimensional superconformal gauge theory:

2 1 L1 . 1
L4 = 2 -tr{ - ZFuuF“ 5 (Dui)*+i o Prpa + 7 [oi, o]’ +

YM

3 6
+ Gaga i, ¥s] + ) Gagdhars i, ve] }

i=1 i=4

@ Beta function vanishes, Bar—s) = 0...
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The AdS/CFT correspondence

This leads us to the AdSs/CFT, correspondence:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)
On the lhs, N = 4, super Yang-Mills (SYM) theory is a 4-dimensional superconformal gauge theory:
2 1 L1 - 1
L4 = 2 -tr{ - ZFuuF“ 5 (Dui)*+i o Prpa + 7 [oi, o]’ +

YM

3 6
+ Gaga i, ¥s] + ) Gagdhars i, ve] }

i=1 i=4

@ Beta function vanishes, S(xr—s) = 0... exact superconformal symmetry PSU(2,2|4)...
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@ Beta function vanishes, S(xr—s) = 0... exact superconformal symmetry PSU(2,2|4)...

@ Dilatation operator (eigenvalues = scaling dimensions) is given by a quantum integrable spin chain in
the planar ('t Hooft/large-N,) limit, N. — oo, A = g&,N. = const. (Minahan-Zarembo, 2002; Beisert-
Kristjansen-Staudacher, 2003; Beisert, 2003)...
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@ Beta function vanishes, S(xr—s) = 0... exact superconformal symmetry PSU(2,2|4)...

@ Dilatation operator (eigenvalues = scaling dimensions) is given by a quantum integrable spin chain in
the planar ('t Hooft/large-N,) limit, N. — oo, A = g&,N. = const. (Minahan-Zarembo, 2002; Beisert-
Kristjansen-Staudacher, 2003; Beisert, 2003)...

@ Spectral problem solved (Gromov-Kazakov-Leurent-Volin, 2013)...
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@ Beta function vanishes, S(xr—s) = 0... exact superconformal symmetry PSU(2,2|4)...

@ Dilatation operator (eigenvalues = scaling dimensions) is given by a quantum integrable spin chain in
the planar ('t Hooft/large-N,) limit, N. — oo, A = g&,N. = const. (Minahan-Zarembo, 2002; Beisert-
Kristjansen-Staudacher, 2003; Beisert, 2003)...

@ Spectral problem solved (Gromov-Kazakov-Leurent-Volin, 2013)... solution of full planar theory by comput-
ing all observables (correlators, scattering amplitudes, Wilson loops, etc) underway...

@ Half-BPS boundary conditions in A" = 4 SYM were studied by Gaiotto-Witten (2008)...
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The AdS/CFT correspondence

This leads us to the AdSs/CFT, correspondence:
N =4, su(N.) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°
Maldacena (1997)

Type IIB superstring theory on AdSs x S° is described by a nonlinear o-model on a supercoset:

. SO(4,2) SO(6) _  PSU(2,2J4)
AdSs X S" = 55(2,1) ¥ 50(5)  S0(3.1) x SO()"

Green-Schwarz superstring action on AdSs x S° is a WZW sigma model (Metsaev-Tseytlin, 1998):

T, 1
S=—22 [ Pstr [J<2) AxJ® 4 O A J(3)} ., J=gldg, Ta= _ VA
2 2wal 2mh?

The AdSs x S® supercoset is a semi-symmetric space, i.e. its elements afford a Z, decomposition:

J=JO 4 O SO QU] =iy (M) = —KMUET, K= { ms O }
) b 7 0 713 -
Nonlinear sigma models on semi-symmetric spaces are classically integrable (Bena-Polchinski-Roiban, 2003)...
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The D3-D5 probe-brane system Probe D5-brane

Subsection 2

Probe D5-brane
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The D3-D5 probe-brane system Probe D5-brane

The D3-D5 system: bulk geometry

Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:

Mink,,

' AdS;xS5
N, D3-branes |

X1 X2 X3 Xa X5 X6 X7 X8 X9
D3 || e | @ ° °

The D3-branes extend along x1, x2, x3...
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The D3-D5 system: bulk geometry

Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:
Mink,,

DS»brane\ ‘A_dSSXSS

N, D3-branes | .

Now insert a single (probe) D5-brane at x3 = x7 = xg = x9 = 0...

t | x1 | X | X3 | X4 | X5 | X6
D3 o | o ° .
D5 || e | @ °

X7 Xs X9
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The D3-D5 probe-brane system

The D3-D5 system: bulk geometry

Type 1IB string theory on AdSs x S° is encountered very close to a system of N. coincident D3-branes:

Now insert a single (probe) D5-brane at x3 = x7 = xg = x9 = 0...

Probe D5-brane

D5-brane

N

[

N, D3-branes |

Mink,,

t X1 X2 X3 X4 X5 X6 X7 Xg X9
D3 o | o ° .
D5 || e | @ ° ° ° °

.. its geometry will be AdS; x S? (Karch-Randall, 2001b)...
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The D3-D5 system: bulk geometry (zero flux)

Here's a quick way to figure out the geometry of the D3-brane. Write the AdSs x S® metric as follows:
2 _ r’ r’ 2 2 2 2
ds® = (- dt? +dx3)+—(dr + r2d02) = 7 (dt +dx3)+r—22dx,,
i=4

where r2 = x? +... + x¢ and

X4 = rcossinfcosp, x5 = rcosiysinfsiny, X = rcosycosb,

x7 = rsinysindcosy, Xxg = rsinysindsiny, Xg = rsinty cos.

The line element of AdSs x S® takes the following form:

2 2
ds® = {?2 (—dt? + dx3) + ¢ — dr } + 62 (dy? + cos® YdQ3 + sin? dQ3) .
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9
2 r2 2

2 ¢
ds? = %2 (—de? + o) + 5 (dr? + 2dDE) = 55 (—dt® + o) + 5 D",
i=4

where r2 = x? +... + x¢ and

X4 = rcossinfcosp, x5 = rcosiysinfsiny, X = rcosycosb,

x7 = rsinysindcosy, Xxg = rsinysindsiny, Xg = rsinty cos.

The line element of AdSs x S® takes the following form:

2 2
ds® = {%2 (—dt? +dxf + dxg + dx3) + 1% dr2} + 62 (dy? + cos® pdQ3 + sin? dQ3) .
r
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The D3-D5 system: bulk geometry (zero flux)

Here's a quick way to figure out the geometry of the D3-brane. Write the AdSs x S® metric as follows:
o 2 2 e 2 2 102 r’ 2 2 2 2
ds? = 5 (—dt® + dxf) + — (dr? + r2d3) = - (—dt® + dxf) +72de,,
i=4

where r2 = x? +... + x¢ and

X4 = rcossinfcosp, x5 = rcosiysinfsiny, X = rcosycosb,

x7 = rsinysindcosy, Xxg = rsinysindsiny, Xg = rsinty cos.
The line element of AdSs x S® takes the following form:

2 2
ds? = {%2 (—df? + b2 + dZ + dx3) + f—z dr2} + 02 (dp? + cos® 1pd23 + sin 1pdQ23) .

To get the D3-D5 system, we insert a single D5 brane at x3 = ¢ =0 (i.e. at x3 = x7 = xg = xo = 0):

t X1 X2 X3 X4 X5 X6 X7 X8 X9
D3 || e | @ ° °

D5 || e | @ . ° ° °
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2 ¢
ds? = %2 (—de? + o) + 5 (dr? + 2dDE) = 55 (—dt® + o) + 5 D",

where r2 = x? +... + x¢ and

X4 = rcossinfcosp, x5 = rcosiysinfsiny, X = rcosycosb,

x7 = rsinysindcosy, Xxg = rsinysindsiny, Xg = rsinty cos.

The line element of AdSs x S® takes the following form:

ds? = {ﬁ (=de? + o + dd + o) + f; dr2} + € (967 + o Td + 51?03 )

82

To get the D3-D5 system, we insert a single D5 brane at x3 = ¢ =0 (i.e. at x3 = x7 = xg = xo = 0):

t X1 X2 X3 X4 X5 X6 X7 X8 X9
D3 || e | @ ° °

D5 || e | @ . ° ° °

and its geometry is AdSs x S? (Karch-Randall, 2001b)... result confirmed from the DBI analysis...
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The D3-D5 probe-brane system Probe D5-brane

The D3-D5 system: description

@ The defect reduces the total bosonic symmetry of the system
from SO(4,2) x SO(6) to SO(3,2) x SO(3) x SO(3). The cor-
s D5 . responding superalgebra psu (2,2|4) becomes osp (4|4). Su-
AdSgxS® XS5 ’
Bulk o AdSsxS persymmetry studied by Domokos-Royston (2022)...

@ The D3-D5 system describes 1B string theory on AdSs x S5

bisected by a D5 brane with worldvolume geometry AdSs x S°.
N,D3's

AdS, %87

@ The D5-brane is stable... the tachyonic instability in the fluc-
tuations of 1) does not violate the BF bound (Karch-Randall,
2001b)...

@ The probe D5-brane is classically integrable... i.e. infinite
conserved charges for open strings with D5-brane BCs

Boundary | V=45YM N'=4SYM (Dekel-Oz, 2011)...
SU(N,) SU(N,)

@ The dual field theory is still SU(N:), N' = 4 SYM
X,y in 3 + 1 dimensions, that interacts with a CFT living

on the 2 + 1 dimensional defect: S = Syx—4 + Soy1
(DeWolfe-Freedman-Ooguri, 2001).
z>0
341 dim 341 dim @ N = 4 spin chain not modified by the presence of the de-

fect... open spin chain ending on defect fields remains inte-
grable (DeWolfe-Mann, 2004)...

defect (2+1 dim)
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The D3-D5 defect action

The action of the SU(2) symmetric D3-D5 dCFT consists of a 4d bulk theory coupled to a 3d boundary theory:

S = Sn=4 + S241,
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The D3-D5 defect action

The action of the SU(2) symmetric D3-D5 dCFT consists of a 4d bulk theory coupled to a 3d boundary theory:
S = Sn=4 + S241,
where Sxr—4 is the action of ' =4 SYM in 4d and S,.1 is the action of a 3d theory (DeWolfe-Freedman-Ooguri, 2001):

Lot1 = Lyin + Lyuk + Lpot + Ldelta

1 . - 1 (- L i}
Liin = P { — (D" qm) (D qm) + l>\i$>\i} Ly = 2 {’)\iPerfmqm — g Pmi Py i + /\fUZ‘X\/}/\j}

M YM
1 . 4(0 2

Lpot = *gT : {QLX\A}X\éQm + ’EABCqLOﬁnXEXﬁQn + QLUgn(DzXﬁ)Qn}y Lielta = *2;72) : { (quoﬁnqo }7
M YM

for {=0,1,2}, {m,n,i,j = 1,2}, and {A, B, C =1,2,3}. Moreover, o4 denote the Pauli matrices and

Duf = Opf — iALF, N=A, D=0y, P = (1+7%)/2.
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The action of the SU(2) symmetric D3-D5 dCFT consists of a 4d bulk theory coupled to a 3d boundary theory:
S = Sn=4 + S241,
where Sxr—4 is the action of ' =4 SYM in 4d and S,.1 is the action of a 3d theory (DeWolfe-Freedman-Ooguri, 2001):

Lot1 = Lyin + Lyuk + Lpot + Ldelta

1 . - 1 (- L i}
Liin = P { — (D" qm) (D qm) + ’)\iij)\i}y Ly = 2 {’)\iPerfmqm — g Pmi Py i + /\fUZ‘X\/}/\j}

M YM
1 . 4(0 2
Lpot = *gT : {QLX\A}X\éQm + ’EABCqLOﬁnXEXﬁQn + QLUgn(DzXﬁ)Qn}» Lielta = *2;72) : { (quaénqo }7
M YM

for {=0,1,2}, {m,n,i,j = 1,2}, and {A, B, C =1,2,3}. Moreover, o denote the Pauli matrices and

Duf = Opf — iALF, N=A, D=0y, P = (1+7%)/2.
The bulk fields split into a vector multiplet {A;, P1va, X{}, D-X/}} and a hypermultiplet {Az, P_va, X{}, D-X{}}, with
Xu = {p1,92,03} and Xy = {4, ¥s5,p6}. The 4d bulk spinors ¢ are split into two pairs of 3d spinors by using the

projectors P+1,. Their indices & = 1,...,4 have been rearranged as follows:

Yim = Yabim — ibaoiy, Pmi = Vadmi + iPac, iim=12 «a=123.

12 / 100


https://arxiv.org/abs/hep-th/0111135

The D3-D5 defect action

@ Because of the Yukawa terms in the defect action, the bulk 4d fermions 1o of N' =4 SYM (4-component spinors)
couple directly to defect 3d fermions \; (2-component spinors)...
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@ Because of the Yukawa terms in the defect action, the bulk 4d fermions 1o of N' =4 SYM (4-component spinors)
couple directly to defect 3d fermions \; (2-component spinors)...

@ We either express the bulk 4d fermions in terms of (two-component) 3d spinors (DeWolfe-Freedman-Ooguri, 2001)...
or express the 3d defect fermions in terms of (four-component) 4d spinors (DeWolfe-Mann, 2004)...
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The D3-D5 probe-brane system Probe D5-brane

The D3-D5 defect action

@ Because of the Yukawa terms in the defect action, the bulk 4d fermions 1o of N' =4 SYM (4-component spinors)
couple directly to defect 3d fermions \; (2-component spinors)...

@ We either express the bulk 4d fermions in terms of (two-component) 3d spinors (DeWolfe-Freedman-Ooguri, 2001)...
or express the 3d defect fermions in terms of (four-component) 4d spinors (DeWolfe-Mann, 2004)...

@ Here we adopt the latter approach... using the projectors Py, the (4-component) defect fermions \; should satisfy:
P =), P_\=0,

which affords a unique solution

AP = (A1, A2, = A1, A2) .
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The D3-D5 defect action

@ Because of the Yukawa terms in the defect action, the bulk 4d fermions 1o of N' =4 SYM (4-component spinors)
couple directly to defect 3d fermions \; (2-component spinors)...

@ We either express the bulk 4d fermions in terms of (two-component) 3d spinors (DeWolfe-Freedman-Ooguri, 2001)...
or express the 3d defect fermions in terms of (four-component) 4d spinors (DeWolfe-Mann, 2004)...

@ Here we adopt the latter approach... using the projectors Py, the (4-component) defect fermions \; should satisfy:
P =X, P_X\=0,
which affords a unique solution
AP = (A1, A2, = A1, A2) .
@ Accordingly, the 3d Dirac matrices can be encoded into three 4 x 4 matrices p;, which are defined as:
P =ty
They satisfy the Clifford algebra (for 4,2 = 0,1, 2),

PP + popn = 285 = 2 x diag (1, -1, -1).
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The D3-D5 defect action

@ Because of the Yukawa terms in the defect action, the bulk 4d fermions 1o of N' =4 SYM (4-component spinors)
couple directly to defect 3d fermions \; (2-component spinors)...

@ We either express the bulk 4d fermions in terms of (two-component) 3d spinors (DeWolfe-Freedman-Ooguri, 2001)...
or express the 3d defect fermions in terms of (four-component) 4d spinors (DeWolfe-Mann, 2004)...

@ Here we adopt the latter approach... using the projectors Py, the (4-component) defect fermions \; should satisfy:
P =X, P_X\=0,
which affords a unique solution
AP = (A1, A2, = A1, A2) .
@ Accordingly, the 3d Dirac matrices can be encoded into three 4 x 4 matrices p;, which are defined as:
P =,
They satisfy the Clifford algebra (for 4,2 = 0,1, 2),
PP + popn = 285 = 2 x diag (1, -1, -1).

@ We also note that bulk fields carry adjoint u(/Nc) color indices, and defect fields gm, A; carry fundamental u(Nc) color
indices. For simplicity we have also omitted the traces over the color degrees of freedom from the defect Lagrangian...
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The (D3-D5) system: bulk geometry (nonzero flux)

Despite stability, we can still add k # 0 units of background magnetic flux over the S? part of the D5-brane... The D5-brane
geometry should be determined from the equations of motion of the DBI4+WZ action:

1 2
gs = Em

Ts 6 ’
Sps = —— d det (G, 2o’ 2 FAC|, Ts=———, .
D5 s /[ ¢V/det (Gap + 2ma’ Fpp) + 27 ] 5= TP an o
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Despite stability, we can still add k # 0 units of background magnetic flux over the S? part of the D5-brane... The D5-brane
geometry should be determined from the equations of motion of the DBI4+WZ action:

1 2
gs = Em

Ts 6 /
Sps = ——> [ [d®¢\/det (G + 2mc 2ra/FAC|, Ts= —r ) .
D5 s /[ ¢V/det (Gap + 2w/ Fop) + 2max ] 5= 2 an 4

@ G, is the metric of AdSs x S® (in the conformal Poincaré frame):
2P 2 2 2 2 2 2 102 _1
ds:—z(fdt +dx§ + dx3 + dx3 + dz°) + £°dQs, z=—
z r
where the line element of the unit 5-sphere has been written as:

d02 = dip? + cos® pdQ3 + sin? ¢d€13, dQ3 = db? + sin? 6 d?.
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The (D3-D5) system: bulk geometry (nonzero flux)

Despite stability, we can still add k # 0 units of background magnetic flux over the S? part of the D5-brane... The D5-brane
geometry should be determined from the equations of motion of the DBI4+-WZ action:
L 8iu

S enpar &

T
Sps = 7—5/ [dGC\/det(Gab +27ma/ Fap) + 2ma’ F A C] , Ts
8s

@ G, is the metric of AdSs x S® (in the conformal Poincaré frame):
2P 2 2 2 2 2 2 102 _1
ds:—z(fdt +dx§ + dx3 + dx3 + dz°) + £°dQs, z=—
z r
where the line element of the unit 5-sphere has been written as:

d02 = dip? + cos® pdQ3 + sin? ¢d€13, dQ3 = db? + sin? 6 d?.

@ There are also N. units of self-dual 5-form RR flux through AdSs and S®... the 4-form potential is

1 1
=2 ——4(dt/\dx1/\d)<2/\d)<3)+ g(4w—sin4'¢1)dcos6'/\dgo/\dcosﬂ/\dx ,
z

while the components of the corresponding 5-form field strength f=dC are

fmnpqr = €mnpgr, fy.upa‘r = €uvpoT,

where Latin and Greek indices, (m, n, p, q, r) and (u, v, p, o, 7), refer to AdSs and S® respectively.
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D5-brane embedding

There are also k units of magnetic flux through the S2... forcing k out of N D3-branes to end on the D5-brane...

k k F
F=dA=— - -dcosOAdy, A= —cosf-dop, — =k (first Chern class).
2 2 e 2n
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D5-brane embedding

There are also k units of magnetic flux through the S2... forcing k out of N D3-branes to end on the D5-brane...

K & k({0 X % F
F=_. Z Eabe Xa dXp A dxc, {Fpt=—=| —x © Xa , — =k (first Chern class),
4 a,b,c=4 2 X5 —xs 0 s2 27

where a, b =4,5,6...
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D5-brane embedding

There are also k units of magnetic flux through the S2... forcing k out of N D3-branes to end on the D5-brane...

k 6 k 0 X6 —Xs F
F=-—. Z €abe Xa dxp A dxc, {Fap}=—= —Xp 0 Xa , — =k (first Chern class),
4 a,b,c=4 2 X5 —xs 0 s2 27

where a, b = 4,5,6... The geometry of the D5-brane in AdSs x S° is still AdS; x S?... its embedding is described by:

X3 =K-Z, K= —= =tana. P =0.
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The D3-D5 probe-brane system Probe D5-brane

The (D3-D5), dSCFT

@ D5-brane with flux preserves classical integrability of
open strings ( )...
Bulk  AdSes’ bs AdSxSS ® The SCFT gauge group SU(N.) x SU(N.) breaks to
e SU(Nc — k) x SU(Nc)...
(N-K) D3's @ Equivalently, the fields of ' = 4 SYM develop
‘ nonzero vevs (Karch-Randall, 2001b)... dCFT corre-

lators = Higgs condensates of gauge-invariant oper-
ators of V' = 4 SYM (Nagasaki-Yamaguchi, 2012)...

N.D3’s

AdSxS?

@ Matrix product states... overlaps with Bethe states...
Scalar one-point functions (de Leeuw, Kristjansen,
Zarembo, 2015)... closed-form det formulas... in-
tegrable quench criteria satisfied (Piroli, Pozsgay,
Vernier, 2017;

Boundarx N=4 SYM N=4 SYM
SU(N k) SU(N,) . . . .
@ Two-point functions of (spin-2) stress tensor, dis-
6%y placement operator, anomaly coefficients (

250 @ Strong-coupling computations were recently set up

3+1dim 3+1dim )

@ Before going through the weak-coupling results, we
revisit CFT and dCFT correlation functions...

defect (2+1 dim)
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The D3-D5 probe-brane system Gamma matrices

Subsection 3

Gamma matrices
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The D3-D5 probe-brane system Gamma matrices

Gamma matrices in 3 + 1 dimensions

In the Weyl (chiral) representation, the 4 X 4 gamma matrices v* (in 4-dimensional Minkowski spacetime) are given by

o_( 0 oo i 0 o _( —o0 O . 0.1.2.3
"/*(O.O 0)7 ’77(—0’; 0)7 '75*( 0 O,O)*"Y'Y'Y'Yv

where i = 1,2,3 and the Pauli matrices o, are as usual defined as

/(10 /(0 1 (0 —i /1 o0
%=\o 1) 9= {1 0 ) %27\ i o ) ={o0o -1)
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Gamma matrices in 3 + 1 dimensions

In the Weyl (chiral) representation, the 4 X 4 gamma matrices v* (in 4-dimensional Minkowski spacetime) are given by

40 = ( ;30 cgo )7 N = ( —(:)7,- C(T)i )7 s = ( —go ;)0 ) = in0y14243,
where i = 1,2,3 and the Pauli matrices o, are as usual defined as
1 0 0 1 0 —i 1 0
o=(s 1) a=(T0) w=(P ) mo(o h)
The gamma matrices obey the following Clifford algebra:
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We also define the gamma matrix commutators,

1
= Al = 5 Dl
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Gamma matrices in 3 + 1 dimensions

In the Weyl (chiral) representation, the 4 X 4 gamma matrices v* (in 4-dimensional Minkowski spacetime) are given by

o_( 0 oo i 0 o _( —o0 O . 0.1.2.3
"/7(0'0 0)7 ’77(—0’; 0)7 '75*( 0 O,O)*"Y'Y'Y'Yv

where i = 1,2,3 and the Pauli matrices o, are as usual defined as
1 0 0 1 0 —i 1 0
o=(s 1) a=(T0) w=(P ) mo(o h)
The gamma matrices obey the following Clifford algebra:
YEAY F AT = —2gM" =2 x diag (1, -1, -1,-1),  AFys 4 syt =26F.
We also define the gamma matrix commutators,
y = Al = % [vus Wl -

The charge conjugation matrix C is defined as:

0 1 0 O
. -1 0 0 O .
C=io3®oy = 0 0 0 -1 71702
0O 0 1 o

It obeys among others the following properties
Ct=C1'=-C, ,=-CyuC', A=CypCh
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The G-matrices of N =4 SYM

The 4 x 4 matrices G’ that show up in the Lagrangian density of ' = 4 SYM are given by:

1 0 —i0'3 2 0 i0'1 3 _ a2 0
= o) o= T) e=(% )
4 0 —iO’Q 5 0 —00 6 iO’Q 0
o( ) e=(2 ) e=(f )

These matrices are all antisymmetric. The first three are Hermitian, while the other three anti-Hermitian. One can work out
explicit expressions for the commutators and anticommutators of the A’ = 4 SYM G-matrices (see e.g. Buhl-Mortensen,
de Leeuw, Ipsen, Kristjansen, Wilhelm, 2016)...
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The D3-D5 probe-brane system One-point functions

Subsection 4

One-point functions
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The D3-D5 interface

@ An interface is a wall between two (different/same) QFTs...

interface @ It can be described by means of classical solutions that are known as " fuzzy-
N=4SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...
SU(N-k) | SU(N.-k) —— SU(N,)
everywhere restored
asymptotically
vev ~ © vev~1/z
everywhere Higgs branch

—0

( D kxk Opex(v,~k) )

O —tyxk O —kyx(w, k)

Nk N,
D3-branes D3-branes
z<01z>0
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Interface @ It can be described by means of classical solutions that are known as " fuzzy-
N'=4 SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...

Sge[,N;;f,)e SU(N-K) — Sgg(t{,\i‘gi @ Here, an interface (situated at z = 0) separates the SU(Nc) and

7 o SU (N, — k) regions of the (D3-D5), dCFT...
@ For no vectors/fermions, we want to solve the equations of motion for the

scalar fields of N' = 4 SYM:
d?p; ..
vev~o|\  vev~1/z M=ta=0,  TE (o]l =16
everywhere Higgs branch

-0 @ A manifestly SO(3) ~ SU(2) symmetric solution is given by (z > 0):

1 .
( () exk Orx(v 1) ) ¢ai1(z) = = O(t,)kxk 0 Ok (N — k) & o =0,
O —1yxic On ~kyx(v~1) z (Ne—k) x k (Ne—k) x (Ne —k)
N -k N Diaconescu (1996), Giveon-Kutasov (1998)
c c
D3-branes D3-branes where the matrices t; furnish a k-dimensional representation of su (2):
z<0|z>0

[t,’, tj] = iEijktk~
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“i face” . . .

Interface @ It can be described by means of classical solutions that are known as " fuzzy-
N'=4 SYM N=45YM funnel” solutions (Constable-Myers-Tafjord, 1999 & 2001)...

Sge[,N;;f,)e SU(N-K) — Sgg(t{,\i‘gi @ Here, an interface (situated at z = 0) separates the SU(Nc) and

7 o SU (N, — k) regions of the (D3-D5), dCFT...
@ For no vectors/fermions, we want to solve the equations of motion for the

scalar fields of N' = 4 SYM:
d?p; ..
vev~o|\  vev~1/z M=ta=0,  TE (o]l =16
everywhere Higgs branch

-0 @ A manifestly SO(3) ~ SU(2) symmetric solution is given by (z > 0):

((zi)m 0 ) o211 (2) _1 O(ti)kxk . O (N — k) & op =0,
O —1yxic On ~kyx(v~1) z (Ne—k) x k (Ne—k) x (Ne —k)
Nk N, Diaconescu (1996), Giveon-Kutasov (1998)
D3-branes D3-branes @ The solution also satisfies the Nahm equations:
z<0|z>0 d“O"_L.E.. .
dz 2 ijk [9017901(} )

as expected for a half-BPS interface (Gaiotto-Witten, 2008)...
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The D3-D5 probe-brane system One-point functions

One-point functions

Following Nagasaki & Yamaguchi (2012), the one-point functions of local gauge-invariant scalar operators,

C
<O(Z7X)>:Z7Aa Z>07

can be calculated within the D3-D5 defect CFT from the corresponding fuzzy-funnel solution, for example:

. sue) 1
O (2,%) = WMt (a1 . oy 1] oy WL [t Lty

interface ZL

where WH1-#L is an SO (6) symmetric tensor and the constant C is given by (MPS="matrix product state"),

1 (87T2)L/2‘<MPS|\U> { (MPS|W) = wH#igr(t, ... t,] (“overlap”) }

)

VLA R WU e
which ensures that the 2-point function will be normalized to unity (O — (27)* (L)\L)_l/2 -0):
1
(O(x1)O(x2)) = ——a>
|x1 — X2

within SU(N.), N =4 SYM (i.e. without the defect). Once more, we set x; = (zi, X;), where x; = {XSO’1’2)}.
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The D3-D5 probe-brane system One-point functions

Chiral primary operators
The one-point functions of SO(3) x SO(3) C SO(6) invariant chiral primary operators (CPOs),

2 L/2
Oceo ()= = (=) kst g (0o (),

where KH1--HL are symmetric & traceless SO(3) x SO(3) C SO(6) tensors satisfying,

6 9
2 2 2 -2
KHLBLKHL - BL = ] & Y= KM Plx oooxy,, E X, = cos” 1, E x;, = sin“ 1,
pn=4 n=7

and Y (v) is the SO(3) x SO(3) C SO(6) spherical harmonic, have been calculated at weak coupling:
1 fom\M? L2 Y1 (0)
(Ocpo (x)) = i (T) k(=177 == k< Ne— oo,

Nagasaki-Yamaguchi (2012)

where L =2j, j=0,1,... The large-k limit agrees with the supergravity calculation (details in Part IlI):

KL+ 7272\ 2 v, (0) ALy _3 (L=2)(L-3)
<OCP0(X)>=W(T) L '[1+ﬂ2k2+"'}’ Il:§+w'
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Chiral primary operators

The one-point functions of SO(3) x SO(3) C SO(6) invariant chiral primary operators (CPOs),

2 L/2
Oceo ()= = (=) kst g (0o (),

where KH1--HL are symmetric & traceless SO(3) x SO(3) C SO(6) tensors satisfying,

6 9
2 2 2 -2
KHLBLKHL - BL = ] & Y= KM Plx oooxy,, E X, = cos” 1, E x;, = sin“ 1,
pn=4 n=7

and Y (v) is the SO(3) x SO(3) C SO(6) spherical harmonic, have been calculated at weak coupling:

1 fom\M? L2 Y1 (0)
<OCP0(X)>*\7L (T) k(=177 == k< Ne— oo,

Nagasaki-Yamaguchi (2012)

where L =2j, j=0,1,... The large-k limit agrees with the supergravity calculation (details in Part IlI):

KL+ 7272\ 2 v, (0) ALy _3 (L=2)(L-3)
<OCP0(X)>=W(T) L '[1+ﬂ2k2+"'}’ Il:§+w'

We can go beyond (bulk) CPOs... by computing the one-point functions of (scalar) gauge invariant operators of N' = 4
SYM with definite scaling dimensions...
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The D3-D5 probe-brane system One-point functions

Dilatation operator

The mixing of single-trace operators O (x) is generally described by the integrable so (6) spin chain:

oo L
A n 1
D:L.H+787T2.H+ g A" D, H= § (jj+1 jj+l+2Kjaj+1)ﬂ )\:g\%MNa

n=2 j=1

Minahan-Zarembo (2002)
Beisert-Kristjansen-Staudacher (2003)
Beisert (2003)
up to one loop in NV = 4 SYM, where

Io|o..app...y =] ..0a0p...)
Pol..app...) =1|...0ppa...)
6
K-|...000p...) =0 Z|...4pc<pc...>.
c=1

The above result is unaffected by the presence of a defect (DeWolfe-Mann, 2004; Ipsen-Vardinghus, 2019)...
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Bethe eigenstates

@ In the following we will examine eigenstates of the so0(6) spin chain which can be written as:

|\|J>Ezw;(ul,uQ,m)-\o...oTo...oio...oﬂo...oi}o...),

where uy 2 3 are the rapidities of the excitations at x;. The corresponding single-trace operator is

lo...ote...0 0. . ofe. ol . )~tr [Z*l*1WZX2*X1*lszS*XZ*IWz“*XS*l?. . ] ,
X X3 X4

x1

where Z (ground state field), W, ) (excitations) are the following three complex scalars:
W=@pi+ip> ~ 1 YV=p3+ips ~ | Z=ps+tips ~ e
W=@1—ips ~ 1 V=p3—ips ~ | Z=ps—ips ~ o

@ The wavefunction 1 (u1, uz,u3) can be constructed with the (nested) coordinate Bethe ansatz (details can
be found in Basso-Coronado-Komatsu-Lam-Vieira-Zhong, 2017)...
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Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .
X3 X4

26 / 100



Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .

X1 X X3 X4

@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...

26 / 100



Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .

X1 X X3 X4

@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...

@ Start from a closed so (6) spin chain of length L:
O—O0—0O00O0O0O0 000000000

26 / 100



Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .

X1 X X3 X4

@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...

@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:
0000000000000

26 / 100



Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .

X1 X X3 X4

@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...
@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:
0000000060600 0000

Now take the N; excitations to be the ground state.
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@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...
@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:
0000000060600 0000

Now take the N; excitations to be the ground state. Excite N, sites of the new chain...

@

@
@
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The D3-D5 probe-brane system One-point functions

Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .
X1 X2 X3 X4
@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...

@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:

0000000000000 00

Now take the N; excitations to be the ground state. Excite N, sites of the new chain... or Nj3 sites:

@ @ @ 0@ ® @ @
@ @ @ 0@ @ @ @
@ 0 ® 0@ ® ® @
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@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...
@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:

0000000000000 00
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@ We end up with three sets/levels of rapidities, one rapidity for each excitation:
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each set corresponds to a simple root a1 3 of 50 (6)...
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Nesting

@ Let us first construct the kets [e...0 T o...0 [ o...0fo...0 0. ) .

X1 X X3 X4

@ Because the excitations can have 5 different polarizations, we apply a procedure called “nesting” ...
@ Start from a closed so0 (6) spin chain of length L. Excite exactly N sites of the chain:

0000000000000 00

Now take the N; excitations to be the ground state. Excite N, sites of the new chain... or Nj3 sites:

@ @ @ 0@ ® @ @

@ @ @ 0@ @ @ @

@ @ @ 0@ @ @ @
@ We end up with three sets/levels of rapidities, one rapidity for each excitation:
N- N, N:
u; = {“l,j}jzlla u = {U2,j}j:21) uz = {”3,1'}]:31’

each set corresponds to a simple root a1 3 of 50 (6)...

@ To construct the kets, we must map the sets of rapidities to the available complex scalar fields...
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The D3-D5 probe-brane system One-point functions

Rapidities & fields

@ As we've just seen, each set of rapidities can be associated to a node of the so (6) Dynkin diagram:
N
Ny (0< N <L 0K N2 < Ni/2, 0< N3 < No).
N3

@ Setting q = (1,0,0) as the highest weight of s0 (6), the total weight of the representation is given by:
w = Lg— Nias — Nraa — N3,

where a1 = (1,—1,0), a2 = (0,1, —1), a3 = (0,1, 1) are the simple roots of so (6).

27 / 100



The D3-D5 probe-brane system One-point functions

Rapidities & fields

@ As we've just seen, each set of rapidities can be associated to a node of the so (6) Dynkin diagram:
N
Ny (0< N <L 0K N2 < Ni/2, 0< N3 < No).
N3

@ Setting q = (1,0,0) as the highest weight of s0 (6), the total weight of the representation is given by:
w=Lq—- Naoai — Nax — Nzags,
where a1 = (1,—1,0), a2 = (0,1, —1), a3 = (0,1, 1) are the simple roots of so (6).
@ The corresponding Cartan charges are given by:

w = (J1,J2,53) = (L — N1, Ny — No — N3, N> — N3), h>h>J2>0.

27 / 100



The D3-D5 probe-brane system One-point functions

Rapidities & fields

@ As we've just seen, each set of rapidities can be associated to a node of the so (6) Dynkin diagram:
N>
Ny (0< M <L 0<Ny<Ni/2 0< N3 < No).
N3
@ Setting q = (1,0,0) as the highest weight of s0 (6), the total weight of the representation is given by:
w = Lg— Nias — Nraa — N3,
where a1 = (1,—1,0), a2 = (0,1, —1), a3 = (0,1, 1) are the simple roots of so (6).
@ The corresponding Cartan charges are given by:
w = (J1,J2,53) = (L — N1, Ny — No — N3, N> — N3), > >4 >0.
@ Here are the corresponding Dynkin indices:

[w-az,w-a17w~a3] = [JQ—J3,J1 —J27J2+J3] = [N1 —2No, L — 2Ny + Np + N3, Np —2N3].
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The D3-D5 probe-brane system One-point functions

Rapidities & fields

@ As we've just seen, each set of rapidities can be associated to a node of the so (6) Dynkin diagram:
N
Ny (0< N <L 0K N2 < Ni/2, 0< N3 < No).
N3

@ Setting q = (1,0,0) as the highest weight of s0 (6), the total weight of the representation is given by:
w = Lg— Nias — Nraa — N3,

where a1 = (1,—1,0), a2 = (0,1, —1), a3 = (0,1, 1) are the simple roots of so (6).

@ The s0(6) Cartan matrix is

. o 2 -1 -1 1
Mp=""2"_ 1 2 0o |, q=|[o0
e -1 0 2 0
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The D3-D5 probe-brane system One-point functions

Rapidities & fields

@ As we've just seen, each set of rapidities can be associated to a node of the so (6) Dynkin diagram:
N
Ny (0< N <L 0K N2 < Ni/2, 0< N3 < No).
N3

@ Setting q = (1,0,0) as the highest weight of s0 (6), the total weight of the representation is given by:
w = Lg— Nias — Nraa — N3,

where a1 = (1,—1,0), a2 = (0,1, —1), a3 = (0,1, 1) are the simple roots of so (6).

@ Each complex scalar field is associated to the following set of weights:

Z ~q W ~q-a Y ~q-a1—-—a

Z ~ q-20q—a;—a3 W~ q-og—az—a3 YV ~aq-—a;—as
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The D3-D5 probe-brane system One-point functions

Coordinate Nested Bethe Ansatz

Here's the nested so (6) wavefunction (in a somewhat simplified form):

1 up; +i/2 M=t
i (u1, uz, uz) ZA1 (P1) H P . Y, (U1, u2) - Ya i (U, uz),
P1j

i uLpy; —if2

where
N, ng j—1 .
1 Uap,; — U1Lp , +i/2
v w0 = S A ()] [ ettt 2
i Uapy T ULPy, /2 s, = Upy 0/
and
Uak — Uaj+ 1
A (.. )= Ak ) S (e, Uag),  Sa(Uak aj) = 22— ——

Uak — Uaj — i
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Bethe equations

@ The periodicity of the Bethe wavefunction v (at each nesting level) leads to the Bethe equations:

oL M A A .
(u1,1+l/2) _ H upi—upj+i Uy — o — /2 Uy — Uz —if2

s - s 75 =1 N =M
ui—if i UL T UL T U = gt /241w —uz+if
Ny - Ny .
upj— 4 i upj—uyx—1i/2 . _
1=]] s o i=1,...,No = Ny
I U2, T2 T U ULk +i/
N3 . N3 .
ug i —uz+i i — ULk —i/2 . _
1= _H L =1, Ns=N_,
i U3 = U = s — 2

which must be satisfied by the rapidities of the excitations/Bethe roots.

@ Because of the cyclicity of the trace, the momentum carrying roots obey the following relation:

Ny . 1

uyi+1i/2

| | ;'7% =1 < E p1,i =0 (momentum conservation),
1,i i—

where the relation of the rapidities to momenta is u, ; = 1/2 cot(p,,i/2)...

@ Solving the Bethe system fast and efficiently is a hot topic... best method we will also use: fast Bethe solver (Marboe-
Volin, 2014 & 2017; Marboe, 2017), based on the QQ system (requiring the solutions to be polynomials)...
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Bethe state overlaps

@ The matrix product state projects the 3 complex scalars on the SU(2) fuzzy funnel solution:

<MPS‘\U> _ ZL . Z " (Xk) tr {le71szz*lelyzngxzflwsz)gfly' B

1<x, <L

where the complex scalar fields Z, W, ) are expressed in terms of the su(2) matrices as follows:

ty

z

3 z2=2="5

z z

W:W: 3 y:y:

@ The corresponding matrix product state (MPS) is given by:

L

IMPS) =tr, [[[ 12, ®ts+ W), @ t1 + V), @ tr + c.c.
1=1
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The su (2) subsector

For example, let us first consider the subsector that contains only two complex scalars:
W=pitipy «— |1) ~t
ZZQO5+I'§05 — |0> ~ t3.

This is also known as the su (2) subsector of the dCFT. In the su (2) subsector, the trace operator K; j1 does
not contribute to the mixing matrix ID:

L
Hau) = Y (Ljs1 = Pij1)

j=1
This is just the Hamiltonian of the Heisenberg XXX; /> spin chain. The MPS can be written as follows:

L

IMPS) = tr, [H (Imea+ie)en)

Jj=1

I

and it corresponds to the above choice of fields.
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su (2) Bethe states

In the su (2) subsector, |W) is just the coordinate Bethe state |p):

. i
p) =91 ) > exp ’;pa(k)nk +3 > Oatrow | X0, 1P) = 1p1,p2; - pu) -

oeSy 1<m<...<ny<L Jj<k

where

IX) = |x1,x2, ..., xm)

|[e...0eTe...0Te... 0 Te. . .0)=5 ..5 |0),

XM

and the vacuum state |0) and the raising and lowering operators ST have been defined as

L
0)=@le), ST =1le) & S |e)=]1).
i=1
The matrix 6 and the normalization constant 91 are given by:

0, ui— ue+1 1 i i

=2 T =3 u=-cot? N=exp |-z > Ox
P jk s =5 5 j
J j<k
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The su(3) and so (6) subsectors

@ In the su(3) subsector all the three real complex scalars contribute:
W =1 +ip2~t, Y =p3+ips~ ta, Z = s +ipe ~ t3.

The corresponding wavefunction is constructed by means of the nested coordinate Bethe ansatz:

Ny N : Ny M2, . Simy -
C+i/2 1. o +i/2 2
P = Z A (Pl)A2 (Pz) I [H (Ul,Pl,J l/ ) H (u2,P2Y1 u1py ,/ )
k=1

P1,P, j=1j=1 UL,pyy = i/2 uz,p, ; — Ui,py ;o — i/2

Uak — Uaj+ i

A, ( kg, ) = A, ( gk .)53 (ua,k, ua,j), S, (ua,k, ua,j)

Ua k — Uaj — i

@ In the s0(6) subsector all the three real complex scalars contribute:
W=W =1 +ips~ t, V=Y=p3+ips~ ta, Z=2Z =5+ ips~ t3,

and similarly the so (6) wavefunction can be constructed by the nested coordinate Bethe ansatz.
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The D3-D5 probe-brane system  su (2), representations

Subsection 5

su(2), representations
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The D3-D5 probe-brane system  su (2), representations

k-dimensional Representation of su (2)

We use the following k x k dimensional representation of su (2):

k=1 k=1 K

i i1 i

ty = E ck,iEit1, t = E ciET, t3 = E di,i Ej
i—1 i—1 ey

ottt L _ti—t

T 2T T

- - 1 .
chi =ik =1), dk,iza(k—2l+1),

where EJ’ are the standard matrix unities that are zero everywhere except (i, j) where they're 1.
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The D3-D7 defect

Section 5

The D3-D7 defect
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The D3-D7 defect The D3-D7 geometries

S* geometry
Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (§)4 & = 4rg N 2,
that is AdSs x S in the so-called Poincaré coordinates:

st = " (—dt? + dx3) + e (dr® + r?dQ3) = - (—dt? + dx3) + e D odx
iz 3T 2 ¥ p 3 r2 4

2 _ 2 2 2 2 _ 2 2
where x3 = xi + x5 +x3 and r* =3 + ...+ x5.
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The D3-D7 defect The D3-D7 geometries

S* geometry
Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

2\
ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (7) , 0t =4mgNed,
r
that is AdSs x S in the so-called Poincaré coordinates:

2 2 2 e 2,202 r’ 2 2 23 2
ds :ﬁ(—dt +dx) + 5 (dr +rd§25)zz—2(—dt +dx3)+ﬁ2dx,,
i=4

where x% = Xl2 + X22 + )(32 and r2 = XZ +...+ x92. If we set r2 = p2 + x92, the metric becomes:

2 82
ds? = ;7 (—de® + b + b3 + b3) + 5 (dp” + P0G + o)
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S4 t
geome I’y

Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

4
ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (f) , 0% = 4mgs N2,
r

that is AdSs x S in the so-called Poincaré coordinates:

2 2 2 e 2,202 r? 2 2 23 2
ds :ﬁ(—dt +dx) + 5 (dr +rd§25):€—2(—dt +dx3)+ﬁ2dx,,
i=4

where x% = X12 + X22 + x32 and r2 = XZ +...+ x92. If we set r2 = p2 + X92, the metric becomes:

2 82
ds? = ;7 (—de® + b + b3 + b3) + 5 (dp” + P0G + o)

Now insert a single D7-brane at x3 = x9 = 0:

x1 | x| x3 | xa | x5 | X6 | x| xg | xo
D3 . . . °

D7 . . . . . ° . .
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The D3-D7 defect The D3-D7 geometries

S* geometry

Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

2\
ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (7) , 0t =AngiNetd,
r
that is AdSs x S in the so-called Poincaré coordinates:
> 1P 2 2 2 2 2 102 r’ 2 2 e 2
s’ = (—dt? + dx3) + = (dr* + r?dQ2) = 7 (—dt? + dx3) +ﬁ2dx,-,
i=4

% = X12 —|-X22 + x32 and r2 = XZ +. +xg If we set r2 = p + X%, the metric becomes:

ds® [2( dt? +dx1+dxz+gxz>+—(dr +rdQ2+ng)

Now insert a single D7-brane at x3 = x9 = 0:

where x

X1 | X2 | x3 | xa | x5 | Xe | X7 | X8 | Xo

D3 . . . °

D7 ° . . . . ° . .
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The D3-D7 defect The D3-D7 geometries

S* geometry

Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

2\
ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (7) , 0t =AngiNetd,
r
that is AdSs x S in the so-called Poincaré coordinates:

2 2 2 e 2,202 r? 2 2 23 2
ds :ﬁ(—dt +dx) + 5 (dr +rd§25):€—2(—dt +dx3)+ﬁ2dx,,
i=4

where x% = X12 + X22 + x32 and r2 = XZ + ...+ xgz. If we set r2 = p2 + X%, the metric becomes:

r? 22
ds? = {?2 (—dt? + dx? + dx) + = dr2} + 2d03.

Now insert a single D7-brane at x3 = x9 = 0. The geometry it sees is AdS; x S*.

t X1 X2 X3 X4 X5 X6 X7 Xg X9
D3 . . . °

D7 . . . . . ° . .
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The D3-D7 defect The D3-D7 geometries

S* geometry

Start again from the near-horizon geometry (r — 0) of a system of N, coincident D3-branes,

4
ds? = H™Y2 (—dt? + dx3) + HY? (dr? + r?dQ2), H(r)=1+ (f) , 0% = 4mgs N2,
r

that is AdSs x S in the so-called Poincaré coordinates:

2 2 2 e 2,202 r? 2 2 23 2
ds :ﬁ(—dt +dx) + 5 (dr +rd§25):€—2(—dt +dx3)+ﬁ2dx,,
i=4

% = X12 —|-X22 +x§ and r2 = XZ + ... +x92. If we set r2 = p2 + X%, the metric becomes:

where x

r? 22
ds? = {?2 (—dt? + dx? + dx) + = dr2} + 2d03.

Now insert a single D7-brane at x3 = x9 = 0. The geometry it sees is AdS; x S*.

t X1 X2 X3 X4 X5 X6 X7 Xg X9
D3 . . . °

D7 . . . . . ° . .

The same result is of course obtained from the DBI analysis (Davis-Kraus-Shah, 2008; Myers-Wapler, 2008)...
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S? x S? geometry
Start from the metric of AdSs x S°:
ds® = ez (—dt? + dx3) + - (dr + r?dQ3) = ; (—dt? + dx3) + fz de?

where r? :xf—i—...—&-xg and
Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.

Then the metric of AdSs x S° is written as:

2
ds® = { 2 (- dt? + dxf + d + dx3) + ¢ 5 dr } + 2 (dwz + cos® dQ3 + sin? wdQ%) .
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S? x S? geometry
Start from the metric of AdSs x S°:
ds® = ez (—dt? + dx3) + - (dr + r?dQ3) = ; (—dt? + dx3) + fz de?

where r2:xf+...+x§ and

Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.

Then the metric of AdSs x S° is written as:

2 ~
ds® = { 2 (- dt? + dxf + d + dx3) + ¢ 5 dr } + 2 (dwz + cos® dQ3 + sin? wdQ%) .

Now insert a single D7 brane at x3 =0, ¢ = 7/4...
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The D3-D7 defect The D3-D7 geometries

S? x S? geometry

Start from the metric of AdSs x S°:

dz_’2 2 2 2 2 zﬂz_rz 2 2 £ 2
s? = 75 (—dt? + dxg) + = (dr’ + r?dQF) = 5 (—dt +dx3)+r—22dx,-,
i=4

where r2:xf+...+x§ and

Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
X7

rsinysindcosy, xg = rsinysindsiny, xg = rsiny cosd.

Then the metric of AdSs x S° is written as:

ds? = {g <—dt2 +dx® + dd +gx§') + g dr2} + g {%Jr;es%ﬁdng +;L%dﬁ§}.

Now insert a single D7 brane at x3 = 0, ¢ = 7/4... The D7-brane geometry is AdS; x S? x S2...
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The D3-D7 defect The D3-D7 geometries

S? x S? geometry

Start from the metric of AdSs x S°:

9
r2 2

22 r? 14
7 (—dt? + dx3) + = (dr* + r?dQ3) = 7 (—dt? + dx3) + > D dx,

ds? =
i=4
wherer2:xf+...+x§and
Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.

Then the metric of AdSs x S° is written as:
r

ds? = {72 (~de? + dxf + o + o) + f—z dr2} + g {967 + co 7003 + 5 T3}

Now insert a single D7 brane at x3 = 0, 1) = 7w/4... The D7-brane geometry is AdS, x S? x S2...

Same result follows from
the DBI analysis (Bergman-Jokela-Lifschytz-Lippert, 2010)...
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The D3-D7 defect The D3-D7 geometries

S? x S? geometry

Start from the metric of AdSs x S°:

9
r2 2

22 r? 14
7 (—dt? + dx3) + = (dr* + r?dQ3) = 7 (—dt? + dx3) + > D dx,

ds? =
i=4
wherer2:xf+...+x§and
Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.

Then the metric of AdSs x S° is written as:

r

ds? = {72 (~de? + dxf + o + o) + f—z dr2} + g {967 + co 7003 + 5 T3}

Now insert a single D7 brane at x3 = 0, 1) = 7w/4... The D7-brane geometry is AdS, x S? x S2...

Same result follows from
the DBI analysis (Bergman-Jokela-Lifschytz-Lippert, 2010)...

@ The two S?'s have equal sizes and sit on the equator of S°...
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The D3-D7 defect The D3-D7 geometries

S? x S? geometry

Start from the metric of AdSs x S°:

9
r2 2

22 r? 14
7 (—dt? + dx3) + = (dr* + r?dQ3) = 7 (—dt? + dx3) + > D dx,

ds? =
i=4
where r? :xf—i—...—&-xg and
Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.
Then the metric of AdSs x S° is written as:
r

ds? = {72 (~de? + dxf + o + o) + f—z dr2} + g {967 + co 7003 + 5 T3}

Now insert a single D7 brane at x3 = 0, 1) = 7w/4... The D7-brane geometry is AdS, x S? x S2...

Same result follows from
the DBI analysis (Bergman-Jokela-Lifschytz-Lippert, 2010)...

@ The two S?'s have equal sizes and sit on the equator of S°...

@ The configuration is again unstable towards slipping off each side of the equator...
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The D3-D7 defect The D3-D7 geometries

S? x S? geometry

Start from the metric of AdSs x S°:

9
r2 2

22 r? 14
7 (—dt? + dx3) + = (dr* + r?dQ3) = 7 (—dt? + dx3) + > D dx,

ds? =
i=4
where r? :xf—i—...—&-xg and
Xs = rcosisinfcosp, x5 =rcosipsinfsingp, xg = rcosy cosb,
x7 = rsinysindcosy, xg=rsinysindsiny, xg = rsiny cosd.
Then the metric of AdSs x S° is written as:
r

ds? = {72 (~de? + dxf + o + o) + f—z dr2} + g {967 + co 7003 + 5 T3}

Now insert a single D7 brane at x3 = 0, 1) = 7w/4... The D7-brane geometry is AdS, x S? x S2...

Same result follows from
the DBI analysis (Bergman-Jokela-Lifschytz-Lippert, 2010)...

@ The two S?'s have equal sizes and sit on the equator of S°...
@ The configuration is again unstable towards slipping off each side of the equator...

@ The D7-brane can be stabilized by adding k units of abelian flux on each S2...
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The D3-D7 system

The probe D7-brane geometry is either AdS, x S? x S? or AdSs x S*. The brane sits at x3 = xo = 0:

t X1 X2 X3 X4 X5 X6 X7 Xg X9
D3 || e | @ ° °

D7 ° ° ° ° ° ° ° °

Again there’s a tachyonic instability... this time it violates the BF bound and the brane is unstable (Davis-Kraus-
Shah, 2008; Myers-Wapler, 2008; Bergman-Jokela-Lifschytz-Lippert, 2010)...
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The D3-D7 system

The probe D7-brane geometry is either AdS, x S? x S? or AdSs x S*. The brane sits at x3 = xo = 0:

t X1 X2 X3 X4 X5 X6 X7 Xg X9
D3 || e | @ ° °

D7 ° ° ° ° ° ° ° °

Again there’s a tachyonic instability... this time it violates the BF bound and the brane is unstable (Davis-Kraus-
Shah, 2008; Myers-Wapler, 2008; Bergman-Jokela-Lifschytz-Lippert, 2010)... To stabilize it we add:

@ An instanton bundle on the S* component of the AdS; x S* probe D7-brane, with instanton number dg:

1
de=>(n+1)(n+2)(n+3).
6= g (n+1)(n+2)(n+3) Myers-Wapler (2008)

@ ki units of U(1) flux on each of the S?> components of the AdS; x S? x S? probe D7-brane...
Bergman-Jokela-Lifschytz-Lippert (2010)
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The (D3-D7)k system

Same picture as before: begin with SU(N.) x SU(N.), N =4 SYM,

D7
Bulk A4S AdSgxS?
—— 5
5]
=
<
N.D3’s S5 N.D3’s
o
=t
=
<
Boundarx N=4 SYM N=4 SYM
SU(N,) 7 SU(N,)
5|
71 txvy
g
3 z>0
3+1dim 3+1dim
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The D3-D7 defect The D3-D7 geometries

The (D3-D7)k system

End up with SU(N. — k) x SU(N.), k = ki - ko or k =dg = (n+1)(n+2)(n+3) /6 (k < Nc — o0):

D7
Bulk AdSgxS° AdSgxS°
s
=
)
(N.-k) D3’s =
S5 N.D3’s
BN
X
A
o
<<
Boundarx N=4 SYM N=4 SYM
SU(N k) 7 SU(N,)
S
71 txy
g
3 z>0
3+1dim 3+1dim
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(D3-D7) solutions

For no vectors/fermions, we want to solve the equations of motion for the scalar fields of ' =4 SYM:

dng,'
dz?

= [¢i, @i, eill, ij=1,...,6.
We find two solutions (Kristjansen-Semenoff-Young, 2012):
_% {(ti)kl ® 1‘(2} D O(Ne—kko), =1,2,3

SU(2) x SU(2): i = . .
Tz {ﬂkl ®(t’-)k2} @O(NC*klkz)‘ ! :45“6

S0(5): wi= i=1,...,5 =0,

where the matrices t; furnish a kj-dimensional (i = 1,2) representation of su(2)...
[ti, t]] = ieijite,

and the five d¢ x dg matrices G; are known as “fuzzy” S* matrices...
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

Subsection 2

Symmetrized direct products & fuzzy S* matrices
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

Symmetrized direct products

Consider the following symmetrized matrix direct product

sym

where the A's are k x k matrices. In Dirac’s notation this can be written as follows:
sm (it iy in AD @ AP @ @ A o n) g s i e = 1,2,k
with

|J17J27"'7J”>sym = \/72' (.]1) J(J2 (J ))7

where || (j)|| gives the number of permutations of (ji,j2,. .., n). For n=k =2,

(L) AQ), 4 )

(1) (2) A AT AT A (1) A(2)

A A 12 ll\/§ 11 7112 A12 A12
AW 5 () +A( b A2 AL 4D, 4D 42)

21 \/E 11 A1 %(A%)Aﬁ) + Agll)Ag) + A§12)A£21) + Agll)A(222)) 22 12\5 12 A2
A A AR AL 42 R
MDA ) ADAZ
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

Symmetrized direct products

The dimension equals the # of different arrangements of n stars and k — 1 bars (k multichoose n)

<<ﬁ>> ) (n+:_l> = ((i)) - (Hi_l) %(”+1)(”+2)(n+3):dc.

Here's the dimensionality of the symmetrized matrix product for various k's and n's:

k/n| 1 2 3 4 5 6 7 8 9 10
1 1 1 1 1 1 1 1 1 1 1
2 2 3 4 5 6 7 8 9 10 11
3 3 6 10 15 21 28 36 45 55 66
4 4 10 20 35 56 84 120 165 220 286
5 5 15 35 70 126 210 330 495 715 1001
6 6 21 56 126 252 462 792 1287 2002 3003
7 7 28 84 210 462 924 1716 3003 5005 8008
8 8 36 120 330 792 1716 3432 6435 11440 19448
9 9 45 165 495 1287 3003 6435 12870 24310 43758
10 | 10 55 220 715 2002 5005 11440 24310 48620 92378
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

The fuzzy S* matrices: construction

The five fuzzy d x d¢ dimensional S* matrices G; = nX;/r obey the following properties:

Castelino-Lee-Taylor (1997)

@ Spherical locus: XP + X2 + X2 + XZ + X2 =rL

@ Longitudinal 5-brane charge: €jimXi Xj Xk X; = aXm.

@ Local flatness . ..
@ Rotational invariance: RyX; = U(R)- Xi- U (R™"),

where Rjj is an element of SO(5) and U (R) is a d¢ dimensional unitary representation of SO(5).
@ Spectrum ...
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

The fuzzy S* G-matrices

Here's the definition of the five dg x dg fuzzy S* matrices (G-matrices) G;:

n factors
—_—
G=|[7911®.. M+ Rvy®..0 M1+ .. +14Q ... 14a®@; (i=1,...,5),

n terms sym

Castelino-Lee-Taylor (1997)

where ~; are the five 4 x 4 Euclidean Dirac matrices:

L 0 —iO’,‘ P o 0 1|.2 _ 12 0
’71_(,'07 0 )7 1_172733 ’74_(]12 0)7 75_<0 _]12>7

and o; are the three 2 x 2 Pauli matrices. The ten commutators of the five G-matrices,
1
Gj =516, G,
furnish a dg-dimensional (anti-hermitian) irreducible representation of so (5) ~ sp (4):

[Gij, Gl = 2 (6 Gir + 0it Gjx — 0 Gjy — 91 Gixc) -
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The D3-D7 defect

The fuzzy S* G-matrices

(n+1)(n+2)(n+3)/6:

The dimension of the G-matrices is equal to the instanton number dg
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The D3-D7 defect Symmetrized direct products & fuzzy S* matrices

The real diagonal matrices Gsp

The elements the diagonal matrices Gs(, are:

n dg GS( n)

1 4 {-1,-1,1,1}
2 10 {-2,-2,-2,0,0,0,0,2,2,2,2}
3 20 {-3,-3,-3,-3,—1,—-1,—-1,—1,—-1,—1,1,1,1,1,1,1,3,3,3,3}

4 35 {—4,—-4,—-4,—-4,—-4, -2, -2, -2, -2, -2, -2,-2,-2,0,0,0,0,0,0,0,0,0,2,2,2,2,2,2,2,2,4,4,4,4,4}

Therefore the general form of the matrices Gs(,) is the following (for j =1,2,...,n4 1):

Gs(n):2{ }{—7+1 } {—g+1—1}{ }{2 }}

(n+1) terms 2n terms Jj-(n—j+2) terms 2n terms (n+1) terms
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The D3-D7 defect One-point functions

Subsection 3

One-point functions

49 / 100



The D3-D7 interface: SU(2) x SU(2) symmetry

N=4 SYM
SU(N,-k;ky)

everywhere

Vev ~ o
everywhere

Nc_klkz
D3-branes

“interface”
N=4 SYM
SU(N -k;k,) — SU(N,)

restored
asymptotically

vev~1/z

Higgs branch
—0

e Orex(v -1y
O —iyxie Ogn_~1yx(v ~k)
NC
D3-branes

z<0

z>0

To compute correlation functions in the dCFT that is dual to the SU(2) x
SU(2) symmetric D3-D7 system, we set up the corresponding interface...

The interface (placed at z = 0) separates the SU (N¢) and SU (N¢ — ki ko)
regions of the (D3-D7), s, dCFT... It will be described by a fuzzy funnel
solution...

For no vectors/fermions, we want to solve the equations of motion for the
scalar fields of N’ = 4 SYM:

d?pi
dz?

= [¢j; [0jril]l, ij=1,...,6.

The wanted SU(2) x SU(2) C SU(3,2) x SU(2) x SU(2) solution is:

[(t/')kl ® ﬂkQ} O ONe—k k), =1,2,3
wi(z) = = X ) )
[1h ® (6)1,] © O —kyr) 1= 4,5,6.

Kristjansen-Semenoff-Young (2012)

The defect CFT is not supersymmetric so that the interface does not satisfy
the Nahm equations...
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The D3-D7 interface: SO(5) symmetry

@ The interface for the dCFT that is dual to the SO(5) symmetric D3-D7
“interface” system (placed at z = 0) separates the SU (N¢) and SU (Nc — dg) regions
of the (D3-D7)4. dCFT... It will be described by a fuzzy funnel solution...

N=4 SYM N=4 SYM
SU(N-dg) | SU(N-d;) — SU(N,) @ For no vectors/fermions, we solve the equations of motion for the scalar
everywhere restored fields of N = 4 SYM:
asymptotically
d?p; ..
Ay =1 =0, a2 :[c,oj,[goj,tp;”, ihj=1,...,6.
Z
vev ~ vev~1/z @ A manifestly SO(5) C SO(3,2) x SO(5) symmetric solution is given by:
everywhere Higgs branch G
i D O(Ne—dg) x (N —dg)
-0 i (2) = ———Wemde)x(Nemde) G _q 5 p5=0
59!( ) \/éz ) ¥e6
<(Gi)da><dc Oasx(v ~dg) ) Kristjansen-Semenoff-Young (2012)
Ow ~dgyxds  Owe-deyx(w,~dg)
@ Once more, the defect CFT is not supersymmetric so that the interface
N-dg N, does not satisfy the Nahm equations...
D3-branes D3-branes

The five dg X dg matrices G; are known as the “fuzzy” S* matrices...

z<0]z>0
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The D3-D7 defect One-point functions

One-point functions

One-point functions of local gauge-invariant scalar operators,

C
<O(Z7X)>:Z7Aa Z>07

can again be calculated within the D3-D7 defect CFT from the corresponding fuzzy funnel solution...

o 1 o
O (z,x) = V" "Ltr [ ... 0] S06), S0B)x300B) 2 ity [y ... 7]

interface ZL

where the matrices 7; are defined in terms of the corresponding fuzzy funnel solution:

Gi/V/3, i=1,...,5

0. i—6 ,  SO(5) symmetric interface

Ti =

(t‘,')k1 Q1L | ® O(Nc*k1k2)v i=1,2,3

) , SO(3) x SO(3) symmetric interface.
]lkl ®(tf)k2 @O(chklkz)y 1 :47576

Again, W is an 50 (6)-symmetric tensor and the constant C is given by (MPS="“matrix product state”),

e 1 <7r2>“2 (MPS|W) {<MPS|w>=wf1~~-’ttr[c,-1...c,-L1 (“overlap")}

VLA (Wjw)z (W) = wiiy,
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The D3-D7 defect One-point functions

Chiral primary operators
The one-point functions of SO(5) C SO(6) invariant chiral primary operators (CPOs),

2 L/2
Oceo () = 7 () Kbty (09 (4],

where KH1--HL are symmetric & traceless SO(5) C SO(6) tensors satisfying,
9
Kt giete =1 & Y =KMo, g, > xE =1,
pn=4

and Yy () is the SO(5) C SO(6) spherical harmonic, have been calculated at weak coupling:

do (ﬂ%c)” YL (0)

VL h L -(n+1)(n+2)(n+3) < Ne — oo,

ca=n(n+4), dg=

(Ocpo (x)) =
Kristjansen-Semenoff-Young (2012)
where n=1,2,..., L =2j, j=0,1,... The large-n limit agrees with the supergravity calculation:

n—soo YL (0 m2n? L2 n3
(Ocpo (%)) ——— i&)( X ) e

Once more, we can go beyond CPOs ( )...
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The D3-D7 defect One-point functions

Chiral primary operators
The one-point functions of SU(2) x SU(2) C SO(6) invariant chiral primary operators (CPOs),

2 L/2
Oceo ()= 7 () Kttty (09 (4],

where KH1--HL are symmetric & traceless SO(3) x SO(3) C SO(6) tensors satisfying,

6 9
KM B HL B — ] & Y= KFUYBlxg oooxyy, E xﬁ = cos? 9, E Xﬁ = sin’ ¢y,
n=4 pn=7

and Yy () is the SO(3) x SO(3) C SO(6) spherical harmonic, have been calculated at weak coupling:

L2
k1 k: 272 (k2 4+ k2 Y, ko / k

(Ocpo () = Kk (2 (K +H5) ) 7 Vi Garetan (o)) o, s oo,
VL A zt

Kristjansen-Semenoff-Young (2012)

where L =2j, j=0,1,... The large-n limit completely agrees with the supergravity calculation...
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The D2-D4 defect

Section 6

The D2-D4 defect
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The AdS/CFT correspondence

We are interested in defect CFTs which are holographic, i.e. avatars of higher-dimensional gravitational theories that live
in curved spacetimes...
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The D2-D4 defect =~ AdS4/CFT3 duality

The AdS/CFT correspondence

We are interested in defect CFTs which are holographic, i.e. avatars of higher-dimensional gravitational theories that live
in curved spacetimes...

The prototype of holographic dualities is the AdSs/CFT4 correspondence:

N =4, su(Nc) super Yang-Mills theory in 4d < Type IIB superstring theory on AdSg x s°

Maldacena (1997)
the spectrum of which is quantum integrable in the planar ('t Hooft/large-N;) limit Ne — oo, A = g2, N. = const.

Minahan-Zarembo (2002), Beisert-Kristjansen-Staudacher (2003), Beisert (2003)
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The D2-D4 defect ~ AdS4/CFT3 duality

The AdS/CFT correspondence

We are interested in defect CFTs which are holographic, i.e. avatars of higher-dimensional gravitational theories that live
in curved spacetimes...

The prototype of holographic dualities is the AdSs/CFT4 correspondence:

N =4, su(Nc) super Yang-Mills theory in 4d < Type IIB superstring theory on AdSg x s°

Maldacena (1997)
the spectrum of which is quantum integrable in the planar ('t Hooft/large-N;) limit Ne — oo, A = g2, N. = const.

Minahan-Zarembo (2002), Beisert-Kristjansen-Staudacher (2003), Beisert (2003)
There also exists an AdS4/CFT3 duality... reading, for k%> N,:

N =6, U(Nc), x U(Nc)fk super Chern-Simons o Type A string theory on AdS, x CP3 with N,
theory in 3d with Chern-Simons levels + k € Z units of flux in AdSs and k units in CP3

Aharony-Bergman-Jafferis-Maldacena (2008)
the spectrum of IIA/ABJM is also quantum integrable in the planar limit k, Nc — oo, A = g& N = const. (g% = 1/k).

Minahan-Zarembo (2008), Gaiotto-Giombi-Yin (2008), Bak-Rey (2008)
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)

@ The duality emerges in the low-energy limit of N. coincident M2-branes...
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)

@ The duality emerges in the low-energy limit of N. coincident M2-branes... the M2-branes live in an 8d
transverse toric hyper-Kahler manifold with an R®/Z = C*/Zy singularity...

Gauntlett-Gibbons-Papadopoulos-Townsend (1997)
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)

@ The duality emerges in the low-energy limit of N. coincident M2-branes... the M2-branes live in an 8d
transverse toric hyper-Kahler manifold with an R®/Z = C*/Zy singularity...

Gauntlett-Gibbons-Papadopoulos-Townsend (1997)

@ For N. — oo the system becomes M-theory on AdS, X S7/Zk with N¢ units of flux on AdS;...
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)

@ The duality emerges in the low-energy limit of N. coincident M2-branes... the M2-branes live in an 8d
transverse toric hyper-Kahler manifold with an R®/Z = C*/Zy singularity...

Gauntlett-Gibbons-Papadopoulos-Townsend (1997)
@ For N. — oo the system becomes M-theory on AdS, X S7/Zk with N¢ units of flux on AdS;...

@ For k =1 the duality implies:
N = 8 superconformal field theory (SCFT) < M-theory on AdS, x S’ (Maldacena, 1998)
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M/ABJM correspondence

In its full version, the AdS4/CFT3 duality takes the form of the M/ABJM correspondence:

N =6, U(Nc), x U(Nc)_, super Chern-Simons M-theory on AdS, x S’ /Zy
theory in 3d with Chern-Simons levels + k € Z with N¢ units of flux in AdSs

Aharony-Bergman-Jafferis-Maldacena (2008)

@ The duality emerges in the low-energy limit of N. coincident M2-branes... the M2-branes live in an 8d
transverse toric hyper-Kahler manifold with an R®/Z = C*/Zy singularity...
Gauntlett-Gibbons-Papadopoulos-Townsend (1997)
@ For N. — oo the system becomes M-theory on AdS, X S7/Zk with N¢ units of flux on AdS;...
@ For k =1 the duality implies:
N = 8 superconformal field theory (SCFT) < M-theory on AdS, x S’ (Maldacena, 1998)

@ For k = 2, the dual gauge theory becomes the so-called BLG theory:
N =8, su(2) x su(2) Bagger-Lambert-Gustavsson theory < M-theory on AdS, x S /Zs
Bagger-Lambert (2007) & Gustavsson (2007)
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The D2-D4 defect =~ AdS4/CFT3 duality
D2-branes

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...
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The D2-D4 defect =~ AdS4/CFT3 duality
D2-branes

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N, 1/4
= (j) 0

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...

@ The D2-branes curve the spacetime around them and the resulting geometry becomes singular at the origin
where the branes are located...
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D2-branes

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...

@ The D2-branes curve the spacetime around them and the resulting geometry becomes singular at the origin
where the branes are located...

@ Close to the horizon the spacetime becomes AdS,; x CP3, the metric of which is given by:
2 P 2 2 2 2 2| g¢2 2p 2 1 1 2
ds® =— (—dxg + dxi + dx3 + dz*) + 40% | d&® + cos® € sin® £ ( dvp + 5c0561 do1 — Ecosez doa | +
z
1 2 2 2 2 1 s 2 2 . 2 2
+4 cos® &( dO5 +sin® 01 dg3 ) + 2 sin £(d03 +sin®62d¢3) |,

where £ € [0,7/2), 612 € [0,7], ¢1,2 € [0,27) and ¢ € [—27, 27].
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ABJM theory

Consider the 11A/ABJM correspondence we have just mentioned in its integrable limit:

N =6, U(N), x U(Nc)iksuper Chern-Simons - Type lIA string theory on AdS, x CP* with N
theory with k, N — 0o & A\ = N./k = const. units of flux in AdSs and k units in CP?

Aharony-Bergman-Jafferis-Maldacena (2008)
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ABJM theory

Consider the 11A/ABJM correspondence we have just mentioned in its integrable limit:

N =6, U(N), x U(Nc)iksuper Chern-Simons - Type lIA string theory on AdS, x CP* with N
theory with k, N — 0o & A\ = N./k = const. units of flux in AdSs and k units in CP?

Aharony-Bergman-Jafferis-Maldacena (2008)
On the one side of the duality lies a 3-dimensional superconformal gauge theory:

k v 2i A a 20 A A
Lagim = E . |:EM ptr{AuauAp + ?’AHAVAP - A[,LBL/AP - glA,uAuAp} — tr{ (D,u YB)T D" Ye+

+i1/1;§17)1/15} — Vierm — Vbos}, where B=1,...,4, D,Y =0,Y +iA,Y — iYA,,
and the potential contains mixed quartic and sextic bosonic terms which read

i
Vierm= 5tr{ Y Yavhie — YaYivevh +2YaYivavh — 2V Yevhys — AP Y wgYiyp + ABP yAwgyw;}

1
Vios = —Etr{ YaY YeYEYe Y+ YIVaYiYeY Yo +avaYiveyiveyl - 6YAY;YBY;{YCY2}.
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IIA/ABJM correspondence

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...
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IIA/ABJM correspondence

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...

@ Field content: 2 gauge fields AM,/A\H, 4 complex scalars Y4 and 4 Weyl spinors 4.
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The D2-D4 defect =~ AdS4/CFT3 duality

IIA/ABJM correspondence

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...
@ Field content: 2 gauge fields AM,/A\H, 4 complex scalars Y4 and 4 Weyl spinors 4.
@ Global symmetry group is OSP(2,2|6) for k > 2, enhanced to OSP(2,2|8) for k =1, 2.
Bosonic subgroup: SP(2,2) x SO(6), where SP(2,2) ~ SO(3,2) and SO(6) ~ SU(4).
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@ Field content: 2 gauge fields AM,/A\H, 4 complex scalars Y4 and 4 Weyl spinors 4.
@ Global symmetry group is OSP(2,2|6) for k > 2, enhanced to OSP(2,2|8) for k =1, 2.
Bosonic subgroup: SP(2,2) x SO(6), where SP(2,2) ~ SO(3,2) and SO(6) ~ SU(4).

@ Absorbing the CS level k into quadratic terms, interaction terms of order n are multiplied by k~("/2=1
g2, = 1/k is the ABJM coupling and X = g2,N. = N./k is the ABJM 't Hooft coupling...
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@ Absorbing the CS level k into quadratic terms, interaction terms of order n are multiplied by k~("/2=1
g2, = 1/k is the ABJM coupling and X = g2,N. = N./k is the ABJM 't Hooft coupling...

@ ABJ theory: gauge group U (M.), x U(Nc)_, with two 't Hooft couplings A = M./k and X = N /k.
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IIA/ABJM correspondence

@ String theory limit: for k*> > N, M-theory on the rhs of the duality becomes weakly coupled...

N4

so that M/ABJM duality becomes [IA/ABJM... M2-branes get replaced by D2-branes...
@ Field content: 2 gauge fields AM,/A\H, 4 complex scalars Y4 and 4 Weyl spinors 4.
@ Global symmetry group is OSP(2,2|6) for k > 2, enhanced to OSP(2,2|8) for k =1, 2.
Bosonic subgroup: SP(2,2) x SO(6), where SP(2,2) ~ SO(3,2) and SO(6) ~ SU(4).

@ Absorbing the CS level k into quadratic terms, interaction terms of order n are multiplied by k~("/2=1
g2, = 1/k is the ABJM coupling and X = g2,N. = N./k is the ABJM 't Hooft coupling...

@ ABJ theory: gauge group U (M.), x U(Nc)_, with two 't Hooft couplings A = M./k and X = N /k.

@ Deformed ABJM: CS levels k and k do not sum to zero... less supersymmetry... no integrability...
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The D2-D4 defect =~ The D2-D4 geometries

Subsection 2

The D2-D4 geometries
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The D2-D4 probe-brane system

Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

E AdS,xCP3
N, D2-branes |

t| x| x|z | &6 ]| 1| 02| P2 | ¥
D2 . ° °

The D2-branes extend along x1, x2...
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The D2-D4 probe-brane system

Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

HI
D4-brane\ ‘A_dS.V(C[P

N, D2-branes |
Now insert a single D4-brane at x; =& =0 = ¢pp = = 0...

x1 | x |z | &0 | ¢1| 0| ¢ |
D2 . ° °
D4 ° . . ° °
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Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

HI
D4-brane\ ‘A_dS.V(C[P

N, D2-branes |
Now insert a single D4-brane at x; = £ = 6 = ¢ = b = 0... its geometry will be AdS3 x CP!...

x1 | x |z | &0 | ¢1| 0| ¢ |
D2 . ° °
D4 ° . . ° °
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The D2-D4 probe-brane system

Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

3
Dt-brane.___ ,“ES"XC[P

N_D2-branes
—

The probe D4-brane lies at x; = £ = 62 = ¢p = 1) = 0... its geometry will be AdS3 x CP!...

2 1 1 2
ds® =— (—dx§ + dx} + dg + dz°) + 46 {d§2 + cos? € sin? ¢ (dzp + 5 cos 61 dpy — 5 cos 6> d¢2) +
V4
1 1
+2 cos? € (df3 + sin? 01 d3) + 2 sin? € (d63 + sin® 0, d¢3) } ,

where g € [077‘-/2)7 01,2 € [077T]7 ¢1,2 S [0727T)7 w € [7271—727"]'
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Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

D4-brane
N

. AdS,xCP3
N_D2-branes -

—

The probe D4-brane lies at x; = £ = 62 = ¢p = 1) = 0... its geometry will be AdS3 x CP!...

2 1 1 2
ds? == ( — dxgvdxf—o—dxg + d22)+4€2 {d{z + cos? 13 sin? 13 <du + 3 cosfi dp1 — > cos 0> d02> +
z
1 1
< Zlcoszg(def +sin® 01 d¢?) 4 . sin® € (d63 + sin? 6, d<>§)},
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The D2-D4 probe-brane system

Type A string theory on AdS; x CPP3 is encountered very close to a system of N coincident D2-branes:

Mink,,

3
D4-brane ‘A_dS‘V(C[P

~N

N, D2-branes |
The probe D4-brane lies at x; = & = 0 = ¢p = ¢ = 0... its geometry will be AdS3 x CP!

2
ds? = — (—dxg + &3 + dz®) + €2 (dOF + sin® 01 d).
z

Note that CP" is just a 2-sphere: ds?u = €2 (d63 +sin? 01 d¢3) = S0, dxidxi, S0, xix = 2.
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D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP?...
F=0Qdcosbh Adgr = —0* Q sinbr db1 dy = dA.

The flux forces exactly g = v2A Q of the D2-branes to terminate on one side of the D4-brane...
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D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP?...
F=0Qdcosbh Adgr = —0* Q sinbr db1 dy = dA.

The flux forces exactly g = v2A Q of the D2-branes to terminate on one side of the D4-brane...

The AdS; x CP'C AdS. x CP3 embedding of the probe D4-brane is described by the set of equations:

xx=Q: z & £E=0, 02, ¢2, 1) = constant.
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The D2-D4 defect =~ The D2-D4 geometries

D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP?...
F=0Qdcosbh Adgr = —0* Q sinbr db1 dy = dA.
The flux forces exactly g = v2A Q of the D2-branes to terminate on one side of the D4-brane...
The AdS; x CP'C AdS. x CP3 embedding of the probe D4-brane is described by the set of equations:

x=Q z & £E=0, 02, ¢2, 1 = constant,

where,

2 2
ds? :% (fdxg + dx12 + d><22 + dzZ) + 402 [de + cos2§ sin2§ (dz/) + %cos 01 dpr — %cos 0> dd)z) +
z

1 . 1. .
+Z c052§ (d@f +sin? 6, dd)i) + 1 S|n2§ (d&g + sin® 6, dgb%) ] .
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The D2-D4 defect =~ The D2-D4 geometries

D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP?...
F=0Qdcosbh Adgr = —0* Q sinbr db1 dy = dA.

The flux forces exactly g = v2A Q of the D2-branes to terminate on one side of the D4-brane...

The AdS; x CP'C AdS. x CP3 embedding of the probe D4-brane is described by the set of equations:

xx=Q: z & =0, 02, ¢2, 1) = constant.

D4-brane

AdS, Q
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The D2-D4 defect =~ The D2-D4 geometries

The (D2-D4), dSCFT

@ The defect reduces the total bosonic symmetry of
the system from SO(3,2) x SO(6) to SO(2,2) x
SU(2) x SU(2) x U(1)...
Bulk AP’ DY ads,xcps (2) (2) > U()
(N.-q) D2’s
N.D2’s
g
o
X
%5
=1
<
Boundary |AB/M X ABJM
UN-q+1)xU(N:-q) | = U(NJxU(N,)
=
7 otx
a
2 ‘—'y>0
2+1dim 2+1dim
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@ The defect reduces the total bosonic symmetry of
the system from SO(3,2) x SO(6) to SO(2,2) x

SU(2) x SU(2) x U(1)...
Bulk  AdS~CP? D4 Ads,<op? 2 (2) x U(1)

@ The D2-D4 system describes IIA string theory on
AdS4 x CP? bisected by a D4 brane with worldvolume

(N-q) D2’s geometry AdSy x CP!...
N.D2’s
g
o
X
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@ The defect reduces the total bosonic symmetry of
the system from SO(3,2) x SO(6) to SO(2,2) x

. D4 ) SU(2) x SU(2) x U(1)...
AdS,xCP? AdS,xCP?
Bulk @ The D2-D4 system describes IIA string theory on
AdS4 x CP? bisected by a D4 brane with worldvolume
(N.-q) D2’s geometry AdS; x CP...
N.D2’s @ The D4-brane is classically integrable... i.e. infinite
7 conserved charges for open strings with D4-brane
g BCs (Dekel-Oz, 2011; ).
%8
=
<
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S
76X
g
E ‘—o y>0
2+1dim 2+1dim

64 / 100


https://arxiv.org/abs/1106.3446
https://arxiv.org/abs/2202.06824
https://arxiv.org/abs/2112.10438
https://arxiv.org/abs/2112.10438
https://arxiv.org/abs/2207.06866
https://arxiv.org/abs/2304.10434
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@ The defect reduces the total bosonic symmetry of
the system from SO(3,2) x SO(6) to SO(2,2) x

AdS 5 D4 s SU(2) x SU(2) x U(1)...
4 *CIPS AdS,xCP*
Bulk @ The D2-D4 system describes IIA string theory on
AdS4 x CP? bisected by a D4 brane with worldvolume
(N-q) D2’s geometry AdSy x CP!...
N:D2’s @ The D4-brane is classically integrable... i.e. infinite

7 conserved charges for open strings with D4-brane
S BCs (Dekel-Oz, 2011; )...
g @ The SCFT gauge group U(N:) x U(Nc) breaks to
U(Nc — g+ 1) x U(Nc — q)...
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The (D2-D4), dSCFT

@ The defect reduces the total bosonic symmetry of
the system from SO(3,2) x SO(6) to SO(2,2) x

SU(2) x SU(2) x U(1)...
Bulk AP’ DY ads,xcps (2) (2) > U(L)

bulk @ The D2-D4 system describes IIA string theory on
AdS4 x CP? bisected by a D4 brane with worldvolume
(N.-q) D2’s geometry AdS; x CP...

N.D2’s @ The D4-brane is classically integrable... i.e. infinite

conserved charges for open strings with D4-brane
BCs (Dekel-Oz, 2011; ).

@ The SCFT gauge group U(N.) x U(N.) breaks to
U(Nc — g+ 1) x U(Nc — q)...
@ Equivalently, the fields of ABJM develop nonzero
ABJM ABJM
Boundary U(I{I -q+1)xU(N,-q) U(N)x0(N.) vevs... dCFT correlators = Higgs condensates of

gauge-invariant operators of ABJM (Kristjansen-Vu-
t,x Zarembo, 2021)...

‘—0y>0
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defect (2+1 dim)
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The (D2-D4), dSCFT

@ The defect reduces the total bosonic symmetry of

the system from SO(3,2) x SO(6) to SO(2,2) x
SU(2) x SU(2) x U(1)...

AdS xCP? DY ads,xcps (2) (2) > U(L)

Bulk @ The D2-D4 system describes IIA string theory on

AdS4 x CP? bisected by a D4 brane with worldvolume

(N-q) D2's geometry AdSs x CPL...

N.D2’s @ The D4-brane is classically integrable... i.e. infinite
conserved charges for open strings with D4-brane
BCs (Dekel-Oz, 2011; ).

@ The SCFT gauge group U(N.) x U(N.) breaks to
U(Nc — g+ 1) x U(Nc — q)...

@ Equivalently, the fields of ABJM develop nonzero
ABJM ABJM
Boundary U(N,-q+1)xU(N-q) U(N)x0(N.) vevs... dCFT correlators = Higgs condensates of
¢ ¢ gauge-invariant operators of ABJM (Kristjansen-Vu-
t,x Zarembo, 2021)...

@ Matrix product states... overlaps with Bethe states...
y>0 Scalar one-point functions... closed-form det formu-

las (Gombor-Kristjansen, 2022)...

AdS;xCP!

defect (2+1 dim)
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SU(2) x SU(2) x U(1)...

AdS xCP? DY ads,xcps (2) (2) > U(L)

Bulk @ The D2-D4 system describes IIA string theory on

AdS4 x CP? bisected by a D4 brane with worldvolume

(N-q) D2's geometry AdSs x CPL...

N.D2’s @ The D4-brane is classically integrable... i.e. infinite
conserved charges for open strings with D4-brane
BCs (Dekel-Oz, 2011; ).

@ The SCFT gauge group U(N.) x U(N.) breaks to
U(Nc — g+ 1) x U(Nc — q)...

@ Equivalently, the fields of ABJM develop nonzero
ABJM ABJM
Boundary U(N,-q+1)xU(N-q) U(N)x0(N.) vevs... dCFT correlators = Higgs condensates of
¢ ¢ gauge-invariant operators of ABJM (Kristjansen-Vu-
t,x Zarembo, 2021)...

@ Matrix product states... overlaps with Bethe states...
y>0 Scalar one-point functions... closed-form det formu-

las (Gombor-Kristjansen, 2022)...
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defect (2+1 dim)

2+1dim 2+1 dim

@ Strong-coupling computations were recently set up

)...
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The D2-D4 defect ~ T and R-matrices

Subsection 3

T and R-matrices
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The D2-D4 defect T and R-matrices

T and R-matrices

The Lie algebra of so0(6) is generated by 15 matrices My,

My, Mi] = 6iMj + 0 Mip — die My — 8 M, ij=1,...6.

The u (3) subalgebra of so (6) is generated by the 9 antisymmetric R-matrices (graded-0 generators):

1

1
Ry = 5 (Miz+ Mas), Ro=Z=(Mx—Mu), Rs

1 1
5 (M1is + My), Ra= 5 (Mas — Mis)

=N

1
Rs = 5 (Mss + Mss), Re = 5 (Mas — Msg), Ry = Mo, Rs= Mz, Ry= Mss.

The graded-2 generators belong to the orthogonal space of u(3) inside so0 (6):

1
T = > (Miz — Mas), To==(Mu+ Mx3), Ts (M5 — M)

(M35 — Mag), Te =

NN -
NN =

1
T4 = E(Mle—l—l\/lzs), Ts = (Ms6 + Mas) .

The T-matrices anticommute, while the R-matrices commute with Kg.
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Correlation functions in CFTs and dCFTs
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Correlation functions in CFTs and dCFTs Conformal field theories

Conformal field theory: scalars

@ A well-known result in CFT is that the form of 2 and 3-point functions of scalar operators is completely
determined by conformal symmetry, while 1-point functions are generally zero (Polyakov, 1970):

(O1(x1)) =0 (except (c) = ¢)

é,
(01 (x1) 02 (x2)) = S22, %35 = [xi — ¥

A1+A2
X12

Ci23
<Ol (Xl) O (XZ) Os (X3)> T BAitA; A3 _BytA3—Ay _AstA A
X12 X23 X31

@ If we have more than 3 points we may construct conformally invariant cross/anharmonic ratios, as e.g. in
the case of 4 points:

X12X34 & X12X34
X13X24 X14X23

@ The corresponding n-point function (n > 4) has an arbitrary dependence on them, e.g. for n = 4:

X13X24 X14X23

(01 (x1) Oz (x2) O3 (X3)04(X4)>:f(% X12X34) H Af3=Bi—8; AEZAi.
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Correlation functions in CFTs and dCFTs Conformal field theories

Conformal field theory: fields with spin

@ For fields with spin, such as conserved currents V,, and the (improved!) stress (aka energy-momentum)
tensor T,., similar results apply. These fields generally obey,

oMV, =0, MTu =0, Tu = Tup, g Tu =0.

@ In d dimensions the corresponding two-point functions take the following forms (case d = 2 is included):

C
(Vi (1) Vo (52)) = sy oo (1 = 32)
X12
Cr
(Tuw (x1) Tpo (x2)) = 24 luwpo (x1 —x2) .

Osborn-Petkou (1993)

Sometimes (e.g. in the case of free theories) the structure constants Cr can be related to the anomaly
coefficients (or central charges) of CFTs... The inversion tensors I, |0 are defined as:

2X,Xy
L (%) = guv — ;2

(oo () L )+ D () oy () = B

N =

luwpo (X) =
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Correlation functions in CFTs and dCFTs Conformal field theories

Operator product expansion (OPE)

@ Generally, we don't need a Lagrangian to define a QFT. As shown by Wightman (1956), any QFT can be
reconstructed (or solved) from its local operators and their n-point correlation functions:

{Oi (X)} <O1 (Xl) 02 (X2) e On (X,,)> .

@ In CFTs, the latter can always be determined by means of a convergent operator product expansion (OPE)
(Ferrara-Grillo-Gatto, 1973; Polyakov, 1974). E.g. for scalars:

d12
01 (x1) 02 (x2) = v iy > A1+A2 P (x12,02) O (x2) ,
12 j
where the sum is over all the primary operators of the CFT (normalizing P; = 1 + O (x12)).

@ In general, the (n + 2)-point function can be computed recursively:
<01 (Xl) 02 (Xz) H O X.) > Z C12 PJ (Xlz, 82 Oj (Xz) H Oi (Xi) >
i=3 i=3

@ CFTs are fully specified by the CFT data: {Ai, ¢, fi,Ci; = 1, Ciji}... Conformal bootstrap program...
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Correlation functions in CFTs and dCFTs Defect conformal field theories
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Defect conformal field theories
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Correlation functions in CFTs and dCFTs Defect conformal field theories

Defect conformal field theory

Now consider a CFT4 and introduce a boundary at z = 0, where x, = (z,x)... (Cardy, 1984)
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Correlation functions in CFTs and dCFTs Defect conformal field theories

Defect conformal field theory

Now consider a CFT4 and introduce a boundary at z = 0, where x,, = (z,x)... (Cardy, 1984)

The subgroup of the d-dimensional (Euclidean) conformal group SO(d+1, 1) that leaves the plane z = 0 invariant
contains:

@ (d — 1) dimensional translations: x' = x + a

@ (d — 1) dimensional rotations SO(d — 1)

@ d dimensional rescalings x,, = o x, & inversions x|, = X /X2
This is just the conformal group in d — 1 dimensions, SO(d, 1)...

The resulting setup that contains a CFT4 and a codimension-1 boundary/interface/domain wall/defect upon
which a CFT4_1 lives, is a defect Conformal Field Theory (dCFT).
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Correlation functions in CFTs and dCFTs Defect conformal field theories

Defect conformal field theory

Now consider a CFT4 and introduce a boundary at z = 0, where x,, = (z,x)... (Cardy, 1984)

The subgroup of the d-dimensional (Euclidean) conformal group SO(d+1, 1) that leaves the plane z = 0 invariant
contains:

@ (d — 1) dimensional translations: x' = x + a

@ (d — 1) dimensional rotations SO(d — 1)

@ d dimensional rescalings x,, = o x, & inversions x|, = X /X2
This is just the conformal group in d — 1 dimensions, SO(d, 1)...

The resulting setup that contains a CFT4 and a codimension-1 boundary/interface/domain wall/defect upon
which a CFT4_1 lives, is a defect Conformal Field Theory (dCFT).

Boundaries of higher dimensionalities p and codimensionalities g (with p + g = d) are of course possible... In
what follows, we will just focus on codimension-1 dCFTs for which g = 1...
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Correlation functions in CFTs and dCFTs Defect conformal field theories

dCFT correlators: bulk scalars

Due to the presence of the z = 0 boundary we may form invariant ratios from only 2 bulk points:

2 2
X12 2 3 X12

= — & v- = =
= Tal o] E41 < 4lalla]

XiE(Zi,Xi), i:1,2.
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dCFT correlators: bulk scalars

Due to the presence of the z = 0 boundary we may form invariant ratios from only 2 bulk points:

2 2
X12 2 3 X12

= — & v- = =
= Tal o] E41 < 4lalla]

XiE(Zi,Xi), i:1,2.
This means that 1-point bulk functions are nonzero and the only ones fully determined by symmetry:

(O (1, 1)) = 2

= |z1|A1.
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dCFT correlators: bulk scalars

Due to the presence of the z = 0 boundary we may form invariant ratios from only 2 bulk points:

2 2
X12 2 3 X12

= — & v- = =
= Tal o] E41 < 4lalla]

XiE(Zi,Xi), i:1,2.
This means that 1-point bulk functions are nonzero and the only ones fully determined by symmetry:

(O (1, 1)) = 2

= |z1|A1.

n-point bulk functions (n > 2) will contain an arbitrary dependence on the invariant ratio . For instance, the
bulk-bulk 2-point function of two scalars will be:

fi2 (£)

|21 22| 2

(01 (21, x1) O2 (22, %2)) =

McAvity-Osborn (1995)
i.e. it will not vanish if A; # Ao.
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i.e. it will not vanish if A; # As. In principle, all correlation functions can be determined recursively...
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dCFT correlators: bulk scalars

Due to the presence of the z = 0 boundary we may form invariant ratios from only 2 bulk points:

2 2
X12 2 3 X12

= — & v- = =
= Tal o] E41 < 4lalla]

XiE(Zi,Xi), i:1,2.
This means that 1-point bulk functions are nonzero and the only ones fully determined by symmetry:

(O (21, %)) =

= |z1|A1.

n-point bulk functions (n > 2) will contain an arbitrary dependence on the invariant ratio . For instance, the
bulk-bulk 2-point function of two scalars will be:

fi2 (£)

|21 22| 2

(01 (21, x1) O2 (22, %2)) =

McAvity-Osborn (1995)

i.e. it will not vanish if A; # As. In principle, all correlation functions can be determined recursively...

@ 1-point functions are the fundamental building blocks of dCFTs (along with bulk/boundary CFT data)...
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dCFT correlators: bulk scalars

Due to the presence of the z = 0 boundary we may form invariant ratios from only 2 bulk points:

2 2
X12 2 3 X12

= — & v- = =
= Tal o] E41 < 4lalla]

XiE(Zi,Xi), i:1,2.
This means that 1-point bulk functions are nonzero and the only ones fully determined by symmetry:

(O (1, 1)) = 2

= |z1|A1.

n-point bulk functions (n > 2) will contain an arbitrary dependence on the invariant ratio . For instance, the
bulk-bulk 2-point function of two scalars will be:

fi2 (£)

|21 22| 2

(01 (21, x1) O2 (22, %2)) =

McAvity-Osborn (1995)

i.e. it will not vanish if A; # As. In principle, all correlation functions can be determined recursively...
@ 1-point functions are the fundamental building blocks of dCFTs (along with bulk/boundary CFT data)...

@ Boundary conformal bootstrap program (Liendo-Rastelli-van Rees, 2012)...

73 / 100


https://arxiv.org/abs/cond-mat/9505127
https://arxiv.org/abs/cond-mat/9505127

dCFT correlators: bulk fields with spin

One-point functions of fields with spin generally vanish (McAvity-Osborn 1993 & 1995),

(Vi (x1)) = (Tpuw (x1)) = 0, xi = (2i, %)
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Correlation functions in CFTs and dCFTs Defect conformal field theories

dCFT correlators: bulk fields with spin

One-point functions of fields with spin generally vanish (McAvity-Osborn 1993 & 1995),
(Vi (x1)) = (Tpuw (x1)) =0, xi = (zi, i),

whereas two-point functions are given by:

(Vi (61) Vi (52)) = 57 [l € (0) = X XD (v)
X12

1
(T (52) Ty (x2)) = —55 - { (XHX,, - gﬁ‘%) (x,;x; - g%) A(v) + (XMXI;IW + X XAyt
12
/ ! 4 ’ ! 4
XX b+ X Xl — — B Xy X5 = — oo Xu X + gwgpa)s(u) + lupe C (V) 1,

where A (v), B (v), C(v) are functions of the dCFT invariant v. We have set,
v 35 2Z1 _ v 85 2Z2
Xy ZI'ETX;ILZU(XH (x1 — X2u)*”u)» X;:Z2‘587X§:*U (g(le*XZP)JF”p)’

where n = (1,0) is the unit normal to the z = 0 boundary. X, X’ obey

XXy = X)X, =1, X, = luX,.
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Correlation functions in CFTs and dCFTs Defect conformal field theories

dCFT correlators: boundary scalars

Now suppose that we insert a boundary scalar operator (5(x) We find:

612

(01 (21,%1) 02 (x2) ) = a3 X =7 4 (x1 — x2)°.
12

McAvity-Osborn (1995)
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Correlation functions in CFTs and dCFTs Defect conformal field theories

dCFT correlators: boundary scalars

Now suppose that we insert a boundary scalar operator (’3(x) We find:

Bi 2 2 2
|z | P22 528 X2 =21 + (X1 = X2)".

<01 (Z17 Xl) 62 (x2) > =

McAvity-Osborn (1995)

Since the conformal symmetry is intact on the z = 0 defect, the n-point correlators of boundary operators satisfy
the usual relations of CFT(4_y):
A A _ B _ _ _
<01 (X1)02 (X2)>—X27A, A:Al—AQ, X12 = |X1 — X2
12
(51 (1) 0 (x2) O (x0) ) — e
1 (X1 2 \ X2 31\X3 - x1A21+A27A3X2A32+A37A1)(3Al3+A17A2’

while all the higher correlators will have an explicit dependence on the boundary CFT4_;1 cross ratios...
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Correlation functions in CFTs and dCFTs Defect conformal field theories

dCFT correlators: boundary scalars

Now suppose that we insert a boundary scalar operator (’3(x) We find:

Bi 2 2 2
|z | P22 528 X2 =21 + (X1 = X2)".

<01 (Z17 Xl) 62 (x2) > =

McAvity-Osborn (1995)

Since the conformal symmetry is intact on the z = 0 defect, the n-point correlators of boundary operators satisfy
the usual relations of CFT(4_y):
A A _ B _ _ _
<01 (X1)02 (X2)>—X27A, A:Al—AQ, X12 = |X1 — X2
12
(51 (1) 0 (x2) O (x0) ) — e
1(x1) O2(x2) O3(x3) ) = xlA;*A?’A3x2A32+A3*A1x3A13+A1*A2'

There is also a boundary operator expansion (BOE) which reads (normalizing P; = 1+ O (z)):

c By 4 5
O1(x1) = IZ1|1AI +Y i Pi(1,0%) 05 (x1).

= |z
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Subsection 3

Boundary conformal bootstrap
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (bulk channel)

Let us now compute the bulk-bulk two-point function from the CFT+dCFT data and the bulk OPE,

13 cl
(01(x1) 02 (x2)) = XAllfAz + XAﬁii,Aj - Pj (x12,02) (0 (x2))
12

i 12

which is valid independently of the presence of defects.
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (bulk channel)

Let us now compute the bulk-bulk two-point function from the CFT+dCFT data and the bulk OPE,

13 cl
(01(x1) 02 (x2)) = XAllfAz + XAﬁz,Aj - Pj (x12,02) (0 (x2))
12

i 12

which is valid independently of the presence of defects. Plugging the one and two-point functions

f C
(01 (11.32) O (z2)) = —2EL (0, (2, 0)) =~
|z1|7 |22] |22|™

into the OPE we obtain (the factor 2% accounts for having |z;| instead of 2 |zi| in the denominators):

Aq+A. .
T 0+ 3280 G- Fouk (81,08,6) |, 6D = A1 — Ao

)

f2 (€) = (48)~
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (bulk channel)

Let us now compute the bulk-bulk two-point function from the CFT+dCFT data and the bulk OPE,

13 cl
(O1(x1) 02 (x2)) = —z0a; + ariass; P (x12,8) (0 (x2))
X12 i X12

which is valid independently of the presence of defects. Plugging the one and two-point functions

(O (21,30) O3 (2 x)) = — 210 (4 )y = O

7]z |zl

into the OPE we obtain (the factor 2% accounts for having |z;| instead of 2 |zi| in the denominators):

Aq+A. .
fa () = (46)7 2 [+ D280k G- Fu (A, 08,8)

)

s 5AEA1—A2.

The bulk conformal blocks Fuui can be determined from the expression P (x12,d2) |z2| =2

A+ A A+ 6A _
2 ) 2 7A)_1r g)

A
Fouk (A,80,6) =¢72 2F1(
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (boundary channel)

We now compute the bulk-bulk two-point function from the boundary operator expansion (BOE),

(01 (x1) 02 (x2)) = —12 Y Buba B (11,0, )P (122, 0) (B (x1) B (x2) ).

R L
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (boundary channel)

We now compute the bulk-bulk two-point function from the boundary operator expansion (BOE),

(01 (x1) 02 (x2)) = —12 Y Buba B (11,0, )P (122, 0) (B (x1) B (x2) ).

R L

Plugging the two-point functions

~

f A B,
(O1(71,%1) O2 (72, %x2)) = ;21 (&) a5 (0 (x1) 05 (x2) ) = A_J:AV
|21]7 | 22| X
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (boundary channel)

We now compute the bulk-bulk two-point function from the boundary operator expansion (BOE),

X BBy, - - o
(01(x1) Oz (x2)) = —5—— Z e Py (21, 0, ) Py (22, 0%, ) (O (x1) O (x2) ).
|22 |7 |22| ™2 |22 |75 |22 72T

)

Plugging the two-point functions

<O1 (Z17 X1) (@ (Z27 X2)> = f127($) <6' (Xl) 61 (X2) > _ Bij

|z |z xp T4

and contracting the indices i,j inside the sum by gi,- we find

fi2 (&) = C1Cr + Z By B} - Fooundary (Aj, &) .

)
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Defect two-point functions (boundary channel)

We now compute the bulk-bulk two-point function from the boundary operator expansion (BOE),

C.C B1iBaj ~ ~ A A
(01 (x1) 02 (x2)) = Al 2 x Jrz N _Al, Q]A —x -731(21,8,(1)771 (zz,@,(z)<(91 (x1) O (xz)>.
[l ™ o P
Plugging the two-point functions
; . B,
(01 (21,%1) Os (2, 32)) = — 2 (6, (1) 0, (x2) ) =~
|z1| ™ |22 Xp

and contracting the indices i,j inside the sum by gi,- we find

fi2 (&) = C1Cr + Z By B} - Fooundary (Aj, &) .

)

The boundary conformal blocks Fypoundary are determined from P (Zl,axl)ﬁj (22, QXZ)X;Q(A"+A’)

Fooundary (A,8) = fiAj 2F1 (AiaAi —1,24; —2; 7671)'
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Boundary conformal bootstrap program

Equating the two expressions for fi2 (£) we have found in the bulk and the boundary channel,

A +Doy

f2 (§)= (4€) 2

i A A;+0A A+ 6A
512+Z2A’C1201'§#2F1( it it ,Aj—l:—rf)]
j

2 ’ 2

=C1Co + 2811612 . £_A2F1 (Aj,Aj — 172Ai —2; —5_1)
j
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Boundary conformal bootstrap program

Equating the two expressions for fi2 (£) we have found in the bulk and the boundary channel,

A +Doy

f2 (§)= (4€) 2

i 4 A+ 0A A+ 6A
012 + g 2A’Cizcj'§#2f:1( ]; ) ]—’2— ,Aj_l?—f)] =
j

=CiC+ > BB €20 (0,41 - 1,28 - 27,
j

we may extract a set of defect bootstrap equations for the conformal data (Liendo-Rastelli-van Rees, 2012;
Gliozzi-Liendo-Meineri-Rago, 2015; Billo-Gongalves-Lauria-Meineri, 2016; Liendo-Meneghelli, 2016; Hogervorst,

2017)...
o, 0,
(102 = Z o, Z
j j

O (@7
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Boundary conformal bootstrap program

Equating the two expressions for fi2 (£) we have found in the bulk and the boundary channel,

A +Doy

f2 (§)= (4€) 2

i 44 A+ 0A Aj+0A
512+22A’C1201'§#2F1( ] I : 5 aAj_l;_"S):| =
=Ci1Co + 2811612 . £_A2F1 (Aj,Aj — 172Ai —2; —5_1).

j

For the dCFT that is dual to the D3-D5 intersection, de Leeuw-Ipsen-Kristjansen-Vardinghus-Wilhelm (2017) have
used its domain wall description to compute various bulk-bulk two-point functions at weak 't Hooft coupling,
then used the bootstrap equations to mine for (unknown) conformal data...

O 0
(0,0,) = Z I o, =
j

O (@7
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

) ) _ fi2 (f) 0 o _ 012 — X%Q
(01 (x1) Oz (x2))acrr = Py (01 (x1) Oz (x2))crr = ey £= ol 2ol
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

(01 (x1) Oz (x2)) = _ Fa8) (&) (01 (x1) O2 (x2))crr = 0 = X1
11(X1 2 \X2))dCFT ‘leAl |Z2|A2 ) 1 (X1 2 \X2))CFT X1A21+A2 ) == 4 |Z1| |Z2|7
getting, in the general case...
<01 (Xl) (O (X2)>dCFT A1+8y  fip (g)
= 7. .

(01 (x1) O2 (x2))cFT (4¢) d12
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

) ) _ fi2 (f) 0 o _ 012 — X%Q
(01 (x1) Oz (x2))acrr = Py (01 (x1) Oz (x2))crr = ey £= ol 2ol

in the bulk channel and in the case of a single scalar operator O; of dimension A; = L = 2j:

(O1 (x1) Oa (x2))acFr
(O1(x1) O2 (x2))cFr

_ Lol ook LL, L
—142chcer 2F1(2,27L 1; 5).

80 / 100



Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

) ) _ fi2 (f) 0 o _ 012 — X%Q
(01 (x1) Oz (x2))acrr = Py (01 (x1) Oz (x2))crr = ey £= ol 2ol

in the bulk channel and in the case of a single scalar operator O; of dimension A; = L = 2j:

(O1 (x1) Oa (x2))acFr
(O1(x1) O2 (x2))cFr

Expanding around £ = 0, we obtain

(01 (x1) Oa (x2))dcFT _ I j 3 J'2 . j(j+1)2 a2
(01 (x1) O2 (x2))cFr =1427C,C & {1 -1 £+4(2j—1) 13 +}

_ Lol ook LL, L
—142chcer 2F1(2727L 1; 5).
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

fi2 (f) _ 012 _ X%Q
Syl (O1 (x1) Oa (x2))cFr = B = 4l 2]’

(01 (x1) Oz (x2))acFr =

|z
in the bulk channel and in the case of a single scalar operator O; of dimension A; = L = 2j:

(O1 (x1) Oa (x2))acFr
(O1(x1) O2 (x2))cFr

Expanding around £ = 0, we obtain

(01 (x1) Oa (x2))dcFT _ I j 3 J'2 . j(j+1)2 a2
(01 (x1) O2 (x2))cFr =1427C,C & {1 -1 £+4(2j—1) 13 +}

_ Lol ook LL, L
—142chcer 2F1(2727L 1; 5).

@ For the dCFT that is dual to the D3-D5 intersection, we will now verify that this relation holds at strong 't
Hooft coupling, in the case of two heavy BMN operators ( )...
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Correlation functions in CFTs and dCFTs Boundary conformal bootstrap

Bulk-bulk two-point functions in the bulk channel

Let us form the ratio of the (bulk-bulk) dCFT two-point function over the CFT two-point function

) ) _ fi2 (f) 0 o _ 012 — X%Q
(01 (x1) Oz (x2))acrr = Py (01 (x1) Oz (x2))crr = ey £= ol 2ol

in the bulk channel and in the case of a single scalar operator O; of dimension A; = L = 2j:

(01 (x1) O2 (x2))acFr LAl L LL, .
(01 (x1) Oz (x2))crr =1+427C,C € 2F1(2727L 1; 5),

Expanding around £ = 0, we obtain

(01 (x1) Oa (x2))dcFT _ I j 3 J'2 . j(j+1)2 a2
(01 (x1) O2 (x2))cFr =1427C,C & {1 -1 £+4(2j—1) 13 +}

@ For the dCFT that is dual to the D3-D5 intersection, we will now verify that this relation holds at strong 't
Hooft coupling, in the case of two heavy BMN operators ( )...

@ Working in the holographic description of the the dCFT, we need to set up the computation of generic
dCFT correlation functions with semiclassical strings...
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Correlation functions in CFTs and dCFTs Conformal anomalies

Subsection 4

Conformal anomalies
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Correlation functions in CFTs and dCFTs Conformal anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

(TEYI=2 = Sl (-1)%agEq|, n=1.2,...

i

d!Vo I[Sd]
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Correlation functions in CFTs and dCFTs Conformal anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

(TEYI=2 = Sl (-1)%agEq|, n=1.2,...

i

d!Vo I[Sd]
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

(T2 =0, n=1.2,...
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Correlation functions in CFTs and dCFTs Conformal anomalies

Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)...
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...

and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

(T2 = % (R + 26 (2) K)
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...

and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

(Tt = LR 2 (K), (17 = 2 (R4 burk?)
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Correlation functions in CFTs and dCFTs Conformal anomalies
Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

d= S r
(Th) 2”—d,VOI[Sd {ZGIH 2) > bl = (1) e (Ed+0(z)E<b”)], n=12,...
J

Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

u\d=2 _ @ p\d=3 _ 5(2) . ~o

(T8 = Z(Re2(2)K). (T =52 (aR+btrK)

p\d=4 _ 1 2 6(2) (bry) _ 3 _ Pq jors
(T = o (€ Wiipo — 2 E0) 4 15 (2™ = brtrR® — by PR Wiers)

where Ey, E4_1 are the bulk/boundary Euler densities, and E(®Y) the boundary term of the Euler characteristic... Kpgq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)...
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Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

u\d=2n _ 1. (_1\d/2 S (bry) —
<T;L> d'VoI[Sd {ZC‘IJFO )Zj:bjlj (—=1)%<ay (EdJFO(Z)E )]7 n=12,...
Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

where Eg, Ed—l are the bulk/boundary Euler densities, and E®Y) the boundary term of the Euler characteristic... Kpq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)... We also define the traceless part of extrinsic curvature:

- h R 1 R )
Rpg = Kpg = 2K, K2 =trk? = DK%, trk? = ke — Kirk? 4 S KC
Hrpo paf pys (bry) _ stwip (L par | 2 qpr
- 7504ﬁ75RuV Rpav E; 45pqu5 ERtw + gKt K},
. 1 ’
Y RPT Wiapo = RﬁpaKﬁnuna N ERHU (n*n"K 4+ KH*) + EKR, AP KY Wy po = —KPIWopng.

82 / 100



Correlation functions in CFTs and dCFTs Conformal anomalies
Defect anomalies

Even dimensional CFTs (in curved spacetimes) are afflicted by conformal/Weyl anomalies: the trace of the energy-
momentum /stress tensor acquires non-vanishing expectation value that is given by (scheme-independent terms only)...

d= S r
(Th) 2”—d,VOI[Sd {ZGIH 2) > bl = (1) e (Ed+0(z)E<b”)], n=12,...
J

Odd dimensional (compact) spacetimes have no conformal/Weyl (trace) anomalies...

<TM>d 2n+1 L |:Zb1 +( >/23déd—1 , n=12 ..

(d—DIVol[s¥1] ~ |~

The presence of (codimension-1) boundaries gives rise to extra A & B anomaly coefficients (localized on the boundary)...
and extra central charges which can classify defect CFTs (much like central charges classify pure CFTs)... Examples:

u\d=2 _ @ p\d=3 _ 5(2) . ~o

(T8 = Z(Re2(2)K). (T =52 (aR+btrK)

p\d=4 _ 1 2 6(2) (bry) _ 3 _ Pq jors
(T = o (€ Wiipo — 2 E0) 4 15 (2™ = brtrR® — by PR Wiers)

where Ey, E4_1 are the bulk/boundary Euler densities, and E(®Y) the boundary term of the Euler characteristic... Kpgq is the
boundary extrinsic curvature, and hpq is the induced metric on the boundary... dimensionalities d = 5,6 not fully classified
as of now (no nontrivial CFTs in d > 6)...
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Correlation functions in CFTs and dCFTs Conformal anomalies

a theorems

Type-A anomaly coefficients have been shown (in d = 2,3, 4) to have the following monotonicity property (a-theorem):

ayv > aR;
under the renormalization group flow. Here are the main monotonicity properties:
@ d = 2: the ¢ (or a = ¢/12) theorem was shown by Zamolodchikov (1986)...
@ d = 3: the a theorem for the (codimension-1) boundary anomaly coefficient was shown by Jensen-O’Bannon (2015)..
@ d = 4: the a theorem conjectured by Cardy (1988) and proven by Komargodski-Schwimmer (2001)...

Proofs of the above a-theorems with entanglement entropy have been given by Casini-Huerta (2004), Casini-Landea-Torroba
(2018) and Casini-Teste-Torroba (2017) respectively. The 2d central charge ¢ = 12a also shows up in:

oo

L
[Lm, La] = (M — n)Lmtn + %m(m2 —1)0mino0, mMn€Z, T= n;m Zan2 (Virasoro algebra)
(TE) TG = —L (TGO TG TG : T=T
1 2)) = ———» 1 2 3)) = ) =T
(51— 32)* (51— 32)° (32 — 33)% (33 — 31)°
Sthermo = gc LT+... (Cardy, 1986)
l
Seg = % In-+... (Holzhey-Larsen-Wilczek, 1994 & Calabrese-Cardy, 2004)

€

where L is the system size, T the temperature, £ is the EE interval and e the short-distance cutoff...
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomaly coefficients in free theories

Before calculating the A & B anomaly coefficients for the D3-D5 dCFT, let us go through some results for codimension-1:

@ In d = 2 the relation of the anomaly coefficient a to the central charge is ¢ = 12a... For free scalar & Dirac fields:
- _ 1
250 = g=1/2 = e (see e.g. Cardy, 2004).
@ In d = 3 there are two new central charges... for free scalars their value depends on the type of boundary conditions
Dirichlet (D) or Robin (R) (Neumann (N) boundary conditions are not consistent with the residual symmetries)...

1 s=0 1 s=1/2 =0 1 =1/2 1
— ==, =0, b* ==, p*=1/2 = —
% ° R 2 ok = 6 32

Nozaki-Takayanagi-Ugajin (2012), Jensen-O’Bannon (2015)

a0y =-

@ In d = 4 there are three new central charges... for free fields, bulk charges are independent of boundary conditions...

2570 — i 25:1/2 — £ 25=1 — ﬂ c5=0 — i Cs:1/2 — i 5=l — i
360’ 360’ 180° 120’ 120° 10’
(see e.g. Birrell-Davies)... For the boundary charges of free fields, b; generally depends on the boundary conditions...
_ 2 _ 2 — 2 _ 16
=0| _ =0| _ s=1/2 _ =1 _
b |D_£’ by |R_E7 1 |D/R—§’ by |D/R_£’

Melmed (1988), Moss (1989)
whereas the (free field) boundary charge by is independent of the BCs and proportional to the bulk central charge c:

by = 8c. Dowker-Schofield (1990)
Fursaev (2015), Solodukhin (2015)
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

__ <2 _ c
(T (1) T (32)) = (T (1) T (2) T (33)) R T T

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.
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Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

__ <2 _ c
(T (1) T (32)) = (T (1) T (2) T (33)) R T T

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,

Cr
(T;w (Xl) Tpo (X2)> =5 luvpo (Xl - X2)-
X12
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

. c/2 _ c
T Tw)= L T TE TN =

where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,
C
(Tuw (1) Tpo (x2)) = 5+ havpe (31 = %2).
X12
E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,

C
T 374
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,
@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:
c/2 c
(TG TG2)) = ——3> (TG T(G2) T (G3)) = ;
(1 - 3)* (1 —32) (52— 33)* (33 —31)°
where T = T;;, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,

Cr
(T;w (Xl) Tpo (X2)> =5 luvpo (Xl - X2)-
X12

E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,
- 34 '

On the other hand, the (type A & C) conformal anomaly coefficients become:

Cr

No + 3N1/2 + 12N, 7-(4C7— 2Np + 11N1/2 + 124N,
c= = a=
120 40 ' 720
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Anomalies as observables (bulk)

All types (A, B, C) of anomaly coefficients show up in CFT and dCFT data... For the bulk charges,

@ In d = 2, the central charge ¢ = 12a shows up in the two and three-point function of the (traceless) stress tensor:

<2 )
<T(31) T(32)> - (31 — 52)47 (31 _ 32)2 (32 _ 33)2 (33 731)27

where T = T3, and 3 = x1 + ix2, 3 = x1 — ix2 are the holomorphic/anti-holomorphic coordinates.

(TG TG2) T(33) =

@ In d = 4, the central charge ¢ may show up in the two-point function of the (improved!) stress tensor,
C
(T (x1) Toor (x2)) = g+ huwpo (31 = x2).
8
12

E.g. for free (scalar, Majorana-Weyl, and vector) fields and N' = 4 SYM, the 2-point function coefficient is given by
_ No+3Ny o + 12N,

- 34 '

On the other hand, the (type A & C) conformal anomaly coefficients become:

No + 3N1/2 + 12N, 7-(4C7— 2Np + 11N1/2 + 124N,
c= = a=

Cr

120 40 ’ 720 ’
so that in the case of U(Nc), N =4 SYM, all three coefficients turn out to be equal:
N2 wiCr
a=c=—= .
4 40
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomalies as observables (boundary)

The boundary charges show up in two and three-point functions of the displacement operator D. In d dimensions,

(D)D) = 55, (D)D) D)) =
12 12723731
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Correlation functions in CFTs and dCFTs Conformal anomalies

Anomalies as observables (boundary)

The boundary charges show up in two and three-point functions of the displacement operator D. In d dimensions,
c c
(D)D) = 57, (Dx)D(x)D(x3)) = g
X13 X12%33X3;
It can be shown that the single 3d B-type anomaly coefficient and the two 4d B-type anomaly coefficients are given by:

2 273 27t
b:fC,m, 1 = —— Cnnn, » = —— Cnn,

8 35 15

whereas there is no known relation for the 3d A-type anomaly coefficient a... Interestingly, the displacement operator
computations confirm the (old) heat kernel results...
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Codimension-1 determinant formulas

Section 8

Codimension-1 determinant formulas
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D3-D5 domain wall

In the so (6) sector of the N' =4 SYM domain wall (dCFT) that is dual to the D3-D5 probe-brane system,

N Q1 (0) Q1 (1/2) det G+
Ci (u;viw) = Te_1 x Q1 (k/2) x \/R2 ()R (1/2) R; (0) R; (1/2)  det G-

_ L/2 s
(modulo the overall factor L /2 (87r2//\) / ) for fully balanced excitations u; = u1,i, v; = tpj, Wk = u3 « and

s/2
@ (q) @s(q)
2/2" Qi(g+1/2)Qi(q—1/2)

This formula has also been verified numerically. The M/2 x M/2 matrices Gf and Kk are defined as:
3 [N/2]

Lq; +
G;tt) jk — 5ab5jk S — il b jk 3 Kapjx = Kopju £ Kab jk
i “g,j ¥ q§/4 ; Z C.Jj J A A A

Mab
(Ua’j + ub’k)2 + %Mgb

+
Ko jx =
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https://arxiv.org/abs/1802.01598

D3-D5 domain wall

In the so (6) sector of the N' =4 SYM domain wall (dCFT) that is dual to the D3-D5 probe-brane system,

S Q1 (0) Qi (1/2) det G+
Ci (u; viw) = Tro1 X Q1 (k/2) X \/R2 ) R2 (1/2) R; (0) Rs (1/2) " det G-

_ L _
(modulo the overall factor L~/ (872/A) /2) for fully balanced excitations u; = u1,j, v; = u2j, Wk = Uz and

s/2

= L @ (q) @s(q)
h q:;/zq Qi(q+1/2)Q(g—1/2)

Some more properties of one-point functions in so (6) (easily reducible to su(2) and su (3)) are:
@ One-point functions vanish (for all values of k) if M or L + Ny + N_ is odd.

@ Because Q3 |[MPS) = 0, all 1-point functions vanish (for all k) unless all the Bethe roots are fully balanced:

{Ul, .. .,UM/Q,—Ul,. ey —UM/Q}

{Vl7 ey VN+/2,—V1,. . .,—VN+/2,(0)}7 {W17 ey W,\/7/27 —wi, .. .,—WNi/g,(O)} .
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D3-D5 domain wall

Yet another definition of the norm matrix is the following:

{Al A2] B B D R H

Ay A By B D F, R H

Bi Bé G G Dy Ki Ky Hs

_ 99 B. B G G D Ky K H
G=090¢ = 87UJ = D2‘ D]i DI D D DI D Hi|°

F]% FZ% K]; K%‘ Dy Ly Ly Hy

Ff F K% K¥ Dy Ly L1 Ha

HI H HY HY HE  HE Hi Hs

where the submatrices correspond to the norm matrices in the su (2) and su (3) subsectors, while

o1 = {01, b2 b3k}, i=1,...,N, j=1,...,Np, k=1,...,N;
uy = {uri, ), U3k} I,J=1,..., Ny + Np + N3,
and
61— —ilog {( *i/2>L1N—1[ upp— Uyt 1[2[ uy i — Uk *é 3wy —uz — é]
’ uni+i/2) puni—uny — S v Tkt g gD UL T U3t S

Ny N i N N i
N R N i . 3 uz;— U3 b ok U3 — ULk — &

¢2,i= —ilog || - = |, ¢3,i = —ilog || : i
A Y2, T U2, Ty U — Ukt g A Y3, T U3 T U3 — Ukt g

88 / 100



Codimension-1 determinant formulas D3-D5 domain wall

D3-D5 domain wall

@ It can be shown that the determinant of the norm matrix factorizes:

det G =det G x det G,

with Ax = A; £ A (and so on for By, Cy, F4, K+, L+), while

A. By D1 Fy H

Bt Cf D Ky Hp A_ B_. F_

Gt=| 20! 2D Ds; 2D! Hs & G = BL C. K-
Ft Kt L_

Ft' KC Dy Ly H
2H! 2H. 2H. 2H! Hs

These forms are fully consistent with the GE matrices we've defined in SU(2) and SU(3)... We have checked the
equivalence of the two definitions of the matrices G* for a large number of states...
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D3-D5 domain wall

@ It can be shown that the determinant of the norm matrix factorizes:

det G =det G x det G,

with Ax = A; £ A (and so on for By, Cy, F4, K+, L+), while

A. By D1 Fy H

Bt Cf D Ky Hp A_ B_. F_

Gt=| 20! 2D Ds; 2D! Hs & G = BL C. K-
Ft Kt L_

F{ K. D4 Ly Ha
2H{ 2H} 2H{ 2H; Hs
These forms are fully consistent with the GE matrices we've defined in SU(2) and SU(3)... We have checked the
equivalence of the two definitions of the matrices G* for a large number of states...
@ Another unproven claim (Escobedo, 2012) is that the norm of any so (6) Bethe eigenstate is given by the following

expression which involves the determinant of the norm matrix:

M
1
M (L, Ny, No, N3) = (W|W) =det G- [ | (u,? + 7)
i=1 4
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Codimension-1 determinant formulas D3-D5 domain wall

D3-D5 domain wall

@ It can be shown that the determinant of the norm matrix factorizes:

det G =det G x det G,

with Ax = A; £ A (and so on for By, Cy, F4, K+, L+), while

A. By D1 Fy H

Bt Cf D Ky Hp A_ B_. F_

Gt=| 20! 2D Ds; 2D! Hs & G = BL C. K-
Ft Kt L_

Ft' KC Dy Ly H
2H! 2H. 2H. 2H! Hs

These forms are fully consistent with the GE matrices we've defined in SU(2) and SU(3)... We have checked the
equivalence of the two definitions of the matrices G* for a large number of states...
@ Another unproven claim (Escobedo, 2012) is that the norm of any so (6) Bethe eigenstate is given by the following

expression which involves the determinant of the norm matrix:

M M
1 1
DN (L, Na, No, N3) = (W|W) =det G- [ | (u,? + Z) =detG" xdetG -] (u,? + Z) )
i=1 i=1

which obviously also shares the above factorization property of G...
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Codimension-1 determinant formulas D3-D5 domain wall

D3-D5 domain wall

@ It can be shown that the determinant of the norm matrix factorizes:

det G =det G x det G,

with Ax = A; £ A (and so on for By, Cy, F4, K+, L+), while

A. By D1 Fy H

Bt Cf D Ky Hp A_ B_. F_

Gt=| 20! 2D Ds; 2D! Hs & G = BL C. K-
Ft Kt L_

F{ K. D4 Ly Ha
2H{ 2H} 2H{ 2H; Hs
These forms are fully consistent with the GE matrices we've defined in SU(2) and SU(3)... We have checked the
equivalence of the two definitions of the matrices G* for a large number of states...
@ Another unproven claim (Escobedo, 2012) is that the norm of any so (6) Bethe eigenstate is given by the following

expression which involves the determinant of the norm matrix:
v 1 v 1
N (L, N1, No, N3) = (W|W) = det G - 242 ) =detGT xdetG™ - 242,
(L M M ) = V19) = der 6T (47 + ) =cer " e T (s +

which obviously also shares the above factorization property of G... It is rather straightforward to extract the su(2)

and su (3) structure constants and selection rules from so (6)...
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Codimension-1 determinant formulas D3-D7 domain wall

Subsection 2

D3-D7 domain wall
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D3-D7 domain wall

In the s0 (6) sector of the N' =4 SYM domain wall (dCFT), dual to the SO(5) symmetric D3-D7 probe-brane system,

Cn(ujv;w) =T \/ Q1 (0) Q1 (1/2) ' det G+
T ! Ry (0) R (1/2)R3 (0) R3(1/2) det G—

(modulo the overall factor L—1/2 (87r2/>\) L/Q) for fully balanced excitations u; = uy;, vj = upj, wx = u3 and

n/2 q 1 n n/2 R ) ,
S (2q)L[ > gl(p 2)Qa(Q)Q3(2+1)HZQ(+2)Q 9@ (5+1)

=2 pe—my2 Q1 (a—3) Q(P)Qs(p—1) — Qi (g + 1) @(NQ(r+1)

This formula has also been verified numerically. The M/2 x M/2 matrices ij and Kff are defined as:

N Lq 3 [N/2] N N
_ e C
Gab»jk = dabOj w2+ a2/4 Z Z ac JI + Kb Jk? Kb Jk =K ik + ]Kab Jk
a,j c=1 /=1
+ — Mab
Kab,jk =

(s £ upi)” + IMZ,
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D3-D7 domain wall

In the s0 (6) sector of the N' =4 SYM domain wall (dCFT), dual to the SO(5) symmetric D3-D7 probe-brane system,

Cn(u;v;w) =

T, ¢ QOQ(1/2)  detGr
"\ R (0)R: (1/2) Rs (0) Rs (1/2)  det G~

(modulo the overall factor L—1/2 (87r2/>\) L/Q) for fully balanced excitations u; = uy;, vj = upj, wx = u3 and

n/2 q 1 n n/2 1 n
B L Qi(p—3) Qa(q)Q3(2+1)H Q(r+3) @@ (5+1)
Tn—q:§/2(2q) L;ﬂ Q(g—13) Q(P)Qs(p—1) ,2:;7 Q(g+3) LNQ(r+1) |

Interesting special cases of the D3-D7 determinant formula are obtained for n =1,

_ 1L .Ql(l) _ N,_Q3(3/2) _ L+N+'QZ(3/2)
= (104 ey H OV G OV oy

as well as for n = 2,

_ Q| Q@) [010/2) 02’(1)]%/2:0“}
Q@2 @) R(0) @ (1/2) Q1) ‘

o ih {(IH*U‘) QB2 @) {o{um)
p=2txd— 2 +
> aan RO
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Codimension-1 determinant formulas D2-D4 domain wall

Subsection 3

D2-D4 domain wall
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Codimension-1 determinant formulas D2-D4 domain wall

D2-D4 domain wall

In the su(4) sector of the ABJM domain wall (dCFT) that is dual to the D2-D4 probe-brane system:

oy QD Qi —1/2)  [detGT
Coturvim) =1, ACAAEND, Gl

Gombor-Kristjansen (2022)

where

q—1

Tq

(5>L Q2 (k)
2 Q(k+1/2) Q1 (k—1/2)’

k=1

and the GT matrices have been defined above... The Baxter Q and R functions have been defined as:

Na 2[Na/2]
Qs (x):l_[(ix—ua,,-)7 Ra(x) = H (ix = ), a=1,2,3.
i=1 i=1

92 / 100


https://arxiv.org/abs/2207.06866

Chiral primary operators

Section 9

Chiral primary operators
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Definition of CPOs

The chiral primary operators (CPO'’s) of SU(N.), N =4 SYM theory are defined as:

L
1 [/8r%)\?
OCPO (x) = ﬁ <T) wiblml“tr [Ppy (x) - - Pur (=), X = {X(0’1’2’3)},

where W/ HL are traceless symmetric tensors of SO(6) defining the S spherical harmonics
9
Vi () = VI P o, W =g, S e

and /, J the corresponding quantum numbers. The dual supergravity fields s; have been identified...

4N2 4 Al 1,J,K
S = = [ d'xdz\/g Z > [ (Vs/) —L(L- 4)5,] Z ~—® 7" 55 85K
/

(27) 1J, w3

Lee-Minwalla-Rangamani-Seiberg (1998)

The overall factor in front of the CPO's ensures that their 2-point functions are normalized to unity:

< CPO( )OCPO( ))Z%

Differentiating the definition of Y; we may also show
ay,=-L(L+4) Y.
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Chiral primary operators 50(3) x SO(3) spherical harmonics

Subsection 1

SO(3) x SO(3) spherical harmonics
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Chiral primary operators = SO(3) X SO(3) spherical harmonics

SO(3) x SO(3) invariant spherical harmonics

The definition of the S® spherical harmonics was given above. Let us now determine the subset of S° spherical
harmonics that is invariant under the SO(3) x SO(3) subgroup of SO(6)...
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Chiral primary operators = SO(3) X SO(3) spherical harmonics

SO(3) x SO(3) invariant spherical harmonics

The definition of the S® spherical harmonics was given above. Let us now determine the subset of S° spherical
harmonics that is invariant under the SO(3) x SO(3) subgroup of SO(6)...

The line element of the unit 5-sphere d€2s in a manifestly SO(3) x SO(3) invariant way reads:
d©2 = dy? + cos? o (d92 + sin? 0d<p2) +sinep (d192 + sin? 19dx2) ,
where ¢ € [0, 7/2]. The corresponding Cartesian coordinates xa,

..., Xo are

x4 = cosysinfcosp, x5 =cosisinfsiny, xs= cosycosb,
x7 =sinysindcosy, X =sinysindsiny, Xo = siny cos.

These obviously obey

9 6 9

2 2 2 2 .2
E x, =1, E X, = cos” v, E X, = sin” v,
n=4 n=4 n=7

so that the SO(3) x SO(3) invariant spherical harmonics on S° depend only on the angle 1.
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Chiral primary operators = SO(3) X SO(3) spherical harmonics

SO(3) x SO(3) invariant spherical harmonics

We can compute the spherical harmonics Y (¢) from the eigenfunctions of the Laplace operator on S°:

1 1
oY = —= A [\/ggway Y] = 0y (cos?Psin® Y, Y (V) -

cos? ) sin? o)
Changing variables z = sin? ¢, the eigenvalue equation Y = —EY is brought to the following form
5 3 E
z(1-2)07Y (2) + 5 —3z)0;Y(2)+ 7 Y(z)=0.
which is just the hypergeometric equation with solution
L n .. 3 . .

E=2(2/+4), Yi(v) = j‘2F1(—J,J+2,§;sm21/;), j=0,1,...

where the normalization factor €; is determined from

1
1
22071 (2j+1)(2/+2) Jss

vl =

We end up with the general formula,

! 21 R A 1) +2) o= 2P+ D2 —2p+ 1)

Comparing the SO(3) x SO(3) eigenvalues with the above SO(6) eigenvalues L(L + 4), we get L= 2j...

Y _ (2j +2)! i (—1)P cos?P oy sin¥—2P ) ‘(0):( 1>j J'+1.
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Chiral primary operators 50(4) spherical harmonics

Subsection 2

SO(4) spherical harmonics
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Chiral primary operators 50(4) spherical harmonics

SO(4) invariant spherical harmonics

Here we determine the subset of S® spherical harmonics that is invariant under the SO(4) subgroup of SO(6)...
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Chiral primary operators 50(4) spherical harmonics
SO(4) invariant spherical harmonics

Here we determine the subset of S® spherical harmonics that is invariant under the SO(4) subgroup of SO(6)...
First we write the line element of the unit 5-sphere d2s as:
ds® = d6® + cos® 0 d23,

where 0 € [-7/2,7/2]. The corresponding Cartesian coordinates xs, ..., xo are
5
Xa = My(,—3)C0s 0, Xo =sin 6, a=4,...,8, Zmﬁ:l,
a=1

where the variables m, parametrize the unit 4-sphere, for instance
5

z : 2
my = ¢, my = S1C, m3 = 5152C3, myg = S15253C4, My — 51525384, m, = 1.
a=1

Obviously, the SO(4) invariant spherical harmonics on S® will depend only on the angle @...
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SO(4) invariant spherical harmonics

As before, we compute the spherical harmonics Y (1)) from the eigenfunctions of the Laplace operator on S°:
1
oy = ——0u [\/ﬁsg’“’@uy] = sec* 09y (sec4989Y(9)) =—EY(9),
VEs
By changing variables z = (1 — sin 0)/2, the eigenvalue equation Y = —EY can be brought to the following form
5
z(1-2)02Y (2) + (7 — 52) 0:Y(z)+EY(z)=0,
which is again the hypergeometric equation with solution
i - 5 .
E:2.I(2J+4)7 YJ(Z)ZQJ2F1(_2J72./+47512)7 J:O)lz)

and the normalization factor ¢; is determined from

1
1
| J| 2211 (2 +1) (2j +2) Jss

We end up with the general formula,

/(2j+2 )(2j+3) r/2) (2j+p+3)(2))! [sing—1 (2 +2)(2j +3)
Y@= r(p+5/2) (2 - )!(2j+3)!p!( 2 ) =Y _27 6

By comparing the SO(4) eigenvalues with the above SO(6) eigenvalues L(L + 4), we get again L= 2j...
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