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Spinning particles



Motivation: understand aspects of string field theory through the toy model example of a
spinning particle.

With Hulik, Grassi and Sachs arXiv:2402.09868
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The particle sigma model

Massless relativistic particle:
Slx,e] = / dt detee 2 "0, .
I

Explicitly invariant under line diffeomorphisms.
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The particle sigma model

Massless relativistic particle:
Slx,e] = / dt detee 2 "0, .
I

Explicitly invariant under line diffeomorphisms.
First order, equivalent formulation:
2
/ dt px — ep— .
I 2
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The particle sigma model
Massless relativistic particle:

Slx,e] = / dt detee™? Ozt O, .
I

Explicitly invariant under line diffeomorphisms.
First order, equivalent formulation:
2
/ dt px — ep— .
I 2

BRST: change parity, spin of v and introduce extra fields:

2
Slz,e,p,b,c, 7] = / dt pz — e% +bé — (e — €pea)
I

6BRST6 — d(C), 6BRSTb — ’ﬁ', (SBRST.’).',' — cz,')
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The particle sigma model
Massless relativistic particle:
Slx,e] = / dt detee™? Ozt O, .
I

Explicitly invariant under line diffeomorphisms.
First order, equivalent formulation:
2
/ dt px — ep— .
I 2

BRST: change parity, spin of v and introduce extra fields:

2
Slz,e,p,b,c, 7] = / dt pz — e% +bé — (e — €pea)
I

6BRST6 — d(C), 6BRSTb — ’ﬁ', (SBRST.’).',' — cz;)
The action localises:
Slx,e,p,b,c, 7] = Sz, e] + 6" (b€ — €xea))
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After fixing the einbein to the reference value, there remains a BRST symmetry generated
by Poisson brackets with

_ p?
Q=c3

which is nilpotent.
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Canonical quantization:

[pa m] =1, [ba C]+ =1
@) = (¢(z) + co™(x)) [0)
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Canonical quantization:

[pa ‘T] = 17 [ba C]+ =1
@) = (¢(z) + c™(2)) |0)
Hilbert-Poincaré series:
P(s) = Z(—l)tst dimV; .
In our example we have
V=Wwoewn

and it turns out that
P(s)=1-—3s

(this counts how many fields we are dealing with).
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Canonical quantization:

[pa ‘T] = 17 [ba C]+ =1
@) = (6(x) + co™(2)) 0)
Hilbert-Poincaré series:
P(s) = Z(—l)tst dim V; .
In our example we have
V=WeWh
and it turns out that
P(s)=1-—3s
(this counts how many fields we are dealing with).

Dynamics: since @ = ¢J
QIP)=0<=0¢=0, Vo

ImQlv, = {e(2)0) |¢" = D}
which says that ¢* is pure gauge if it is not harmonic.
02 ¢(x) L ¢*(z) S0
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Oftf-shell formulation

Remaining ingredient: non-degenerate pairing

(®]3) = / dade (0] §(x)ed" (x) [0)
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Oftf-shell formulation

Remaining ingredient: non-degenerate pairing
(@f0) = [ dede (0 6(a)e0" (@) )

Free field theory (kinetic term):

(B]QP) = / dz o0
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Oftf-shell formulation

Remaining ingredient: non-degenerate pairing
(@f0) = [ dede (0 6(a)e0" (@) )
Free field theory (kinetic term):

(®]QP) = / dz o0

Interactions by homotopy algebra:

oo

My @V sV k22, Q=M 7 Y (Mp)? =07
k=n+1

For polynomial interactions: multiproducts are given e.g. by
My(®1, @2) = 1P

that is associative.
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Oftf-shell formulation

Remaining ingredient: non-degenerate pairing
(@f0) = [ dede (0 6(a)e0" (@) )
Free field theory (kinetic term):
(@102) = [ dzo0s

Interactions by homotopy algebra:

My @V sV k22, Q=M 7 Y (Mp)? =07
k=n+1

For polynomial interactions: multiproducts are given e.g. by
My(®1, @2) = 1P
that is associative. Maurer-Cartan form of the interacting action:
Ak

S [T] = (V|QU) + — (W[ My(Ty, ..., Ty)) = /dx¢D¢ + %&’ +

(k+1)!
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Relativistic spinning particle

(1]1)-line:
x> X =z(t) +inp(t)ande — E = e(t) + 2inx (1)

Superdiffeos:
Wi=v+w, v=v(t)d, w=~E({t)0,+nv(t)o;.
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Relativistic spinning particle

(1]1)-line:
x> X =z(t) +inp(t)ande — E = e(t) + 2inx (1)

Superdiffeos:
Wi=v+w, v=v(t)d, w=~E({t)0,+nv(t)o;.

Invariant action (2nd order formulation) [Brink, Di Vecchia, Howe 1977]:

E
71/ dtdn 5 DX, X D := 8, + 10,
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Relativistic spinning particle

(1]1)-line:
x> X =z(t) +inp(t)ande — E = e(t) + 2inx(t)

Superdiffeos:
Wi=v+w, v=v(t)d, w=~E({t)0,+nv(t)o;.

Invariant action (2nd order formulation) [Brink, Di Vecchia, Howe 1977]:

E
71/ dtdn 5 DX, X D := 8, + 10,

After Berezin integral:

1 . i
[t (55 i) - S
I e e
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For the path integral then :

S[$7 P, e, Xap] +bc+ By + ﬁ(e - efixed) + ﬂ(X - Xﬁxed)
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For the path integral then :

S[$7 P, e, Xap] +bc+ By + 7?(6 - efixed) + ﬂ(X - Xfixed)

Now the BRST operator is:
2

P
Q=co +7Y-p+77
and acts on the fields as:

2

Q=+, (Qui=mw {Qb=5. {QB =v-p+ab {Qct=1
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Canonical quantization
We will rather focus on N = 2:
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Canonical quantization
We will rather focus on N = 2:

Vacuum:
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Canonical quantization
We will rather focus on N = 2:

[pa ‘T} =1, [ba C]-‘r =1, WM/’]Jr =1, [73 /B] =1, [;)/a ﬂ] -

Vacuum:

Wavefunction options [Belopolski 1997]:

e superforms (picture 0): f(x,1,c)y*8"|0)
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Canonical quantization
We will rather focus on N = 2:

[pa ‘T} =1, [ba C]-‘r =1, WM/’]Jr =1, [73 /B] =1, [;)/a ﬂ] =1

Vacuum:
Wavefunction options [Belopolski 1997]:

e superforms (picture 0): f(x,1,c)y*8"|0)

e integral forms (picture 2): f(a%c)@’jf)lﬁ 16(7)0(B)).
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Canonical quantization
We will rather focus on N = 2:

[pa :E} =1, [ba C]-‘r =1, WM/’H =1, [73 /B] =1, [;)/a ﬂ] =1

Vacuum:

Wavefunction options [Belopolski 1997]:
e superforms (picture 0): f(x,1,c)y*8"|0)
e integral forms (picture 2): f(a%c)@’jf)lﬁ 16(7)0(B)).

e pseudoforms (picture 1): f(x,w,c)ﬁlalj [0(7))
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The graded vector space (with function coefficients) has an extra U(1) grading (generator

is - — B+ B7):
V=V...
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The graded vector space (with function coefficients) has an extra U(1) grading (generator

is 1 - — B+ B7):
V=V...

Hilbert-Poincaré series:
(1-9)(1+ r)D

Psm) = A sr/s)
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The graded vector space (with function coefficients) has an extra U(1) grading (generator

is - —vB+ BY):

V=V...

Hilbert-Poincaré series:
(1-9)(1+ r)D

(1+7rs)(1+7r/s)’

P(s,r) =

First order in r gives:
1
r(D——-—3s)(1-2s)
s
which is possible to arrange as:

052 vie & wig
—— ~— ~—

Cla)  Au@rp(a)  An(@)pr e (@)

of respective dimensions: 1, D+1, D+1, 1.
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The graded vector space (with function coefficients) has an extra U(1) grading (generator

is 1 - — B+ B7):
V=V...

Hilbert-Poincaré series:
(1-9)(1+ r)D

P(s,r) = .
(s,7) (I4+rs)(1+r/s)
First order in r gives:
1
r(D——-—3s)(1-2s)
s
which is possible to arrange as:
0%5v % vy & vii v, %o
—— ~~ ~~ ~
C(x) Ay (@)t () Ay ()pr o™ (2) C*(z)

of respective dimensions: 1, D41, D+1, 1. Interpretation: Maxwell theory in BV form:
[T) := (C(2)B + Au(x)y" + cBp(a) + cAj ()" + o™ () + cyC™(2)) |0)
QW) =dC +y(dTA + @) — ¢(OA + dy) + ¢BOC + cy(Op* + dTA*)
E. Boffo (UK MFF) . Spinning particles . 20.09.2024 . (11/16)



Off-shell formulation
For the pairing:
Hodge star

A Hodge star isomorphism can be found (non-unique)

o QP QPmax—p

The target space BV symplectic pairing is produced by means of .
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Interactions

Would it be possible to build the interacting BV theory?
e higher products are not easy to cook up;

e another solution based on imposing some operator-state correspondence:

Operator-state correspondence

Looking for a surjection Q(-) : F — (V = V) s.t.

Qw)B10) = [¥) .

Qw)=—c(p*+p-B+B-p—Guy"P’ — ¢ —[p,B))
+ A -+ A - p + C — ey - A* + eyap - A*
+ 79"+ 7CT +7b.

Qw),Rw)] =0 <= BV eoms of YM with B, = A, and G, = —2[II,,, 1L, ].
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Then the interacting action functional of BV YM is:

1

[ dotvarasae T (500 0) (500 + Q) ) Qs 10))
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Then the interacting action functional of BV YM is:

[ dotvarasae T (500 0) (500 + Q) ) Qs 10))

BV-BRST invariance: from

mi(w) = [Q(0), Q(w)]B
ma(wi,w2) = [Q(w1), Qw2)]B

mq omo = 0 and mo 0o mg = 0, moreover my is cyclic w.r.t. pairing.
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Recap

Summary

e review of relativistic massless and spinning particle;
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Recap

Summary

e review of relativistic massless and spinning particle;

e index/partition function helps navigate what happens with different pictures;
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Recap

Summary

e review of relativistic massless and spinning particle;
e index/partition function helps navigate what happens with different pictures;

e canonical quantization of the BRST theory yields on-shell free BV theory in target
space;
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Recap

Summary

e review of relativistic massless and spinning particle;
e index/partition function helps navigate what happens with different pictures;

e canonical quantization of the BRST theory yields on-shell free BV theory in target
space;

e the off-shell, interacting theory can also be produced.
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Conclusions

On-going work:

e topological field theory: analogue of topological twist can retrieve Chern—Simons,
BCOV theory (Kodaira—Spencer gravity);
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Conclusions

On-going work:

e topological field theory: analogue of topological twist can retrieve Chern—Simons,
BCOV theory (Kodaira—Spencer gravity);

o N =4 yields (g, B, ¢)-gravity, what about other fields of the sugra multiplet?
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Conclusions

On-going work:

e topological field theory: analogue of topological twist can retrieve Chern—Simons,
BCOV theory (Kodaira—Spencer gravity);

o N =4 yields (g, B, ¢)-gravity, what about other fields of the sugra multiplet?

Thanks for the attention!
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