
Neutrino Mixing Sum Rules 
and Littlest seesaw models     

Steve King 

2nd September 

2023



We focus on Mixing        

!"#$%
&
=	
?

Tri

Bi

!*+#
&
=

CKM Matrix PMNS Matrix

(Dirac vs Majorana with GWs at end)        



Experimental open questions 

CP Violation

Complex mixing of these 4 

elements  causes

! "# → "% ≠ ! "̅# → "̅%

Key parameter: ()*

Mass Ordering (Hierarchy)

Normal (NO) Inverted (IO)
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Octant degeneracy

Lower ("#$ < 45°) Upper ("#$ > 45°)

Precision also required (this talk)
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 2.3)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.303+0.012
≠0.011 0.270 → 0.341 0.303+0.012

≠0.011 0.270 → 0.341

θ12/¶ 33.41+0.75
≠0.72 31.31 → 35.74 33.41+0.75

≠0.72 31.31 → 35.74

sin2 θ23 0.572+0.018
≠0.023 0.406 → 0.620 0.578+0.016

≠0.021 0.412 → 0.623

θ23/¶ 49.1+1.0
≠1.3 39.6 → 51.9 49.5+0.9

≠1.2 39.9 → 52.1

sin2 θ13 0.02203+0.00056
≠0.00059 0.02029 → 0.02391 0.02219+0.00060

≠0.00057 0.02047 → 0.02396

θ13/¶ 8.54+0.11
≠0.12 8.19 → 8.89 8.57+0.12

≠0.11 8.23 → 8.90

δCP/¶ 197+42
≠25 108 → 404 286+27

≠32 192 → 360

∆m2
21

10≠5 eV2
7.41+0.21

≠0.20 6.82 → 8.03 7.41+0.21
≠0.20 6.82 → 8.03

∆m2
3¸

10≠3 eV2
+2.511+0.028

≠0.027 +2.428 → +2.597 −2.498+0.032
≠0.025 −2.581 → −2.408
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 6.4)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.303+0.012
≠0.012 0.270 → 0.341 0.303+0.012

≠0.011 0.270 → 0.341

θ12/¶ 33.41+0.75
≠0.72 31.31 → 35.74 33.41+0.75

≠0.72 31.31 → 35.74

sin2 θ23 0.451+0.019
≠0.016 0.408 → 0.603 0.569+0.016

≠0.021 0.412 → 0.613

θ23/¶ 42.2+1.1
≠0.9 39.7 → 51.0 49.0+1.0

≠1.2 39.9 → 51.5

sin2 θ13 0.02225+0.00056
≠0.00059 0.02052 → 0.02398 0.02223+0.00058

≠0.00058 0.02048 → 0.02416

θ13/¶ 8.58+0.11
≠0.11 8.23 → 8.91 8.57+0.11

≠0.11 8.23 → 8.94

δCP/¶ 232+36
≠26 144 → 350 276+22

≠29 194 → 344

∆m2
21

10≠5 eV2
7.41+0.21

≠0.20 6.82 → 8.03 7.41+0.21
≠0.20 6.82 → 8.03

∆m2
3¸

10≠3 eV2
+2.507+0.026

≠0.027 +2.427 → +2.590 −2.486+0.025
≠0.028 −2.570 → −2.406

First Octant

Second Octant

This is very 
impressive, but 

much more precise 
measurements of 
these parameters 
are required to 

match theoretical 
predictions based 

on symmetry      
(or maybe exclude 

the symmetry 
approach)

See Lisi talk



Tri-Bimaximal Mixing
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<latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit>

sin θ23 =
1
√

2
<latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit>

sin θ13 = 0
<latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit>

sin θ12 =
1
√

3
<latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit>

Allowed at 
3 sigma 

Allowed at 
3 sigma

Excluded 
at many sigma

Tri
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P.F.Harrison, D.H.Perkins and W.G.Scott, hep-ph/0202074

Z3

Z2

Non-commuting Z3 and Z2

motivates non-abelian discrete symmetry

More precise measurements required to measure all the TBM deviations 

sin θ12 ⌘
1 + sp

3
,

SFK 0710.0530 

sin θ23 ⌘
1 + ap

2
, sin θ13 ⌘
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Other Simple Mixing

sin θ23 =
1
√

2
<latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit>

sin θ13 = 0
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Bimaximal 

Golden Ratio 
a                 .           
b                 . 
c                  . 

φ = (1 +
√
5)/2

y tan θ12 = 1/φ, ws θ12 = 31.7�

e cos θ12 = φ/2
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√
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Non-Abelian Discrete Symmetry   

The blue groups can 
emerge as levels 

N=2,3,4,5,7 of finite 
modular group              
(see Nilles talk)  

A5T7 S4

A4

∆(96) SO(3)

∆(27)

SU(3)

Σ(168)

S3

N=2 N=3

N=4

N=5

 PSL(2,5)N=7



Charged 
Lepton Sector

Neutrino 
Sector

S,U  preserved 

G

T preserved   

φl φν

Family 
symmetry 

Generators 
S,T,US4
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φl φν

Family 
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Generators 
S,T,US4
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Charged lepton corrections



Tri-bimaximal neutrinos
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2
<latexit sha1_base64="pzyaFMhHWVScgaraG6yqj7/9V9c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWJgi5cFN24rGAf0MYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uMnnEllWd9GaWl5ZXWtvF7Z2Nza3jF391oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+uJ377gQrJ4uhOjRPqhngQsYARrLTkmQfy3vEy5zS/7AUCk8zOMyf3zKpVs6ZAi8QuSBUKNDzzq9ePSRrSSBGOpezaVqLcDAvFCKd5pZdKmmAywgPa1TTCIZVuNr0+R8da6aMgFroihabq74kMh1KOQ193hlgN5bw3Ef/zuqkKLtyMRUmqaERmi4KUIxWjSRSozwQlio81wUQwfSsiQ6xTUDqwig7Bnn95kbScmm3V7Nuzav2qiKMMh3AEJ2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/Exay0Zxcw+/IHx+QOwtZS5</latexit><latexit sha1_base64="pzyaFMhHWVScgaraG6yqj7/9V9c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWJgi5cFN24rGAf0MYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uMnnEllWd9GaWl5ZXWtvF7Z2Nza3jF391oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+uJ377gQrJ4uhOjRPqhngQsYARrLTkmQfy3vEy5zS/7AUCk8zOMyf3zKpVs6ZAi8QuSBUKNDzzq9ePSRrSSBGOpezaVqLcDAvFCKd5pZdKmmAywgPa1TTCIZVuNr0+R8da6aMgFroihabq74kMh1KOQ193hlgN5bw3Ef/zuqkKLtyMRUmqaERmi4KUIxWjSRSozwQlio81wUQwfSsiQ6xTUDqwig7Bnn95kbScmm3V7Nuzav2qiKMMh3AEJ2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/Exay0Zxcw+/IHx+QOwtZS5</latexit><latexit sha1_base64="pzyaFMhHWVScgaraG6yqj7/9V9c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWJgi5cFN24rGAf0MYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uMnnEllWd9GaWl5ZXWtvF7Z2Nza3jF391oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+uJ377gQrJ4uhOjRPqhngQsYARrLTkmQfy3vEy5zS/7AUCk8zOMyf3zKpVs6ZAi8QuSBUKNDzzq9ePSRrSSBGOpezaVqLcDAvFCKd5pZdKmmAywgPa1TTCIZVuNr0+R8da6aMgFroihabq74kMh1KOQ193hlgN5bw3Ef/zuqkKLtyMRUmqaERmi4KUIxWjSRSozwQlio81wUQwfSsiQ6xTUDqwig7Bnn95kbScmm3V7Nuzav2qiKMMh3AEJ2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/Exay0Zxcw+/IHx+QOwtZS5</latexit><latexit sha1_base64="pzyaFMhHWVScgaraG6yqj7/9V9c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWJgi5cFN24rGAf0MYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uMnnEllWd9GaWl5ZXWtvF7Z2Nza3jF391oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+uJ377gQrJ4uhOjRPqhngQsYARrLTkmQfy3vEy5zS/7AUCk8zOMyf3zKpVs6ZAi8QuSBUKNDzzq9ePSRrSSBGOpezaVqLcDAvFCKd5pZdKmmAywgPa1TTCIZVuNr0+R8da6aMgFroihabq74kMh1KOQ193hlgN5bw3Ef/zuqkKLtyMRUmqaERmi4KUIxWjSRSozwQlio81wUQwfSsiQ6xTUDqwig7Bnn95kbScmm3V7Nuzav2qiKMMh3AEJ2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/Exay0Zxcw+/IHx+QOwtZS5</latexit>

Charged lepton rotation

Suggests
θ
e

12
≈ θC

<latexit sha1_base64="SleYkooNtakOFCz3R4LsfkSyVkw=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGaCoMdgLh4jmAUycejp1CRNeha6a8Qw5OTFX/HiQRGvfoM3/8bOctDEBwWP96qoqucnUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD2sTv3UPSos4usVRAt2Q9SMRCM7QSF7x2MUBILsDL3MqY5cliYof6Ez0al6xZJftKegyceakROaoe8UvtxfzNIQIuWRadxw7wW7GFAouYVxwUw0J40PWh46hEQtBd7PpG2N6apQeDWJlKkI6VX9PZCzUehT6pjNkONCL3kT8z+ukGFx2MxElKULEZ4uCVFKM6SQT2hMKOMqRIYwrYW6lfMAU42iSK5gQnMWXl0mzUnbssnNzXqpezePIkyNyQs6IQy5IlVyTOmkQTh7JM3klb9aT9WK9Wx+z1pw1nzkkf2B9/gAmC5jm</latexit><latexit sha1_base64="SleYkooNtakOFCz3R4LsfkSyVkw=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGaCoMdgLh4jmAUycejp1CRNeha6a8Qw5OTFX/HiQRGvfoM3/8bOctDEBwWP96qoqucnUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD2sTv3UPSos4usVRAt2Q9SMRCM7QSF7x2MUBILsDL3MqY5cliYof6Ez0al6xZJftKegyceakROaoe8UvtxfzNIQIuWRadxw7wW7GFAouYVxwUw0J40PWh46hEQtBd7PpG2N6apQeDWJlKkI6VX9PZCzUehT6pjNkONCL3kT8z+ukGFx2MxElKULEZ4uCVFKM6SQT2hMKOMqRIYwrYW6lfMAU42iSK5gQnMWXl0mzUnbssnNzXqpezePIkyNyQs6IQy5IlVyTOmkQTh7JM3klb9aT9WK9Wx+z1pw1nzkkf2B9/gAmC5jm</latexit><latexit sha1_base64="SleYkooNtakOFCz3R4LsfkSyVkw=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGaCoMdgLh4jmAUycejp1CRNeha6a8Qw5OTFX/HiQRGvfoM3/8bOctDEBwWP96qoqucnUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD2sTv3UPSos4usVRAt2Q9SMRCM7QSF7x2MUBILsDL3MqY5cliYof6Ez0al6xZJftKegyceakROaoe8UvtxfzNIQIuWRadxw7wW7GFAouYVxwUw0J40PWh46hEQtBd7PpG2N6apQeDWJlKkI6VX9PZCzUehT6pjNkONCL3kT8z+ukGFx2MxElKULEZ4uCVFKM6SQT2hMKOMqRIYwrYW6lfMAU42iSK5gQnMWXl0mzUnbssnNzXqpezePIkyNyQs6IQy5IlVyTOmkQTh7JM3klb9aT9WK9Wx+z1pw1nzkkf2B9/gAmC5jm</latexit><latexit sha1_base64="SleYkooNtakOFCz3R4LsfkSyVkw=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGaCoMdgLh4jmAUycejp1CRNeha6a8Qw5OTFX/HiQRGvfoM3/8bOctDEBwWP96qoqucnUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ThWHBo9lrNo+0yBFBA0UKKGdKGChL6HlD2sTv3UPSos4usVRAt2Q9SMRCM7QSF7x2MUBILsDL3MqY5cliYof6Ez0al6xZJftKegyceakROaoe8UvtxfzNIQIuWRadxw7wW7GFAouYVxwUw0J40PWh46hEQtBd7PpG2N6apQeDWJlKkI6VX9PZCzUehT6pjNkONCL3kT8z+ukGFx2MxElKULEZ4uCVFKM6SQT2hMKOMqRIYwrYW6lfMAU42iSK5gQnMWXl0mzUnbssnNzXqpezePIkyNyQs6IQy5IlVyTOmkQTh7JM3klb9aT9WK9Wx+z1pw1nzkkf2B9/gAmC5jm</latexit>

This derivation: P.Ballett, S.F.K., C.Luhn, S.Pascoli and M.A.Schmidt, 1410.7573

Sum Rule prediction for CP phase

Huge literature e.g. Antusch and SFK, hep-ph/0508044; I.Girardi, S.T.Petcov and A.V.Titov,1410.8056, ..

Valid also 
with θe

23

Sum rules from charged lepton corrections
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TBM BM

GRa GRb

GRc HEX

F.Costa and S.F.K., 
[arXiv:2307.13895]

Charged lepton corrected Charged lepton corrected

Charged lepton corrected Charged lepton corrected

Charged lepton corrected Charged lepton corrected

More precise 
measurements 

required to 
exclude these 

cases 

Yellow and 
green are 
one sigma 

ranges

At 3 sigma 
the entire 
range is 
allowed



Charged 
Lepton Sector

Neutrino 
Sector

S,U  preserved 

G

T preserved   

φl φν

Family 
symmetry 

Generators 
S,T,US4

<latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit>

UTM2 ≈

0

B

@

− 1p
3

−

− 1p
3

−

− − 1p
3

−

1

C

A

Alternatively 
A4 with just     

S and T

break U

preserved 2nd column

Preserving a column of TBM



Charged 
Lepton Sector

Neutrino 
Sector

S,U  preserved 

G

T preserved   

φl φν

Family 
symmetry 

Generators 
S,T,US4

<latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit>

SU
break S,U 
separately 

preserve SU

Preserving a column of TBM



Charged 
Lepton Sector

Neutrino 
Sector

S,U  preserved 

G

T preserved   

φl φν

Family 
symmetry 

Generators 
S,T,US4

<latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit><latexit sha1_base64="UVkHtr9UlS42cPqCa5m2IkeeNQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+V2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2RzUBuWKW3UXIOvEy0kFcjQG5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9R5qlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDXz41+</latexit>
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Tri Second column of TBM

First column of TBM

Tri-maximal Mixing
C.H.Albright and W.Rodejohann, 0812.0436; C.H.Albright, A.Dueck and W.Rodejohann, 1004.2798 
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3
<latexit sha1_base64="lM/X+7zIsDzNrOHPvK2zsc3ZtXQ=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhMJWmRYEGqYGEsEmkrNVXkuE5r1XlgO0iVm89g4VdYGECItRt/g9NmgJYjWT4+515d3+MnjAppWd/Gyura+sZmaau8vbO7t28eHLZEnHJMHByzmHd8JAijEXEklYx0Ek5Q6DPS9ke3ud9+IlzQOHqQ44T0QjSIaEAxklryzPOJ4yliZxN4DbGn7Fo2u+qZfrvikUvlBhxhVctUPctg2TMrVtWaAS4TuyAVUKDpmVO3H+M0JJHEDAnRta1E9hTikmJGsrKbCpIgPEID0tU0QiERPTVbLIOnWunDIOb6RBLO1N8dCoVCjENfV4ZIDsWil4v/ed1UBlc9RaMklSTC80FByqCMYZ4S7FNOsGRjTRDmVP8V4iHSQUidZR6CvbjyMmnVqrZVte8vKo2bIo4SOAYn4AzY4BI0wB1oAgdg8AxewTv4MF6MN+PT+JqXrhhFzxH4A2P6A0ALnqU=</latexit><latexit sha1_base64="lM/X+7zIsDzNrOHPvK2zsc3ZtXQ=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhMJWmRYEGqYGEsEmkrNVXkuE5r1XlgO0iVm89g4VdYGECItRt/g9NmgJYjWT4+515d3+MnjAppWd/Gyura+sZmaau8vbO7t28eHLZEnHJMHByzmHd8JAijEXEklYx0Ek5Q6DPS9ke3ud9+IlzQOHqQ44T0QjSIaEAxklryzPOJ4yliZxN4DbGn7Fo2u+qZfrvikUvlBhxhVctUPctg2TMrVtWaAS4TuyAVUKDpmVO3H+M0JJHEDAnRta1E9hTikmJGsrKbCpIgPEID0tU0QiERPTVbLIOnWunDIOb6RBLO1N8dCoVCjENfV4ZIDsWil4v/ed1UBlc9RaMklSTC80FByqCMYZ4S7FNOsGRjTRDmVP8V4iHSQUidZR6CvbjyMmnVqrZVte8vKo2bIo4SOAYn4AzY4BI0wB1oAgdg8AxewTv4MF6MN+PT+JqXrhhFzxH4A2P6A0ALnqU=</latexit><latexit sha1_base64="lM/X+7zIsDzNrOHPvK2zsc3ZtXQ=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhMJWmRYEGqYGEsEmkrNVXkuE5r1XlgO0iVm89g4VdYGECItRt/g9NmgJYjWT4+515d3+MnjAppWd/Gyura+sZmaau8vbO7t28eHLZEnHJMHByzmHd8JAijEXEklYx0Ek5Q6DPS9ke3ud9+IlzQOHqQ44T0QjSIaEAxklryzPOJ4yliZxN4DbGn7Fo2u+qZfrvikUvlBhxhVctUPctg2TMrVtWaAS4TuyAVUKDpmVO3H+M0JJHEDAnRta1E9hTikmJGsrKbCpIgPEID0tU0QiERPTVbLIOnWunDIOb6RBLO1N8dCoVCjENfV4ZIDsWil4v/ed1UBlc9RaMklSTC80FByqCMYZ4S7FNOsGRjTRDmVP8V4iHSQUidZR6CvbjyMmnVqrZVte8vKo2bIo4SOAYn4AzY4BI0wB1oAgdg8AxewTv4MF6MN+PT+JqXrhhFzxH4A2P6A0ALnqU=</latexit><latexit sha1_base64="lM/X+7zIsDzNrOHPvK2zsc3ZtXQ=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhMJWmRYEGqYGEsEmkrNVXkuE5r1XlgO0iVm89g4VdYGECItRt/g9NmgJYjWT4+515d3+MnjAppWd/Gyura+sZmaau8vbO7t28eHLZEnHJMHByzmHd8JAijEXEklYx0Ek5Q6DPS9ke3ud9+IlzQOHqQ44T0QjSIaEAxklryzPOJ4yliZxN4DbGn7Fo2u+qZfrvikUvlBhxhVctUPctg2TMrVtWaAS4TuyAVUKDpmVO3H+M0JJHEDAnRta1E9hTikmJGsrKbCpIgPEID0tU0QiERPTVbLIOnWunDIOb6RBLO1N8dCoVCjENfV4ZIDsWil4v/ed1UBlc9RaMklSTC80FByqCMYZ4S7FNOsGRjTRDmVP8V4iHSQUidZR6CvbjyMmnVqrZVte8vKo2bIo4SOAYn4AzY4BI0wB1oAgdg8AxewTv4MF6MN+PT+JqXrhhFzxH4A2P6A0ALnqU=</latexit>

|Uµ1| = |− s12c23 − c12s13s23e
iδ| =

r

1

6
<latexit sha1_base64="6g3rfeWwhDBWIRGXYLVIAG1g7WA="></latexit><latexit sha1_base64="6g3rfeWwhDBWIRGXYLVIAG1g7WA="></latexit><latexit sha1_base64="6g3rfeWwhDBWIRGXYLVIAG1g7WA="></latexit><latexit sha1_base64="6g3rfeWwhDBWIRGXYLVIAG1g7WA="></latexit>

|Uτ1| = |s12s23 − c12s13c23e
iδ| =

r

1

6
<latexit sha1_base64="I94TbAw7P+X/qVri4oAvPKG0Xe0="></latexit><latexit sha1_base64="I94TbAw7P+X/qVri4oAvPKG0Xe0="></latexit><latexit sha1_base64="I94TbAw7P+X/qVri4oAvPKG0Xe0="></latexit><latexit sha1_base64="I94TbAw7P+X/qVri4oAvPKG0Xe0="></latexit>

cos δ = −

cot 2θ23(1− 5s2
13
)

2
√

2s13
p

1− 3s2
13

<latexit sha1_base64="1tlbdS0/X/OVgweFvfZ4MTZmHxg="></latexit><latexit sha1_base64="1tlbdS0/X/OVgweFvfZ4MTZmHxg="></latexit><latexit sha1_base64="1tlbdS0/X/OVgweFvfZ4MTZmHxg="></latexit><latexit sha1_base64="1tlbdS0/X/OVgweFvfZ4MTZmHxg="></latexit>
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1

3
<latexit sha1_base64="QjFhZzu1HEeKw4yffWgcK+P38wk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgi5cFN24rGAf0MYymU7aoZNJmJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kxp1/22CkvLK6trxfXSxubW9o69u9dUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvitByoVi8SdHsfUC/FAsIARrI3Usw/UfbWXomp22Q0kJinK0tOsZ5fdijuFs0hQTsqQo96zv7r9iCQhFZpwrFQHubH2Uiw1I5xmpW6iaIzJCA9ox1CBQ6q8dHp95hwbpe8EkTQltDNVf0+kOFRqHPqmM8R6qOa9ifif10l0cOGlTMSJpoLMFgUJd3TkTKJw+kxSovnYEEwkM7c6ZIhNCtoEVjIhoPmXF0mzWkFuBd2elWtXeRxFOIQjOAEE51CDG6hDAwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w+vF5S4</latexit><latexit sha1_base64="QjFhZzu1HEeKw4yffWgcK+P38wk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgi5cFN24rGAf0MYymU7aoZNJmJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kxp1/22CkvLK6trxfXSxubW9o69u9dUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvitByoVi8SdHsfUC/FAsIARrI3Usw/UfbWXomp22Q0kJinK0tOsZ5fdijuFs0hQTsqQo96zv7r9iCQhFZpwrFQHubH2Uiw1I5xmpW6iaIzJCA9ox1CBQ6q8dHp95hwbpe8EkTQltDNVf0+kOFRqHPqmM8R6qOa9ifif10l0cOGlTMSJpoLMFgUJd3TkTKJw+kxSovnYEEwkM7c6ZIhNCtoEVjIhoPmXF0mzWkFuBd2elWtXeRxFOIQjOAEE51CDG6hDAwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w+vF5S4</latexit><latexit sha1_base64="QjFhZzu1HEeKw4yffWgcK+P38wk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgi5cFN24rGAf0MYymU7aoZNJmJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kxp1/22CkvLK6trxfXSxubW9o69u9dUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvitByoVi8SdHsfUC/FAsIARrI3Usw/UfbWXomp22Q0kJinK0tOsZ5fdijuFs0hQTsqQo96zv7r9iCQhFZpwrFQHubH2Uiw1I5xmpW6iaIzJCA9ox1CBQ6q8dHp95hwbpe8EkTQltDNVf0+kOFRqHPqmM8R6qOa9ifif10l0cOGlTMSJpoLMFgUJd3TkTKJw+kxSovnYEEwkM7c6ZIhNCtoEVjIhoPmXF0mzWkFuBd2elWtXeRxFOIQjOAEE51CDG6hDAwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w+vF5S4</latexit><latexit sha1_base64="QjFhZzu1HEeKw4yffWgcK+P38wk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgi5cFN24rGAf0MYymU7aoZNJmJkINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kxp1/22CkvLK6trxfXSxubW9o69u9dUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvitByoVi8SdHsfUC/FAsIARrI3Usw/UfbWXomp22Q0kJinK0tOsZ5fdijuFs0hQTsqQo96zv7r9iCQhFZpwrFQHubH2Uiw1I5xmpW6iaIzJCA9ox1CBQ6q8dHp95hwbpe8EkTQltDNVf0+kOFRqHPqmM8R6qOa9ifif10l0cOGlTMSJpoLMFgUJd3TkTKJw+kxSovnYEEwkM7c6ZIhNCtoEVjIhoPmXF0mzWkFuBd2elWtXeRxFOIQjOAEE51CDG6hDAwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w+vF5S4</latexit>
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3
<latexit sha1_base64="D9yjkh7K4T3fIOt4NltVQH++yPg="></latexit><latexit sha1_base64="D9yjkh7K4T3fIOt4NltVQH++yPg="></latexit><latexit sha1_base64="D9yjkh7K4T3fIOt4NltVQH++yPg="></latexit><latexit sha1_base64="D9yjkh7K4T3fIOt4NltVQH++yPg="></latexit>

|Uµ2| = |c12c23 − s12s13s23e
iδ| =

r

1

3
<latexit sha1_base64="9N9nPikgMQtXBjTZrqi0pnC3kW0="></latexit><latexit sha1_base64="9N9nPikgMQtXBjTZrqi0pnC3kW0="></latexit><latexit sha1_base64="9N9nPikgMQtXBjTZrqi0pnC3kW0="></latexit><latexit sha1_base64="9N9nPikgMQtXBjTZrqi0pnC3kW0="></latexit>

|Ue2| = s12c13 =

r

1

3
<latexit sha1_base64="Ef+3o/87922CwhrWSapiR7sby2U=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNTQTdC0Y3LCk5baMuQSTNtaCYzJhmhpPMfbvwVNy4UcSW48G9M21lo64HLPZxzL8k9QcKoVLb9bRVWVtfWN4qbpa3tnd298v5BU8apwMTDMYtFO0CSMMqJp6hipJ0IgqKAkVYwup76rQciJI35nRonpBehAachxUgZyS+7pYnnawLdbAIvofS142YQm1bLoBG68l4o3Q0FwtrJdC3LYMkvV+yqPQNcJk5OKiBHwy9/dvsxTiPCFWZIyo5jJ6qnkVAUM5KVuqkkCcIjNCAdQzmKiOzp2W0ZPDFKH4axMMUVnKm/NzSKpBxHgZmMkBrKRW8q/ud1UhVe9DTlSaoIx/OHwpRBFcNpULBPBcGKjQ1BWFDzV4iHyAShTJzTEJzFk5dJ0606dtW5PavUr/I4iuAIHINT4IBzUAc3oAE8gMEjeAav4M16sl6sd+tjPlqw8p1D8AfW1w9PVJ8d</latexit><latexit sha1_base64="Ef+3o/87922CwhrWSapiR7sby2U=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNTQTdC0Y3LCk5baMuQSTNtaCYzJhmhpPMfbvwVNy4UcSW48G9M21lo64HLPZxzL8k9QcKoVLb9bRVWVtfWN4qbpa3tnd298v5BU8apwMTDMYtFO0CSMMqJp6hipJ0IgqKAkVYwup76rQciJI35nRonpBehAachxUgZyS+7pYnnawLdbAIvofS142YQm1bLoBG68l4o3Q0FwtrJdC3LYMkvV+yqPQNcJk5OKiBHwy9/dvsxTiPCFWZIyo5jJ6qnkVAUM5KVuqkkCcIjNCAdQzmKiOzp2W0ZPDFKH4axMMUVnKm/NzSKpBxHgZmMkBrKRW8q/ud1UhVe9DTlSaoIx/OHwpRBFcNpULBPBcGKjQ1BWFDzV4iHyAShTJzTEJzFk5dJ0606dtW5PavUr/I4iuAIHINT4IBzUAc3oAE8gMEjeAav4M16sl6sd+tjPlqw8p1D8AfW1w9PVJ8d</latexit><latexit sha1_base64="Ef+3o/87922CwhrWSapiR7sby2U=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNTQTdC0Y3LCk5baMuQSTNtaCYzJhmhpPMfbvwVNy4UcSW48G9M21lo64HLPZxzL8k9QcKoVLb9bRVWVtfWN4qbpa3tnd298v5BU8apwMTDMYtFO0CSMMqJp6hipJ0IgqKAkVYwup76rQciJI35nRonpBehAachxUgZyS+7pYnnawLdbAIvofS142YQm1bLoBG68l4o3Q0FwtrJdC3LYMkvV+yqPQNcJk5OKiBHwy9/dvsxTiPCFWZIyo5jJ6qnkVAUM5KVuqkkCcIjNCAdQzmKiOzp2W0ZPDFKH4axMMUVnKm/NzSKpBxHgZmMkBrKRW8q/ud1UhVe9DTlSaoIx/OHwpRBFcNpULBPBcGKjQ1BWFDzV4iHyAShTJzTEJzFk5dJ0606dtW5PavUr/I4iuAIHINT4IBzUAc3oAE8gMEjeAav4M16sl6sd+tjPlqw8p1D8AfW1w9PVJ8d</latexit><latexit sha1_base64="Ef+3o/87922CwhrWSapiR7sby2U=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjNTQTdC0Y3LCk5baMuQSTNtaCYzJhmhpPMfbvwVNy4UcSW48G9M21lo64HLPZxzL8k9QcKoVLb9bRVWVtfWN4qbpa3tnd298v5BU8apwMTDMYtFO0CSMMqJp6hipJ0IgqKAkVYwup76rQciJI35nRonpBehAachxUgZyS+7pYnnawLdbAIvofS142YQm1bLoBG68l4o3Q0FwtrJdC3LYMkvV+yqPQNcJk5OKiBHwy9/dvsxTiPCFWZIyo5jJ6qnkVAUM5KVuqkkCcIjNCAdQzmKiOzp2W0ZPDFKH4axMMUVnKm/NzSKpBxHgZmMkBrKRW8q/ud1UhVe9DTlSaoIx/OHwpRBFcNpULBPBcGKjQ1BWFDzV4iHyAShTJzTEJzFk5dJ0606dtW5PavUr/I4iuAIHINT4IBzUAc3oAE8gMEjeAav4M16sl6sd+tjPlqw8p1D8AfW1w9PVJ8d</latexit>

cos δ =
2c13 cot 2θ23 cot 2θ13

p

2− 3s
2

13
<latexit sha1_base64="9SJL3dpAtpGT8Erseu5NizTIYZo="></latexit><latexit sha1_base64="9SJL3dpAtpGT8Erseu5NizTIYZo="></latexit><latexit sha1_base64="9SJL3dpAtpGT8Erseu5NizTIYZo="></latexit><latexit sha1_base64="9SJL3dpAtpGT8Erseu5NizTIYZo="></latexit>

s
2

12
>

1

3
<latexit sha1_base64="j/sEXBgYlqMtNfw+6mENqkqlq10=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgq6k6MZlBfuANpbJdNIOnUzCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0q77rdVWFpeWV0rrpc2Nre2d+zdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NH1xG89UKlYJO70OKZeiAeCBYxgbaSefaDuq70UVbPLbiAxSVGWnmY9u+xW3CmcRYJyUoYc9Z791e1HJAmp0IRjpTrIjbWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl0+sz59gofSeIpCmhnan6eyLFoVLj0DedIdZDNe9NxP+8TqKDCy9lIk40FWS2KEi4oyNnEoXTZ5ISzceGYCKZudUhQ2xS0CawkgkBzb+8SJrVCnIr6PasXLvK4yjCIRzBCSA4hxrcQB0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCyNZS6</latexit><latexit sha1_base64="j/sEXBgYlqMtNfw+6mENqkqlq10=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgq6k6MZlBfuANpbJdNIOnUzCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0q77rdVWFpeWV0rrpc2Nre2d+zdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NH1xG89UKlYJO70OKZeiAeCBYxgbaSefaDuq70UVbPLbiAxSVGWnmY9u+xW3CmcRYJyUoYc9Z791e1HJAmp0IRjpTrIjbWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl0+sz59gofSeIpCmhnan6eyLFoVLj0DedIdZDNe9NxP+8TqKDCy9lIk40FWS2KEi4oyNnEoXTZ5ISzceGYCKZudUhQ2xS0CawkgkBzb+8SJrVCnIr6PasXLvK4yjCIRzBCSA4hxrcQB0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCyNZS6</latexit><latexit sha1_base64="j/sEXBgYlqMtNfw+6mENqkqlq10=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgq6k6MZlBfuANpbJdNIOnUzCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0q77rdVWFpeWV0rrpc2Nre2d+zdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NH1xG89UKlYJO70OKZeiAeCBYxgbaSefaDuq70UVbPLbiAxSVGWnmY9u+xW3CmcRYJyUoYc9Z791e1HJAmp0IRjpTrIjbWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl0+sz59gofSeIpCmhnan6eyLFoVLj0DedIdZDNe9NxP+8TqKDCy9lIk40FWS2KEi4oyNnEoXTZ5ISzceGYCKZudUhQ2xS0CawkgkBzb+8SJrVCnIr6PasXLvK4yjCIRzBCSA4hxrcQB0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCyNZS6</latexit><latexit sha1_base64="j/sEXBgYlqMtNfw+6mENqkqlq10=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5Kpgq6k6MZlBfuANpbJdNIOnUzCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0q77rdVWFpeWV0rrpc2Nre2d+zdvaaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NH1xG89UKlYJO70OKZeiAeCBYxgbaSefaDuq70UVbPLbiAxSVGWnmY9u+xW3CmcRYJyUoYc9Z791e1HJAmp0IRjpTrIjbWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl0+sz59gofSeIpCmhnan6eyLFoVLj0DedIdZDNe9NxP+8TqKDCy9lIk40FWS2KEi4oyNnEoXTZ5ISzceGYCKZudUhQ2xS0CawkgkBzb+8SJrVCnIr6PasXLvK4yjCIRzBCSA4hxrcQB0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCyNZS6</latexit>

Solar angle disfavoured

C.H.Albright and W.Rodejohann, 0812.0436; C.H.Albright, A.Dueck and W.Rodejohann, 1004.2798 

TM2 Sum Rule prediction for CP phase

TM1 Sum Rule prediction for CP phase

Sum rules from preserved columns
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Solar angle 
predictions from 
preserved columns

F.Costa and S.F.K., 
[arXiv:2307.13895]

More precise solar angle 
measurement required to 

exclude these cases 

Excluded at 3 sigma
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CP phase predictions from preserved 
columns of simple mixing patterns

F.Costa and S.F.K., 
[arXiv:2307.13895]

More precise measurement 
required to exclude these cases 

At 3 sigma the entire 
range is allowed
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Sequential Dominance (SD)

Assume red RHN 
dominates seesaw 

Assume black RHN is 
subdominant 

Assume primed RHN is 
irrelevant

Heavy Majorana Dirac

Diagonal basis

SFK 9806440, 9912492, 0204360 

Further assuming d=0 θ13 . m2/m3

m3 ∼ (e2 + f2)/Y

m2 ∼ a2/(s2
12
X) tan θ12 ∼

√
2a/(b− c)

More precise 
results depend 

on phasesPredicted before  
measurement!

Predicts normal hierarchy m1 = 0

Motivation: naturalness and minimality



We can add further constraints to enhance predictivity

It turns out that this gives exact 
tri-bimaximal mixing with 

θ13 = 0

More general examples called CSD(n) can give approximate TBM with θ13 ≠ 0

Accidentally occurs due to 
orthogonality of two columns

tan θ23 ∼ e/f ∼ 1

tan θ12 ∼
√
2a/(b− c) ∼ 1/

√
2

SFK 0506297 

Tri

Bi

Heavy Majorana Dirac

Diagonal basis

e = f

a = b = −c

d=0

m1 = 0

Constrained Sequential Dominance

CSD

∆m
2

21

∆m
2

31

=

m
2

2

m
2

3



More generally assume the two columns of the Dirac matrix are proportional to

The case n=1 corresponds to the exact TBM case previously 

But precise results for general n depend on relative phase of columns

and 
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tan θ23 ∼ e/f ∼ 1

tan θ12 ∼
√
2a/(b− c) ∼ 1/

√
2

Approximate TBM 
independently of n 
(which cancels) but 
depends on phases

SFK 1304.6264; 1512.07531 

(n=real number)

CSD(n) 

Constrained Sequential Dominance

θ13 ≠ 0

(can be enforced by symmetry - see later)
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CSD(n) possibilities

The two predictions only differ in atmospheric angle and CP phase (solar 
angle, reactor angle and neutrino mass unchanged)

tan θ23 → cot θ23 δ → δ + π

Alternatively we could use the following (only differs by unphysical phases):

Two possibilities: FlippedNormal

(n= real number)

Octant flipped



CSD(n) results

n

ma

(meV)

mb

(meV)

η

(rad)

θ12
(�)

θ13
(�)

θ23
(�)

|δCP|
(�)

m2

(meV)

m3

(meV)
χ2

1 24.8 2.89 3.14 35.3 0 45.0 0 8.66 49.6 485

2 19.7 3.66 0 34.5 7.65 56.0 0 8.85 48.8 95.1

3 27.3 2.62 2.17 34.4 8.39 44.5 92.2 8.69 49.5 3.98

4 36.6 1.95 2.63 34.3 8.72 38.4 120 8.61 49.8 8.82

5 45.9 1.55 2.88 34.2 9.03 34.4 142 8.53 50.0 33.8

CSD(1)=TBM

CSD(2)

CSD(3)

CSD(4)

Antusch 1108.4278

Bjorkeroth, SFK 1412.6996 

SFK 1304.6264

SFK 1305.4846 

Shows n~3 is viable!
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Original case:

θ13 ⇠ (n� 1)

p
2

3

m2

m3

,

m1 = 0



CSD(~3) =Littlest Seesaw
Highly predictive - 3 inputs for 9 observables (6 “measured”)

F.Costa, S.F.K., 2307.13895 SFK 1512.07531 

Precision required

η

n=3n=2.5 n=1+√6
e 3σ

mb

ma

Δm
2
21

Δm2
31

Δm
2
21

Δm2
31

Δm
2
21

Δm2
31

θ13

θ13

θ13

Use  and  

to fit  and .    

Then  ,  and 
 are all predicted! 

θ13

Δm
2
21

Δm2
31

η
m

b

ma

θ12 θ23

δ

Modular Littlest seesaw Flipped modular Littlest seesaw

bf allowed ranges bf allowed ranges

η/π 1.240 [1.197, 1.276] η/π 0.742 [0.725, 0.806]

r 0.0734 [0.0684, 0.0786] r 0.0758 [0.0683, 0.0786]

sin2 θ13 0.0223 [0.0205, 0.0240] sin2 θ13 0.0231 [0.0205, 0.0240]

sin2 θ12 0.318 [0.317, 0.319] sin2 θ12 0.318 [0.317, 0.319]

sin2 θ23 0.447 [0.408, 0.483] sin2 θ23 0.535 [0.517, 0.595]

δCP /π −0.575 [−0.640,−0.522] δCP /π −0.452 [−0.478,−0.354]

β/π 0.474 [0.408, 0.555] β/π −0.441 [−0.562,−0.409]

m2

2
/m2

3
0.0297 [0.0270, 0.0321] m2

2
/m2

3
0.0283 [0.0270, 0.0321]

Ding, SFK 



Littlest Modular Seesaw n = 1 + 6
ld (T2)3/(Z4 × Z2)

be τ1 = i, τ2 = i + 2, τ3 = ω,

Lattice vectors for 
each torus are h, (1, τi)

istent, the
which define 3 fixed moduli  

for T
2

A
. T

s triang

N c
s

Solar RHN lives here

or T
2

B
. T

One ide

N c
a

Atmospheric RHN lives here

for T
2

C
. I

eral tri
L ec

µc

τ
c

Charged leptons live here

3 tori

ω = e
2πi

3 .

De Anda, SFK 2304.05958

10d model with orbifold 



De Anda, SFK 2304.05958

Field SA
4

SB
4

SC
4

2kA 2kB 2kC Loc

L 1 1 3 0 0 0 T
2

C

ec 1 1 1 0 0 −6 T
2

C

µc
1 1 1 0 0 −4 T

2

C

τ
c

1 1 1 0 0 −2 T
2

C

N c
a 1 1 1 0 −4 0 T

2

B

N c
s 1 1 1 −2 0 0 T

2

A

ΦBC 1 3 3 0 0 0 Bulk

ΦAC 3 1 3 0 0 0 Bulk

Yuk/Mass SA
4

SB
4

SC
4

2kA 2kB 2kC

Ye(τ3) 1 1 3 0 0 6

Yµ(τ3) 1 1 3 0 0 4

Yτ (τ3) 1 1 3 0 0 2

Ya(τ2) 1 3 1 0 4 0

Ys(τ1) 3 1 1 2 0 0

Ma(τ2) 1 1 1 0 8 0

Ms(τ1) 1 1 1 4 0 0

1

Λ
[LΦBCYaN

c
a + LΦACYsN

c
s ]Hu

+ [LYee
c + LYµµ

c + LY⌧τ
c]Hd

+
1

2
MaN

c
aN

c
a +

1

2
MsN

c
sN

c
s .

Yukawa couplings 
are modular forms 
evaluated at the 

fixed points of the 
moduli fields (the 

lattice vectors)

I.de Medeiros Varzielas, S.F.K. and M.Levy, 2211.00654
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G.J.Ding, S.F.K. and C.Y.Yao, 2103.16311

G.J.Ding, S.F.K, X.G.Liu and J.N.Lu,1910.03460

Flipped case (2nd octant)

Littlest Modular Seesaw n = 1 + 6



Conclusions

Mixing sum rules are relics of simple mixing pa2erns 

enforced by symmetry and predict  (not )  

Discussed minimal predic:ve Type Ia seesaw CSD(n) 

“Li2lest Seesaw”  predicts  ,  and   

n=   3.45 enforced by modular symmetry 

Such theories mo:vate precision measurements            

cos δ δ

n ≈ 3 θ12 θ23 δ

1 + 6 ≈
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Dirac or Majorana?



Majorana vs. Dirac Seesaw

�

¯̀

H

¯̀

H

N̄ N̄

¯̀

H

⌫R

�

∆ ∆

−LD ⊃ YL
¯̀H∆R + YR∆L�⌫R +M∆∆∆ ,

MD =
1
p
2
v u YLM

−1

∆
YR

−LM ⊃ Y ¯̀HN̄ + N̄N̄T� ,

MM =
1
√
2
v2 Y M

−1

N
YT

-odd

-odd

U(1)L preserved
Z2 broken

Domain Walls
GWs

U(1)B-L broken
Cosmic string

GWs 

Z2

SFK, Marfatia, Rahat 2306.05389



Majorana vs. Dirac 
SFK, Marfatia, Rahat 2306.05389

V (�) =
�

4
(�2

� u2)2 ∆V (�) = ✏u�

✓

�2

3
� u2

◆

Flat GW spectrum from 
cosmic strings 

Peaked GW spectrum 
from domain walls

Majorana vs Dirac can be 
distinguished from shape 

of GW spectrum

Benchmark Point u [GeV] Vbias [GeV4] ymax(M∆ < MPl)

1 0.97× 106 0.86 2.70

2 5.2× 107 7.14× 1010 0.37

3 2.7× 109 9.3× 1020 0.051

4 3.63× 1011 1.38× 1034 0.004



Dirac
Majorana

Recent PTA data

NANOGrav 15-year data 

SFK, Marfatia, Rahat 2306.05389


